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Abstract

We prove a multivariate Whitney type theorem for the local anisotropic polynomial approximation in
Lp(Q) with 1 < p < oo. Here Q is a d-parallelepiped in R4 with sides parallel to the coordinate axes. We
consider the error of best approximation of a function f by algebraic polynomials of fixed degree at most
ri—linvariable x;, i = 1, ..., d, and relate it to a so-called total mixed modulus of smoothness appropriate
to characterizing the convergence rate of the approximation error. This theorem is derived from a Johnen
type theorem on equivalence between a certain K-functional and the total mixed modulus of smoothness
which is proved in the present paper.
© 2011 Elsevier Inc. All rights reserved.
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1. Introduction and main results

The classical Whitney theorem establishes the equivalence between the modulus of
smoothness w, (f, |I])p,; and the error of best approximation E,(f), ; of afunction f : I — R
by algebraic polynomials of degree at most r—1, measuredin L, 1 < p < oo, where I := [a, D]
is an interval in R and |/| = b — a its length. Namely, the following inequalities

27 wr (f 1D pr = Er(fp,o = Cor(fi11Dp.1 (1.1)
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hold true with a constant C depending only on r. This result was first proved by Whitney [24] for
p = oo and extended by Brudnyi [2] to I < p < oo. The inequalities (1.1) provide, in particular,
a convergence characterization for a local polynomial approximation when the degree r — 1 of
polynomials is fixed and the interval I is small.

Several authors have dealt with this topic in order to extend and generalize the result in various
directions. Let us briefly mention them. A multivariate (isotropic) generalization for functions on
a coordinate d-cube Q in RY was given by Brudnyi [3,4]. It turned out that the result is valid if
one replaces the d-cube by a more general domain £2. The case of a convex domain 2 C RY
is already treated in [3]. Let us also refer to the recent contributions by Dekel and Leviatan [7]
and Dekel [6] with focus on convex and Lipschitz domains and the improvement of the constants
involved.

A reasonable question is also to ask for the case 0 < p < 1. We refer to the works of
Storozhenko [19], Storozhenko and Oswald [20], and in addition, to the appendix of the
substantial paper by Hedberg and Netrusov [13] for a brief history and further references.

A natural question arises: Is there a Whitney type theorem for the anisotropic approximation
of multivariate functions on a coordinate d-parallelepiped Q? Some work has been done in this
direction; see for instance [12]. However, the present paper deals with a rather different setting,
which is somehow related to the theory of function spaces with mixed smoothness properties
[10,17,22,23]. We intend to approximate a multivariate function f by polynomials of fixed
degree at most r; — 1, in variable x;, i =1, ..., d, on a small d-parallelepiped Q. A total mixed
modulus of smoothness is defined which turns out to be a suitable convergence characterization
to this approximation. The classical Whitney inequality can be derived as a corollary of Johnen’s
theorem [14] on the equivalence of the rth Peetre K -functional K, (f, "), 1 (see [16]) and the
modulus of smoothness w, (f, t) p,7. A proof was given by Johnen and Scherer in [15]. Following
this approach to Whitney type theorems, we will introduce the notion of a mixed K -functional
and prove its equivalence to the total mixed modulus of smoothness by generalizing the technique
of Johnen and Scherer to the multivariate mixed situation.

1.1. Notation

In order to give an exact setting of the problem and formulate the main results, let us
preliminarily introduce some necessary notations. As usual, N is reserved for the natural
numbers, by Z we denote the set of all integers, and by R the real numbers. Furthermore, Z, and
R, denote the set of non-negative integers and real numbers, respectively. Elements x of R¢ will
be denoted by x = (x1, ..., x4). Fora vectorr € Zi and x € R?, we will further write

x" = (x{l, ...,x;").

Moreover, if x,y € R4, the inequality x < y (x < y) means that x; < y; (x; < y;), | =
1,...,d. As usual, the notation A <« B indicates that there is a constant ¢ > 0 (independent of
the parameters which are relevant in the context) such that A < ¢B, whereas A < B is used if
A < B and B < A, respectively.

If r € N?, let P, be the set of algebraic polynomials of degree at most ; — 1 at variable
xj, I € [d], where [d] denotes the set of all natural numbers from 1 to d. We intend to
approximate a function f defined on a d-parallelepiped

0 :=la1,b1] x -+ x [aq, bg]

by polynomials from the class P,.. If D C R? is a domain in R, we denote by L ,(D), 0 < p <
00, the quasi-normed space of Lebesgue measurable functions on D with the usual pth integral
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quasi-norm || - ||, p to be finite, whereas, we use the ess sup norm if p = co. The error of best
approximation of f € L,(Q) by polynomials from P, is measured by

E-(f)p.o = gZ)ieng If = ellp.o-

Forr € Z4, h € R, and a univariate functions f, the rth difference operator Az is defined by

r . r )
Rfx) =) (=1 (;) fa+jh), AN = f),
j=0
whereas for r € Zi, h € R and a d-variate function f: RY — R, the mixed rth difference
operator A} is defined by

d

ro.__ | | i

h — A/’l,‘,i'
i=1

Here, the univariate operator AZ, ; 1s applied to the univariate function f by considering f as a
function of variable x; with the other variables fixed. Let

o (fihpo:=sup NAHlp.on te€RL
|hi|<t;,ie[d]

be the mixed rth modulus of smoothness of f, where for y,h € R? we write yh =
iht, ..., yahg) and Qy = {x € Q : x;,x; + ¥ € la;, b;], i € [d]}. Forr € Zi and
e C [d], denote by r(e) € Zi the vector with r(e); = r;,i € eandr(e); =0,i &€ e (r() = 0).
If r € N9, we define the rotal mixed modulus of smoothness of order r by

Qr(f, t)p,Q = Z wr(e)(f, t)p,Q, tERi.
eCld],e#0

This particular modulus of smoothness is not new. In the periodic context, the total mixed
modulus of smoothness {2.(f, -)oo,0 has been used in [5] for estimations of the convergence
rate of the approximation of continuous periodic functions by rectangular Fourier sums.
Moreover, £2-(f, ) p,o is related to mixed moduli of smoothness necessary for characterizing
function spaces with dominating mixed smoothness properties; see [10,17] and the recent
contributions [22,23,21,11].

1.2. Main results

In the present paper, we generalize the Whitney inequality (1.1) to the error of best local
anisotropic approximation E,(f), o by polynomials from P, and the total mixed modulus of
smoothness {2-(f, t) », 0. More precisely, we prove the following Whitney type inequalities.

Theorem 1.1. Let 1 < p < oo, r € N¥. Then there is a constant C depending only on r, d such
that for every f € L,(Q)

-1
(Z ]"[2”) 0 (f,8)p.0 SE(fp.o < CR(f8)p0, (1.2)

eCld] ice
where § = §(Q) == (b1 —ay, ..., bg — ag) is the size of Q.
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Theorem 1.1 shows that the total mixed modulus of smoothness 2-(f, ), o gives a sharp
convergence characterization of the best anisotropic polynomial approximation when r is fixed
and the size §(Q) of the d-parallelepiped Q is small. This may have applications in the
approximation of functions with mixed smoothness by piecewise polynomials or splines.

So far we focus on the case | < p < oo. This makes it possible to apply a technique developed
by Johnen and Scherer [15]. As mentioned above, they showed the equivalence of the Peetre
K-functional of order r with respect to a classical Sobolev space W), and the modulus of
smoothness of order r for the univariate case. The question of a K-functional suitable for
mixed Sobolev spaces has been often considered in the past. We refer, for instance, to [18,9].
By introducing a mixed K -functional K, (f,1)p 0, t € Ri (see the definition in Section 3), such
an equivalence between K, (f,t"), o and the total mixed modulus of smoothness (2.(f, ), o
can be established as well. Namely, we prove the following

Theorem 1.2. Ler 1 < p < oo and r € N¥. Then for any f L ,(Q), the following inequalities

-1
(Z ]"[2") O (fi0p.0 < K (fi1)po S CRA(fi0)p g, 1 €RY, (1.3)

eCld] ice
hold true with a constant C depending on r, p, d only.
The paper is organized as follows. In Section 2, we establish an error estimate for the anisotropic
polynomial approximation for functions from Sobolev spaces of mixed smoothness. Section 3 is
devoted to the equivalence of the total mixed modulus of smoothness and the mixed K -functional

(Theorem 1.2) which is applied in Section 4 to derive the Whitney type inequality for the local
anisotropic polynomial approximation (Theorem 1.1).

2. Anisotropic polynomial approximation in Sobolev spaces of mixed smoothness

By f®, k e Zi, we denote the kth order generalized mixed derivative of a locally integrable
function f, i.e.,

ky 4k,
f FP@px)dx = (—pfittha f P L
0 o axlr gyl

for all test functions ¢ € C3°(Q), where C;°(Q) is the space of infinitely differentiable functions
on Q with compact support, which is interior to Q. If a function f possesses sth locally integrable
classical partial derivatives for all s < k on Q, then the kth generalized derivative of f coincides
with the kth classical partial derivative. In this case, we identify both and use the same notation
f(k)_

Forr € Zi and 1 < p < oo, the Sobolev space W;,( Q) of mixed smoothness r is defined as
the set of functions f € L,(Q), for which the generalized derivative f (@) exists as a locally
integrable function for all e C [d], and the following norm is finite

£ Iws =Y IF 0.
]

eCld

We aim at giving an upper bound of the error of best approximation of f € W, (Q) by
polynomials of degree r; — 1 with respect to the variable x;, i = 1, ..., d. For this purpose, we
need some auxiliary lemmas. To begin with, we deal with univariate functions. The following
lemma is proven in [8, page 38].
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Lemma2l. Let 1 < p < oo, r > 1 and Q = [a,b]. Then there exist constants C, Co
depending only on r such that fork =0,...,r — 1 and 0 <t < b — a the inequality

I Pllpo < CLllfllpo +1F 7 Np.0) @1
holds true for any f € W,(Q).

Lemma2.2. Letr € Z4, 1 < p < 00, and Q = [0,b1] x -+ x [0, bg] where b; > 0, i =
1,...,d. Forfixed | € W;(Q), k <r,and j € [d] the univariate function

g = fERD e, X X e Xa)
belongs to er,j ([0, b;]) for almost all x; € [0, b;], i € [d]\ {j}.

Proof. Let ¢; € C°(0,b;), i = 1,...,d, be arbitrary smooth compactly supported functions.
Clearly, the tensor product @(xq,...,xq) = Hie[d] @i (x;) belongs to C3°(Q). Then, for
0< Kj =rj

by bj—1 prbjt1 ba
/ f / / [1 e
0 0 0 0 e

i#]

bj
—kie: (£;)
X (/ f(k kje/)(xl,...,xj'_l,l‘,xj‘_H,...,Xd)(/)j / (l)dt) l_[ dx;
0

i€ld]
i#j
by by
=/ / FEKED (e, xg) Ot OO (e xg)dx, . dxg
0 0

by ba
=(—1)¢f/ / FREGEGRD (L xg) Blx, .. xg)dxn, ..., dxg
0 0

by bj_1 rbjti ba
:/ / / / l_[(pi(xi)
0 0 0 0 e

i#j

bj
% (/ f(k+e;(€ﬁkj))(x1, e XL X, .,xd)goj(l)dt) 1_[ dx;.
0

ield]
i#j
This implies the coincidence of the d¢-integrals in the first and last line almost everywhere (with
respect to x;, i € [d]\ {j}). Therefore, the generalized derivatives of order £; exist as a locally
integrable function, in fact, they coincide with f (H"-/‘(Z-/’_k-/’))(xl, e Xl s XL e Xd).
This is a function from L, ([0, b;]) (almost everywhere with respect to x;) since f belongs to
W (Q). Therefore, we have g € W' ([0, b;]). O

The following result is interesting on its own. It generalizes the content of [§, Theorem 5.3]
to the multivariate situation. The statement is not very surprising and probably known. However,
since we did not find a proper reference in the literature, a proof is provided.

Lemma 2.3. Let r € N and 0 =10,b1] x --- x [0, bg). Let further f € L(Q) such that
fU©) = 0 for all non-empty subsets e C [d). Then f coincides almost everywhere with a
polynomial P of degreer — 1, i.e., f € P;.
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Proof. For simplicity reasons, we give a proof for d = 2, so let 0 = [0, b1] x [0, b]. We
follow the inductive argument in the proof of the corresponding one-dimensional statement
[8, Theorem 5.3]. The latter and Lemma 2.2 imply the statement in case r = (1, 1). Assume
now that it is proven for some r € N2. Put 7 = (r; + 1, r») without loss of generality. We will
prove that the assumption

f () — 0 for all non-empty subsets e C [d] 2.2)

implies that f coincides almost everywhere with a polynomial P € P;. To do this, we
need to construct special test functions. Choose a function ¥ € C§°(Q) arbitrarily and let

he Cgo([O, b1]) be a univariate function such that fob' h(t)dt = 1. We define the functions

by
@(x1, x2) == Y (x1, x2) — h(x1) Y (s, x2)ds,
0 (2.3)

x|
D(x1, x2) == / @(s, x2)ds.
0
This construction gives immediately ¢ € C3°(Q). By our assumption (2.2), we have in particular

0:/ dFL0 £dx dx,
)

by
_ f YO0 fdxydry — / Fen k™) [ s xp)dsdride
0 ] s=0

by r
- / YO0 i dy — f £, xh ™ () / w0 (s, 50  dsdxdes
0 0 $=0 ry!

by by S"] by
= / / 105, x0) - | f(s,x2) — — fxr, xR (x1)dxy |dxods
s=0 Jxp,=0 ri! Jy =

s=0 1=0

r b
- /Q w<”’°><s,xz)-(f<s,xz>—j—ll, l f(xl,xz)h“l)(xndxl)dsdxz. 24

x1=0

Analogously we see
0= / L) £y dx,
Q

r b

= / W(”’m(&xz)-(f(s,)cz)— a
0

rit Jy=o

f(x1, xg)h(”)(xl)dm)dsdxz. (2.5)
Using (2.2) once more, we get for any s € [0, b1]

by by
/ / R ) O (s, x2) £ (x1, x2)dxadxy = 0
0 0

which implies

r b
o= [ w@””(s,xz)-(f(s,xz)— = 'f(xl,xz)h<”><x1>dx1)dsdxz. 2.6
Q r1: Jo
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Since i was chosen arbitrarily, our induction hypothesis together with (2.4) and (2.5), (2.6)
implies that the function

r

by
S
g(s, x2) = f(s,x2) — A F (1, x2)h T (xp)dx

is a bivariate polynomial from P,. If we show that the univariate function

by
p(t) = ; fxr, )R (xp)dxg

is a polynomial of degree at most r, — 1, we prove that f € Pr. Indeed, let ¢ € Cgo([O, b))
arbitrary, then

by
/0 e () p(t)dt = /Q Fen, xR (x1)p" (x2)dxydx; = 0 2.7)

by using (2.2) once more. This, together with [8, Theorem 5.3] imply that p is a univariate
polynomial of degree at most r, — 1. The proof is finished in case d = 2. For d > 2, the
argument is essentially the same. Note that in this situation, one needs an additional inductive
step with respect to d to adapt the argument after (2.6). [J

By using the previous result, we are now able to define a Taylor type polynomial via its integral
representation. For simplicity, we restrict again to the case d = 2. A corresponding statement
holds true in case d > 2, too. See Remark 2.6.

Lemma2d4. Letr € N2, 1 < p <oo and f € W[’,(Q) for Q = [0, b1] x [0, by]. Then the
function P, f defined by

x -1
Prf(xlax2) = f(xl,xz)—/ zf(o’“)(xl,t)%
r1,0 (x1 —s)"™ 1
— /0 f(l )(S X2 )st
1 2 (x1 _S)rl—l (x2 — t)’z_l
(r1,r2)
+ /0 /0 £ (s 1) Dl (D drds 2.8)

is well defined and coincides almost everywhere with a polynomial from P,.

Proof. Since f is from WIS(Q), i.e., all the derivatives belong to L,(Q) C L1(Q), the function
P, f is well defined. We intend to apply Lemma 2.3 in order to obtain P, f € P,. Let us compute
the derivatives (P, £)"10, (P, £)©72) and (P, £)1-"2) . Choose ¢ € C°(Q) arbitrarily. We start
with (P, £)71:9 By changing the order of integration, we get

/ Py f(x1, x2)9 1 0dx dxy = f Fxr, )90 (xy, x2)dxdxo

by (xp — 1)
f f FO2 (xy, 1) (rz—l),so(”"” (x1, x2)dxadx;dr
t )Cl—() - .

Xp=t
by (xl _S)"l—l

f 05, 1) =D (xy, xp)dx;dsdx;
x=0 Js=0 xX|=s (ri = 1!
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/ f(rl Vz)(s t) /b2 ()C] - s)rl_l ()C2 - t)rz_l(p(rl,o)
s Xo=t (ri = D! (2 — D!

X1=s
X (xl,xg)dxzdxldtds. 2.9)
Integration by parts shows that
b —s)n !
/ "0 (x1, xp)dxy = (1) (s, x2) (2.10)
= (r1—D!

and the third summand on the right-hand side of (2. 9) can therefore be rewritten to

f / 0, X2)/ Gl (rI’O)(xlaXZ)dxldexz
x0=0 Js=0

e
=—(-D" / f<” O (s, x2) (s, x2)dsdxs
by
= —/ . Of(s x2)"9 (s, x2)dsdxs 2.11)
Xo=! §=

which cancels the first summand. Using (2.10) once more we can rewrite the last summand in
29)to

by b by AR
=7 / / FO (s, 1) uw(& x2)dxodrds
s=0 Jr=0

ozt (12— )]
—t
/ / FOr (5 1) / (xz )1)v 1.0 (5 xp)dxpdrds (2.12)
K t -
which cancels the second summand. Hence, we obtain (P, f )0 = 0 since ¢ was chosen

arbitrarily. A similar effect occurs if we deal with f 0 P f(x1, xg)go(o” 2)dx;dx, which gives

that also (P, f)©"2) = 0. In case of fQ P f(x1, x2)9" ") dxdx,, we easily see that both
the (modified) second and third summand in (2.9) can be rewritten to the negative of the first
summand. However, the (modified) last summand can be rewritten to the first summand itself.
Finally, all four summands sum up to zero. [

Remark 2.5. The polynomial P, f in (2.8) can be identified with the bivariate Taylor polynomial

ro—1r—1 kz

T, f(x1, x2) = Z > rhko, 0> 2.13)

=0k1=0 k! k !
in the following sense. If r € N2, 1< p <00,Q =10,b1] x[0,b3],and f € W[’,(Q), then
f has continuous derivatives of order k < r. This result is implicitly contained in the book [1].
Indeed, it is a combination of multiparameter Sobolev averaging using product kernels in Section
[1, 2.7.10] and [1, 3.13] with the estimates in [1, 3.10], especially [1, Theorem 3.10.4]. The
condition involving r and k there, has to be replaced by the componentwise condition k < r. We
omit the details. Consequently, it makes sense to define the Taylor polynomial (2.13). Integration

by parts shows that 7, f coincides almost everywhere with P, f in (2.8). Hence, for functions
from W;(Q), we have the Taylor formula

(xp — )2~

X2
T, f(x1,x2) = f(x1,x2) — f FOrD (xy, 1) —=————dr
0 (rp = D)!
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X1 (x _ S)rl—l
_ (r1.0) ! d
/0 FU (s, x2) Y s

e (1 =) g — )]
(r1,r2)
+/0 /0 frr s, 0 ET S i (2.14)

Remark 2.6. Lemma 2.4 and the Taylor formula (2.14) have an obvious counterpart in d
dimensions. Note that the sum in (2.14) is twice the iteration (componentwise) of the one-
dimensional integral

X - (x — S)r—l
Lfx)=fx)— | f70)———7ds. (2.15)
0 r—1n!
The d-times iteration of this procedure results in a sum of iterated integrals where the number of
integrals in every summand corresponds to a unique subset e C [d]. The sign in front is given by

(_1)\8|_
The following theorem states an upper bound for the error of best approximation of

multivariate mixed Sobolev functions with respect to anisotropic polynomials. It turns out that
Py f from (2.8) provides a good approximation of f € W}, (Q).

Theorem 2.7. Let 1 < p < oo, r € N¥. Then there is a constant C depending only on r, d such
that for every [ € W,(Q)

E(Hpo=C > T8 1 Do

eCld],e#0 ice
where § = §(Q) is given as in Theorem 1.1.

Proof. For simplicity, we prove the theorem for the case d = 2 and Q = [0, b1] x [0, b2]. Let
now f € W;,(Q) be a bivariate function. By Holder’s and triangle inequality we obtain from
(2.8) the following estimate

If = Prfllp.o < BRULO M p.o + 67 IF Ol p.0 + B DRI .o (2.16)

For the general case (d > 2) one has to take Remark 2.6 into account. [
3. Johnen type inequalities for mixed K -functionals

For r € N9, the mixed K -functional K, (f,1)p, o is defined for functions f € L,(Q) and
te Rf{_ by

Ke(fihpo= inf Llif—glpo+ Y. <]‘[z,->||g<’<€”||p,g

gEW;,(Q) eCldle0 \ice

The following teqhnical lemma_ needs a further nptation. Let us assume a; < ¢; < d; < b; for
i €[d]. WeputI' = [a;, b;], I} = [a;, d;], and Ij = [c;, b;] and further

d
Q.=[]1 i 3.1)
i=1

where x. denotes the characteristic function of the set e C [d].
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Lemma 3.1. Let | < p < oo and r € N%. Then for any f < L, (Q), the inequality
Ke(fit)po <C Y K (f1)p0,

eCld]
holds true for all t € Ri witht; < d; — c;, i € [d]. The constant C only depends onr and d.

Proof. The proof is based on an iterative argument. The first step is to observe

0=01Y00

= (111 < ] If)u<101 <[] 1")
ield\(1) ield\{1}

and to show that

Kr(fa tr)p,Q < Kr(fv tr)p,Ql + Kr(fs tr)p,Q0~ (32)
We start with an increasing function ¢ € C°°(R) such that

o [0 ifs<0
PYEI=01 s > 1.

Putting h = dy — ¢y and

A(s) :(p(s _hcl), s eR,

we obtain a C*°(R)-function A that equals zero on [aj, 1], equals one on [d], b1], and is
increasing on [cy, d1]. As a direct consequence, we get

120 < 19® lloor, k€N,
Let now f € W;(Q) andt € Rf{_ with t; < d; — ¢;, i € [d]. For arbitrary g € W[’,(Ql) and
g0 € W, (Qo), put
g(x) = Alxpgo(x) + (1 — A(x1))g1(x)
= g1(x) + A(x1)(go(x) — g1(x)).

First of all, the function g is defined on Qo N Q1 C Q. We extend g by go on Qo \ Q1 and by g1
on Q1 \ Qo and denote the result also by g. By the construction of A, this g belongs to Wl’,(Q)
and we have

If—gllp.o = A f(x) = A(x)go(x) + (1 = A(x1) f(x) — (1 = A(x1))g1 ()l p, 0
= If = &ollp.go + IIf = 81llp.0;- (3.3)

Furthermore, for any non-empty fixed subset e C [d], we have

1
e r - k7 k.7
g @ =g P+ ()2 P @ - g @)
k=0

on Qo N Q1, where 7(e) denotes the vector r(e \ {1}). Hence, for any non-empty fixed subset
e C [d], we obtain

(1_[ tiri> “g(r(e» llp.00n 0

ice
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i —(r1— k.7 k.7
< (Hr,-’ )(ngi’“”up,gomg. + max =R — g ’“”np,gmgo>

ice
i (1
< ( 1_[ 1 ) (tlrlx ( )”gfr(E))”p’Qole
iee\{1}
rl—k
151 k.7 k,7
+ Og}(ﬂ(g) llgy "™ — g r(e))Hp,Qon)- 34

We apply Lemma 2.1 together with Lemma 2.2 to obtain

k,F k,F
gl — g8 b
0,7 0,7
< 187 — g7 00n0r + 1118V = &y 00001 -

Plugging this into (3.4) and taking #; < & into account gives in case 7(¢) #% 0

i i i 0,7
(1‘[;;>||g<r<€”||p,gomgl < (]‘[t;>||g5’“”||p,go+( I1 t,.’>||g5 "D .0,

ice ice iee\{1}
i i 0,7
+ <H fir)”gY(e))llp,Ql + ( I1 t,-’)llgﬁ "0, (3.5)
ice ice\{1}

and in case 7(¢) = 0, i.e., e = {1},

(1’[ t{") 18" . 0000, < (H t,-’f) gy llp.00 + I1f = gollp.0y

ice ice
+ (H tf") e lp.00 +11f = gillp.0- (3.6)
ice
Using that

1710 < 187N, 00n0r + gy N 00 + 187 1. 01,

we obtain together with (3.3), (3.5) and (3.6) the relation
K, (f, fr)p,Q <L K, (f, tr)p,Qo + K (f, tr)p,Ql

which is (3.2). We continue with the same procedure, this time with Q1 and Qg instead of Q,
proving that (analogously for Q1)

Kr(fv tr)p,Q() << K}’(f’ tr)P,Q()l + Kr(f’ tr)p,Q()()v

where

QOO=<1(§><1§>< I1 1") and Qm:(lgxlfx I1 1"),

ield\{1,2} ield\{1,2}

and so forth. An iteration of this argument finishes the proof. [
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3.1. Proof of Theorem 1.2

Proof. The first inequality in (1.3) follows from the definition. Namely, if f € L,(Q), for any
non-empty e C [d] and any g € W;(Q), we have

wr(e)(fv t)p,Q < wr(e)(f _g,t)p,Q +wr(e)(g,t)p,Q

(ani> {”f —gllpo+ (l_[ tirl) ||g(r(e))||p,Q} _
ice ice

Indeed, the last inequality follows from the well-known relation

A7 gl < 2" 1AI™ 18" NI .1

IA

for univariate functions g € WI’? (I), which is a simple consequence of the univariate Taylor

formula (2.15) and the fact that A}'p = 0 for a univariate polynomial of degree less
than m. We iterate this relation for any index in i € e using that for frozen variables
X1, +eesXi1,Xi41, ..., X4, the univariate trace function f(xq1,...,Xi—1, Xigl, ..., Xd)

belongs to the Sobolev space W,r,i (I;); see Lemma 2.2. This proves the first inequality in (1.3).
Let us prove the second one. For simplicity, we prove it ford = 2andt € R2, t > 0. If k is
a natural number, then for univariate functions ¢ on the interval [a, b], we define the operator
Pk, t>0,by

PF(p, x) == p(x) + (= D! f AL (@, x) My (h)dh,

where M} is the B-spline of order k with knots at the integer points O, . . ., k, and support [0, k].
The function PX(¢p) is defined on [a, b — h/4] for t < i := h/4k?, where h := b — a. We have
(see [8, page 177])

k
(PE@IR ) =178 (=1 Ak (. x). 3.7
j=1

Put h; == b;j —a; and ¢; := a; + h;i/4, di == b; — h;/4,i € [2]. Itholds a; < ¢; < d; < b;,
and we will use the notation Q, given in (3.1) for any e C [d]. In particular, we have
Qp2) = lai, d1] x [az, d>]. For functions f on the parallelepiped Q = [a1, b1] X [a2, b2] the
operator P/, t € Ri, is defined by

2
P =]]Pr,
i=1
where the univariate operator P;:i, ; is applied to the univariate function f by considering f as a
function of variable x; with the remaining variables fixed. The function P} (f) is defined on Qy;
fort <t,wheret; = h,'/4rl.2. We have
oo
1
Plr(f,x) = f(x)+(_l)rl+] / Atrh(f’x)Mrl(hl)dhl
—0o0

+(—1)’2+1/ Al (f, X) My, (ho)dh

o0 o0
+ (=1t f / AL (f, XYMy, (1) My, (ha)dhydhs,
—00 J —00
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where r! := (r1, 0) and r% := (0, r»). Let us define the function g, = PI(f). If f € L,(Q), by
Minkowski’s inequality and properties of the B-spline M,,, we get
”f — &t ”p,Q[z] <K W1 (fs t)p,Q[z] + a)r2(f» t)p,Q[z] + wr(fs t)p,Q[z]
= Qr(f: t)p,Q[2]~ (3.8)
Further, by (3.7) we obtain

& = P B N = P 3 i _<> m<f>}

J1=1
Since P, 22 is a linear bounded operator from L,(Qp) into L,(Qp;) and further
14", (P p.op K @1 (f 1) p, 0> We have

Jity,

G188 .0 < @ (0.0 (39)
Similarly, we can prove that
218" p.0m < @2 (. .0
Again, by (3.7) we get
1 rn
gt(r) _ Z Z( 1)]1+]2+2 .—r ]2—"2 (rl) < )A;;(f)
Ji=1 ja=1 J1 J2

From the inequality ||A;-[(f) lp.0 K @r(f,1)p,0p, it follows that

11521817 p. 0 < @r(f D)0y (3.10)
Combining (3.8)—(3.10) gives

1
1 = &illp.0m + 118" p 0 + 62188 lp.op + 11 6218 5.0 < 2(f: Dpro-
Therefore, we get
Kr(fv tr)p,Q[z] << Qr(fa t)p,Qa
and in a similar way

Kr(fa tr)p,Q(, < Qr(f’ t)p,Q

for any subset e C [2], where Q. is given by (3.1). The last inequality and Lemma 3.1 prove
(1.3) for t < . Now take a function g € W[’,(Q) such that

71 7T

- - — (] — —(2
If = 8&lp.o+ 18" Npo+ 528" Mpo+ 5508 p0 € % (f, Dpo. (311
By Theorem 2.7 we have
—(+2 o _
12 =T @l p.o < TN N0 + 2213 Mo + E B 157N .0 (3.12)

Since T;.(g) € W;,(Q) and (T (2)"©) = 0 for every non-empty subset e C [d], it holds for all
t>t

Ke(fitDpo = IIf =T @ lp.o
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< If =8&llpo+l1g—T-(&lp.o
L 2 (fiD)po = 2 (fiD)p,0,

where the third step combines (3.11) and (3.12). Therefore, (1.3) has been proved for arbitrary
t>0. 0O

4. Whitney type inequalities

Using the results from Section 3 we are now able to prove Theorem 1.1.

Proof. The first inequality in (1.2) is trivial. Indeed, if f € L,(Q) then for any non-empty
e C [d] and any ¢ € P, we have

wr(e)(f,8)p,0 = wre)(f —¢,8)p,0

< (H 2) If = ¢llp.o-

ice

A

Hence, we obtain the first inequality in (1.2). On the other hand, from Theorem 2.7 it follows
that for any g € W;,(Q)

E-(f)p.o = If —8&llpo+ E(@p.o
= IIf —gllpo+lg =T (Dlpo

<L Nf=2glpo+ (1"[ 6{") g0 p.0-

ice
Hence, we get
Er(f)p,Q < Kr(ﬂ 8r)p,Q-
By Theorem 1.2 we have proved the second inequality in (1.2). [

The result in Theorem 1.1 can be slightly modified. For r € 74 h e Ri,e C [d] and a
d-variate function f : R — R, the mixed p-mean modulus of smoothness of order r(e) is
given by

1/p
wrie(f. 1) = ((]‘[z:l) [ |A:,“)<f,x>|f’dxdh) . reRd,
U(t) Qr(e)h

ice
where U (t) := {h € R? : |h;| < t;, i € [d]}, with the usual change of the outer mean integral to

sup if p = oo. This leads to the definition of the total mixed p-mean modulus of smoothness of
order r € N? by

W, (f, I)P,Q = Z wr(e)(fa t)p,Q» t ER’_{_
eCld],e#)

Note that W, (f, 1), o coincides with 2.(f, t),, 0 when p = o0o. In a way similar to the proof of
Theorem 1.1, we can prove the following result.

Theorem 4.1. Let 1 < p < o0, r € N9. Then there are constants C, C' depending only onr, d
such that for every f € L,(Q)

CWr(fa a)p,Q =< Er(f)p,Q =< C/Wr(fv 8)p,Q
where § = §(Q).
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Remark 4.2. A corresponding inequality in the case 0 < p < 1 is so far left open for subsequent
contributions. It seems that the modulus W,.(f, t) . ¢ is suitable to treat this case, cf. the appendix
of [13].
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