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1. INTRODUCTION

Zadel’s introduction of the notion of a fuzzy set in a universe has inspired
many mathematicians to generalize the main concepts and structures of present-
day mathematics into the framework of fuzzy sets. The concept of a fuzzy
topological space and some of its basic notions have been formulated by Chang,.
It is a well-known fact that, for the purpose of constructing counterexamples in
ordinary topology, one makes great use of somewhat pathological spaces such as
the Sierpinski space. It seemed reasonable to us that similar fuzzy topological
spaces will be needed in the further development of fuzzy topology.

The key object in our construction of fuzzy topological spaces such as the
Sierpinski space, the included (excluded) fuzzy singleton topology, and the
included (excluded) fuzzy set topology, is the fuzzy singleton as described by
Goguen. We have used fuzzy singletons instead of Wong’s fuzzy points because
crisp fuzzy singletons reduce to ordinary ones and because we believe that every
fuzzy generalization should be formulated in such a way that it contains the
corresponding ordinary-set-theoretic notion as a special (crisp) case. The
introduction of the spaces listed above revealed an important departure from
ordinary set theory, i.e., the connection between a fuzzy set and its complement
in terms of fuzzy singletons. It may be expected that the lack of such a con-
nection will cause some difficulty in operating with notions that are linked by
the complement operation, e.g., open and closed set.

2. PRELIMINARIES

Let X be an ordinary nonempty set which we will call the universe. A fuzzy
set A on X is a mapping on X into the closed interval [0, 1], associating with
each element x of X its grade of membership A(x) in A.

The eguality of two fuzzy sets 4 and B on X is determined by the usual
equality condition for mappings, i.e.,

A = B < (¥ x e X) (A(x) = B(x)).
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A fuzzy set A on X is said to be a subsef of a fuzzy set B on X, written 4 C B, iff
(¥ & X) (Ax) < B(x))
The elementary operations on fuzzy sets on X are given by

AU B(x) = max{A4(x), B(x)}, YaxelkX,
A N B(x) = min{4(x), B(x)}, Yaee X,
co A(x) = 1 — A(x), YxelX,
U Afx) = sup{dy(x) |i€l}, VxelkX,
el
ﬂ Afx) = int{d,(x) | i e}, VxelkX,

where I denotes an arbitrary index set.

DrriNiTioN 2.1, A fuzzy set on X is a fuzzy singleton if it takes the value 0
for all points x in X except one. The point in which a fuzzy singleton takes the
nonzero value will be called the support of the singleton and the corresponding
element of 10, 1] its value. Fuzzy singletons will be denoted by lowercase
letters p, g,....

DeriniTioN 2.2, An ordinary subclass 7 of the fuzzy power set #(X) of an
ordinary set X will be called a fuzzy fopology on X iff r satisfies the conditions

ger and Xen, (0.1
O,e7AOQyer=0,"0,er, (0.2)
(Viel)(0O,e7) =) O;er, (0.3)

iel
where [ is an arbitrary index set and as usual ¢, X denote the fuzzy sets given by

$(x) =0, VaxeX,
X@#x) =1, VxzeX.

Every member of a fuzzy topology = on X will be called a v-open fuzzy set on X.

3. OreraTIONS IN TERMS OF Fuzzy SINGLETONS

One easily proves the following theorem concerning the relations between
fuzzy singletons on the one hand and inclusion, equality, and elementary
operations between fuzzy sets on the other hand.
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Turorem 3.1. We have

ACB<=(VpCX)(pC A =pLlB)
A=B<=(VplX)(pLlA<-pCB);
pCAUB<pLAvpCB, VpCX;
pCANBplAapCHB, Vpl X;

or, more generally,

pC C) A;=Qie{l,..,n})(pC 4,

=1
PCN4:;<=Miel)(pCA4),
sel

where [ is an arbitrary index set and # denotes a natural number.
We remark that

rCU4:<@iel)(pC4,)
il

holds, but the converse of this implication does not remain valid for an arbitrary
index set I.

However, there exists no relation between the formulas p C 4 and p C co 4.
Indeed, let 4 be a fuzzy set on X and p a fuzzy singleton on X with support x, .
Then:

pCA = plxg) < Al),

p &A= plxo) > Alxy),
P& codeplxg) <1 — Alxg),
pLcod = plxg) > 1 — Axy).
A fuzzy set A on X for which A(x) = § and the fuzzy singleton p for which
Plag) = £ satisfy
pLAArpLcod
and hence

“(VplX)(VAePX)(pL A= pCcod)),

where 2(X) denotes the fuzzy power set of X. A similar counterexample proves
the formula

(VpCX)(VAePX)(pCcod = pL A
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One easily shows that using Wong’s fuzzy points instead of fuzzy singletons
reveals the same lack of connection between a fuzzy set and its complement.

4. Incrupep Fuzzy SiNGLETON TOPOLOGY

Let X be a nonempty set, (X)) its fuzzy power class, and p a fuzzy singleton
on X.

Turorem 4.1, The subclass +, of P(X) given by
7, ={010ePX)AN (0 =g vplO)

is a fuzzy topology on X.
Proof. (0.1) @ er,; Xer,since p C X holds.

{0.2) Suppose that O, and O, are elements of 7, . We have O, = 2 v O,
= g or~0; = @ v Oy = @). The first caseleads to O; N O, = & and hence
0; N Oye7,. On the other hand, if +(0, = @ v O, = @) or equivalently
0; %= & A O, # @ holds, then pC O, A p L O, and hence pC O, N O, so
again O, N O, 7, .

(0.3) Let (O;);; beafamily of elements of 7, . If (Vi€ 1) {0, = @) holds,
then U,y O; = @ and hencel J,.; O, € 7, . If on the contrary (Vi e 1) (0, = o)
or equivalently (37 el) (O; = @) holds, then we can choose some index, say j,
in I for which O; 2 @ and hence p C O, . This proves p C{J,.; O; and hence
U Ose 7y . Q.E.D.

DermnviTioN 4.1, The fuzzy topology on X associated with the fuzzy single-
ton p on X and which is described in Theorem 4.1 is called the included fuzzy
singleton p topology on X.

In particular, if X contains only two elements, the included fuzzy singleton
topologies on X will be called fuzzy Sierpinski spaces; they are fuzzy generaliza-
tions of the ordinary ones.

5. ExcLupep Fuzzy SiNngrLeTON ToroLcey

Let X be a nonempty set, (X)) its fuzzy power class, and p a fuzzy singleton
on X.

TuroreMm 5.1, The subclass 75 of P(X) defined by
={0]0ePX)A(0=XvpCcoO)

5

15 @ fuzzy topology on X.
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Proof. (0.1) Xery @ cr,since co @ = X and p C X hold.

(0.2) Theintersection of any two elements in 75 belongs to 7 . Let O; and
O, be two elements of 7;5. If Oy =X v O, =X then O;N Oy =0,vO; N O, =0y
and hence O; N Oy € 75 . Otherwise, if +(0y = X v O, = X) or equivalently
O0; #X A0, 5 X, thenp L coO;nplcoO,andhencep CcoO; UcoO,.1In
view of de Morgan’s law co O, U co O, = co{0O; N O,) we obtain p C co(O; N O,)
and hence O; N Oy e ;.

(0.3) The union of an arbitrary family of elements of 7; belongs to ;.

Let (O,);r be a family of elements of 75 . If 3iel) (0; = X) then{);; 0, = X

and hence J);e; O, € 75 . i =(Fi € 1) (O; = X) or equivalently (Vi 1) (O; # X)

then we have p Cco O;, Viel Hence p C (s €0 O; and so, by Morgan’s law
Nierco Oy = co U, O, , we obtain p Cco Uy, O;. Hence e 0675,

Q.E.D.

DeriniTioN 5.1.  Let X be a nonempty set and p a fuzzy singleton on X. The
subclass 75 of #(X) given by

7;={0]0eP(X)A (0 =XV pCcoO)

is called the excluded fuzzy singleton p topology on X. If one makes the restriction
to a crisp fuzzy singleton and only elements of the ordinary power class #(X)
of X are taken into account in 7 then the corresponding set 7; reduces to the
ordinary excluded singleton topology.

The ordinary excluded singleton topology on X can also be described by

7, ={010eP(X)A (0 =Xv{a{O)

However, if one should formally assume the last form as a starting point for the
construction of an excluded fuzzy singleton topology one should miss its aim.
Stated more explicitly, the class

7 ={0]0ePX)A(0=XvpLO}
is no topology on X. Indeed, let (0,);c; be a family of fuzzy sets on X for which
(Viel)(p L 0)
holds. If x, denotes the support of p, then we obtain

2 S O; = p(xy) < Oyfxo),
hence

» L O; < p(xg) > Oy(x,)
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and

p S O, plxg) < sup{Oylxg) i€},

el

p T Os <> plg) > sup{Oyfay) | i € ).

iel

Tt is clear that for an arbitrary index set / the implication
(V i € ) (plwo) > Oxfxe) = p() > sup{Oly) [ i €1}

is false and hence 7’ defines no topology on X.

6. IncLupED AND ExcLupep Fuzzy Ser Tororocy

The included fuzzy singleton topology, Introduced in Section 4, can be
generalized in the following way.
Let X be a set and 4 an arbitrary fuzzy set on X.

TaroreM 6.1.  The subclass v, of P(X) given by
7, ={010ePX)A(0O=0 v ACO)

is a4 fuzzy topology on X.
Proof. (0.1) @ €7, by definition of 7,5 X € 7, since 4 C X.

{0.2) Let O,, Oy be two elements of 7, . If O; = & v Oy = @ holds,
then O, N O, = @ and hence O; N Oy,e7,.

On the other hand, from ~(O; = @ v O, = @)orequivalently O, ¢ @ A O,
# & we deduce 4 CO; A AC O, and hence AC O, N Oy, 50 O, N Oy, .

(0.3) Let (0))sr be an arbitrary family of elements of 7,. If (Viel)
(0; = @) then{J; 0, = @ and hence U O,;er,.If on the contrary (Fie])
(0; = @) then 4 C O, for some j belonging to [ and so
A(x) < Oyx) < sup{Oyx)| i}, VaelkX,

ie., A C{;er O, and hence {J,.; 0,57, .
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DeriNiTiON 6.1. Let X be a nonempty set and A a fuzzy set on X. The
subclass of #(X) given by

74 ={010ePX)A(0=g2 v AdC0)
is called the included fuzzy set A topology on X.
A deduction similar to that in the proof of Theorem 5.1 leads to the following
theorem.
THEOREM 6.2. The subclass of P(X) defined by
77={010eP(X)Ar(0=Xv ACcoO)}

is a fuzzy topology on X. It is called the excluded fuzzy set A topology on X.
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