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Abstract The present work is devoted to investigate the effect of thermal radiation on fully

developed flow of micropolar fluid flowing between the two infinite parallel porous vertical plates

in the presence of transverse magnetic field. The fluid is considered to be a gray, absorbing–emitting

but non-scattering medium, and the Cogley–Vincent–Gilles formulation is adopted to simulate the

radiation component of heat transfer. The rigid plates are assumed to exchange the heat with an

external fluid by convection. The governing equations are solved numerically by Crank–Nicolson

implicit finite difference method. The effect of various physical parameters such as transient,

Hartmann number, micropolar parameter, radiation parameter, Prandtl number, Biot number

and Reynolds number on the velocity and temperature field are discussed graphically. The impor-

tant finding of the present work is that the temperature of the fluid is reduced by applying thermal

radiation. Further, the results obtained under the limiting conditions were found to be in good

agreement with the existing one.
� 2014 Production and hosting by Elsevier B.V. on behalf of Ain Shams University.
1. Introduction

In the most of the analyses on the flow and heat transfer in a

channel, either the boundary condition of the first kind charac-
terized by the prescribed wall temperature or the boundary
condition of the second kind expressed by the prescribed wall

heat flux is assumed. A more realistic condition in many
applications, however, will be the temperature boundary
condition of the third kind: the local wall heat flux is a linear
function of the local wall temperature. This situation is

relatively less studied and is encountered in the heat transfer
process, where the radiative heat transfer, describable in terms
of Newton’s law of cooling, occurs at the channel wall [1].

Considering of its importance, several authors [2–4] have
investigated the problem with the boundary condition of the
third kind.

Analysis of the flow and heat transfer of micropolar fluid in
a vertical channel has been of great interest because the Navier–
Stokes equations for Newtonian fluids cannot successfully

describe the characteristics of fluid with suspended particles.
Unlike the other fluids, micropolar fluids may be described as
non-Newtonian fluids consisting of dumb-bell molecules or
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Nomenclature

B; C micropolar material constants

cp specific heat, J kg�1 K�1

g acceleration due to gravity, m s�2

j micro-inertia density, m2

H0 magnetic field intensity, W e m�2

h1 external convection coefficient at the left wall,
W m�2 K�1

h2 external convection coefficient at the right wall,

W m�2 K�1

k thermal conductivity, W m�1 K�1

K rotational viscosity coefficient, kg s�1 m�1

L thickness of the channel, m
M Hartmann number
N dimensionless angular velocity
n angular velocity, rad s�1

NR dimensionless thermal radiation parameter
Pr Prandtl number
qr radiative heat flux

Re cross flow Reynolds number
T temperature, K
T0 temperature in hydrostatic state, K

v0 suction/injection velocity, m s�1

u; v velocities in x; y-directions, m s�1

x; y axial and perpendicular co-ordinates, m
Y dimensionless co-ordinate

Greek symbols

b volumetric coefficient of thermal expansion, K�1

c microrotational coupling coefficient, N s
m kinematic viscosity, m2 s�1

q density, kg m�3

r electrical conductivity, X�1 m�1

s dimensionless time
h dimensionless temperature

k1 micropolar parameter
k2 micropolar material constant

Subscripts

i; j nodes along Y; s directions respectively
N end boundary node along Y direction
w condition at the wall

1278 D. Prakash, M. Muthtamilselvan
short rigid cylindrical element, polymer fluids, fluid suspension,
etc. In addition with the classical velocity field, a microrotation

vector and a gyration parameter are introduced in the micropo-
lar fluid model in order to investigate the kinematics of micro-
rotation. The theory of micropolar fluids, first proposed by

Eringen [5,6], can be used to study the behaviors of exotic lubri-
cants, polymeric suspensions, muddy and biological fluids,
animal blood, colloidal solutions, liquid crystals with rigid

molecules, etc. The presence of dust or smoke, in particular
in a gas may also be modeled using micropolar fluid dynamics.
A comprehensive reviews of the theory and applications can be
found in the review articles by Ariman et al. [7,8] and the recent

books by Lukaszewicz [9] and Eringen [10].
The problem of fully developed flow in a micropolar fluid is

discussed by Balaram and Sastry [11]. Agarwal and Dhanapal

[12] obtained a numerical solution to study the fully developed
free convective flow between two parallel walls with suction (or
injection) embedded in a micropolar fluid. Chamkha et al. [13]

analyzed the fully developed free convective flow of a micropo-
lar fluid in vertical parallel plate channel with asymmetric heat-
ing by numerically and analytically. The closed-form analytic
solutions for the flow and heat transfer characteristics of

micropolar fluid in a vertical channel are given by Cheng
[14]. Prathap kumar et al. [15] studied the problem of fully
developed free convective flow in a vertical channel, partially

filled with micropolar fluid. The effect of heat source/sink on
fully developed mixed convection flow of micropolar fluid mix-
ture in a vertical channel with the boundary conditions of the

third kind is investigated by Umavathi and Sultana [16]. They
stated that the values of all the characteristics of a micropolar
fluid were found to be lower than those for a Newtonian fluid.

By applying Differential Transform Method (DTM) and
Homotopy Analysis Method (HAM), Rashidi et al. [17–19]
investigated the second grade fluid flow through porous media
past a horizontal surface and rotating disk. Fully developed
flow through a porous channel in the presence of heat genera-
tion is examined asymptotically by Prakash et al. [20].

Recently, Sheikholeslami et al. [21] analyzed the problem of
micropolar fluid flow in a channel subject to a chemical reac-
tion by using homotopy perturbation method.

The problem of micropolar fluids through porous media
has many applications, such as porous rocks, foams and
foamed solids, aerogels, alloys, polymer blends, and micro-

emulsions. In recent years, many authors have studied
unsteady free convection flow of a micropolar fluid with or
without a magnetic field through a porous medium. For exam-
ple, Srinivasacharya et al. [22] discussed the effects of microro-

tation and frequency parameters on an unsteady flow of
micropolar fluid between two parallel porous plates with a
periodic suction. Bhargara et al. [23] obtained a numerical

solution of a free convection MHD micropolar fluid flow
between two parallel porous vertical plates by means of the
quasi-linearization method. Zueco et al. [24] investigated the

transient hydromagnetic flow of micropolar fluid between par-
allel porous vertical walls using Network Simulation Method.
They concluded that the magnetic field should be important
parameter for controlling the rate of heat transfer in many

MHD applications.
At high temperature, thermal radiation can be significantly

affect the heat transfer and the temperature distribution of a

micropolar fluid in a channel. Heat transfer by simultaneous
free convection and thermal radiation in the case of a micropo-
lar fluid has not gained as much attention. This is unfortunate

because thermal radiation plays an important role in determin-
ing the overall surface heat transfer in situations where convec-
tive heat transfer coefficients are small, as is the case in free

convection where such situations are common in space tech-
nology [25]. Radiation effects on a micropolar fluid through
a porous medium with and without magnetic field has been
considered by many authors, see [26–29].
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In this analysis, we study the effect of thermal radiation on
a transient electrically conducting micropolar fluid in between
two porous vertical plates submitted to an external magnetic

field. The plates exchange heat with an external fluid, and both
conditions of equal and different reference temperatures of the
external fluid are considered. Crank–Nicolson implicit finite

difference (C–N) method is used to solve the governing
equations.

2. Mathematical formulation

Consider an unsteady, laminar, fully developed free convec-
tive flow of an incompressible micropolar fluid flowing

between two infinite parallel porous vertical plates submitted
to a strong magnetic field H0 in the direction normal to the
plate. Since the magnetic Reynolds number is assumed to

be small enough, the induced magnetic field can be neglected.
The micropolar fluid is assumed to be a gray, absorbing-
emitting, but non-scattering medium. Outside the plate, there
is a quiescent ambient fluid at a constant temperature T1
with u and v denoting, respectively, the velocity components
in the x and y direction, where x is vertically upwards and
y is the coordinate perpendicular to x. There is a component

of microrotation in the direction normal to x and y; ð0; 0; nÞ.
All fluid properties are considered to be constant except for
the density variation which induces the buoyancy force.

Neglecting the effect of viscous dissipation, the governing
equations can be written as
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where b is the thermal expansion co-efficient, q is the density,
cp is the specific heat, k is the thermal conductivity of the fluid,
t is the kinematic viscosity, K is the gyroviscosity, c is the

material constant, j the microinertia, r the electrical conductiv-
ity of the fluid and T0 is the temperature in hydrostatic state,
with c0 the constant of proportionality.

The advantages and limitations of the Cogley–Vincent–
Gilles [30] formulation, which is to used to simulate the
radiation component of heat transfer, are

(i) it does not require an extra transport equation for the
incident radiation, and

(ii) it can only be used for an optically thin, near-

equilibrium and non-gray gas.

Cogley model is well suited for

(i) surface-to-surface radiant heating or cooling,
(ii) coupled radiation, convection, and/or conduction heat

transfer and
(iii) radiation in glass processing, glass fiber drawing, and

ceramic processing.

Following Cogley et al. [30], we take the expression of radi-

ative heat flux as
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Z 1

0
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L

dk ð2:5Þ

where Kkh is the absorption coefficient, k is the wave length, ekp

is the Planck’s function, T is the temperature of the walls at
time t 6 0.

On the use of Eq. (2.5), Eq. (2.4) becomes,

qcp
@T
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þ qcpv0

@T

@y
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¼ k

@2T

@y2
� 4ðT� T0ÞI ð2:6Þ

where

I ¼
Z 1

0

Kkh
@ekp

@T

� �
L

dk ð2:7Þ

Both walls of the channel are assumed to have a negligible
thickness and to exchange heat with an external fluid by
convection. At y ¼ 0, the external convection coefficient h1 is

considered uniform and the fluid in the region y < 0 is
assumed to have a uniform reference temperature T1. At
y ¼ L, the corresponding constant values are h2 and T0

ðT0 P T1Þ. With the assumption of zero spin at the fluid–solid
interface, the initial and boundary conditions are written as
follows:

for t 6 0; u ¼ 0; n ¼ 0; T ¼ T0 ð2:8Þ
for t > 0; u ¼ 0; v ¼ v0; n ¼ 0;

� kw
@T

@y
¼ h1½T1 � T� at y ¼ 0 ð2:9Þ

u ¼ 0; v ¼ v0; n ¼ 0;

� kw
@T

@y
¼ h2½T� T0� at y ¼ L ð2:10Þ

where v0 is the constant suction or injection of the fluid
through the porous limiting surface, with v0 < 0 implies injec-
tion at y ¼ L and suction at y ¼ 0, while the opposite occurs
for v0 > 0. In order to dimensionalize the governing equations,

we introduce the following dimensionless variables

Y ¼ y

L
; U ¼ uqgbL2

k
; s ¼ tu

L2
; h ¼ ðT� T0Þq2g2b2L4

kl
;
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k
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a
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0

l
; Re ¼ v0qL

l
;
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K

l
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c

lL2
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L2
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9>>>>>>>>=
>>>>>>>>;

ð2:11Þ

where M2 is the Hartmann number, k1 is the micropolar
parameter, c0 is the dimensionless of heat generated, k2; B
and C are the micropolar material constants and Re is the

cross flow Reynolds number.
With the help of Eq. (2.11), the governing equations can be

rewritten in the form
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and the dimensionless initial and boundary conditions become,

s 6 0 : U ¼ 0; N ¼ 0; h ¼ 0 ð2:15Þ

s > 0 : U ¼ 0; N ¼ 0; � @h
@Y
¼ Bi1½n� h� at Y ¼ 0

ð2:16Þ

s > 0 : U ¼ 0; N ¼ 0; � @h
@Y
¼ Bi2½h� �n� at Y ¼ 1

ð2:17Þ

where n ¼ PrGrbgL
cp

is a dimensionless group, Gr ¼ bgL3ðT�T0Þ
t2 is a

Grashof number, � ¼ T2�T0

T1�T0
is a nondimensional heating param-

eter, Bi1 ¼ h1
kw
; Bi2 ¼ h2L

kw
are the Biot numbers, kw is the ther-

mal conductivity of the walls and NR ¼ 4IL2

k
is the thermal

radiation parameter.
The shear, couple stresses and the heat flux on the walls are

defined, respectively, as

sw ¼ ðlþ KÞ @u
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����
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@y

����
y¼0;1

and qw ¼ �k
@T
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����
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ð2:18Þ
3. Numerical procedure

For solving the governing Eqs. (2.12)–(2.14) subject to the ini-
tial and boundary conditions given by (2.15)–(2.17), Crank–
Nicolson implicit finite difference technique has been
employed. The computational domain ð0 < s <1Þ and

ð0 < Y < 1Þ is divided into a mesh of lines parallel to s and
Y axes. The finite difference approximations of Eqs. (2.12)–
(2.17) are obtained by substituting the approximations by

derivatives. Thus, the governing equations and boundary con-
ditions are transformed into the following algebraic equations:
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Figure 1 Heat transfer rate at the left wall Y ¼ 0 for different grid s
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and the associated initial and boundary conditions may be
expressed as

Ui;1 ¼ 0; Ni;1 ¼ 0; hi;1 ¼ 0 ð3:4Þ

U1;j ¼ 0; N1;j ¼ 0; � h1;j�1 � h1;j

DY
¼ Bi1½n� h1;j� ð3:5Þ

UN;j ¼ 0; NN;j ¼ 0; � hN;j�1 � hN;j

DY
¼ Bi2½hN;j � �n� ð3:6Þ

where DY and Ds are the mesh sizes along Y and time direc-
tions, respectively. The computational domain ð0 < s <1Þ
is divided into intervals with step size Ds ¼ 0:002 for time

ðsÞ. In order to check the stability of finite difference scheme,
computation is carried out for different grids (0 < Y < 1),
and it is seen that it does not show any significant change after
the grid size 201 (see Fig. 1). Therefore, all the numerical solu-

tions are obtained with the grid size 201. To check the numer-
ical code, we compare our results with Zueco et al. [24]
150 200 250 300
size (Y)

ystems with s ¼ 0:2; Re ¼ �2; k1 ¼ 3; M2 ¼ NR ¼ 1; Pr ¼ 0:72;
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through graphically and it is presented in Fig. 2. It is seen that
the present numerical results are in good agreement with
Zueco et al. [24].

4. Results and discussion

The results are presented for a range of values of the non-

dimensional parameters such as cross flow Reynolds number
Re, Hartmann number M2, micropolar parameter k1, Prandtl
number Pr, thermal radiation parameter NR and Biot numbers

Bi1 and Bi2. The values of the parameters Bi1 ¼ 10; Bi2 ¼ 1;
n ¼ 1:0; � ¼ 1:2; k2 ¼ 1:0; B ¼ 0:001; C ¼ 1:0; k1 ¼ 3:0; Pr ¼
0:72; Re ¼ 2:0; M2 ¼ NR ¼ 1:0 are fixed, unless otherwise

specified.
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4.1. Hydrodynamic aspects

Fig. 3 shows the transient ðs ¼ 0:1; 0:2; 0:3Þ response to study
the effect of Reynolds number on the velocity profile. It can

be seen that with the fixed values of time parameter, an
increase in the Reynolds number is to increase the velocity pro-
file at the middle of the channel. Moreover, the velocity profile

increases with time to reach the steady state.
The effect of Hartmann number on the stationary spatial

velocity distribution for Re ¼ 1 and for Re ¼ 10 is shown in

Fig. 4. It is observed that the velocity profiles are parabolic
and reach their maximum near the middle, but this maximum
is displaced toward Y ¼ 1 for large Reynolds number. Besides,

an increases in M2 yield a decrease in the velocity profiles.
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Therefore, the fluid velocity can be reduced by the presence of
a strong magnetic field. The influence of cross flow Reynolds
number Re, micropolar parameter k1 on the velocity profile

is analyzed in Fig. 5. As expected, the velocity profile increases
as Re increases. It is noted that the velocity profile decreases
with increase in the micropolar parameter.

Fig. 6 depicts the velocity distribution along the spatial
coordinate Y for different values of radiation parameter. The
velocity distribution decreases with an increase in the radiation

parameter. Also the maximum velocity is displaced toward
Y ¼ 1 for higher Reynolds number Re ¼ 10.

Fig. 7 is plotted to analyze the transient response in the
angular velocity distribution. As seen from this figure, the

angular velocity increases with time; the values of microrota-
tion are negative between Y ¼ 0 and Y ¼ 0:5 approximately,
whereas they are positive between Y ¼ 0:5 and Y ¼ 1 approx-

imately; besides, as Reynolds number increases the amplitude
of the angular velocity.

The effects of Hartmann number and the Reynolds number

on the angular velocity profile is shown in Fig. 8. It is noted
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Table 1 Shear and couple stresses along the plates ðs ¼ 0:2;NR ¼ 1

Re k1 M2 Shear a

dU
dY jY¼0

�2 3 0 0.0781

1 0.0767

2 0.0754

5 0 0.0522

1 0.0516

2 0.0509

2 3 0 0.0811

1 0.0798

2 0.0785

5 0 0.0566

1 0.0559

2 0.0552
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Figure 9 Dimensionless angular velocity profile for micropolar
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that an increase in the Hartmann number is to increase the
angular velocity between Y ¼ 0 and Y ¼ 0:5, whereas decrease
it in between Y ¼ 0:5 and Y ¼ 1. But this behavior is moved

toward Y ¼ 1 for the case of large Reynolds number.
Fig. 9 portrays the angular velocity distribution for differ-

ent values of micropolar parameter. It is seen that the micro-

polar parameter strongly influences the angular velocity. In
the case of higher Reynolds number, the micropolar parameter
enforces to increase the angular velocity almost full length of

the channel.
The influence of the radiation parameter on the angular

velocity profile is depicted in Fig. 10. It can be seen that the
radiation effect lead to increase the angular velocity for the

first half of the channel and decrease it for the remaining. Fur-
ther, an increase in the Reynolds number is to decrease the
angular velocity throughout the channel. Table 1 shows that

an increase in the magnetic parameter is to decrease the shear-
ing rates for the left wall, whereas increase it in the right wall.
:0;Pr ¼ 0:72Þ.
nd couple stresses

dU
dY jY¼1 dN

dY jY¼0 dN
dY jY¼1
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Figure 11 Dimensionless temperature distribution for transient (s) and Reynolds number (Re).
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Figure 12 Dimensionless temperature distribution for radiation parameter (NR) and Reynolds number (Re).
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The reverse trend is observed in the case of Reynolds number

or the micropolar parameter.

4.2. Heat transfer aspects

The temperature distribution along the spatial coordinate Y
for the case of transient is shown in Fig. 11. It is observed that
with the fixed values of Reynolds number, the temperature

increases with time. Also, the influence of Reynolds number
is to increase the fluid temperature.

The effect of radiation parameter on the temperature distri-

bution is illustrated in Fig. 12. It is observed that an increase in
the radiation parameter is to decrease the temperature due to
the absorption of temperature from the fluid. Moreover, in

the case of low Reynolds number, the temperature decreases
up to the middle of the channel and increases after that. But
this point of inflection is shifted from the middle to the right

wall in the case of large Reynolds number.
Fig. 13 is presented to analyze the effect of radiation on the

temperature field for the case of convection heat flux is applied

in the left wall or the right wall. As already mentioned, the
radiation lead to decrease the fluid temperature in both cases
of convective heating. Comparing the temperature at the walls,

the highest temperature is obtained at the left wall or right wall
in the case of convective heat flux applied in the left wall or
right wall respectively.



Table 2 Local heat flux along the plates ðs ¼ 0:2;M2 ¼ 1:0; k1 ¼ 3:
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Figure 13 Dimensionless temperature distribution for radiation

parameter (NR) and Reynolds number (Re) with different type of

heating.
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The effect of Prandtl number on the temperature field is
plotted in Fig. 14. It is observed that an increase in the Prandtl
number is to decrease the temperature in the case of convective

heating of the right wall; whereas in left wall heating, the fluid
temperature increases near the left wall and decreases away
from the left wall. Table 2 elucidates that in the case of heat

flux applied to the left wall, the effect of radiation is to absorb
the heat from the right wall and produce it to the left wall,
while the reverse effect is seen for the case of heat flux applied

to the right wall.

5. Conclusions

The effect of thermal radiation on the fully developed flow of
micropolar fluid between the two vertical infinite plates in the
presence of transverse magnetic field is investigated numeri-

cally by Crank–Nicolson scheme. From the present investiga-
tion the following conclusions may be drawn:

1. An increase in the Reynolds number is to increase the

velocity and the temperature, but decrease the angular
velocity with the fixed values of other parameters.

2. An increase in the magnetic, micropolar or radiation

parameter is to decrease the velocity throughout the
channel. However in the angular velocity field, the mag-
netic or radiation parameter is to increase the angular

velocity in the first half of the channel and decrease
in the remaining.

3. An increase in the radiation parameter or Prandtl
number is to decrease the temperature.

4. When the heat flux is applied in the left wall or right
wall, the highest temperature is observed in the corre-
sponding walls.
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