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Abstract

We present new Chebyshev—Griiss type inequalities on R™ over spherical shells and balls by extending some basic univariate
results of Pachpatte.
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1. Introduction

For two absolutely continuous functions f, g: [a, b] — R consider the functional

1 b 1 b 1 b
T(f. g = m/ fx)gx)dx — (m/ f(x)dx) (m/ g(x)dx>, (1.1)

where the integrals involved exist.
In 1882, Chebyshev [1] proved that if f’, g’ € Loo[a, b], then

1
IT(f. &)l = E(b_a)znf/”oo”g/”oo- (1.2)

In 1935, Griiss [2] showed that

1
IT(f: 9l = (M —0)(T" — 4), (1.3)

provided 6, M, A, I'" are real numbers satisfying the condition —oco < 6 < M < 0o, —00 < A < I' < oo for
x € [a, b].

The purpose of this work is to extend the above fundamental results over spherical shells and balls in RN, N > 1.
For that we need the following machinery form Pachpatte [3] which also motivates our work.
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Let f:[a, b] — R be differentiable on [a, b] and f’:[a, b] — R be integrable on [a, b]. Let w: [a, b] — [0, 00)
be some probability density function, that is, an integrable function satisfying f ab w(t)dt =1,and W) = f at w(x)dx
fort € [a,b], W(¢t) =0fort < a,and W(t) = 1 fort > b. In [4] PecariC has given the following weighted extension
of the Montgomery identity:

b b
= [Cworwa [P s (1.4)
a a
where Py, (x, t) is the weighted Peano kernel defined by
_ W@, a<t=ux,
Pw(x’t)_{wa)—l, x<t<b (1.5)
For some suitable functions w, f, g: [a, b] — R, we set
b b b
T'(w, f,8) = / w(x) f(x)g(x)dx — (f w(X)f(x)dX> (/ w(X)g(X)dX> , (1.6)
a a a
and define || - [|oo as the usual Lebesgue norm on Loo[a, b] that is, [|h]lec = esssup,¢p, 1 1A ()] for h € Lola, b].

Pachpatte Theorems 2.1 and 2.2 [3] follow.

Theorem 1.1. Let f, g:[a, b] — R be differentiable on [a,b] and f', g':[a,b] — R be integrable on [a, b). Let
w: [a, b] — [0, 00) be an integrable function satisfying | ab w(t)dt = 1. Then

b
T, 7.9 < 1F el oo [ 00RO, 17
a
where
b
H(x)=/ | Py (x, £)|dt (1.8)
a
for x € [a, b] and Py (x, t) is the weighted Peano kernel given by (1.5).

Theorem 1.2. Let f, g, f, &', w be as in Theorem 1.1. Then

-2
where H (x) is defined by (1.8).

1 b
IT(w, f,8)] = —/ wE)g I f Nloo + 1F (O 18 loo] H (x)dx, (1.9)

2. Main results

‘We make

Remark 2.1. Let A be a spherical shell C RN N >1,ie. A= B(0, Ry) — B(0, R1), 0 < Ry < R». Here the ball

B(0,R) = {x € RV:|x| < R}, R > 0, where | - | is the Euclidean norm; also S¥~! := {x € RY : |x| = 1} is the
unit sphere in RV with surface area wy = ;77(1\]/\//3 Forx € RN — {0} one can write uniquely x = rw, where r > 0,
7

we SN-L,

Let F,G € C!'(A). First we assume that F, G are radial, i.e. F(x) = f(r), G(x) = g(r), where r = |x|,
R| <r < R,.Of course f, g € C'([R1, R2]).
We notice that

N Ry
ﬁ/ sN-lgs = 1,
Ry — Ry JR,
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N R1 < s < Ry, is a probability density function.

s SN _ R{V
W(s) := / w(t)dt = ———, fors € [Ry, R3],
Ry Rév - R{v

121

and also W(s) = 1, for s > Ry; with W(s) = 0, for s < Rj. That is, W is the associate distribution function here.

We introduce

W(s), Ri<s=<r,

Pu(r ) = {W(s)—], r<s<Ra.

Pecaric in [4] proved a weighted extension of the Montgomery identity, see (1.4), which in our case is
Ry NSN_l Ry
f@r) =/ —~ o~ | f®)ds +/ Py (r, 5) f'(s)ds,
R Rév — R{V R v

and

Ry NSN*I Ry ,
g(r) Z/R] (m) g(S)dS‘f‘/Rl Py (r,s)g (s)ds.

Here we see that
wn(RY — RY)

Vol(A) = i

We denote by

- . fA F(x)G(x)dx 1
TEO= N6~ Mela? (/A F(x)dx) (/A Gwdx)

2
N N

the Chebyshev functional in this setting.
We notice that

1 1 Ro N-1 R N-1
— Fx)dx = — frr dr |dw = frr dr.
wN Ja wN JgN-1 Ry Ry

Similarly we obtain

1 R
— | G(x)dx = / g(r)rN_ldr,
WN JA R,

and

R
L/ FOGE0dx = f CFgryrar,
WN JA R,

Consequently we get

- N Ry
T(F,G) = [ —— FrgrrNldr

N N
Ry —R; R

2
N Ry 3 Ry 3
- (—Ré\' —R{V) < i fr 1dr> (le g(rr? 1dr) = T(w, f,g),

@2.1)

2.2)

2.3)

(2.4)

2.5)

(2.6)

2.7

(2.8)

2.9)
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as in Pachpatte [3]; see (1.6).
By Theorem 2.1 of Pachpatte [3], see Theorem 1.1, we obtain that

7 / ! N k2 N—1 42
IT(F,G)| =1/ loollg'lloo _r") /s r* T H(r)dr, (2.10)
2 T 1
where

Ry r Ry
H(r) = / | Py (r, s)|ds = W (s)ds +/ (1 — W(s))ds.
R Ry r

That is,

- ( 1 >[<2rN+1+N(R{V“+R§V+1)
H r) =

N N

RY — R} N +1

In general it holds that

) —r(RN + R} } r € [Ry, Ry]. (2.11)

oF
—| = IVFlw,
or || s

G
— | =1VGlic., (2.12)
07 | s
with equality in the radial case.
So we find that
~ oF 0G NI
TEOI= || |7 =7 - 2.13)
ar 00 or oo(R2 _Rl) (N+l)
where
R NC1s N N+1 | pN+1 N pNy TP
I::/R r [Zr + NRN 4 RV Z (N + D(RY + R) )] dr. (2.14)
1

One calculates the above integral to find

RV — RN N+1 N+1\2, pN N, (N+D2 N2, pN+2 N+2
I=4—=2——1 )4+ NRMV L RVTHY2(RY — RNy + —— (RN + R RY*2 _ RN+
3N +2 i 2 VR RO Sy (R R, v

4N
+ <2N n 1) (R{VH + RéV-H)(R%N—H _ R%N-ﬁ-l) —2(N + DRV + Rév)(RgNH _ R%N+2). (2.15)

We have established our first main result.
Theorem 2.1. Let F, G € C'(A) be radial functions. Then

NI
(R = RY)*(N + )2

IT(F,G)| < IVFllsollVGllno (2.16)

We continue from Remark 2.1.
Remark 2.2. By Theorem 2.2 of Pachpatte [3], see Theorem 1.2, under the same terms and assumptions, we obtain

R
TG <2 (=N ) [ e o + 170 18 o0] H P 2.17)
2 Rév — R{V R

1

We have derived the following result.
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Theorem 2.2. Let F, G € C'(A) be radial functions. Then

~ 1
I'(F.G) = 2Vol(A) /A HGOIIVFlloo + [F)[IVGlleo] H(|x[)dx, (2.18)

where

1 2|x|N+1 +N(R{V+1 —i—RéVH)
H(xD) = [
RY — R N1

We continue from Remark 2.2 to transfer our results over the ball.

) — IxI(RY +R§V):|, x € A. (2.19)

Remark 2.3. Here we set R := Ry and let R > R} — 0. We assume F, G € C!(B(0, R)) to be ragial. Inequality
(2.16) is clearly true when ||V F ||, ||VG |0 are taken over B(0, R) which is a larger set containing A. We consider
here this modified form of (2.16).

Letnow 0 < Ry, | 0,asn — oo, i.e. B(O, R1;1) D B(O,R12) D --- D B0, R1 ) ..., with ﬂzozl B, R1») =
{0}. That is, as Ry — 0 then B(0, R;) | {0}. Hence

R1~>0
XB(O,R;) —> X{0}-

Let i be Lebesgue integrable on B(0, R). That s, |hxpo,&,)| < |h|. Consequently

Ri—0 -
hxB©,R)) = hxiy, pointwise over B(0, R).

Thus, by the dominated convergence theorem we obtain

R;—0
L hxBo,Rr,)dx = hxoydx.
B(0,R) B(O,R)
That is
/ hdx 1300, (2.20)
B(O,Ry)
Applying (2.20) we obtain
- F(x)G(x)dx 1
lim 7(F,G) = Jno.n - - (/ F(x)dx) (/ G(x)dx>. (2.21)
Ri—0 Vol(B(0, R)) (Vol(B(0, R))) B(O,R) B(0,R)

We also notice that

, NR? 4 (N + 1)2 4N
Jim (RHS. (2.16)) = [VF | VGlloo [
]—)

(N+ 12| BN+2)  (N+2) (@2N+1) —(N+2)] (2.22)

So based on (2.16) and the above we derive

Theorem 2.3. Let F, G € C'(B(0, R)) be radial functions. Then

fB(O,R) F(x)G(x)dx 1 ( ) (
— / F(x)dx / G(x)dx)
Vol(B(0, R)) (Vol(B(0, R))? \Jp(o.r) B(O,R)

NR? [ 4 (N + 1)2 AN
(N+D2[(BN+2  (N+2 (@QN+1D

= IVF]loollVGlleo

(N + 2)} : (2.23)

Similarly from (2.18) we get
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Theorem 2.4. Let F, G € C'(B(0, R)) be radial functions. Then

Jpo.p) FOG(x)dx _ 1 (/ F(x)dx) </ G(x)dx>
Vol(B(0, R)) (Vol(B(0, R))? \Jg.r) B(0.R)

1

< IVol(BO. R)) O NG| IVFlleo + [FX)IIVGlloo] H™ (Ix])dx, (2.24)
where
e L[ [25xNt 4 NRVA N
H (|x|)_—[( N1 )—|x|R ], x € B(0, R). (2.25)

Next we treat not necessarily radial functions in our setting. We give

Theorem 2.5. Let F, G € CL(A). Then

L / F(x)G(x)dx — N [(/Rz F(ra))rN_ldr> (/Rz G(rw)rN—ldr>] do| (2.26)
Vol(A) (RY — RY) Jsv—1 [\Jg, R
= |55 o
— | or I lloo (RY — RYI(N + 1)?
NI
SIVFollVGlleo (2.27)

(RY — RM3(N + D?’
where I is given by (2.15).

Proof. The functions F(r), G (rw) are considered radial in r, Vo € S¥ 1. Also there exist
0F (row) 0G(rw)

ar = or
Asin (2.9), (2.10), (2.13) and (2.16) we obtain

2
N R - N . ) N )
o) oo ([ ) [ e

€ C([R1, R2]), VYwe SV7L.

(2.28)
- H oF (rw) H 0G (rw) H NI
- {R1.R>] co.[Ry, Ry (RY — RY)3(N +1)2
NI
. 2.29
H ' I lloo (RY — RY)3(N +1)2 22
Consequently we have
N ko N-1
— e~ F(ro)G(ro)r dr ) dw
wN(R2 - R] ) Jsn-1 Ry
2
1 N ko N-1 ko N-1
- — |5 F(ro)r™dr G@ro)r' 'dr | |dw
oN \ Ry — R; SN-1 R, R;
oF NI
R
ar O floo (RY — RY)I(N + 1)2
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But it holds that

R
/ (/ ’ F(rw)G(rw)erdr> dw = / F(x)G(x)dx. (2.31)
SN-1 \JR A

That completes the proof. M

Next we generalize Theorem 2.2.

Theorem 2.6. Let F, G € C'(A). Then

F(x)G(x)dx N RZF N-14 RZG N=lgr)1d 2.32
/A x)G(x)dx — RQ’—R{V /SN—I </R1 (ro)r r) </Rl (ro)r r w (2.32)
1 OF 3G
<3 [ L5 |+ |57 mome
1
< E/A“G(x)' IVFlloo + [FG)IIIVGllool H(|x|)dx, (2.33)

where H is given by (2.11).

Proof. Acting similarly to in the proof of Theorem 2.5 and by (2.17) we have

2
N R ~ N & ) N ]
) oo ([ rs) [

1 N Ry oF G
< sl lov——w [ f PN [|G(rw)| H—H + |F(ro)| H—H }H(r)dr}. (2.34)
2 R2 _Rl Ry or |loo 0r | oo
Therefore we obtain
_N ko N-—1
N N F@ro)G(ro)r dr )dw
wN(Rz - R ) Jsn- Ry

_ L _N 2/ |:</R2 F(rw)rN—ldr) <fR2 G(rw)rN—ldr)i| dow
oy \ RY — RV SN-1 R I3

e [ oo L ] Joos
= 2w \RV =&Y ) Jyne er |G (ro)| or | [F(w)] or | r)dr | do, :

which proves the claim. B

Next we give general results over the ball.

Theorem 2.7. Let F, G € C1(B(0, R)). Then

- / F(x)G(x)dx — ﬁf [(/R F(rw)rN_ldr> ([R G(rw)rN_ldr>] dw’ (2.36)
Vol(B(0, R)) |/(o.R) RN Jgn-1 0 0 '
2 2
SHa_F ‘E NR [ 4 (N + 1) 4N _(N+2)}
i ool 07 |l N+ 12BN +2)  (N+2)  (@QN+1D
NR? 4 N+ 1)? 4N
< IVFlloollVGllso 5 [ W+ 1) —(N+2)]. (2.37)
(N+1D2|3BN+2  (N+2  (2N+1)
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Proof. Here set R := R,. The functions F (rw), G(rw) are considered radial in r € [0, R], Vo € SV —1_Also there
exi1st
0F (rw) 0G(rw)
ar = or
Then as in (2.28) and (2.29) we obtain

N /R F(ro)Gro)yrN"tdr — N 2 </R F(rw)rN_ldr> </R G(rw)rN_ldr>
RN _ R{V R RN — R{V Ry R

1

€ C((0, R]), Vwe SNL

(2.38)
- H AF (rw) H G (rw) ” NI
- [0.R] so.0.R] (RN — RV)3(N + 1)2
NI
. 2.39
H oo' 37 lloo (RN — RY)3(N + 1)2 (239)

Taking the limit as R | O of both sides of (2.38) and (2.39) we get

i/Rﬂ o >N*d—(i)2(/RF< o) (ot o)
RN 0 rw rw)r r RN 0 rw)r r ) rw)r r

[ 4 (N +1)? 4N N+ 2)} 240
Oo(N+1)2 BN+2  (N+2  (2N+1) ' ’

H or

Consequently one obtains that

o ([ o)
o RY Joxa \Jy rw)G(ro)r r | do

L(NY RF N-1q RG N=1gr)1d
——<RN> /W [</0 ror' ) ([ car ) Jao

[ ! +(N+1)2 aill —(N+2)} (2.41)
oo(N+1)2 BN+2  (N+2  (2N+1) ' '

H ar

But it holds that

R
/ ( / F(rw)G(rw)rN—ldr> dw = f F(x)G(x)dx. (2.42)
SN-1 0 B(0,R)

That completes the proof. W
We finish with

Theorem 2.8. Let F, G € C'(B(0, R)). Then

R R
/ F(x)G(x)dx — ﬁN |:</ F(ra))erdr> (/ G(ra))erdr>i| da)‘
B(O,R) RN Jgn-1 0 0

1 dF 3G
< —/ [IG(X)I ”a—H + |F(x)] H—H }H*(le)dx (2.43)
B(O,R) 7 oo o oo

-2

1
=< 5/ UG IVF oo + 1F I IVG ool H*(Ix])dx, (2.44)
B(0,R)

where H* is given by (2.25).
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Proof. Here set R := R». The functions F(rw), G (rw) are considered radial in r € [0, R], Yo € SV —1. Also there
exist

0F(rw) 0G(rw)
or  or
Then as in (2.34) we obtain

N K N-1 N s N-1 K N-1
—RN ~ R{V /I;l F(ro)G(ro)r dr — RN——R{V (/Rl F(ro)r dr) (./1;1 G@rw)r dr)

1 N R oF G
<= / N1 |G(ra))|H—H ~|—|F(rw)|H—H Hedr|.  (245)
2Z\RY - R, R I lloo, BO.R) O || oo, B0, R)

Taking the limit as R | O on both sides of (2.45) and after simplification, we get

R N R R
‘/ F(ra))G(ra))rN_ldr — <—N> (/ F(ra))rN_ldr) (/ G(ra))rN_ldr)‘
0 R 0 0

| R aF
< — R
< 2[/0 r [|G(rw)|H -

where H* is given by (2.25). Consequently one obtains that

R N R R
/ </ F(ra))G(rw)rN—ldr> dw — (—N / |:(/ F(ra))rN_ldr> </ G(ra))rN_ldr)i| da))‘
SN-1 0 R SsN-1 0 0

< — r |Grw)| || — + |F(ro)| | — H*(r)dr |dw, (2.47)
2 SN-1 0 or 00 ar 00

which proves the claim. W

€ C((0, R]), Vwe SN

‘ + |F(ro)| H E;—i; H ] H*(r)drj| , (2.46)
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