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Hamiltonian constraint equation coming from the extra dimension. With a Z;-symmetry across the brane
and a stationary and axisymmetric metric ansatz on the brane, we solve the constraint equation exactly
in the Kerr-Schild form with de Sitter background. In the de Sitter background this Kerr-Schild solution
is well behaved under Boyer-Lindquist transformation: the constraint equation is preserved under the

PACS: transformation and so is the solution. In the non-rotating limit we show that this Kerr-Newman-de
04.40.Nr Sitter solution has the characteristic of accelerated expansion of the braneworld universe.

04.50.+h © 2008 Elsevier B.V. All rights reserved.
04.70.-s

1. Introduction

Recent astronomical observations of Type la supernovae suggested that our universe is expanding at an accelerating pace [1]. In
parallel with this development, the idea that our universe may be a brane embedded in some higher dimensional space also be-
came quite popular [2]. One of the models along this line proposed by Dvali, Gabadadze and Porrati (DGP) [3] is known to contain
a branch of solutions exhibiting self-accelerated expansion of the universe [4]. In this model, the acceleration takes place with-
out having the cosmological constant on the brane. Although there have been many works and much interest in the DGP model,
its exact solutions are not much known so far: It is approximate Schwarzschild solutions had been obtained in [5-9], and an ex-
act Schwarzschild solution on the brane was obtained in [10]. Recently, an exact solution for charged black holes on the brane was
obtained in [11], and we worked out a particular solution for charged rotating black holes on the brane in [12]. However, in our pre-
vious work the metric in our modified Boyer-Lindquist coordinates could not be fully diagonalized: it contains t-6 and 6-¢ cross
terms besides the usual t-¢ cross term for rotating solutions. This causes a difficulty in interpretation of the structure of the hori-
zon.

On the other hand in [12] we also noticed that the particular solution we obtained shows the characteristic of Kerr-Newman-
de Sitter black hole in general relativity. Based on this observation, we further investigate along this direction and in this Letter
we obtain an exact solution of Kerr-Newman-de Sitter type with the metric in conventional diagonalization with t-¢ cross term
only.

In doing this, we first notice that only two solutions, flat and de Sitter type geometries, are allowed by the constraint equation if
constant curvature scalar is assumed. Then we solve the constraint equation in the Kerr-Schild form [13] with de Sitter background
and find an exact solution. This works well with the Boyer-Lindquist type coordinates [14] in the conventional sense in which only
t-¢ cross term appears in the metric. This solution also matches well for a cosmological solution of accelerated expansion: Follow-
ing the work of [15], we show that our de Sitter type solution exhibits the characteristic of accelerated expansion in the non-rotating
limit.

This Letter is organized as follows. In Section 2, we set the action and equations of motion of the DGP model following the approach
of [16]. In Section 3, we obtain a Kerr-Newman type exact solution on the brane with de Sitter background in the Kerr-Schild form and
transform it to the Boyer-Lindquist coordinates. In Section 4, we show that our de Sitter type solution matches a cosmological solution
with accelerated expansion in the non-rotating limit. We conclude in Section 5.
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2. Field equations on the brane

The DGP gravitational action in the presence of sources takes the form [3]
S=M3 / d°>x/—g @R+ f d*xv/=h(M%R + Lmatter), (1

where R and ®R are the 4D and 5D Ricci scalars, respectively and Lpager is the Lagrangian of the matter fields trapped on the brane.
Here, the (4 + 1) coordinates are x4 = (x*, y(=x°)), £ =0,1,2,3, and g is the determinant of the five-dimensional metric gag, while h
is the determinant of the four-dimensional metric h;,, = g, (X", y = 0). A cross-over scale is defined by r. = mc_1 = MIZ, /2M2. There is a
boundary (a brane) at y =0 and Z; symmetry across the boundary is assumed. The field equations derived from the action (1) have the
form

1 h
OGap="Rpp — EgAB(S)R = Kg\/;(XAB + Tap)d(¥), (2)

where k7 = M2 and k2 = M; >, while Xap = —8485G.v/k? and Tag =848} T,,, is the energy-momentum tensor in the braneworld.
Now, we consider the metric in the following form [16,17],
ds? = gap dx* dx® = gy, (x, y) dx* dx” + 2N, dx* dy + (N* + g,oN*NY) dy?. (3)
The (15), (55) components of the field equations (2) are called as the momentum and Hamiltonian constraint equations, respectively, and
are given by [16,17]
VuK", — VK =0, (4)
R —K*+ Ky K* =0, (5)

where K, is the extrinsic curvature tensor defined by

1
Ky = ﬁ(ayg;u) —VuNy —Vy,Ny), (6)

and V,, is the covariant derivative operator associated with the metric g,.
Integrating both sides of the field equation (2) along the y direction and taking the limit of y = 0 on the both sides of the brane we
get the Israel’s junction condition [18] on the Z, symmetric brane as follows [11]:

Guv :KfT/w +me(Kpy —hp K. (7)

In this Letter, we take the electro-magnetic field as the matter source on the brane. Plug the junction condition (7) back into the
constraint equations (4) and (5), we find that the momentum constraint equation is satisfied identically, while the Hamiltonian constraint
equation is given by

1
Ry R — §R2+m§R+K;‘TWTW—2K§RWTW=o, (8)

where we used T =T" w = 0. Here we would like to note that when the spacetime has constant curvature scalar only two values are
allowed, R =0 (flat) and R = 12m§ (de sitter). This can be seen as follows: For R = 4« with some constant «, one can set Ry, :=

ah,y + KZ Tyv. Plug this relation back to the constraint equation (8), one gets « =0 or o = 3m§.
Finally, combining the Einstein equations in the bulk (y # 0),

1
©Gap =" Rap - EgAB(S)R =0, (9)
with (7) we arrive at the gravitational field equations on the brane [11]
4
Kz (—p 1 1 0 2 1 , 1
Guv=—E;n — m*g<Tquv - EhuvaanU T2 RYuRpy — §RRuv + ZhuvR - EhlepﬂRpU
K‘% 14 P 2 po
+W RMTpv—i-TMRp,,—gRTW—h,prGT , (10)
(o

where E,,, is the traceless “electric part” of the 5-dimensional Weyl tensor ®*Cagcp [19] and m! = «2/2«Z. In what follows we shall
set k7 = 87.

Here, we would like to check the existence of the gravitational effect from the extra dimension. Use the fact that the Hamiltonian
constraint (8) is satisfied by the relation

Ruv = ahyy + k3 Ty, (11)
for « =0 or 3m§, then the gravitational field equations (10) on the brane reduce to the simple form

Ruv =ahuy — Epy. (12)
Comparing (12) with (11) we can identify the projected Weyl tensor E,,,, with the energy-momentum tensor T, on the brane as

Epy = —k2 Tyy. (13)



D. Lee et al. / Physics Letters B 663 (2008) 11-16 13

This shows that for the two special cases of R=0 and R = 12m§ the tensor E,, has only contribution from the energy-momentum
tensor on the brane. Therefore our field equations on the brane, (10) contains no effect due to the extra dimension when the spacetime
has constant curvature scalar. This is different from the RS model case [20], where the so-called tidal charge effect due to the extra
dimension appears.

3. Kerr-Newman solutions on the brane

In this section, we consider the case in which the brane contains a Maxwell field with an electric charge. In general, rotating black
holes on the brane can carry electric charges. We assume that the Maxwell field on the brane is described by a solution of source-free
Maxwell equations. In that case, the trace of the energy-momentum tensor for the Maxwell field on the brane vanishes, and we have to
solve Eq. (8) and the Maxwell equations:

gDy Fye =0, (14)
Dy, Fvs1 =0, (15)

where D, is the covariant derivative operator associated with the brane metric h,,. However, since (15) is satisfied identically once the
field strength is expressed in terms of the potential one-form, we only have to solve Eqgs. (8) and (14).

To solve Egs. (8) and (14), we start with a stationary and axisymmetric metric ansatz describing a charged rotating black hole local-
ized on the 3-brane. We write the metric in the Kerr-Schild form [13] with the metric expressed in a linear approximation around the
background:

Euv = 8uv + vkyky, (16)

where v is an arbitrary scalar function and k, is null, geodesic with respect to both the background metric g,, and the full metric g,.
In general, it can be shown that if the vector field k** is null-geodesic, then Ricci tensor of g, is related to that of g,, by [21]

_ S, 1. - 1, 1, -
R’,f:R{f—sﬁRf,)+EDpDvs“p—i-iD”D“s,)p—EDprsff, (17)

where s, = vk,k, and [_),L is the covariant derivative with respect to the background metric g,,. Thus, in our case if g, satisfies
RW = Agy, then the full metric g, satisfies the Einstein equations Ry, = Agy +Kf T,» with the same cosmological constant, provided
that s,,, satisfies the linearized Einstein equations with respect to the background metric g, .

In this Letter we will mainly deal with spacetime (4D) with constant scalar curvature. In the previous section we saw that this choice
leaves us two possibilities, flat or de Sitter spacetime. In the flat (R = 0) case, the solution for Eqs. (8) and (14) is given by the usual
Kerr-Newman solution in general relativity [12]. Thus from now on we concentrate ourselves on the de Sitter case, and choose the de
Sitter background metric in the Kerr-Schild form to solve Egs. (8) and (14).

Introducing the coordinates x* = {7, r, 6, ¢}, we write the metric in the Kerr-Schild form as [14]

Ay ) b (% 4+ a?)sin® 9
ds? = |-(1 =) Zdr?2+ —————  _dr? + = do?> + ————"— "~ dy?
[ ( V2t o™ A, g ¢
Ay p) asin?o 2
H(r,0)| —dt dr — d , 18
+H( )[ Chaid (1 —=ar?)(r2 +a?) o) (p] (18)
where

Y =r*+d*c0s’0, Ag=1+xrd%cos’0, E=1+rd’. (19)

Here a is related to the angular momentum of the black hole and A is a constant parameter determining the curvature of the background
metric.
With the de Sitter metric (18), the Maxwell equation (14) is satisfied if the potential one-form is given by

Ay dxt = %(—Agd‘[ +asin®6dy), (20)

—
=

where the parameter Q is the electric charge of the black hole. The nonvanishing components of the electromagnetic field tensor F, for
the above potential one-form A is calculated to be

Q Ag(r? — a? cos? 6) (1—ar?)Qrasin26
Frr: 252 B F(-)r:_ 252 s
(> —a?cos?9)Qasin? 0 (r* +a?)Qrasin26
Fro== 527 S - =
Using (21) and setting the scalar function H in the metric ansatz (18) as
H(r,0)=rP(r,0)/ %, (22)
the Hamiltonian constraint (8) can be expressed as
8r a?cos? 6 4
0=—72a(x —m2) 2% +6(m2 —20) 2 (2Z +1Z;) +1°Z} — > (r2 - ?)zzr + F(r4 — 4a*r? cos® 0 + a* cos? 0) Z*
12Q2 24Q4
-3 [2(r* —a®cos?0)Z —rXZ,] + TR (23)
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where Z =9P/dr and Z, = 3*P/dr%. For A =0 and a = 0, the above equation reduces to the equation for charged black holes in a flat
background [11].
In order to find a general solution we solve (23) for Z;:
7 6Q2 44 20 — 20
"TR1+a) 1+2a + a2

4
+3m?r?(1 + ), /14 4u + §u2, (24)

where a(r,0) =a?cos?0/r? and u=[Q? — r*(Z + 3Ar?(1 + ®)?)]/m2r*(1 + &) Introducing a new function U by putting Z as

)z +3(mZ —22)r*(1 +a)

Z=0Q%r? —3m*?(1 +a)?U(z,0)/2 — 3:*(1 + a)?, (25)
where r =rge?, we express (23) in terms of U:

2Q2 N 3mir?

2 2

(2(1 —e®)U + (1 +a)?U;) +6ar%(1 — az)]
2Q2 3 2,2 2 2 2 2,2
= |:—+§mcr (4420 —20°)U + 61r* (1 — &r®) + 3mzre (1 +oe)(1:|:f)], (26)

where f =+/1+6U +3U?2. Solving (26) in terms of U, = dU/dz, we get
2
U,=—@0+U=xf). 27
z 1+Ol( + ) (27)

Here we would like to mention two special solutions, U =0 and U = —2 for minus and plus signs, respectively, for the last term in the
above equation. Integrating (27) using the relation r =rpe?, the solutions for U # 0 can be given implicitly by

A+3U+f)

kl 24 = — (28)
U23+3U ++3)23(-5-3U + f)
for the minus (—) sign in the last term in (27), and for U # —2,
-5-3U -3-3U— 2v3
kit — 373U+ N(3-3U V31) 29)

U+2)21+3U+f)

for the plus (+) sign. The above results reduce to the charged black hole case in the limit a — 0, and k1, k; are functions of the angle 6
to be determined from appropriate boundary conditions. The above two solutions correspond to the so-called regular and accelerated
branches [10,22]. Once U is obtained, integrating (25) using Z = dP/dr we get the expression for P(r,0) given below. Then the scalar
function H(r, 0) for the metric is given via (22).

2
A 3
P(r,0) = e = (r* + 6a’r? cos® 0 — 3a* cos? 0) — Emf /drrz(l +a)u(r, 6). (30)
r r
For the two special solutions, U =0 and U = —2, they correspond to A =0 and A = m? in (30) and have Ricci scalar values R =0 and

R= 12m?, respectively. This coincides with the values we obtained in the previous section for spacetime with constant scalar curvature.
Next, in order to check the physical properties of the metric given by (18) we want to transform the Kerr-Schild form to the Boyer-
Lindquist coordinates. For the case with constant curvature, the general Boyer-Lindquist type transformation is given by [14]
rP arP

dt =dt + ——————dr, dp=d¢ — radt + ———
rea o s d Ml G,

A=A, dr, (31)

where A,(r,0) = (r> +a®)(1 —Ar?) —rP(r, 0). The Maxwell equation (14) remains satisfied in the transformed Boyer-Lindquist coordinates,
if the potential one-form is given as follows.

2
0
Ay dxt = % <fdt + 28 d¢>. (32)
Under the transformation (31), the metric (18) takes the form
A sin20 . \* ¥ b Ausin 6 2. 2y 72
ds? = — 2 (e = 9000\ Zar g P g2 4 A0SO g - O ] (33)
b E Ar Ag g

Now the constraint equation (23) for the function P(r,#) is not preserved with the transformed metric (33) if P has the #-angle depen-
dence. Since we want to keep the solutions obtained in the Kerr-Schild form valid even in the transformed Boyer-Lindquist coordinates,
we want to restrict ourselves to the cases of 6-independent P. From (30), we see that P becomes independent of 6 only in the following
two cases, A =0, U =0 and A =m?, U = -2, and the both give the same scalar function H,
2Mr — Q2
H,0)= ——, 34
(r,0) 5 (34)
where M is the total mass of the black hole, and boundary conditions are assumed to be implemented.
Here, we note that the metric (33) with the scalar function (34) and A = m% yields an exact Kerr-Newman-de Sitter solution with the
cosmological constant A = 3m2, where the crossover scale rc =m_ ! behaves as an effective cosmological radius.
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The self-accelerated branch of the Schwarzschild solution in the DGP model [10,22] exhibits the negative mass behavior, as its asymp-
totic behavior P/r~ —72,/r> +m?r? at the scale r > r, shows. The term —72,/r? looks like a 5D negative mass in the 5D viewpoint, which
suggests that there may be some non-perturbative instabilities in this branch. In our constant curvature de Sitter solution, the metric
solution does not show such negative mass behavior at any scale as we see below. The Newton potential ¢ which corresponds to —P/2r
in the Schwarzschild case above can be obtained from the metric solution (33) as

—20 (2Mr — Q%) +m2(r* + d*sin®6). (35)

" r24+a2cos?6
The first term is the usual positive mass contribution to the potential, the second term is the usual charge contribution, and no negative

mass contribution appears in the above potential.
Finally, in the de Sitter solution the governing equation for horizon radius is given by

Ar=(r* +a®)(1-mir?) —2Mr+Q*=0 (36)
and rcy, provided that the total mass M lies in the range M1, < M < My, where M1, and M;, are given by [23]
1

Mie= e J1+m2(3302 +36Q2) (1 — m2a?) — (1 — 14mZa? — 12m2Q2 + mfa4)*?,
Mye = 3J1ém J1+m2(33a2 +36Q2) (1 —m2a?) + (1 — 14m2a? — 12m?Q2 + méa%)>’%. (37)
C

Here rcy, which is smaller than the crossover scale r¢, is a cosmological horizon, and r4, r_ are outer and inner horizons, respectively.
Note that the horizons r+ and rcy always have real positive values if the total mass lies between the masses M1, and M.

4. Cosmological solution with de Sitter background

In this section, we will explicitly show that in the non-rotating limit our de Sitter solution matches with a cosmological solution with
accelerated expansion. In showing this, we follow the method of matching conditions used in Ref. [15]. We shall see that the solution with
A= m? as the accelerating universe with the Hubble parameter H =r_ 1 in the non-rotating limit. In [15], requiring that the underlying
gravity theory respect Birkhoff’'s law the modified gravitational force law needed to generate the given cosmology was derived. Here we
reverse the process: We examine the cosmological evolution corresponding to our metric (34) with A = mf assuming the Birkhoff's law in
the non-rotating limit.

Following the approach of Ref. [15] we consider a uniform sphere of dust and radiation (charge) and imagine that the evolution inside
the sphere is exactly cosmological, while outside the sphere is filled with nonzero electric field. The mass and charge as the source are
assumed to be unchanged throughout its time evolution. We take the cosmological metric to be the Robertson-Walker metric (flat space)
inside the sphere:

ds? = —dt? + a®(t)8;j dx' dx’ = —dt* + a®(O)[dn? + n* d2?], (38)
where d$22 is two-sphere. Outside the sphere we take a Schwarzschild-like metric

ds® = —goo(r) dT? + g (r) dr® + 12 d22, (39)
and rewrite it in a new form

ds? = —N%(t, n) dt? + a®(t) dn? +r* d22, (40)
where r =r(t, 7). Now we set the coordinate transformation between (39) and (40) by

dT =Tdt+T'dy,  dr=rdt+r'dn, (41)

where the dot and prime denote partial differentiations with respect to t and 7, respectively. Rewrite (39) under the transformation (41)
and compare it with (40), we obtain the following set of relations:

N? = gooT? — gni?, 0=gooTT' — guit', —a® = gooT'? — g2 (42)

In order to match the metric (38) inside the sphere with the metric (40) outside, we take the bounding surface (boundary) of the sphere
to be fixed at n = n,. By requiring continuity and smoothness at the boundary, we obtain the following matching boundary conditions:

rt,n) =nsat), ', nd)=a®), NEn)=1,  N(t,n)=0. (43)
Applying the above matching conditions to (42), the components of the metric in (39) are determined in terms of a(t):
goo=C*(1-nid®), gy =1-nid, (44)

where C? is an integration constant.
In the non-rotating limit, from (33) with (34) for A = mg the components of our metric outside the sphere can be written as

1 2M
Boo =gy =1-—=—mr"+ . (43)
Comparing (44) with (45) and setting C2 = 1, we obtain a Friedmann-like equation for the cosmological scale factor a(t):

.\ 2
a
H = (5) =2Mn;2a® +m? — Q?n;%a™". (46)
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When the scale factor a(t) goes to infinity at large time, the Hubble parameter H approaches the limit value Ho =m. =1, 1 and yields
the de Sitter expansion:

a(t) oc eTtot, (47)

Note that the cosmological metric (38) with (47) inside the sphere yields a constant Ricci scalar 12m§ at large time, which is the same
value from our metric (45).

5. Conclusion

In this Letter we investigate the Kerr-Newman solution on the braneworld with de Sitter background in the DGP model. Assuming
a Zp-symmetry across the brane and a stationary and axisymmetric metric ansatz in the Kerr-Schild form with a constant curvature
background on the brane, we solve the constraint equation from (4 + 1)-dimensional gravity.

When we restrict the spacetime with constant curvature, only flat and a de Sitter cases are allowed by the constraint equation. When
we transform the metric obtained in the Kerr-Schild form to the Boyer-Lindquist coordinates, the constraint equation in terms of the
metric scalar function is preserved (so is the solution) only when the scalar curvature has two specific values, 0 and 12m§. This is in
accord with the restriction from the constraint equation since a de Sitter type metric is used as the background metric in the Kerr-Schild
form.

Unlike the self-accelerated branch of the Schwarzschild solution in the DGP model, our de Sitter type solution does not have a negative
mass behavior. This is checked by the inspection of our metric solution. About the effect of the bulk on the brane solution, we checked
that there is no gravitational effect from the extra dimension in our constant curvature de Sitter solution. We show this by evaluating the
projected Weyl tensor (on the brane) which turns out to be only proportional to the energy-momentum tensor on the brane.

In conclusion, we find an exact solution of Kerr-Newman type in a de Sitter background in the Kerr-Schild form, which is also well
behaved under the Boyer-Lindquist transformation. Using the method of matching boundary conditions in the non-rotating limit, we show
that this solution has the characteristic of cosmological solution with accelerated expansion.
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