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A novel asymptotic approach to the theory of non-homogeneous anisotropic plates is suggested. For the
problem of linear static deformations we consider solutions, which are slowly varying in the plane of the
plate in comparison to the thickness direction. A small parameter is introduced in the general equations
of the theory of elasticity. According to the procedure of asymptotic splitting, the principal terms of the
series expansion of the solution are determined from the conditions of solvability for the minor terms.
Three-dimensional conditions of compatibility make the analysis more efficient and straightforward.
We obtain the system of equations of classical Kirchhoff’s plate theory, including the balance equations,
compatibility conditions, elastic relations and kinematic relations between the displacements and strain
measures. Subsequent analysis of the edge layer near the contour of the plate is required in order to sat-
isfy the remaining boundary conditions of the three-dimensional problem. Matching of the asymptotic
expansions of the solution in the edge layer and inside the domain provides four classical plate boundary
conditions. Additional effects, like electromechanical coupling for piezoelectric plates, can easily be incor-
porated into the model due to the modular structure of the analysis. The results of the paper constitute a
sound basis to the equations of the theory of classical plates with piezoelectric effects, and provide a
trustworthy algorithm for computation of the stressed state in the three-dimensional problem. Numer-
ical and analytical studies of a sample electromechanical problem demonstrate the asymptotic nature of
the present theory.

� 2010 Elsevier Ltd. Open access under CC BY-NC-ND license.
1. Introduction

Theories of thin plates, existing in the literature, generally fall
into one of the four major categories. Historically, the first one is
the ‘‘method of hypotheses”, or engineering approach, which came
to its logical conclusion in the classical treatise by Timoshenko and
Woinowsky-Krieger (1959) (for a modern variant of the analysis of
composite piezoelectric plates see, e.g. Reddy (2004)). This theory,
which appears nearly in each course on strength of materials all
over the world, is based on standard assumptions concerning the
distribution of mechanical entities over the thickness of the plate,
negligibility of certain values, etc. Balance and kinematic relations
for the plate are obtained using some of the equations of the theory
of elasticity. Although the resulting two-dimensional formulation
is quite reasonable, and all assumptions have theoretical and
practical argumentation, some more fundamental and thorough
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research in the field of reduction of the three-dimensional problem
to a two-dimensional one is needed.

The following theoretical step is the application of a varia-
tional method. Based on the weak formulation of the three-
dimensional problem, in which an appropriate variational
principle replaces the field equations, this approach uses the
famous Galerkin–Ritz method with an approximation of the
unknowns over the thickness. The variational principle produces
two-dimensional equations and natural boundary conditions for
the coefficients in the approximations, which can be interpreted
in terms of the theory of plates. The application of this method
to piezoelectric plates can be found e.g. in Reddy (1999, 2004),
Fiedler et al. (2010). Krommer and Irschik (2000), Krommer
(2002, 2004) studied the consistency conditions concerning
approximations of electrical and mechanical entities in the mod-
els of shear-deformable plates; a classical plate without shear
with non-local effects due to electric coupling is the subject of
the research by Krommer (2003).

Being very useful in engineering applications, the traditional var-
iational method cannot reveal the particularity of thin bodies: the
resulting theory strongly depends on the chosen set of approximat-
ing functions. Advantageous approximations can only be selected
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based on the previous experience, and the correspondence to the
true solution of the original three-dimensional problem is esti-
mated based on numerical modeling. A different approach is the
variational-asymptotic method (VAM), proposed by Berdichevsky
(1983, 2009): stationary points of a functional with a small param-
eter are determined asymptotically, when the small parameter
tends to zero. In its application to plates this results in the conver-
gence of the plate and three-dimensional solutions as the thickness
of the plate is decreasing. Recently this method has been applied for
the case of composite plates with significantly different material
properties of the layers (Berdichevsky, 2010), and to piezoelectric
plates (Liao and Yu, 2009). Clarity and attractivity of the idea of
the method are balanced by the absence of a formal mathematical
proof of its validity (Berdichevsky, 1983) along with a certain
dependence of the results on the decisions, made during the
analysis. An analogy can be drawn to the competitive numerical
methods of finite elements and finite differences: although the first
method, based on a weak formulation, is very powerful and robust
in applications, some particular situations require the fine work of
using the method of finite differences, which is based on field
equations.

Apart stands the direct approach to plates as material surfaces
with a certain set of degrees of freedom of particles. Being free
from logical contradictions, this powerful method easily deals with
such complicated problems as nonlinear deformations of curved
shells (Berdichevsky, 1983, 2009; Eliseev, 2006; Eliseev and Vetyu-
kov, 2010). However, practical applications of this method require
a combination with the full three-dimensional analysis, which is
needed prior to the solution of the two-dimensional problem in or-
der to provide the form of the strain energy function (stiffnesses),
and allows to find the stressed state of the actual solid body for the
computed force factors of the reduced model. This three-dimen-
sional analysis, which is of crucial importance for the successful
application of the combined approach, does not necessarily need
to include the effects of geometric nonlinearity or initial curvature
of the shell, i.e. the present problem of linear plate deformation is
sufficient to be used in this procedure. The same is true for the
challenging problem of geometrically nonlinear modeling of piezo-
electric shells (Vetyukov and Krommer, 2010a).

The literature concerning the solution of three-dimensional
equations with the help of various series expansions is volumi-
nous. We can mention e.g. an interesting work by Batista (2010),
where an iterative algorithm for successive correction of the solu-
tion of the homogeneous three-dimensional problem leads to an
infinite series expansion with respect to the thickness coordinate.
In the present study we focus on the more traditional approach,
in which the three-dimensional solution is sought as a series
expansion with respect to a small parameter, which is related to
the thickness of the plate. Thus, two-dimensional equations for
the leading order terms of the series expansion for a homogeneous
plate were obtained by Goldenveizer (1961), Maugin and Attou
(1990) used his asymptotic method with a change of unknowns
for the analysis of coupled electromechanical equations; Carvalho
et al. (2009) presented a more mathematical approach. An ad-
vanced study of piezoelectric plates with material non-homogene-
ity in all three dimensions is reported by Kalamkarov and Kolpakov
(2001); the usage of powerful mathematical techniques, typical for
the analysis of periodic structures, makes the latter work quite
complicated. An example of an asymptotic analysis, in which the
layers of the structural material and piezoelectric material in the
plate are considered explicitly with piecewise solutions and
conditions on the interfaces between the layers, is presented by
Mauritson (2009).

Relevant to the present study are the works by Wang and Tarn
(1994), Tarn (1997). In the equations for the components of stres-
ses and displacements, written for a particular material structure, a
small parameter is introduced by means of non-dimensional vari-
ables. The analysis proceeds by giving particular orders of small-
ness to different components of the stress tensor a priori. The
conditions of solvability for the minor terms of the series expan-
sion of the solution with respect to the small parameter take part
in the formulation of the two-dimensional equations. Cheng et al.
(2000), Cheng and Batra (2000), Reddy and Cheng (2001) presented
further extension of the method, suitable for numerical analysis of
piezoelectric plates.

The present study uses the procedure of asymptotic splitting
(Eliseev, 2003, 2006), which has already been systematically ap-
plied to the theories of thin rods with a non-homogeneous cross-
section (Yeliseyev and Orlov, 1999), of thin-walled rods of open
profile (Eliseev, 2003; Vetyukov, 2010), and of homogeneous thin
plates (Eliseev, 2003). In comparison to the above mentioned
works featuring formal asymptotic expansions, the advantages
are the following:

� According to the logics of the procedure of asymptotic splitting,
the principal terms of the expansion are determined from the
conditions of solvability for the minor terms, which makes the
procedure formal and straightforward as soon as we have the
original three-dimensional problem with a small parameter for-
mulated; no assignment of orders of smallness to different com-
ponents of stresses and displacements (‘‘scaling”) needs to be
done a priory, which is intrinsic to some earlier works (e.g.
Maugin and Attou, 1990; Wang and Tarn, 1994; Cheng et al.,
2000 etc.).
� Instead of the complete recurrent system of relations between

successive terms in the series expansion of the solution, we con-
sider only those equalities, which appear to be relevant for the
analysis.
� The invariant form of the relations helps to keep the analysis

compact.
� The procedure has a clear modular structure: we study the

stresses, strains, displacements and electrical effects almost
independently, each of these stages provides a corresponding
part of the complete theory. The formulation is completed by
the constitutive relations of the three-dimensional model.
� Independence of different stages of the procedure is provided

by the three-dimensional conditions of compatibility, which
play a key role in the analysis. An alternative attempt to proceed
with the analysis of the field of displacements without this
intermediate step would increase the complexity of the analy-
sis, as the asymptotic magnitude of the field of displacements
is two orders higher than that of the strains. This thesis is justi-
fied by the experience of application of the procedure of asymp-
totic splitting for other continua (see, e.g. Yeliseyev and Orlov,
1999; Vetyukov, 2010). The conditions of compatibility provide
important constraints on the strain measures of the plate the-
ory. Moreover, the analysis of the edge layer and the matching
procedure are strongly based on the conditions of compatibility.
� Material parameters and possible non-homogeneity of the

cross-section come into play only at the final stage of the proce-
dure, when the constitutive relations are derived. Variation of
the material properties over the thickness does not affect the
linear distribution of the in-plane part of the strain tensor,
which follows from compatibility conditions. Moreover, possi-
ble jumps in the coefficients do not require special treatment:
the consistency of the procedure is preserved even for multi-
layer plates.

An especially strong point of the present study is the analysis of
the edge layer. Matching two asymptotic expansions, derived for
the inner part of the plate and near its contour, we arrive at four
classical boundary conditions. The slightly simplified version of
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the analysis for the case of simple material properties and straight
boundaries, presented in the paper, has principle differences from
the analogous attempts, existing in the literature (Goldenveizer,
1961, 1969, 1994; Dauge and Gruais, 1998; Lin, 2004; Tarn and
Huang, 2002): the three-dimensional conditions of compatibility
allow us to avoid the notion of displacements in the formulation
of static boundary conditions, and the usage of the mathematically
strict Prandtl’s method of matching of asymptotic expansions in-
creases the reliability of the results.

The theoretical basis of the paper is particularly important for
modeling and development of smart structures, which feature pie-
zoelectric sensors and actuators, see e.g. Reddy (1999), Nader
(2008). To this end the present analysis is accomplished by
accounting for the piezoelectric effect in the material of the struc-
ture, which results in a plate theory with additional field variables,
namely voltage and free charge on the surface. The closed system
of equations includes additional relations for those variables, i.e.
the equations of the electric circuit between the electrodes on
the opposite sides of the plate. Application of the results of the
analysis in comparison with a numerical three-dimensional solu-
tion is demonstrated on a sample problem, which experimentally
proves the asymptotic nature of the presented theory.

2. The three-dimensional elastic problem

A plate is a three-dimensional body with the position vector of a
point

r ¼ xþ zk; � h
2
6 z 6

h
2
; x 2 X: ð1Þ

Here, the out-of-plane unit vector is denoted as k, the correspond-
ing Cartesian coordinate is z, and x is the plane part of the position
vector; h is the thickness and X is the domain in the plane of the
plate.

The general system of equations of elasticity includes the bal-
ance equation and the boundary conditions for the stress tensor
s3 (the index ’3’ will distinguish three-dimensional entities from
their two-dimensional counterparts):

r3 � s3 þ f ¼ 0; k � s3jz¼�h
2
¼ 0; ð2Þ

r3 is Hamilton’s operator. A formulation with free surfaces at
z ¼ � h

2 does not reduce the generality because of the arbitrariness
of the volumetric force f. The side surface conditions at the bound-
ary of the domain oX will be formulated and analyzed in Section 6.

The field of displacements u3 and the field of strains e3 are kine-
matically related:

e3 ¼ r3uS
3; ð3Þ

(. . .)S defines the symmetric part of a tensor.
The problem is closed with the relation of elasticity:

s3 ¼ 4C � �e3;
4C ¼ 4CðzÞ; ð4Þ

the fourth-rank tensor of material elastic properties can vary over
the thickness of the plate.

The condition of compatibility means that for a given field of e3

one can find such a field of displacements u3 that (3) holds; hence,

r3 � ðr3 � e3ÞT ¼ 0: ð5Þ

Another mathematically equivalent form of this condition can be
advantageous in some cases:

D3e3 þr3r3 tr e3 ¼ 2ðr3r3 � e3ÞS: ð6Þ

Due to the structure of our problem, it appears to be convenient to
separate the in-plane and out-of-plane parts of vectors and tensors.
The in-plane part will be denoted with an index \:
I? ¼ I� kk; f ? ¼ I? � f ; s3? � s? ¼ I? � s3 � I?; r? ¼ x: ð7Þ

Then, we introduce

e3 ¼ ezkkþ ckþ kcþ e?;

s3 ¼ rzkkþ skþ ksþ s?;

u3 ¼ uzkþ u?;
ð8Þ

in which c and s are out-of-plane shear strain and stress vectors.
3. Asymptotic splitting in the equations of balance

3.1. Starting point for the asymptotic analysis

In order to indicate the thinness of the plate, we introduce a for-
mal small parameter k in the expression of the position vector of a
point of the plate: instead of (1) we write

r ¼ k�1xþ zk: ð9Þ

Now the magnitudes of z and x in (9) have formally the same order.
The corresponding form of Hamilton’s operator will be

r3 ¼ krþ k@z: ð10Þ

Here r is the differential operator with respect to the in-plane po-
sition vector x.

Another possible argumentation to (10) is that we seek for solu-
tions, which vary in the plane much slower than over the thickness
(i.e. z is a ‘‘fast” variable), and therefore the derivatives with re-
spect to the in-plane coordinates x acquire a corresponding order
of smallness.

We seek for the unknown field of stresses in the form of a power
series in the small parameter:

s3 ¼ k�2 s
0
þk�1 s

1
þ . . . ð11Þ

Our goal is to find those terms in the solution, which dominate as
the plate is getting thinner and k ? 0. It means that we are inter-
ested rather in the convergence of the solution to the principal
terms than in the convergence of the series itself. Only the term s

0

is of real interest to us, and the role of the rest of the series is to
determine the principal term from the conditions of solvability for
the minor terms. The simple advantage of the dimensionless formal
small parameter in comparison to e.g. ratio between the thickness
and the span of the plate is that it can be simply set equal to 1 after
the analysis is finished and the terms of interest are determined.
The deeper idea is that this formalism allows us to consider not just
a thin plate, but rather a special class of ‘‘plate” solutions with a par-
ticular asymptotic behavior.

The leading power k�2 in (11) is known already from the
asymptotic analysis of a homogeneous plate (Eliseev, 2003), other-
wise it would have been necessary to estimate it with the help of
trial-and-error.

The formal mathematical proof of the approach is yet incom-
plete in the sense that we do not show the existence of the solution
in the form (11). However, already published results indicate its
validity; for an additional discussion see Yeliseyev and Orlov
(1999), Vetyukov (2010).

Now we can write the balance equations with the small param-
eter. Using (10) in (2), we obtain

kr � s? þ @zsþ f? ¼ 0;
kr � sþ @zrz þ fz ¼ 0;
rzjz¼�h

2
¼ 0; sjz¼�h

2
¼ 0:

ð12Þ

Substituting the series expansion (11) in (12), we begin the asymp-
totic procedure.
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3.2. First step: k�2

First we balance the principal terms in the resulting equations
and boundary conditions, which have the order of smallness k�2.
The results are:

@z s
0
¼ 0; s

0
����

z¼�h
2

¼ 0) s
0
¼ 0;

@zr
0

z ¼ 0; r
0

z

����
z¼�h

2

¼ 0) r
0

z ¼ 0:
ð13Þ

The most important in-plane part of the stress tensor s
0
? is yet to be

determined as a final result of the procedure.

3.3. Second step: k�1

Now we proceed to the next term, taking (13) into account. We
immediately conclude that r

1
z ¼ 0, and the shear stress is coupled

with the principal term in the stress tensor:

r � s0? þ @z s
1
¼ 0; s

1
����
z¼�h

2

¼ 0) s
1
����

z¼f

¼ �r �
Z f

�h
2

s
0
?dz: ð14Þ

The boundary condition at the upper surface z ¼ h
2 leads to the in-

plane balance equation in terms of plate theory:

r � T ¼ 0; T ¼ h s
0
?

� �
; h. . .i � 1

h

Z h
2

�h
2

; . . . dz: ð15Þ

The standard notation for the mean value over the thickness is
introduced in (15) and used in the following. The equation of bal-
ance of the in-plane force factor T = T(x) appears as a result of the
condition of solvability for the shear stress at the second step of
the asymptotic procedure. It would have been possible to account
for the in-plane external forces in this balance equation: assuming
f = fzk + k�1f\, we would arrive at a non-homogeneous balance
equation in the plane.

In order to obtain the second classical equation of balance of
moments, the third step of the asymptotic procedure is needed.

3.4. Third step: k0

Collecting terms of the order k0 in the second equality of (12),
we arrive at

r � s1þ@zr
2

z þ fz ¼ 0; r
2

z

����
z¼�h

2

¼ 0)r � Q þ q ¼ 0;

q � hhfzi; Q � h s
1

� �
: ð16Þ

The form of the vector of transversal forces Q and the corresponding
balance equation are in correspondence with the classical plate
theory. We proceed by using (14):

Q ¼ �r �
Z h

2

�h
2

Z f

�h
2

s
0
?dzdf ¼ �r �M: ð17Þ

The formally introduced expression of the tensor of internal
moment M = M(x) can be transformed to a more classical form with
the help of integration by parts:

M ¼
Z h

2

�h
2

edf; e ¼
Z f

�h
2

s
0
?dz)M ¼ fej

h
2

f¼�h
2
�
Z h

2

�h
2

f@fedf

)M ¼ �h z� h
2

� �
s
0
?

� �
: ð18Þ

The factor z� h
2 could be replaced by z � z0 with arbitrary ‘‘refer-

ence” level z0, from which the moments are counted: this results
in additional terms of the kind z0 � h
2

� �
T in the moment M, which

do not affect Q due to the balance Eq. (15). Classically (e.g. for iso-
tropic plates) one uses z0 = 0; hence,

M ¼ �h zs
0
?

� �
: ð19Þ

Eliminating the transversal force, we write the second classical
equation of balance:

r � r �M� q ¼ 0: ð20Þ
4. Asymptotic analysis for the strains

4.1. Principal terms

The field of strains e3 (8) must be compatible. We use the con-
dition (6) and the differential operator in the form (10). Balancing
the in-plane and out-of-plane components of the resulting equa-
tion, we arrive at

@2
z e? � 2k@zrcS þ k2rrez ¼ 0;
@zðr tr e? �r � e?Þ ¼ kðrr � c� DcÞ;
D tr e? �r � r � e? ¼ 0:

ð21Þ

Due to the linearity of the relation between strains and stresses, the
field of strains must have the same asymptotic behavior with re-
spect to the formal small parameter:

e3 ¼ k�2 e
0
þk�1 e

1
þ . . . ð22Þ

From the first relation in (21) we immediately conclude, that the
plane part of the principal term of the strain tensor is linearly dis-
tributed over the thickness:

e
0
? ¼ �jzþ e: ð23Þ

The coefficients j(x) and e(x) are functions of the in-plane coordi-
nates. In the following they will be related to the corresponding
classical plate strain measures, namely to the curvature and to
the reference surface strain.

The second and the third equation in (21) lead to additional
conditions for the newly introduced plate strain measures:

r � j ¼ r tr j; r �r � e ¼ D tr e: ð24Þ

The first relation here is the condition of compatibility for the
bending strain measure, which is in correspondence with the more
general compatibility condition for curved shells (Eliseev, 2006;
Vetyukov, 2010). The second equality is a well-known condition
of compatibility for the plane problem of elasticity.

The out-of-plane components of the principal term of the strain
tensor, which are coupled with the minor terms in the series
expansion (22), will be determined in the following section from
the results of the first step of the procedure for stresses.

4.2. Elastic relations

Deriving elastic relations in terms of the theory of plates can
be done in a straightforward manner, which is very much similar
to the existing approximation techniques. At first we need the
linear relation between the in-plane part of the stress tensor s

0

and the plate strain measures j,e. To this end we consider the
elastic relation (4), written for the principal terms, together with
the conditions (13). Solving this linear system we obtain the
out-of-plane components of the strain tensor and the in-plane
stresses:
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s
0
¼ 0; r

0
z ¼ 0; s

0
¼ 4C � � e

0
) e

0
z; c

0
; s

0
? ¼ 4C� � �e

0
?

¼ 4C� � �ð�jzþ eÞ: ð25Þ

It should be noted, that the modified tensor of elastic properties 4C�
cannot be identified with the plane part of the original one:
4C� – 4C\; this is similar to the difference between the plane strain
and plane stress problems.

Integrating over the thickness according to (15) and (19), we ar-
rive at the linear relations

T ¼ 4A � �eþ 4B � �j; M ¼ 4B � �eþ 4D � �j;
4A ¼ h 4C�

	 

; 4B ¼ �h 4C�z

	 

; 4D ¼ h 4C�z2	 


:
ð26Þ

These particular values of the plate stiffnesses correspond to the
reference layer coordinate z0 = 0, and the same integrals are known
to result from the approach with approximations, see e.g. Krommer
(2003).

To better clarify the relation (25), we explicitly compute the
tensor 4C� for an orthotropic material (which is isotropic in the
plane of the plate). The constitutive relation has the following
structure:

s3 ¼ 4C � �e3; s? ¼ C1 tr e?I? þ C2e? þ C3ezI?;
s ¼ C4c; rz ¼ C5ez þ C3 tr e?;

ð27Þ

the elastic moduli Ci are functions of z; for a multilayer plate they
are piecewise constants, see sample problem in Section 8. From
(25) it then follows

c
0
¼ 0; e

0
z ¼ �

C3

C5
tr e

0
? ) s

0
? ¼ C1 �

C2
3

C5

 !
tr e

0
?I? þ C2e

0
?: ð28Þ

The particular difference between 4C� and 4C\ can be seen here: the
plane part of the tensor 4C\ does not include the moduli C3 and C5.

The elastic relations (26) complete the system of equations of
statics for a plate, the other two groups of relations being the bal-
ance Eqs. (15), (20) and the compatibility conditions (24). The pic-
ture is however yet incomplete as long as the field of
displacements and the boundary conditions in terms of the plate
theory are not analyzed.

5. Asymptotic analysis for the displacements

We study the asymptotic behavior of the displacement vector
u3 in the three-dimensional problem. The consequences of the
kinematic relation (3) for the given asymptotic expansion of the
strain tensor (22), (23) will be analyzed.

We rewrite (3) in components with the small parameter:

kruS
? ¼ e?; @zuz ¼ ez; @zu? þ kruz ¼ 2c: ð29Þ

According to the previous experience with homogeneous plates
(Eliseev, 2003), we seek for the displacements in the form of a
power series with the principal term of the order k�4:

u3 ¼ k�4 u
0
þk�3 u

1
þ . . . ð30Þ

Substituting (22), (23) and (30) in (29), we begin the asymptotic
procedure.

5.1. First step: k�4

Balancing the principal terms, we obtain

@z u
0
¼ 0) u

0
¼ u

0
ðxÞ: ð31Þ

The leading term in the series expansion (30) is a function of the in-
plane coordinates.
5.2. Second step: k�3

At this stage the following equations appear:

ru
0 S
? ¼ 0; @zu

1
z ¼ 0; @zu

1
? þru

0
z ¼ 0: ð32Þ

The first equality here means that the plane part of the principal
term u

0
? represents a rigid body motion of the plate and, therefore,

can be omitted in the following. Together with the third equality
this results in

u
0
? ¼ 0; u

1
? ¼ �zrwðxÞ þ uðxÞ; w � u

0
z: ð33Þ

The in-plane displacement of the plate model u(x) is asymptotically
smaller than the lateral displacement w.

5.3. Third step: k�2

The last step is the most important one as it produces actual
kinematic relations for the plate model. Balancing coefficients at
k�2, we arrive at

ru
1 S
? ¼ �jzþ e) �zrrwþruS ¼ �jzþ e: ð34Þ

This naturally leads to the expected kinematic relations

e ¼ ruS; j ¼ rrw: ð35Þ

Only the first of the kinematic relations (29) was applied at the third
step. The other two also have a non-zero right-hand side, and it is
the role of the lower order terms starting with u

2
to fulfill these con-

ditions. For the consistency of the theory it is important that all
three-dimensional equations will be satisfied, but the exact look
of the lower order correction terms is not of interest from the
asymptotic point of view.

6. Asymptotic analysis of the edge layer

6.1. Introduction

The above series expansions for s3 and e3 are the so-called outer
expansions. They are valid only far from the contour of the plate
and cannot fit the boundary conditions at oX. It is therefore neces-
sary to consider another expansion of the solution of the three-
dimensional problem, which is valid in a thin domain close to
the contour of the plate and which allows satisfying the boundary
conditions. In the literature on solid mechanics this small domain
is traditionally called edge layer (Nayfeh, 1973; Dauge and Gruais,
1998), and the expansion inside this layer is called inner
expansion.

Both expansions represent the same solution of the three-
dimensional problem, but in different regions of the plate. There-
fore the inner expansion must turn into the outer one as we move
away from the contour. A special procedure, which is called match-
ing, is intended to provide such equivalence of expansions (Nayfeh,
1973). Matching allows to completely determine the inner expan-
sion and, what is more important, to provide boundary conditions
for the outer one.

In the following we demonstrate the method of matched expan-
sions for the case of a straight edge of the plate. Static boundary
conditions for the outer expansion are obtained, which can directly
be interpreted in terms of the plate theory.

6.2. Basic equations

In Cartesian coordinates x, y, z the domain of the plate is de-
scribed by the inequalities � h

2 6 z 6 h
2, y < 0. The edge of the plate

oX is the plane y = 0, and the outer normal to the edge surface is
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n = j (i, j,k are the unit vectors in the directions of Cartesian
coordinates).

The three-dimensional solution is assumed to be changing rap-
idly over the thickness of the plate and in the direction of the nor-
mal n inside the domain. There are two ‘‘fast” variables in the edge
layer, and the position vector differs from (9):

r ¼ k�1xiþ ra; ra ¼ yj þ zk; ð36Þ

the index a denotes the part in the plane yz. Corresponding
Hamilton’s operator in the edge layer will be

r3 ¼ ki@x þra; ra ¼ j@y þ k@z: ð37Þ

The derivatives along the edge acquire an order of smallness, as x is
a ‘‘slow” variable in the edge layer.

Relations (2) and (6) remain valid and we again use expansions
(11) and (22). The static boundary conditions on the edge of the
plate are the following:

j � s3jy¼0 ¼ Nðx; zÞ; N ¼ k�2ðNxiþ NyjÞ þ k�1Nzk: ð38Þ

The powers of k are chosen such that all the components of the
external traction force N influence the principal term of the
expansion.

We introduce the following components:

s3 ¼ sa þ isþ siþ rxii;
e3 ¼ ea þ icþ ciþ exii;

ð39Þ

the shear components s and c have here a meaning, different from
(8). It allows to write (2) and (6) in the following way:

ra � sa þ k@xsþ fa ¼ 0;
ra � sþ k@xrx þ fx ¼ 0; ð40Þ
k2@2

xea � 2k@xracS þraraex ¼ 0;
k@x ra � ea � ra tr eað Þ ¼ Dac�rara � c; ð41Þ
Da tr ea � ra � ra � ea ¼ 0:

For the sake of clarity let us now restrict the consideration to a plate
with isotropic homogenous material properties. We write the mate-
rial constitutive law in the following form:

s3 ¼ 2l e3 þ
m

1� 2m
tr e3I

� �
; ð42Þ

l and m being the shear modulus and Poisson’s ratio respectively.
For the components (39) this material law can be written in the fol-
lowing form:

sa ¼ 2l ea þ
m

1� 2m
ð tr ea þ exÞIa

� �
;

s ¼ 2lc;

rx ¼ 2l ex þ
m

1� 2m
ð tr ea þ exÞ

� �
:

ð43Þ

The complete system of equations consists of (40), (41), (43) to-
gether with the boundary conditions on the upper and lower sur-
faces (2) and on the edge (38). Using the asymptotic expansions
(11) and (22), we obtain a set of problems for each power of the
small parameter.

6.3. First step

The equations of the first step (for s
0

3 and e
0

3) can be splitted into
two separate problems, which has been many times mentioned in
the literature (see, e.g. Goldenveizer, 1961). The first one is the
antiplane strain problem:

ra � s
0
¼ 0; Da c

0
¼ rara � c

0
: ð44Þ
The second one is a plane strain problem:

ra � s
0
a ¼ 0; Da tr e

0
a ¼ ra � ra � e

0
a: ð45Þ

Additionally we have an equation for e
0

x:

rarae
0

x ¼ 0; ð46Þ

which means that

e
0

x ¼ aðxÞ � ra þ bðxÞ; ð47Þ
the functions a and b are yet unknown.

Hooke’s law (43) completes each of the two problems (44) and
(45). The problems are nevertheless uncoupled and can be solved
independently in the considered case of the material isotropy.

The general solution of (44) is

s
0
¼ raw� i; Daw ¼ 2lCðxÞ; ð48Þ

the function C cannot be specified yet. We seek w in the following
form:

w ¼ w�ðzÞ þ w0ðy; zÞ;

w� ¼ zþ h
2

� �
lC z� h

2

� �
þ hNxi

� �
;

w0 ¼
X

k

CkðxÞwkðzÞeaky;

ð49Þ

wk and ak being the eigenfunctions and the eigenvalues of the
boundary problem

w0 þ aw ¼ 0; wj�h
2
¼ 0: ð50Þ

The solution (48), (49) satisfies homogenous boundary conditions
on the surfaces z ¼ � h

2, and the boundary condition on the edge
takes the form:

w0jy¼0;z¼f ¼
Z f

�h
2

Nxdz� w�: ð51Þ

This condition can be used to determine Ck in (49).
The solution of (45) is written with the Airy stress function U:

s
0
a ¼ i�raraU� i; U ¼ U�ðzÞ þU0ðy; zÞ; ð52Þ

where

U� ¼ � zþ h
2

� �2 2

h2 hzNyi z� h
2

� �
þ 1

h
h
2
� z

� �
Ny

� �� �
;

U0 ¼
X

k

DkðxÞUkðzÞexky:
ð53Þ

Here Uk and xk are the eigenfunctions and the eigenvalues of the
following fourth order boundary problem:

UIV þ 2x2U0 þx4U ¼ 0; U0j�h
2
¼ Uj�h

2
¼ 0: ð54Þ

The solution (52), (54) satisfies boundary conditions on the surfaces
z ¼ � h

2. Boundary conditions on the edge y = 0 serve to determine
Dk.

Finally, the principal term of rx can be found from Hooke’s law
(43):

r
0

x ¼ �mDaU� 2lð1þ mÞe
0

x: ð55Þ
This is the end of the first step. The formulas for the principal terms
of the inner expansion still contain unknown functions of x: C, a, b.
They should be found during the matching procedure.

6.4. Matching procedure for the first step

The matching procedure establishes a correspondence between
the inner and the outer expansions. In this case it is sufficient to
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apply Prandtl’s method of matching (Nayfeh, 1973). It requires that
the limit of the outer expansion for y ? 0 is equal to the limit of the
inner one for y ? �1:

lim
y!�1

s
0
ðiÞ ¼ lim

y!0
s
0
ðoÞ; ð56Þ

in which s
0
ðiÞ is the term of the inner expansion, determined by for-

mulas (48), (52), (55), and s
0
ðoÞ is the term of the outer expansion.

Evaluating the limits in (56) and balancing the terms with the same
powers of z, we obtain the following boundary conditions for the
components of the tensors j and e from the outer expansion (23):

2l
1� m

ðjy þ mjxÞ
����

y¼0
¼ �12

h2 hzNyi;

2l
1� m

ey þ mex
� �����

y¼0
¼ hNyi;

2lexyjy¼0 ¼ hNxi:

ð57Þ

Moreover, the second and the third conditions in (57) can be com-
bined into one vectorial equality:

j � s
0
?ðoÞ

� �����
y¼0
¼ hNxiþ Nyji; ð58Þ

which is a well-known boundary condition for the plane stress
problem. And, finally, the first condition in (57) can be written as

j � zs
0
?ðoÞ

� �
�jjy¼0 ¼ hzNyi: ð59Þ

This is Kirchhoff’s plate boundary condition for the bending
moment.

The remaining equations in (56) allow us to find all unknown
parameters of the inner expansion: C, a and b. Thus, for example,

CðxÞ ¼ �jxyjy¼0: ð60Þ
6.5. Second step

It is known, that the classical Kirchhoff’s theory of plates fea-
tures four scalar boundary conditions. We already have three.
The second step should be considered in order to determine the
last boundary condition for the outer expansion.

The equations of the second step are similar to the problems
(44) and (45). Here, we only need the plane stress problem:

ra � s
1
a þ @x s

0
¼ 0; Da tr e

1
a ¼ ra � ra � e

1
a; ð61Þ

and the equation for e
1

x:

rarae
1

x ¼ 2@xrac
0S: ð62Þ

These equations should be supplemented with Hooke’s law (43).
The solution of (61) can be decomposed into two terms:

s
1
a ¼ s� þ s0;

s� ¼ @xw0ðkj þ jkÞ � @x@z w�yþ 2
Z

w0dy
� �

jj; ð63Þ

s0 ¼ i�raraU� i:

Here s� is a particular solution of the non-homogeneous first equa-
tion in (61), which also satisfies the boundary conditions on the sur-
faces z ¼ � h

2; s0 is the general solution of the homogeneous
equation. The Airy stress function U can be represented as

U ¼ U1ðzÞ þuðzÞyþU0ðy; zÞ: ð64Þ

Here U1 is a particular solution of the problem

UIV ðzÞ ¼ �2ð@z@y@xw0Þjy¼0; Ujz¼�h
2
¼ U0jz¼�h

2
¼ 0: ð65Þ
The function u has the form

u ¼ u0

2
1þ 2z

h

� �2

ðh� zÞ;

u0 ¼ hNzi þ hz@zNxi � 2l h3

12
C 0ðxÞ; ð66Þ

where C(x) is given by (60). And, finally,

U0 ¼
X

k

EkðxÞUkðzÞexky; ð67Þ

where Uk and xk are the eigenfunctions and the eigenvalues of the
problem (54). The unknown functions Ek(x) can be found from the
boundary conditions at the edge y = 0.

6.6. Matching procedure for the second step

Here, we again need to distinguish the entities of the inner and
outer expansions by the indices (i) and (o).

At this step the components of s
1
aðiÞ should be matched to the

corresponding terms in the outer expansion. Those are the compo-
nents r

1
yðoÞ, r

1
zðoÞ and s

1
yzðoÞ of s

1
ðoÞ. As the principal term r

0
yðoÞ already

took part in the matching procedure for the first step in Section 6.4,
further analysis of the correction term r

1
yðoÞ is not needed. Matching

the other two components gives one new boundary condition for
the outer expansion:

2l
1� m

@yðð2� mÞjx þ jyÞ
����
y¼0
¼ � h2

12
ðhNzi þ hz@xNxiÞ: ð68Þ

Analogously to (59), this condition can be written in the form:

r � zs
0
?ðoÞ

� �
� j þ @x i � zs

0
?ðoÞ

� �
� j
�� �� ����

y¼0
¼ hNzi þ hz@xNxi: ð69Þ

This is Kirchhoff’s plate boundary condition for the combination of
the transversal force (first term) and the derivative of the twisting
moment with respect to x.

6.7. Boundary conditions: summary

The derived boundary conditions 58, 59 and 69 (four scalar rela-
tions) can be written in terms of the force factors, introduced for
the plate in Sections 3.3 and 3.4:

j � T ¼ p?;
� j �M � j ¼ �i �m;

j � Q � @xði �M � jÞ ¼ pz þ @xj �m;

p � hhNi; m � hhzk� Ni:

ð70Þ

The classical plate boundary conditions in an invariant form can e.g.
be deduced from the results of application of the direct approach to
a curved shell (see, Eliseev and Vetyukov, 2010):

n � ðTþ QkÞ � @ lðn �M � l� n �mÞk ¼ p;
n �M � n ¼ �l �m:

ð71Þ

Here n is again the outer normal to the edge, l is the unit vector
along the edge (n � l = k), and @l is the derivative along the edge.
The conditions (70) and (71) are equivalent in the present case,
when n = j, l = �i and @l = �@x. In (71) we take into account that vec-
tor m in Eliseev and Vetyukov (2010) erroneously had a different
sign.

It should be noted, that the case of kinematic clamping of the
boundary of the plate is simple and does not require an additional
asymptotic analysis. From (33) the following logical relation fol-
lows immediately:

u3jx2@X ¼ 0) u ¼ 0; w ¼ 0; n � rw � @nw ¼ 0: ð72Þ
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7. Piezoelectric effect: coupled problem

7.1. Basic equations

When the material of the cross-section exhibits piezoelectric
effects, the coupled system of electromechanical equations needs
to be considered (see, e.g. Nowacki, 1979; Nader, 2008). The equa-
tions of Section 2 must be supplemented with the equation for the
electric displacement vector D:

r3 � D ¼ 0: ð73Þ

Instead of the single constitutive relation (4) we deal with

s3 ¼ 4C � �e3 � E � 3e;

D ¼ 3e � �e3 þ � � E:
ð74Þ

Here � is the tensor of dielectric constants; the third-rank tensor of
piezoelectric constants 3e has non-zero components only in the pie-
zoelectric material. The electric field vector E is related to the gra-
dient of the electric potential u:

E ¼ �r3u: ð75Þ

We consider the practically important case of a plate with two elec-
trodes at the upper and lower surfaces; the voltage between the
electrodes is the potential difference:

v ¼ uj
h
2

z¼�h
2
: ð76Þ

The consideration of an electroded piezoelectric layer, bonded to a
non-conducting substrate plate, requires the same procedure with
some minor modifications.

The voltage can either be prescribed (actuation), or should be
determined in the course of the solution of the problem (sensing).
The complementary boundary condition is written in terms of the
free charge density per unit surface area r:

n � D ¼ �r: ð77Þ
7.2. Asymptotic analysis

As the asymptotic orders of the mechanical entities with respect
to the external loading are already determined, the form of the
equations in Section 7.1 naturally implies that both the fields of
electric displacement D and potential u have their series expan-
sions starting from k�2:

D ¼ k�2 D
0
þk�1 D

1
þ � � � ; u ¼ k�2 u

0
þk�1 u

1
þ � � � : ð78Þ

It will be sufficient to consider only the principal terms of the
expansions (78). From (73) and (10) it follows that

@zD
0

z ¼ 0) D
0

z ¼ const ¼ Dz0: ð79Þ

Writing the second constitutive relation (74) for the principal terms
and projecting on the vertical direction, we arrive at

Dz0 ¼ k � 3e � �e
0

3 � k � � � k@z u
0
: ð80Þ

The relative asymptotic correlation between the externally applied
mechanical and electric factors can be drawn such that both influ-
ence the principal terms in the solution. The electric voltage k�2v
between the two electrodes on the upper and the lower surfaces
of the plate and the total charge k�2R on the upper electrode need
to be two orders of smallness larger than the volumetric mechanical
force fz in order to have comparable effects on the behavior of the
structure,
h @z u
0

� �
¼ u

0
����

h
2

z¼�h
2

¼ v;
Z

Xe

Dz0 ¼ �R: ð81Þ

Here Xe is the two-dimensional domain, occupied by the electrodes.
Now we proceed to the principal terms in the first of the consti-

tutive relations (74); with (80), we write:

s
0
¼ 4C � �e

0
3 þ k � 3e@z u

0

¼ 4Cþ k � 3ek � 3e
k � � � k

� �
� �e

0
3 �

k � 3e
k � � � k Dz0: ð82Þ

The next logical step is to apply the procedure, discussed in Section
4.2, in order to determine the out-of-plane strain components. As

k � s
0
¼ 0, from (82) we find e

0
z and c

0
as linear functions of

e
0
? ¼ �jzþ e, and Dz0. We substitute them into the relation for

the voltage, which follows by integration of (80):

h�1v ¼ k � 3e � �e
0

3

k � � � k

* +
� Dz0

1
k � � � k

� �
: ð83Þ

This results in

Dz0 ¼ �r ¼ p � �eþm � �jþ cv: ð84Þ

Capacity of the plate c depends on its mechanical properties. Inte-
grating further the in-plane part of (82) over the thickness, we final-
ly obtain the internal plate force factors T, M and the distributed
surface charge r as linear functions of j, e and v:

T ¼ 4A � �eþ 4B � �jþ ~pv ; M ¼ 4B � �eþ 4D � �jþ ~mv: ð85Þ

Fourth-rank tensors 4A,4B and 4D determine the elastic properties of
the plate at constant voltage. Practical computation of coefficients
~p; ~m shows their equivalence to p, m from (84) at least for the case
of orthotropic materials. General proof or denial of this fact, which
is important for the usage of these constitutive relations in the
framework of a direct approach (Vetyukov and Krommer, 2010a)
with the function of enthalpy per unit area of the plate, is yet to
be found. From a purely mechanical point of view, the voltage can
be considered as a source of eigenstrains in the plate, analogous
to the temperature effects; see Vinson (1993) for this well-known
analogy.

7.3. Solution of the coupled plate problem: workflow

Two degrees of freedom exist for each pair of electrodes on the
opposite sides of the plates: total charge R or voltage v, see (81).
Depending on the impedance of the electric circuit, which connects
the electrodes, a relation between R and v complements the struc-
tural equations. The two typical cases are the following:

� Actuation. The voltage v is prescribed, which results in the gen-
eralized forces, and, consequently, in the deformation of the
structure. A proper distribution of those generalized forces
can be used to assign to the plate a desired deformation (see,
Huber et al. (2009) for an application to a frame structure).
� Sensing. The measured voltage v is interpreted by an observer in

terms of structural entities: displacements, amplitudes, etc.
Although unknown, the voltage is the same for the whole pair
of opposing electrodes. The system of equations is completed
by the condition for the total charge: R = 0, as the external elec-
tric circuit is open. As in the case of actuation a proper distribu-
tion of the sensing can be used to measure arbitrary kinematic
entities of interest (see, Krommer and Irschik (2007) for the
three-dimensional elastic case; see, Krommer and Vetyukov
(2009) and Vetyukov and Krommer (2010b) for the application
to the geometrically nonlinear behavior of rod and shell
structures).
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8. Sample problem

8.1. Problem formulation

We consider axisymmetric deformation of a circular plate,
which consists of two layers: the upper one is made of the piezo-
electric material PZT-5A, and the lower one is aluminium. Radius
of the plate is a = 1 m, thickness of each layer is h/2. Total thickness
h will be varied in the simulations.

In Fig. 1 the problem is presented in cylindrical coordinates r, h,
z; axis z is the axis of revolution, and local basis er, eh, k � ez, direc-
ted along the coordinate lines, will be used in the following. The
center of the plate r = 0 is kinematically fixed, and the outer edge
r = a is free from kinematical constraints. Both mechanical and
electric loading are considered in the model: either the voltage v
between the upper and lower electrodes on the piezoelectric layer
is prescribed, or the distributed moment m = �ehma is applied at
r = a. In the latter case the electric circuit is open, and voltage v
is an additional unknown, which needs to be determined from
the condition that the total charge on the upper electrode remains
zero.

8.2. Analytical solution

An analytical solution of the problem within the framework of
the plate formulation at hand is easy to obtain. All axisymmetric
planar vector and tensor fields have two components:

M ¼ MrðrÞerer þMhðrÞeheh; Q ¼ Q rðrÞer þ QhðrÞeh; . . . ð86Þ

We begin with the balance Eqs. (15)–(17), which in the absence of
mechanical loading in the domain read:

T 0r þ
1
r
ðTr � ThÞ ¼ 0; Q 0r ¼ 0; Q r ¼ M0

r þ
1
r
ðMr �MhÞ: ð87Þ

The boundary conditions follow from (71) with n = er and l = eh:

TrðaÞ ¼ 0; Q rðaÞ ¼ 0; MrðaÞ ¼ ma: ð88Þ

We conclude that Qr = 0 and proceed to the kinematic relations (35)
with the radial displacement u and the transversal displacement w:

u ¼ uðrÞer þwðrÞk;

er ¼ u0; eh ¼
u
r
; jr ¼ w0; jh ¼

w0

r
:

ð89Þ

As the piezoelectric material is orthotropic, the constitutive rela-
tions (84) and (85) read:

T ¼ A1 tr eI? þ A2eþ B1 tr jI? þ B2jþ vpI?;
M ¼ D1 tr jI? þ D2jþ B1 tr eI? þ B2eþ vmI?;
� r ¼ p tr eþm tr jþ cv :

ð90Þ

The coefficients in (90) are related to the material parameters of the
structure and of the piezoelectric material; for the explicit formulas
and numerical values see, Appendix A.

From (87)–(90) follows a system of equations for two compo-
nents of displacements, which can be written in the following
form:
Fig. 1. Sample problem: axisymmetric deformation of a circular plate.
ðA1 þ A2Þgu þ ðB1 þ B2Þgw ¼ 0;
ðB1 þ B2Þgu þ ðD1 þ D2Þgw ¼ 0;

gu � r2u0 þ ru0 � u; gw � r2w000 þ rw0 �w0:

ð91Þ

As (A1 + A2)(D1 + D2) � (B1 + B2)2 – 0, we conclude that gu = 0 and
gw = 0. Because u(0) = 0, we can write

u ¼ e0r; w ¼ 1
2
j0r2; e ¼ e0I?; j ¼ j0I?: ð92Þ

The constant strains follow from the boundary conditions (88):

ð2A1 þ A2Þe0 þ ð2B1 þ B2Þj0 þ pv ¼ 0;
ð2B1 þ B2Þe0 þ ð2D1 þ D2Þj0 þmv ¼ ma:

ð93Þ

The charge r appears to be independent from r; in the case of open
circuit additional condition applies:

2mj0 þ 2pe0 þ cv ¼ 0: ð94Þ

From the system (93) we obtain the maximal transversal displace-
ment for the case of pure electric loading, when ma = 0:

wv ¼
a2vðð2A1 þ A2Þm� ð2B1 þ B2ÞpÞ

2h2ðð2B1 þ B2Þ2 � ð2A1 þ A2Þð2D1 þ D2ÞÞ
: ð95Þ

In the non-local problem with the open circuit both the maximal
transversal displacement wm and the voltage vm depend on ma; ex-
plicit solution of the system (93) and (94) is too lengthy to be in-
cluded in the present text.

It should be noted, that the problem of finding the voltage vm at
a given mechanical loading could be solved with the help of the
compatibility conditions (24), which simplifies the analysis when
the field of displacements is not of interest.

8.3. Numerical analysis

The problem was solved numerically in a three-dimensional
formulation. Using ABAQUS software, we created an axisymmetric
finite element model with the parameters, used in the analytical
study; the thickness of the plate was varied in the range from
0.001 m to 0.016 m. A regular mesh, consisting of square elements
with quadratic geometric order (CAX8RE or CAX8R depending on
the layer), featured 10 elements over the thickness of the plate. At-
tempts of further mesh refinement evidenced that the obtained
solutions are practically converged. For the thinnest plate the mesh
included 105 elements, so that the obtained accuracy is reachable
only in the axisymmetric test case.

We started with the problem of actuation: ma = 0, v = 1 V. The
analytical solution (95) for this case gives

wvh2 ¼ �2:4617 � 10�10m3: ð96Þ
Fig. 2. Relative differences of the numerical and analytical solutions at different
thickness values in comparison with the local effects in the cross-section.
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Relative differences of the numerical solutions from this reference
value are shown in Fig. 2 in a logarithmic scale. With crosses we
presented the values � = jwnum � wvj/wnum, where the deflections
of the mid-point wnum � uzjr=a,z=0 were taken from numerical re-
sults. The analysis is incomplete without the accounting for the lo-
cal deformations in the cross-section. Circles in Fig. 2 answer to the
relative difference of the vertical deflection between the upper and
the middle points of the cross-section: �� ¼ jwnum �w�numj=wnum,
w�num � uzjr¼a;z¼h=2.

In order to estimate the asymptotic orders we approximated the
numerical results by analytical curves: � = �0h and �� ¼ ��0h2, the
constants were obtained by a least squares fitting. The two corre-
sponding straight lines match the points in Fig. 2. We can conclude
that the relative error � has the first order of smallness. Although
the local effect �* is one order of smallness higher, as it is indeed
predicted by the second equality in (32), in the present problem
it starts playing a role already at h 	 0.003 m; this shows a good
example of mutual relation between terms of different orders in
a formal asymptotic expansion.

For the plate with the thickness h = 0.004 m we analyzed three-
dimensional fields: in-plane and out-of-plane strains er,ez, out-of-
plane electric field Ez = �@zu and in-plane stress rr. Except for
the edge layer, the fields should not depend on r. Distributions over
the thickness coordinate z, restored by the analytical results (for an
additional discussion of the procedure see Section 9), are compared
with the nodal values of the finite element solution in Fig. 3. As it is
foreseen by the asymptotic study, the in-plane strains are linearly
distributed over the thickness; the relative difference between the
end values erjz=±h/2 and the analytic ones e0 
 j0h/2 was
�e 	 4.6 � 10�5. In restoring the three-dimensional fields for piezo-
electric layers it is important to account for quadratic terms in
the distribution of electric potential u: assuming that in the piezo-
electric layer @zu = const = 2v/h, one would end up with an error of
almost 50% in the value of stress at the upper surface rrjz=h/2.

For the same value of the thickness we solved the non-local prob-
lem with the mechanical moment applied. The analytical solution
gives wm = 8.17556 � 10�4 m, vm = 5.5989 V. In the numerical analy-
sis the moment ma was formed by a linearly varying pressure on the
edge r = a. Solving the problem with ABAQUS version 6.7–3, we
encountered difficulties when using elements with quadratic geo-
metric order. Therefore we had to use 20 linear elements CAX8R/E
Fig. 3. Analytically restored distribution of three-dimensional fields over the thicknes
over the thickness to obtain the converged solution. The resulting
relative errors with respect to the analytical solution were: for the
displacement �w 	 4.3 � 10�5, for the voltage �v 	 2.1 � 10�4.
9. Conclusions

The three-dimensional problem of the deformation of a plate
splits asymptotically into a simple one-dimensional problem in
the cross-section and a two-dimensional Kirchhoff’s plate formula-
tion with classical balance Eqs. (15), (20), conditions of compatibil-
ity (24), elastic relations (26), kinematic relations (35), and
boundary conditions (70), (72). Additional terms in the equations
appear due to the piezoelectric effect, as it is discussed in Section
7. Finding the leading terms in the solution of the three-dimen-
sional problem requires the following steps to be performed:

1. The cross-section of the plate needs to be analyzed, producing
the expressions of stiffnesses and generalized forces for the
plate.

2. The plate problem needs to be solved either analytically or
numerically.

3. With a two-dimensional plate solution at hand, we find the
three-dimensional fields:
(a) in-plane strains are computed from (23);
(b) out-of-plane strains and in-plane stresses are found from

(25) for the purely mechanical case (out-of-plane stresses
appear only in the lower order terms); this step gets more
complicated for piezoelectric plates, or when the stressed
state in an edge layer needs to be determined;

(c) leading order terms in the transversal and in-plane dis-
placements are found from (33).

The fields, which are restored by the plate solution, satisfy the
complete set of three-dimensional equations only partially. Thus,
the original displacement–strain relationship will be fulfilled in
the plane, but the strain in the thickness direction results from
the minor terms in the expansion of the displacements. It is impor-
tant that the determined leading order terms asymptotically ap-
proach the exact solution of the original problem when the
thickness of the plate is decreasing. An experimental evidence of
s (lines) in comparison with nodal values in the finite element solution (crosses).
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this fact is based on the comparison with the numerical solution of
a sample problem, presented in Section 8. While for thin plates the
results, obtained by means of finite element analysis, are very close
to the analytical prediction based on the presented theory, the con-
verged numerical solution required very fine meshes. For practical
problems it can lead to an extremely high computational effort, as
commercial finite element software like ABAQUS or ANSYS in-
cludes neither plate nor shell finite elements suitable for modeling
of coupled electromechanical problems.

The practically important task of active control of deformable
structures by means of piezoelectric sensors and actuators (see,
e.g. Nader, 2008) has recently been studied for the case of measur-
ing geometrically nonlinear deformations of rods (Krommer and
Vetyukov, 2009) and shells (Vetyukov and Krommer, 2010b). Fur-
ther work in this direction, including practical implementation of
an experimental set up, requires a trustworthy modeling technique
for the geometrically nonlinear behavior of thin-walled structures,
equipped with piezoelectric sensors and actuators. This challeng-
ing problem can be solved with the help of a combined application
of a direct approach, accomplished by the present results of
asymptotic analysis of the three-dimensional problem, see
Vetyukov and Krommer (2010a) for the first results.
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Appendix A. Parameters of the cross-section of a layered plate

Applying the procedure of Section 7.2 to the plate structure,
considered in Section 8, we arrive at the following expressions of
the coefficients in the constitutive relations (90):

A1 ¼
h �C5ðC1þEmÞþ C1C5�C2

3

� �
m2þC2

3

� �
2C5ðm2�1Þ ;

A2 ¼
h
2

C2þ
E

1þm

� �
; B1 ¼

1
8

h2 C2
3

C5
�C1þ

Em
1�m2

 !
;

B2 ¼
h2

8
�C2þ

E
1þm

� �
; D2 ¼

h3

24
C2þ

E
1þm

� �
;

D1 ¼
1

96
h3

C5e31�C3e33ð Þ2

C5�zþe2
33
�4C2

3þ4C1C5

C5
þ 4Em

1�m2

0
@

1
A;

p¼�C3e33

C5
þ e31; m¼ h

4
C3e33

C5
� e31

� �
; c¼�

2 C5�zþ e2
33

� �
C5h

: ð97Þ

These parameters correspond to the middle layer of the plate z = 0
at the interface between the two materials. Young’s modulus and
Poisson’s ratio of the structure are denoted as E and m, coefficients
Ci answer to the form of the stiffness tensor for the piezoelectric
orthotropic material (27), �z = k � � � k, and k � 3e = e31I\ + e33kk.

Numerical values of the material parameters for aluminium are
standard, and for PZT-5A we use the values, given by Nader (2008)
(SI system of units is implied):

E ¼ 7:1 � 1010; m ¼ 0:33; C1 ¼ 7:54 � 1010; C2 ¼ 4:56 � 1010;

C3 ¼ 7:52 � 1010; C4 ¼ 4:22 � 1010; C5 ¼ 11:1 � 1010;

�z ¼ 1700�0; �0 ¼ 8:854 � 10�12; e31 ¼ �5:4; e33 ¼ 15:8:

ð98Þ
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