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Chromatic uniqueness of a family of K4-homeomorphsI
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Abstract

We discuss the chromaticity of one family of K4-homeomorphs which has girth 7, and give sufficient and necessary condition
for the graphs in the family to be chromatically unique.
c© 2007 Elsevier B.V. All rights reserved.
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1. Introduction

In this paper, we consider graphs which are simple. For such a graph G, let P(G; λ) denote the chromatic
polynomial of G. Two graphs G and H are chromatically equivalent, denoted by G ∼ H , if P(G; λ) = P(H ; λ). A
graph G is chromatically unique if for any graph H such that H ∼ G, we have H ∼= G, i.e., H is isomorphic to G.

A K4-homeomorph is a subdivision of the complete graph K4. Such a homeomorph is denoted by
K4(α, β, γ, δ, ε, η) if the six edges of K4 are replaced by the six paths of length α, β, γ, δ, ε, η, respectively, as
shown in Fig. 1.

So far, the study of the chromaticity of K4-homeomorphs with at least 2 paths of length 1 has been fulfilled
(see [2,4,5,11]). Also the study of the chromaticity of K4-homeomorphs which have girth 3, 4, 5 or 6 has been
fulfilled. When referring to the chromaticity of K4-homeomorphs which have girth 7, we know that only three
types of K4-homeomorphs which have girth 7 need to be solved, i.e. K 4(1, 2, 4, δ, ε, η), K 4(3, 2, 2, δ, ε, η) and
K 4(1, 3, 3, δ, ε, η). Because the length of this paper will be too long and some details cannot be left out, we study
one type of them, that is the chromaticity of K4(1, 3, 3, δ, ε, η) (as Fig. 2) in this paper. The chromaticity of the other
two types will be given in other papers.

2. Auxiliary results

In this section we cite some known results used in what follows.

Proposition 1. Let G and H are chromatically equivalent. Then
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Fig. 1. K4(α, β, γ, δ, ε, η).

Fig. 2. K4(1, 3, 3, δ, ε, η).

(1) |V (G)| = |V (H)|, |E(G)| = |E(H)| (see [3]);
(2) G and H have the same girth and same number of cycles with the length equal to their girth (see [10]);
(3) If G is a K4-homeomorph, then H is a K4-homeomorph as well (see [1]);
(4) If G and H are homeomorphic to K4, then both the minimum values of parameters and the number of parameters

equal to this minimum value of the graphs G and H coincide (see [9]).

Proposition 2 (Ren [8]). Let G = K4(α, β, γ, δ, ε, η) (see Fig. 1) when exactly three of α, β, γ, δ, ε, η are the same.
Then G is not chromatically unique if and only if G is isomorphic to K4(s, s, s − 2, 1, 2, s) or K4(s, s − 2, s, 2s −
2, 1, s) or K4(t, t, 1, 2t, t + 2, t) or K4(t, t, 1, 2t, t − 1, t) or K4(t, t + 1, t, 2t + 1, 1, t) or K4(1, t, 1, t + 1, 3, 1) or
K4(1, 1, t, 2, t + 2, 1), where s ≥ 3, t ≥ 2.

Proposition 3 (Peng [7]). Let K4-homeomorphs K4(1, 3, 3, δ, ε, η) and K4(3, 2, 2, δ′, ε′, η′) be chromatically
equivalent, then K4(1, 3, 3, δ, ε, η) is isomorphic to K4(3, 2, 2, δ′, ε′, η′).

Proposition 4 (Peng [6]). Let K4-homeomorphs K4(1, 3, 3, δ, ε, η) and K4(1, 3, 3, δ′, ε′, η′) be chromatically
equivalent, then we have

K4(1, 3, 3, a − 1, a, a + 3) ∼ K4(1, 3, 3, a + 1, a − 1, a + 2).

3. Main results

Lemma. If G ∼= K4(1, 3, 3, δ, ε, η) and H ∼= K4(1, 2, 4, δ′, ε′, η′), then we have

(1) P(G) = (−1)n+1
[r/(r − 1)2][−rn+1

+ 2+ 2r + Q(G)], where Q(G) = −2r3
− 2r4

− r δ − rε − rη − rε+1
−

rη+1
+ rε+3

+ rη+3
+ rε+4

+ rη+4
+ r δ+6

+ r δ+ε+η

r = 1− λ, n is the number of vertices of G.
(2) P(H) = (−1)m+1

[r/(r − 1)2][−rm+1
+ 2+ 2r + Q(H)], where Q(H) = −r2

− r3
− r4
− r5
− r δ

′

− rε
′

− rη
′

−

rε
′
+1
− rη

′
+1
+ rη

′
+2
+ rε

′
+3
+ rε

′
+4
+ rη

′
+5
+ r δ

′
+6
+ r δ

′
+ε′+η′

r = 1− λ, m is the number of vertices of H.
(3) If P(G) = P(H), then Q(G) = Q(H).

Proof. (1) Let r = 1 − λ. From [9], we have the chromatic polynomial of K4-homeomorph K4(α, β, γ, δ, ε, η) as
follows

P(K4(α, β, γ, δ, ε, η)) = (−1)n+1
[r/(r − 1)2][(r2

+ 3r + 2)− (r + 1)(rα + rβ + rγ + r δ + rε + rη)

+ (rα+δ + rβ+η + rγ+ε + rα+β+ε + rβ+δ+γ + rα+γ+η + r δ+ε+η − rn+1)].
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Then

P(G) = P(K4(1, 3, 3, δ, ε, η))

= (−1)n+1
[r/(r − 1)2][(r2

+ 3r + 2)− (r + 1)(r1
+ r3
+ r3
+ r δ + rε + rη)

+ (r δ+1
+ rη+3

+ rε+3
+ rε+4

+ r δ+6
+ rη+4

+ r δ+ε+η − rn+1)]

= (−1)n+1
[r/(r − 1)2][−rn+1

+ 2r + 2− 2r3
− 2r4

− r δ − rε − rη − rε+1
− rη+1

+ rε+3

+ rη+3
+ rε+4

+ rη+4
+ r δ+6

+ r δ+ε+η]

= (−1)n+1
[r/(r − 1)2][−rn+1

+ 2r + 2+ Q(G)]

where

Q(G) = −2r3
− 2r4

− r δ − rε − rη − rε+1
− rη+1

+ rε+3
+ rη+3

+ rε+4
+ rη+4

+ r δ+6
+ r δ+ε+η.

(2) We can handle this case in the same fashion as case (1), and get the result (2).
(3) If P(G) = P(H), then it is easy to see that Q(G) = Q(H). �

Theorem. K4-homeomorphs K4(1, 3, 3, δ, ε, η) (see Fig. 2) which has exactly 1 path of length 1 and has girth 7 is not
chromatically unique if and only if it is K4(1, 3, 3, a−1, a, a+3), K4(1, 3, 3, a+1, a−1, a+2), K4(1, 3, 3, 2, b, b+2),
K4(1, 3, 3, 2, 4, 7), K4(1, 3, 3, 2, 5, 8), K4(1, 3, 3, 5, 2, 5), or K4(1, 3, 3, 5, 2, 6), where a > 2, b ≥ 2.

Proof. Let G ∼= K4(1, 3, 3, δ, ε, η) and min{δ, ε, η} ≥ 2. If there is a graph H such that P(H) = P(G), then from
Proposition 1, we know that H is a K4-homeomorph K4(α

′, β ′, γ ′, δ′, ε′, η′) which has exactly 1 path of length 1,
and the girth of H is 7. So H must be one of the following four types:

Type 1:

K4(1, 2, γ ′, 2, ε′, 2)(ε′ ≥ 4, γ ′ ≥ 4)

Type 2:

K4(3, 2, 2, δ′, ε′, η′)(δ′ + ε′ ≥ 5, ε′ + η′ ≥ 4, δ′ + η′ ≥ 5)

Type 3:

K4(1, 3, 3, δ′, ε′, η′)(δ′ + ε′ ≥ 4, ε′ + η′ ≥ 6, δ′ + η′ ≥ 4)

Type 4:

K4(1, 2, 4, δ′, ε′, η′)(δ′ + ε′ ≥ 5, ε′ + η′ ≥ 6, δ′ + η′ ≥ 3).

We now solve the equation P(G) = P(H) to get all solutions.
If H has Type 1, then from Proposition 2, we know that H is chromatically unique. Since G ∼ H , we have G ∼= H .

But it is obvious that G is not isomorphic to H . This is a contradiction.
If H has Type 2, then from Proposition 3, we know that G is isomorphic to H .
If H has Type 3, then from Proposition 4, we know that the solutions of the equation P(G) = P(H) are

K4(1, 3, 3, a − 1, a, a + 3) ∼ K4(1, 3, 3, a + 1, a − 1, a + 2)

where a > 2.
Suppose that H has Type 4, we solve the equation Q(G) = Q(H). From the Lemma, we have

Q(G) = −2r3
− 2r4

− r δ − rε − rη − rε+1
− rη+1

+ rε+3
+ rη+3

+ rε+4
+ rη+4

+ r δ+6
+ r δ+ε+η

Q(H) = −r2
− r3
− r4
− r5
− r δ

′

− rε
′

− rη
′

− rε
′
+1
− rη

′
+1
+ rη

′
+2
+ rε

′
+3
+ rε

′
+4
+ rη

′
+5

+ r δ
′
+6
+ r δ

′
+ε′+η′ .

We denote the lowest remaining power by l.r.p. and the highest remaining power by h.r.p.. We can assume
min{δ′, ε′, η′} ≥ 2, ε ≤ η, and we know that δ + ε + η = δ′ + ε′ + η′ (from Proposition 1). So we obtain the
following after simplification:

Q(G) : −r3
− r4
− r δ − rε − rη − rε+1

− rη+1
+ rε+3

+ rη+3
+ rε+4

+ rη+4
+ r δ+6

Q(H) : −r2
− r5
− r δ

′

− rε
′

− rη
′

− rε
′
+1
− rη

′
+1
+ rη

′
+2
+ rε

′
+3
+ rε

′
+4
+ rη

′
+5
+ r δ

′
+6.
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Comparing the l.r.p. in Q(G) with the l.r.p. in Q(H), we have min{δ, ε} = 2. There are two cases to be considered.
Case A. If min{δ, ε} = δ = 2, then we obtain the following after simplification:

Q(G) : −r3
− r4
− rε − rη − rε+1

− rη+1
+ rε+3

+ rη+3
+ rε+4

+ rη+4
+ r8

Q(H) : −r5
− r δ

′

− rε
′

− rη
′

− rε
′
+1
− rη

′
+1
+ rη

′
+2
+ rε

′
+3
+ rε

′
+4
+ rη

′
+5
+ r δ

′
+6.

By considering the h.r.p. in Q(G), we have the h.r.p. in Q(G) is 8 or η + 4. There are two cases to be considered.
Case 1. If the h.r.p. in Q(G) is 8, from Q(G) = Q(H), we have δ′+6 ≤ 8. Since δ′ ≥ 2, we get δ′ = 2. Comparing

the l.r.p. in Q(G) with the l.r.p. in Q(H), we have δ′ = ε = 2. From δ = 2, δ′ = 2 and δ + ε + η = δ′ + ε′ + η′, we
get

η + 2 = ε′ + η′ (1)

we obtain the following after simplification:

Q(G) : −2r3
− r4
− rη − rη+1

+ r5
+ r6
+ rη+3

+ rη+4

Q(H) : −r5
− rε

′

− rη
′

− rε
′
+1
− rη

′
+1
+ rη

′
+2
+ rε

′
+3
+ rε

′
+4
+ rη

′
+5.

Consider −2r3 and −r4 in Q(G). Since Q(G) = Q(H), there are two terms in Q(H) which are equal to −r3 and
there is one term in Q(H) which is equal to −r4. So we have ε′ = η′ = 3 or ε′ = η′ + 1 = 3 or ε′ + 1 = η′ = 3.

If ε′ = η′ = 3, from (1), we get η = 4. Thus, G ∼= H .
If ε′ = η′ + 1 = 3, from (1), we get η = 3, then Q(G) 6= Q(H), a contradiction.
If ε′ + 1 = η′ = 3, from (1), we get η = 3, then Q(G) 6= Q(H), a contradiction.
Case 2. If the h.r.p. in Q(G) is η + 4, then

η + 4 > 8 (2)

Q(G) : −r3
− r4
− rε − rη − rε+1

− rη+1
+ rε+3

+ rη+3
+ rε+4

+ rη+4
+ r8

Q(H) : −r5
− r δ

′

− rε
′

− rη
′

− rε
′
+1
− rη

′
+1
+ rη

′
+2
+ rε

′
+3
+ rε

′
+4
+ rη

′
+5
+ r δ

′
+6

By considering the h.r.p. in Q(H), we have the h.r.p. in Q(H) is ε′+ 4 or η′+ 5 or δ′+ 6. There are three cases to be
considered.

Case 2.1. If the h.r.p. in Q(H) is ε′ + 4, since the h.r.p. in Q(G) is η + 4, from Q(G) = Q(H), we have
η + 4 = ε′ + 4. From δ = 2 and δ + ε + η = δ′ + ε′ + η′, we get

ε + 2 = δ′ + η′ (3)

we obtain the following after simplification:

Q(G) : −r3
− r4
− rε − rε+1

+ rε+3
+ rε+4

+ r8

Q(H) : −r5
− r δ

′

− rη
′

− rη
′
+1
+ rη

′
+2
+ rη

′
+5
+ r δ

′
+6.

Consider −r3 and −r4 in Q(G). It is due to Q(G) = Q(H) that there are terms in Q(H) which are equal to −r3 and
−r4 respectively. So we have δ′ + η′ = 7 (one of δ′, η′ is equal to 3), or δ′ + η′ + 1 = 7 (one of δ′, η′ + 1 is equal to
3), or η′ + η′ + 1 = 7.

By ε + 2 = δ′ + η′ Eq. (3), It is easy to handle these cases in the same fashion as case 1, and we obtain
Q(G) 6= Q(H), a contradiction.

Case 2.2. If the h.r.p. in Q(H) is η′ + 5, we have

Q(G) : −r3
− r4
− rε − rη − rε+1

− rη+1
+ rε+3

+ rη+3
+ rε+4

+ rη+4
+ r8

Q(H) : −r5
− r δ

′

− rε
′

− rη
′

− rε
′
+1
− rη

′
+1
+ rη

′
+2
+ rε

′
+3
+ rε

′
+4
+ rη

′
+5
+ r δ

′
+6

since the h.r.p. in Q(G) is η + 4, from Q(G) = Q(H), we have η + 4 = η′ + 5, that is

η = η′ + 1. (4)

Since the case of η + 4 = ε′ + 4 has been discussed in Case 2.1, we can suppose η′ + 5 6= ε′ + 4. Since the h.r.p. in
Q(H) is η′ + 5, we have η′ + 5 > ε′ + 4 and η′ + 5 ≥ δ′ + 6, so

η′ + 1 > ε′ (5)

η′ ≥ δ′ + 1 (6)
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after simplifying Q(G) and Q(H), we have

Q(G) : −r3
− r4
− rε − rε+1

− rη+1
+ rε+3

+ rη+3
+ rε+4

+ r8

Q(H) : −r5
− r δ

′

− rε
′

− rη
′

− rε
′
+1
+ rη

′
+2
+ rε

′
+3
+ rε

′
+4
+ r δ

′
+6.

Consider rη
′
+2 in Q(H). It is due to η′ + 1 > ε′ (from (5)) and η′ ≥ δ′ + 1 (from (6)) and η + 4 > 8 (from (2)) that

rη
′
+2 cannot be cancelled by the negative terms in Q(H), so none of the negative terms in Q(H) is equal to the term
−rη+1 in Q(G) (by noting η + 1 = η′ + 2 (from (4)). So −rη+1 must be cancelled by the positive term in Q(G).
Therefore, η + 1 must be equal to one of ε + 3, ε + 4, 8 and η′ + 2 must be equal to one of ε + 3, ε + 4, 8. So
η + 1 = η′ + 2 = ε + 3 = 8 or η + 1 = η′ + 2 = ε + 4 = 8.

If η + 1 = η′ + 2 = ε + 3 = 8, by δ = 2 and δ + ε + η = δ′ + ε′ + η′. It is easy to get Q(G) 6= Q(H), a
contradiction.

If η + 1 = η′ + 2 = ε + 4 = 8, since δ = 2 and δ + ε + η = δ′ + ε′ + η′, we have δ′ + ε′ = 7. After simplifying
Q(G) and Q(H), we have

Q(G) : −r3
− r4
− r4
+ r7
+ r10

Q(H) : −r δ
′

− rε
′

− rε
′
+1
− r6
+ rε

′
+3
+ rε

′
+4
+ r δ

′
+6.

Comparing the l.r.p. in Q(G) with the l.r.p. in Q(H), by δ′ + ε′ = 7, we have ε′ = 3 and δ′ = 4. Thus we obtain the
solution where G is isomorphic to K4(1, 3, 3, 2, 4, 7) and H is isomorphic to K4(1, 2, 4, 4, 3, 6). That is

K4(1, 3, 3, 2, 4, 7) ∼ K4(1, 2, 4, 4, 3, 6).

Case 2.3. If the h.r.p. in Q(H) is δ′ + 6, we have

Q(G) : −r3
− r4
− rε − rη − rε+1

− rη+1
+ rε+3

+ rη+3
+ rε+4

+ rη+4
+ r8

Q(H) : −r5
− r δ

′

− rε
′

− rη
′

− rε
′
+1
− rη

′
+1
+ rη

′
+2
+ rε

′
+3
+ rε

′
+4
+ rη

′
+5
+ r δ

′
+6

since the h.r.p. in Q(G) is η + 4, from Q(G) = Q(H), we have η + 4 = δ′ + 6, that is

η = δ′ + 2. (7)

Since the case of η + 4 = ε′ + 4 and the case of η + 4 = η′ + 5 have been discussed in Case 2.1 and in Case 2.2
respectively, we can suppose δ′ + 6 6= ε′ + 4 and δ′ + 6 6= η′ + 5. Since the h.r.p. in Q(H) is δ′ + 6, we have
δ′ + 6 > ε′ + 4 and δ′ + 6 > η′ + 5, so

δ′ + 2 > ε′ (8)

δ′ + 1 > η′ (9)

after simplifying Q(G) and Q(H), we have

Q(G) : −r3
− r4
− rε − rη − rε+1

− rη+1
+ rε+3

+ rη+3
+ rε+4

+ r8

Q(H) : −r5
− r δ

′

− rε
′

− rη
′

− rε
′
+1
− rη

′
+1
+ rη

′
+2
+ rε

′
+3
+ rε

′
+4
+ rη

′
+5.

Consider rη+3 in Q(G), it is due to ε ≤ η that rη+3 can cancel none of the negative terms in Q(G). Thus, rη+3 must
be equal to one of the terms in Q(H). Since η > η′ and η > ε′ (noting Eqs. (7)–(9)), we have rη+3

= rε
′
+4 or

rη+3
= rη

′
+5.

Case 2.3.1. If rη+3
= rε

′
+4, then η = ε′ + 1. Since δ + ε + η = δ′ + ε′ + η′ and δ = 2, we have

ε + 3 = δ′ + η′ (10)

after simplifying Q(G) and Q(H), we have

Q(G) : −r3
− r4
− rε − rε+1

− rη+1
+ rε+3

+ rε+4
+ r8

Q(H) : −r5
− r δ

′

− rε
′

− rη
′

− rη
′
+1
+ rη

′
+2
+ rε

′
+3
+ rη

′
+5.

Consider −r3 in Q(G). Since −r3 can cancel none of the positive terms in Q(G), −r3 must be equal to one of the
terms in Q(H). By η > 4 (from (2)) and η = ε′+1, we have ε′ > 3. So−r3

= −r δ
′

or−r3
= −rη

′

or−r3
= −rη

′
+1.
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If −r3
= −r δ

′

, then δ′ = 3. From (10), we have ε = η′. From (7), we have η = 5. So from η = ε′ + 1, we have
ε′ = 4. After simplifying, we have

Q(G) : −r6
+ rε+3

+ rε+4
+ r8

Q(H) : −r5
+ rη

′
+2
+ r7
+ rη

′
+5.

It is easy to see that ε = 3 and η′ = 3. Thus we obtain the solution where G is isomorphic to K4(1, 3, 3, 2, 3, 5) and
H is isomorphic to K4(1, 2, 4, 3, 4, 3). That is

K4(1, 3, 3, 2, 3, 5) ∼ K4(1, 2, 4, 3, 4, 3).

If−r3
= −rη

′

, then η′ = 3. From (10), we have ε = δ′. From (7), we have η = ε+2. So from η = ε′+1, we have
ε′ = ε + 1. After simplifying, we have Q(G) = Q(H). Let ε = b. We obtain the solution where G is isomorphic to
K4(1, 3, 3, 2, b, b + 2) and H is isomorphic to K4(1, 2, 4, b, b + 1, 3). That is

K4(1, 3, 3, 2, b, b + 2) ∼ K4(1, 2, 4, b, b + 1, 3).

If −r3
= −rη

′
+1, then η′ = 2. From (10), we have δ′ = ε + 1. From (7), we have η = ε + 3. So from η = ε′ + 1,

we have ε′ = ε + 2. After simplifying, we have

Q(G) : −r4
− rε + rε+3

+ r8

Q(H) : −r2
− r5
− rε

′

+ r4
+ rε

′
+3
+ r7.

It is easy to say that Q(G) 6= Q(H), this a contradiction.
Case 2.3.2. If rη+3

= rη
′
+5, then η = η′ + 2. Since δ + ε + η = δ′ + ε′ + η′ and δ = 2, we have

ε + 4 = δ′ + ε′ (11)

after simplifying Q(G) and Q(H), we have

Q(G) : −r3
− r4
− rε − rη − rε+1

− rη+1
+ rε+3

+ rε+4
+ r8

Q(H) : −r5
− r δ

′

− rε
′

− rη
′

− rε
′
+1
− rη

′
+1
+ rη

′
+2
+ rε

′
+3
+ rε

′
+4.

Consider −r3 in Q(G). Since −r3 can cancel none of the terms in Q(G), −r3 must be equal to one of the terms in
Q(H). Since η > 4 (from (2)) and η = η′ + 2, we have η′ > 2. So we have −r3

= −r δ
′

= −rη
′

(by η = η′ + 2 and
η = δ′ + 2 (from (7)) or −r3

= −rε
′

or −r3
= −rε

′
+1.

If −r3
= −r δ

′

= −rη
′

, then δ′ = η′ = 3. From (11), we have ε′ = ε + 1. From (7), we have η = 5. After
simplifying, we have

Q(G) : −rε − r6
+ rε+3

+ r8

Q(H) : −r3
− rε

′
+1
+ r5
+ rε

′
+4.

It is easy to see that ε = 3 and ε′ = 4. Thus we obtain the solution where G is isomorphic to K4(1, 3, 3, 2, 3, 5) and
H is isomorphic to K4(1, 2, 4, 3, 4, 3). That is

K4(1, 3, 3, 2, 3, 5) ∼ K4(1, 2, 4, 3, 4, 3).

If −r3
= −rε

′

, then ε′ = 3. From (11), we have δ′ = ε+ 1. From (7), we have η = ε+ 3. So from η = η′ + 2, we
have η′ = ε + 1. After simplifying, we have

Q(G) : −rε + r8

Q(H) : −r5
− rη

′

− rη
′
+1
+ rη

′
+2
+ r6
+ r7.

It is easy to see that ε = 5 and η′ = 6. Thus we obtain the solution where G is isomorphic to K4(1, 3, 3, 2, 5, 8) and
H is isomorphic to K4(1, 2, 4, 6, 3, 6). That is

K4(1, 3, 3, 2, 5, 8) ∼ K4(1, 2, 4, 6, 3, 6).
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If −r3
= −rε

′
+1, then ε′ = 2. From (11), we have δ′ = ε + 2. From (7), we have η = ε + 4. So from η = η′ + 2,

we have η′ = ε + 2. After simplifying, we have

Q(G) : −r4
− rε − rε+1

− rη+1
+ rε+3

+ r8

Q(H) : −r2
− r δ

′

− rη
′

− rη
′
+1
+ rη

′
+2
+ r6.

Comparing the l.r.p. in Q(G) with the l.r.p. in Q(H), we have ε = 2. So δ′ = 4, η = 6, η′ = 4. It is easy to say that
Q(G) 6= Q(H), this a contradiction.
Case B. If min{δ, ε} = ε = 2, then we obtain the following after simplification:

Q(G) : −2r3
− r4
− r δ − rη − rη+1

+ r5
+ r6
+ rη+3

+ rη+4
+ r δ+6

Q(H) : −r5
− r δ

′

− rε
′

− rη
′

− rε
′
+1
− rη

′
+1
+ rη

′
+2
+ rε

′
+3
+ rε

′
+4
+ rη

′
+5
+ r δ

′
+6.

Consider −r5 in Q(H). There are two cases to be considered.
Case 1. If the term −r5 in Q(H) cannot be cancelled by the positive term in Q(H) (which implies η′ + 2 6= 5 and

ε′ + 3 6= 5), then none of the terms in Q(H) is equal to the term r5 in Q(G). So, by Q(G) = Q(H), there are two
terms in Q(G) which are equal to −r5. Thus we have −r δ = −rη = −r5 or −r δ = −rη+1

= −r5.
Case 1.1. If −r δ = −rη = −r5, from δ + ε + η = δ′ + ε′ + η′ and ε = 2, we have δ′ + ε′ + η′ = 12. Then we

obtain the following after simplification:

Q(G) : −2r3
− r4
+ r8
+ r9
+ r11

Q(H) : −r δ
′

− rε
′

− rη
′

− rε
′
+1
− rη

′
+1
+ rη

′
+2
+ rε

′
+3
+ rε

′
+4
+ rη

′
+5
+ r δ

′
+6.

Comparing the l.r.p. in Q(G) with the l.r.p. in Q(H), and by η′+2 6= 5, we have δ′ = ε′ = 3. From δ′+ ε′+η′ = 12,
we get η′ = 6. Thus we obtain the solution where G is isomorphic to K4(1, 3, 3, 5, 2, 5) and H is isomorphic to
K4(1, 2, 4, 3, 3, 6). That is

K4(1, 3, 3, 5, 2, 5) ∼ K4(1, 2, 4, 3, 3, 6).

Case 1.2. If −r δ = −rη+1
= −r5, from δ + ε + η = δ′ + ε′ + η′ and ε = 2, we have δ′ + ε′ + η′ = 11. Then we

obtain the following after simplification:

Q(G) : −2r3
− 2r4

+ r6
+ r7
+ r8
+ r11

Q(H) : −r δ
′

− rε
′

− rη
′

− rε
′
+1
− rη

′
+1
+ rη

′
+2
+ rε

′
+3
+ rε

′
+4
+ rη

′
+5
+ r δ

′
+6.

Comparing the l.r.p. in Q(G) with the l.r.p. in Q(H), and by η′+2 6= 5, we have δ′ = ε′ = 3. From δ′+ ε′+η′ = 11,
we get η′ = 5. Thus Q(G) 6= Q(H), a contradiction.

Case 2. If the term −r5 in Q(H) can be cancelled by the positive term in Q(H), then rε
′
+3 or rη

′
+2 can cancel

−r5 which implies ε′ = 2 or η′ = 3.

Q(G) : −2r3
− r4
− r δ − rη − rη+1

+ r5
+ r6
+ rη+3

+ rη+4
+ r δ+6

Q(H) : −r5
− r δ

′

− rε
′

− rη
′

− rε
′
+1
− rη

′
+1
+ rη

′
+2
+ rε

′
+3
+ rε

′
+4
+ rη

′
+5
+ r δ

′
+6.

Case 2.1. If ε′ = 2, then we obtain the following after simplification:

Q(G) : −r3
− r4
− r δ − rη − rη+1

+ r5
+ rη+3

+ rη+4
+ r δ+6

Q(H) : −r2
− r δ

′

− rη
′

− rη
′
+1
+ rη

′
+2
+ rη

′
+5
+ r δ

′
+6.

Comparing the l.r.p. in Q(G) with the l.r.p. in Q(H), we have δ = 2 or η = 2.
Case 2.1.1. If δ = 2, from δ + ε + η = δ′ + ε′ + η′ and ε = 2 and ε′ = 2, we have

η + 2 = δ′ + η′. (12)

After simplifying Q(G) and Q(H), we have

Q(G) : −r3
− r4
− rη − rη+1

+ r5
+ rη+3

+ rη+4
+ r8

Q(H) : −r δ
′

− rη
′

− rη
′
+1
+ rη

′
+2
+ rη

′
+5
+ r δ

′
+6.

Consider −r3 and −r4 in Q(G). It is due to Q(G) = Q(H) that one of −r δ
′

, −rη
′

, −rη
′
+1 in Q(H) is equal to −r3

or −r4. So we have δ′ + η′ = 7 or δ′ + η′ + 1 = 7 or η′ + η′ + 1 = 7.
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If δ′ + η′ = 7, by η + 2 = δ′ + η′ (Eq. (12)), we have η = 5, then Q(G) 6= Q(H), a contradiction.
If δ′ + η′ + 1 = 7, by η + 2 = δ′ + η′ (Eq. (12)), we have η = 4, then Q(G) 6= Q(H), a contradiction.
If η′ + η′ + 1 = 7, by η + 2 = δ′ + η′ (Eq. (12)), we have η = δ′ + 1, then Q(G) 6= Q(H), a contradiction.
Case 2.1.2. If η = 2, from δ + ε + η = δ′ + ε′ + η′ and ε = 2 and ε′ = 2, we have

δ + 2 = δ′ + η′. (13)

After simplifying Q(G) and Q(H), we have

Q(G) : −2r3
− r4
− r δ + 2r5

+ r6
+ r δ+6

Q(H) : −r δ
′

− rη
′

− rη
′
+1
+ rη

′
+2
+ rη

′
+5
+ r δ

′
+6.

Consider −2r3 and −r4 in Q(G). Since Q(G) = Q(H), there are two terms in Q(H) which are equal to −r3 and
there is one term in Q(H) which is equal to −r4. So we have δ′ = η′ = 3. From δ + 2 = δ′ + η′ Eq. (13), we have
δ = 4, then Q(G) 6= Q(H), a contradiction.

Case 2.2. If η′ = 3, then we obtain the following after simplification:

Q(G) : −r3
− r δ − rη − rη+1

+ r5
+ r6
+ rη+3

+ rη+4
+ r δ+6

Q(H) : −r δ
′

− rε
′

− rε
′
+1
+ rε

′
+3
+ rε

′
+4
+ r δ

′
+6
+ r8.

Consider −r3 in Q(G). It is due to Q(G) = Q(H) that −r3
= −r δ

′

or −r3
= −rε

′

or −r3
= −rε

′
+1. So we have

δ′ = 3 or ε′ = 3 or ε′ + 1 = 3.
Case 2.2.1. If δ′ = 3, from δ + ε + η = δ′ + ε′ + η′ and ε = 2 and η′ = 3, we have

δ + η = ε′ + 4. (14)

After simplifying Q(G) and Q(H), we have

Q(G) : −r δ − rη − rη+1
+ r5
+ r6
+ rη+3

+ rη+4
+ r δ+6

Q(H) : −rε
′

− rε
′
+1
+ rε

′
+3
+ rε

′
+4
+ r8
+ r9.

Consider rε
′
+4 in Q(H). It is due to Q(G) = Q(H) that rε

′
+4
= rη+3 or rε

′
+4
= rη+4 or rε

′
+4
= r δ+6 or rε

′
+4
= r6.

If rε
′
+4
= rη+3, then η = ε′ + 1, from δ + η = ε′ + 4 (Eq. (14)), we have δ = 3. After simplifying Q(G) and

Q(H), we have

Q(G) : −r3
− rη+1

+ r5
+ r6
+ rη+3

+ rη+4
+ r9

Q(H) : −rε
′

+ rε
′
+3
+ rε

′
+4
+ r8
+ r9.

Comparing the l.r.p. in Q(G) with the l.r.p. in Q(H), we have ε′ = 3. So η = 4. Thus, G ∼= H .
If rε

′
+4
= rη+4, then ε′ = η, from δ + η = ε′ + 4 (Eq. (14)), we have δ = 4. After simplifying Q(G) and Q(H),

we have Q(G) 6= Q(H), this is a contradiction.
If rε

′
+4
= r δ+6, from δ + η = ε′ + 4 (Eq. (14)), we have η = 6. After simplifying Q(G) and Q(H), we have

Q(G) : −r δ − r7
+ r5
+ r10

Q(H) : −rε
′

− rε
′
+1
+ rε

′
+3
+ r8.

Consider the term −r7 in Q(G). We have −r7
= −rε

′
+1 or −r7

= −rε
′

. If ε′ = 6, then δ = 4. Thus Q(G) 6= Q(H),
this is a contradiction. If ε′ = 7, then δ = 5. Thus we obtain the solution where G is isomorphic to K4(1, 3, 3, 5, 2, 6)
and H is isomorphic to K4(1, 2, 4, 3, 7, 3). That is

K4(1, 3, 3, 5, 2, 6) ∼ K4(1, 2, 4, 3, 7, 3).

If rε
′
+4
= r6, then ε′ = 2, from δ+ η = ε′+ 4 (Eq. (14)), we have δ+ η = 6. After simplifying Q(G) and Q(H),

we have Q(G) 6= Q(H), this is a contradiction.
Case 2.2.2. If ε′ = 3, from δ + ε + η = δ′ + ε′ + η′ and ε = 2 and η′ = 3, we have

δ + η = δ′ + 4. (15)
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After simplifying Q(G) and Q(H), we have

Q(G) : −r δ − rη − rη+1
+ r5
+ rη+3

+ rη+4
+ r δ+6

Q(H) : −r4
− r δ

′

+ r7
+ r8
+ r δ

′
+6.

Consider the term −r4 in Q(H). We have −r4
= −r δ or −r4

= −rη or −r4
= −rη+1.

If −r4
= −r δ , then δ = 4, from δ + η = δ′ + 4 (Eq. (15)), we have η = δ′. After simplifying Q(G) and Q(H),

we have η = 4 and δ′ = 4. Thus G ∼= H .
If −r4

= −rη, then η = 4, from δ + η = δ′ + 4, we have δ = δ′. Thus G ∼= H .
If −r4

= −rη+1, then η = 3, from δ + η = δ′ + 4, we have δ = δ′ + 1. After simplifying Q(G) and Q(H), we
have Q(G) 6= Q(H), this is a contradiction.

Case 2.2.3. If ε′ = 2, from δ + ε + η = δ′ + ε′ + η′ and ε = 2 and η′ = 3, we have

δ + η = δ′ + 3. (16)

After simplifying Q(G) and Q(H), we have

Q(G) : −r δ − rη − rη+1
+ rη+3

+ rη+4
+ r δ+6

Q(H) : −r2
− r δ

′

+ r8
+ r δ

′
+6.

Consider the term −r2 in Q(H). We have −r2
= −r δ or −r2

= −rη.
If−r2

= −r δ , then δ = 2, from δ+η = δ′+3 (Eq. (16)), we have η = δ′+1. After simplifying Q(G) and Q(H),
we have Q(G) 6= Q(H), this is a contradiction.

If−r2
= −rη, then η = 2, from δ+η = δ′+3 (Eq. (16)), we have δ = δ′+1. After simplifying Q(G) and Q(H),

we have Q(G) 6= Q(H), this is a contradiction.
So far, we have solved the equation P(G) = P(H) and got the solution as follows:

K4(1, 3, 3, 2, 3, 5) ∼ K4(1, 2, 4, 3, 4, 3)

K4(1, 3, 3, 2, 4, 7) ∼ K4(1, 2, 4, 4, 3, 6)

K4(1, 3, 3, 2, 5, 8) ∼ K4(1, 2, 4, 6, 3, 6)

K4(1, 3, 3, 5, 2, 5) ∼ K4(1, 2, 4, 3, 3, 6)

K4(1, 3, 3, 5, 2, 6) ∼ K4(1, 2, 4, 3, 7, 3)

K4(1, 3, 3, 2, b, b + 2) ∼ K4(1, 2, 4, b, b + 1, 3),

where b ≥ 2.
The proof is completed. �

References

[1] C.Y. Chao, L.C. Zhao, Chromatic polynomials of a family of graphs, Ars Combin. 15 (1983) 111–129.
[2] Zhi-Yi Guo, Earl Glen Whitehead, Chromaticity of a family of K4-homeomorphs, Discrete Math. 172 (1997) 53–58.
[3] K.M. Koh, K.L. Teo, The search for chromatically unique graphs, Graph Combin. 6 (1990) 259–285.
[4] W.M. Li, Almost every K4-homeomorph is chromatically unique, Ars Combin. 23 (1987) 13–36.
[5] Yanling Peng, Ruying Liu, Chromaticity of a family of K4-homeomorphs, Discrete Math. 258 (2002) 161–177.
[6] Yanling Peng, On the chromatic equivalence classes of K4(1, 3, 3, δ, ε, η), J. Qinghai Normal Univ. 4 (2003) 1–3.
[7] Yanling Peng, Zengyi, On the chromatic equivalence of Two Families of K4-homeomorph, J. Suzhou Sci. Technol. Univ. 4 (2004) 31–34.
[8] Haizhen Ren, On the chromaticity of K4-homeomorphs, Discrete Math. 252 (2002) 247–257.
[9] E.G. Whitehead Jr., L.C. Zhao, Chromatic uniqueness and equivalence of K4-homeomorphs, J. Graph Theory 8 (1984) 355–364.

[10] S. Xu, A lemma in studying chromaticity, Ars Combin. 32 (1991) 315–318.
[11] S. Xu, Chromaticity of a family of K4-homeomorphs, Discrete Math. 117 (1993) 293–297.


	Chromatic uniqueness of a family of  K4 -homeomorphs
	Introduction
	Auxiliary results
	Main results
	References


