Available online at www.sciencedirect.com

ScienceDirect ADVANCES IN

Mathematics

ELSEVIER Advances in Mathematics 219 (2008) 450-487
www.elsevier.com/locate/aim

Cyclotomic Solomon algebras

Andrew Mathas **, Rosa C. Orellana®

& School of Mathematics and Statistics, University of Sydney, NSW 2006, Australia
b Department of Mathematics, Dartmouth College, Hanover, NH 03755-3551, USA

Received 6 January 2008; accepted 16 May 2008
Available online 17 June 2008
Communicated by Michael J. Hopkins

Abstract

This paper introduces an analogue of the Solomon descent algebra for the complex reflection groups
of type G(r, 1,n). As with the Solomon descent algebra, our algebra has a basis given by sums of ‘dis-
tinguished’ coset representatives for certain ‘reflection subgroups.” We explicitly describe the structure
constants with respect to this basis and show that they are polynomials in r. This allows us to define a
deformation, or g-analogue, of these algebras which depends on a parameter ¢g. We determine the irre-
ducible representations of all of these algebras and give a basis for their radicals. Finally, we show that the
direct sum of cyclotomic Solomon algebras is canonically isomorphic to a concatenation Hopf algebra.
Crown Copyright © 2008 Published by Elsevier Inc. All rights reserved.
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1. Introduction

In a seminal paper [28], Solomon showed that the group algebra of any finite Coxeter group
has a remarkable subalgebra, the Solomon descent algebra. In this paper we construct a similar
subalgebra of the complex reflection group of type G(r, 1, n) and show that this algebra shares
many of the properties of the Solomon descent algebras.

Solomon showed that each descent algebra has a distinguished basis for which he gave an ex-
plicit description of the structure constants. This distinguished basis is given by the sums of the
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distinguished coset representatives of the parabolic subgroups. Solomon gave a basis for the rad-
ical of the descent algebra and he constructed a natural homomorphism from the descent algebra
into the parabolic Burnside ring of the associated Coxeter group. As a consequence, it follows
that the irreducible representations of the Solomon descent algebras are all one-dimensional and
that, in characteristic zero, they are naturally indexed by the conjugacy classes of the parabolic
subgroups.

There has been an explosion of research into the descent algebras of Coxeter groups since
Solomon discovered them; see, for example, [2,5-8,10,26]. The study of the Solomon descent
algebras of the symmetric groups has been even more intense because of connections between
these algebras and free Lie algebras, 0-Hecke algebras, non-commutative and quasi-symmetric
functions [1,13,15,22], the representation theory of the symmetric group, and card shuffling and
associated random walks [4,17].

The algebra that we construct in this paper is in many ways a natural generalization of the
Solomon algebra of the symmetric groups. The cyclotomic Solomon algebra Sol(G, ;) is a
subalgebra of the group algebra of the complex reflection group G, , of type G(r, 1,n). Like
Solomon, we define our algebra to be the subalgebra of the group algebra of G, , with basis the
sum of the ‘distinguished’ coset representatives of a natural class of subgroups of G, . It turns
out that many natural choices of subgroups, and coset representatives for these subgroups, do not
yield a subalgebra of the group algebra (see Remark 8.10). We show, however, that with respect
to the ‘right’ length function, the sums of the minimal length coset representatives of the standard
reflection subgroups of G, , give rise to a subalgebra of ZG, ,, which is free of rank 2 - 301 We
give an explicit formula for the structure constants for this basis which is similar to Solomon’s
formula for the structure constants of the descent algebra of the symmetric group G,,.

One surprising feature of the cyclotomic Solomon algebras Sol(G, ;) is that the structure
constants of these algebras for n > 0 are polynomials in » which are independent of n. As a con-
sequence, for a fixed n, these algebras admit a simultaneous deformation Sol, (n) which depends
on a parameter ¢. We show that the algebras Sol, (n) are free of rank 2 - 371, We construct and
classify the irreducible representations of these algebras over an arbitrary field and give a basis
for the radical of Sol, (n).

A remarkable result of Gessel [16] shows that there is a natural duality between the Hopf
algebra of quasi-symmetric functions and the descent Hopf algebra. This led Malvenuto and
Reutenauer [22] to show that the direct sum of these algebras under the shuffle (or convolution)
product is a Hopf subalgebra of the Hopf algebra of permutations. This Hopf algebra is dual
to the Hopf algebra of quasi-symmetric functions and it is isomorphic to the Hopf algebra of
non-commutative symmetric functions [15]. These results are important because they relate the
coproduct of the quasi-symmetric functions with the product in the descent algebras.

Baumann and Hohlweg [3] showed that there is a similar Hopf algebra structure under the
shuffle product on the space ¥ (r) = @,@OZGM of coloured permutations; see also the an-
nouncement of Novelli and Thibon [25]. We prove that the direct sum of the cyclotomic Solomon
algebras Sol(r) = @n>0 ZS0l(Gy.,) is a Hopf subalgebra of ¢ (r). We show that Sol(r) is a con-
catenation Hopf algebra and that Sol(r) has a second bialgebra structure which has the same
coproduct as ¢ (r) but where the product map is induced by group multiplication. We expect
that the Hopf algebra Sol(r) is dual to the Hopf algebra of quasi-symmetric functions of type B
considered by Hsiao and Petersen [18].

Different generalizations of the Solomon algebras have been considered by other authors, the
most striking of which are the Mantaci—-Reutenauer algebras [23]. It is natural to ask whether the
cyclotomic Solomon algebras and the Mantaci—Reutenauer algebras are isomorphic, at least for
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type B,, since they are both free of rank 2 - 3"~!. We show in Remark 8.10 that, in general, these
two algebras are not isomorphic. In particular, Example 8.9 shows that, in stark contrast to the
Solomon descent algebra, there is no map from Sol(G, ,) into the character ring of G, .

This paper is organized as follows. In Section 2 we introduce the complex reflection groups
G, and set our notation. In Section 3 we define and classify the standard reflection subgroups
of G,, and Section 4 shows that every coset of a reflection subgroup has a unique element
of minimal length. Sections 4 and 5 give combinatorial descriptions of the coset and double
representatives of the reflection subgroups. This combinatorics turns out to be closely related
to the structure constants of the cyclotomic Solomon algebras, which are finally introduced in
Section 6. The first main result of the paper, Theorem 6.7, determines the structure constants
of the cyclotomic Solomon algebras, hence showing that they are in fact subalgebras of G, . In
Section 7 we investigate the ‘generic’ cyclotomic Solomon algebras and in Section 8 we construct
and classify the irreducible representations of the cyclotomic algebras and their deformations. In
Section 9 we show that the direct sum of the cyclotomic algebras gives rise to a concatenation
Hopf algebra which is a Hopf subalgebra of the Hopf algebras of coloured permutations. Finally,
in Section 10 we give a second combinatorial interpretation of the structure constants of the
cyclotomic Solomon algebras. We use this to show that the direct sum of the cyclotomic Hopf
algebras comes equipped with a second bialgebra structure which has the same coproduct but
where the product map is induced by group multiplication.

2. Complex reflection groups of type G(r, 1, n)

This paper is concerned with certain subalgebras of the group algebra of the complex reflec-
tion groups of type G(r, 1,n), in the Shephard—Todd classification of the finite subgroups of
GL,, (C) which are generated by (pseudo) reflections. In this section we introduce these groups
and study a length function on them.

Fix positive integers r and n. The complex reflection group of type G(r, 1, n) is the group
G, » which is generated by elements so, 51, ..., S,—1 subject to the relations

so=1= siz, 50515051 = §1505150,

SiSj =SS, SiSit18i = Si418iSi+1,
where 1 <i < j — 1 <n — 1. This presentation is very similar to the presentation of a Coxeter

group; indeed, if » < 2 then G, is a Coxeter group. Accordingly, we encode this presentation
in the following “cyclotomic Dynkin diagram™:

Oo——@ o —@

So S1

Sn—1

The node labeled by r indicates that the generator sg has order r; otherwise, this graph gives
the presentation of G, , in exactly the same way as a Dynkin diagram gives the presentation of
the corresponding Coxeter group. If r = 1 then G, is isomorphic to the symmetric group of
degree n; if r =2 then G, is a Coxeter group of type B,.

From the presentation of G, , it is evident that there is a homomorphism from the symmetric
group S, into G,, which is determined by mapping each transposition (i,i + 1) to s;, for
i=1,...,n—1.Infact, this map is injective so we can—and do—identify &,, with the subgroup
(S1,...,Sp—1) via this homomorphism.
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The symmetric group &, acts on {1, 2, ..., n} from the right. We write this action exponen-
tially. Thus, w € G,, sends the integer i to i, for 1 <i < n.

Define t; = 5o and #; 11 = s;t;s;, for 1 <i < n. Using the relations it is easy to see that t;7; =
tjt;, for all i, j. It follows that the subgroup T = (t1, ..., ;;) is abelian and, further, one can show
that T = (Z/rZ)". It is easy to see that

tiw=wtjw, forallwe S, and1<i<n, (2.1)

Hence, T is a normal subgroup of G, ,,. With a little more work we obtain the following descrip-
tion of G, as an (internal) semidirect product, or wreath product:

Gn=T X6, =(s0)1(S1, ... 8n—1) =(Z/rZ)&,. 2.2)

Let Z' ={a = (a1,...,an) € Z": 0 < a; <r}. Fora € Z) let t* ="' ...1,". Then, as a set,
Grp={tw: « €Z! and w € 8,} and |G, ,| =r"n!.

Let [1=1I,,={t1,...,t,51,...,5p—1}. Then IT generates G, , because {so = 11,51, ...,

Sp—1} generates G, ;.

2.3. Definition. The [T-length function on G, , is the function £ = ¢;7: G, , — N given by
£(g) =min{k >0: g=r;...rg, forsomer; € IT}.

2.4. Remark. Let Sy = {so, s1,...,5,—1}. Bremke and Malle [11] have studied the length func-
tion £o: G, , —> N which is defined by

£o(g) =min{k > 0: g =r;...rg, for some r; € Sp}.

By definition, £(g) < £o(g), for all g € G, ,. Furthermore, it is not hard to see that £(g) = £o(g)
(mod 2). Moreover, if w € &,, then

L(w) = Lo(w) =#{(i, j): 1<i<j<nandi” > j"}.

(The last equality is well known; see, for example, [24, Prop. 1.3].) Hence, Proposition 2.5 below
gives an effective way of computing the I7-length function on G, .

Fora = (a,...,a,) € Z! weset lo| = a1 + -+ - + o
2.5. Proposition. Suppose that o € Z}! and w € S,,. Then £(t*w) = |a| + £(w).

Proof. By definition £(*w) < || + £(w). Conversely, suppose that t“w = ry ... rg, for some
r; € IT. Using (2.1) we can move each #; € {ry, ..., ri} to give a new word in which all of the
elements of T appear on the left. As every element of G, ,, can be written uniquely in the form
tPv, for B € Z! and v € G,,, this new word must be /%w. By (2.1), this rewriting process does not
increase the I71-length of the word, however, it may decrease the I7-length if some cancellation
occurs. Hence, £(t“w) =k > |a| + £(w), completing the proof. O
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2.6. Corollary. Suppose that o« € Z! and that w € &,,. Then

L(t%w) + 1, ifaj <r—1,
el —
¢ tw)_{é(t“w)—r+1, ifoj=r—1,

for1 < j<nand{(s; - t*w) = |a|+L(sjw), for | <i<n—1.

Note that t%w - t; = tjwq <t%w by (2.1) and £(t%w - 5;) = || + L(ws;), for 1 <i <n —1
and 1 < j < n. Hence, Corollary 2.6 can be used to compute £(g - t*w) and £(t*w - g), for any
g€Gyy.

It is sometimes convenient to describe G, , combinatorially as a set of ‘words.” Fix a primitive
rth root of unity ¢ =exp(2zi/r) € C and set

n={1,2,...,n} and n;:{m;i: menand0<i <r}.

Recall that if z € C then |z| is the complex modulus of z. In particular, if m¢ e n; then
|m¢*| = m. Define a word in n; to be an element of the set

Grn= {Q=(a)1,...,wn): w; € n; and {|a)1|,..., |a)n|} =n}.

If o= (wi,...,w,)is a word then we abuse notation and write w = w; ... w,.
There is a faithful right action of G, on G, , given by

w1 ...Wwy ~taw=§'a1w1w ...{“”wnw,

for o € Z and w € &,,. Consequently, there is a natural bijection G, — G, , given by t*w >
1...n-t%w, so that |G, ,| =7"n! = |G, ,|. Thus, we have described the regular representation
of G, , as the permutation representation on the set of words G, ,. Equivalently, G, , is the group
of permutations of n; such that (m¢')8 =m8¢’, forallmen, 0<i <r and g € G, .

3. Reflection subgroups

Recall that IT = {#1,...,,,51,...,S,—1}. In this section we define the reflection subgroups
of G, , and show that every coset of a reflection subgroup contains a unique element of minimal
IT-length.

3.1. Definition. A (standard) reflection subgroup of G, , is a subgroup which is generated by
a subset of I71.

Geometrically, a reflection subgroup of G, , should be any subgroup which is generated by
elements which act by (pseudo) reflections in the reflection representation of G, ,. All of the
elements of IT act as reflections in the reflection representation of G, ;, so every standard reflec-
tion subgroup is a reflection subgroup in this geometric sense. If » > 2 then it is not difficult to
see that there are ‘geometric reflection subgroups’ of G, , which are not (conjugate to) standard
reflection subgroups.

If J CII let G; = (J) be the corresponding (standard) reflection subgroup of G, . This
notation is inherently ambiguous because it can happen that G ; = Gk even though J # K, for
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J, K C II. For example, G7 = G, = Gy, (recall that So = {so, s1,...,5,—1}), and yet IT # S
if n > 1. We start our study of the reflection subgroups by resolving this ambiguity.

A composition of n is a sequence u = (u1,..., ux) of positive integers which sum to .
A signed composition of # is a sequence of non-zero integers y = (i1, ..., (k) such that |u| =
||+ -+ + |ug| = n. Let A,jf be the set of signed compositions of n and let A, be the set of
compositions of n. Then A, C Af.

If w=(u1,.... ;) € AL let p™ = (lu1l,.... luxl) and —p = (—p1, ..., —pk). Then
ut € A, is a composition of n and —u € AE. We set [u|t = %Zle(uf + i), so that |p|*
is the sum of the positive parts of p. Similarly, let |u|™ = % Zf-;l (,ul.+ — 1;) be the absolute
value of the sum of the negative parts of p. Then |u| = ||~ + ||T = n. Finally, set j1p = 0 and
i = |yl + -+ il fori > 1.

3.2. Definition. Suppose that u = (1, ..., Ur) € A,jf is a signed composition. Define

HMZ U {Sﬁi71+1,...,Sﬁi71}U U {tﬁi—l+1""’tﬁi}’
1<i<k 1<i<k
wni>0

Then I7, C IT soweset G, =Gy, .

Let S ={s1,...,5,—1} C I1. Suppose that x € AE. Then IT, C S if and only if —u € A,. In
general, [T, C IT and the reflection subgroup G is conjugate to the reflection subgroup

[16GmwxI] &

wi>0 nj<0

of G, . Infact, {G,: p € A,jf} is the complete set of reflection subgroups of G, .

3.3. Proposition. Suppose thatn > 1, r > 2 and that J C I1. Then Gy = G, for a unique signed
composition L € A,jf. Consequently, G,., has 2 - 3"~ distinct reflection subgroups.

Proof. We prove both statements in the proposition by induction on n. If n =1 then Gy = G(1)
and G 7 = G (-1 are the only reflection subgroups of G, | so the proposition holds. In particular,
G, has |A1i| =2 reflection subgroups.

Suppose then that n > 1 and observe that I1,,, = IT,,—1 U {s,—1,,}. Let G' = G, ,—, which
we consider as a subgroup of G, ,, in the natural way. By induction on n every reflection subgroup
of G’ is of the form G;L = (Grn—1)p, for some p € A,jf_l.

Fix J € I1. Then G; N G’ is a reflection subgroup of G, so that G; N G’ = G, for some
= (1. .... ) € Ay_ . Now, t,_1 € G}, if and only if pt > 0, so

(G

e Snt ) = Su—1),  if pg >0,
() Sn—1s b = (G

/

(L 1sees =15 1K)°
h .
(Mly-m/‘k—ls*/‘k)’sﬂil), if g < 0.
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Consequently, G is equal to either G/, (G/,, tx) or (G}, sp—1), for some p € Af_l. Therefore,

sz o = Ot =1 ifs,_ 1,6, ¢Gy,
Gyj= (G/(M1 """" /;,k)’tn>:G(Ml """" wis 1) ifs,_1¢Gyandt, € Gy,
<G(M1 ’’’’’ W)’ Sp—1) = G(ul ..... Jk+Ek) ifs,—1,t,€Gy

where e =1 if g > 0 and e = —1 if pux < 0. Moreover, by (2.2) the subgroups of G, aris-
ing this way for different v € Af_l are all distinct. Hence, the reflection subgroups of G, ,
are naturally indexed by the signed compositions of n. Consequently, by induction, G, , has

3|Af_1| =2.3""! reflection subgroups. O

It follows from the definitions and Proposition 3.3 that I, is the unique maximal subset of
IT (under inclusion) which generates the reflection subgroup G,. In contrast, if 4 € A;TL then the
reader can check that there are [ ;. ;>0 Mi distinct minimal subsets of IT which generate G .
Thus, the (minimal) subsets of [T which generate the reflection subgroups are, in general, not
unique.

4. Distinguished coset representatives

In this section we describe, both algebraically and combinatorially, a set of ‘distinguished’
coset representatives for the reflection subgroups of G, ,.

Fix a composition A = (A, ..., Af) of n. Then &, =&, x --- x G, is a parabolic, or
Young subgroup of G,,. According to our conventions S, = G_;, so &, is a reflection subgroup
of G, . Let

P, ={d € S,: £(d) < L(w) forall w € &;d}.

Then, as is well known, Z; is a complete set of right coset representatives for S, in &,,. More-
over, if d € ) then d is the unique element of minimal length in the coset &,d; see, for
example, [14, Prop. 2.1.1]. It is not hard to see that 7%, is a complete set of minimal length
coset representatives for G_; = G, in G, ,. We want to generalize this observation to all reflec-
tion subgroups.

Recall that if © = (g, ..., ug) € A,jf then ™ = (Jju1l, ..., |uxl) is a composition of n. Con-
sulting the definitions, G, N &, =6 e Similarly, define

T, =G, NT=(t|t; € Gy)
=t | 1j—1 <i < for some j with pu; > 0).

Then, T), = (Z/rZ) ",
With this notation, (2.2) gives the following description of G, as a semidirect product of 7,
and G +.

4.1. Lemma. Suppose that j1 € AF. Then G, =T, x S+

Since T = (Z/rZ)" is an abelian group, every subgroup of 7 is a normal subgroup of 7.
In particular, if G, is a reflection subgroup of G, , then T, is normal in 7 and T/T, =

(Z/rZ)"” =T_,. Further, T,T_,, =T = T_, Ty, forall p € AE.
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Mimicking the definition of &,+ we have:
4.2. Definition. Suppose that 1 € AF. Set
& ={e€Gpu: t(e) <t(g) forall g € Gel.

We can now prove the main result of this section which shows that &), is a (distinguished) set
of coset representatives for G, in G, ;.

4.3. Theorem. Suppose that . € A,jf. Then &, =T_, x D+ and &), is a complete set of right
coset representatives for G, in G, ;.

Proof. We first show that 7_;, x Z,,+ is a complete set of coset representatives for G, in G, ;.
Suppose that 1*w € G, ,, where o € Z! and w € &,,. Define B = (B1, ..., Bn) € Z by

)i, ift; ¢ G, = t;e€T_,,

Fi=10, iftieG, e n¢T,.

Then, by definition, P e T_,,. Moreover, G,t%w = Gutﬂw and £(t*w) > E(ﬂ3 w), with equality
if and only if @ = .

Write w = vd, where v € &+ and d € Z+. Let y = Bv = (Biv, ..., Bw). Then tPv = v17,
by (2.1), so that t¥ = v~!¢Pv € T_,, since &, centralizes T_,,. Consequently, G ,t*w = G ,t7d,
where t7 € T_, and d € 9,,+. However, by Lemma 4.1,

[Grn: Gl =T :T-y]-[6,: 6+ 1=#T—, X D).

Therefore, T—,, x Z,+ is a complete set of right coset representatives for G, in Gy, ;.

It remains to prove that &, = T_;, x %,+. Suppose that, as above, we have G, t*w = G,t"d,
fora € Z}, we &,, t¥ € T, and d € Z,,+. The argument of the first paragraph shows that
L(t7d) < £(t*w) with equality if and only if t* € T, and w € Z,+. That is, if and only if
a =y and w=d. Hence, &, =T_, X Z,+ as claimed. 0O

Theorem 4.3 shows that every coset of a reflection subgroup contains a unique element of
minimal I7-length. We call &), the set of distinguished coset representatives for G, in G, ,.

4.4. Example. Suppose that r > 2 and consider G, > = (Z/rZ) * &S,. Then IT = {t1, 12, 51} and
G > has six reflection subgroups. The following table describes these groups and the correspond-
ing sets of distinguished right coset representatives.

w Gu n b
(-1,-D 1 @ T x &
(L,=D {1 0<k<r} {0} () x &2
=1LD {3 0<k<r) () (1) x &2
Ly T {0} &

(-2) & {s1) T

(2) T x6; {ti,t2,51} 1
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For each reflection subgroup we have given the factorization of &), from Theorem 4.3. Observe
that the reflection subgroups do not depend in a crucial way on r and that |&,| = |G, ,|/1G .| is
a polynomial in r, for u € Af (and r > 2).

We now give combinatorial interpretations of the set of distinguished coset representatives
&y, for u € A, which is similar to the description of Z,+ in terms of row standard tableaux
(see [24, Prop. 3.3]).

Fix a composition A € A,. The diagram of A is the set

M={G)eN: 1< j<rand 1 <i <L)}

Here £(A) is the number of non-zero parts of 1. We think of [A] as being an array of boxes in the
plane.

Now suppose that o € Af. A p-tableau is a map t:[u"] —> n;. We identify a u-tableau
with a diagram for u* which is labeled by elements of ng. If tis a p-tableau let [t| be the
tableau obtained by taking the complex modulus of the entries in t; that is, |t|(x) = |t(x)], for all
xeptl

4.5. Example. Let u = (2, —3, 1, —1). Then four pu-tableaux are:

1|2 112 316 7 |6¢

2 3 2 3 2 3
31415 ‘ 3¢ 4¢2|5¢ ‘ 2 5e218d) g [0 15¢213¢
6| 6] 1 1
L7 754 4% | 4% |

As remarked at the end of Section 2 we can think of G,.,, as the group of permutations of n,
such that (m¢%) =m8¢!, forallm¢' € n and all g € G,.,. Consequently, G, acts on the set of
p-tableaux by composition of maps. Thus, if t is a u-tableau and g € G, ,, then t8 is the tableau
with 8 (x) = t(x)8, for x e [uT].

Let t* be the u-tableau which has the numbers 1, ..., n entered in order, from left to right
and then top to bottom, along the rows of [p™]. The first p-tableau in Example 4.5 is t* when
n=02,-3,1,-1).

So far none of the combinatorial definitions above distinguish between compositions and
signed compositions. We now single out a set of p-tableaux that are in bijection with &),. First,
define a total order < on n; by declaring that at! Kbt/ ifa<b,ora=bandi > j. Then

S R T R A RITE T PR

4.6. Definition. Suppose that u € A,f. A p-tableau t is row standard if it satisfies the following
three conditions:

(a) The set of entries in the tableau |t| is {1, ..., n}.
(b) The entries in row i of t belong to {1, ..., n} whenever u; > 0.
(c) In each row the entries of t appear, from left to right, in increasing order with respect to <.

For example, the first three of the (2, —3, 1, —1)-tableaux in Example 4.5 are row standard.
The last tableau in this example is not row standard because it fails conditions (b) and (c).
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The action of G, , on the set of p-tableau which satisfy condition (a) of Definition 4.6 gives
a realization of the regular representation of G, ,. Consequently, the map g — t*g, for g € G, ,,
is a bijection from G, , to the set of these p-tableaux. If t is such a p-tableau let dy be the unique
element of G, , such that t = t"dj.

4.7. Proposition. Suppose that | € Af. Then
&, = {dy: tis a row standard pi-tableau}.

Proof. By definition, the orbit t*G, = {t!g: g € G,} of ¥ under G, consists of all those
tableaux which can be obtained by permuting the entries of each row of t* and multiplying the
entries in row i by a power of { when p; > 0. Consequently, t* is the unique row standard -
tableaux in t* G, so that each right coset of G, in G, , contains a unique element e such that
t“e is row standard. Now, &), = T_, %,,+ by Theorem 4.3 and 7_, acts on t* by multiplying the
entries in row i by different powers of ¢ when u; < 0.If d € &+ then it is well known that the
entries in t*d increase from left to right along each row; see, for example, [24, Proposition 3.3].
Hence, t"e is row standard whenever e € &,. This completes the proof. O

In the case of the symmetric groups the set of distinguished coset representatives can be
described combinatorially in terms of ‘descents.” Explicitly, if w € &, then its descent set is

Des(w) = {s € S: £(sw) <L(w)} ={si: 1 <i<nandi¥ > (i + D"}

If i is a composition of n then the connection between distinguished coset representatives and
descents is that

Py =|d € &,: Des(d) € S —M_,}. (4.8)

There is an analogous description of &,, for u € A If & € Z" define the colour of #* to be
the set Col(r*) = {t; € T: «; > 0}. Then using Theorem 4.3 it is easy to see that if u € A,“,—L then

&, ={t"w € G,,: Col(a) UDes(w) € IT —I1_,}.
We remark that it is easy to rephrase this last statement combinatorially in terms of words in G, ;.

4.9. Remark. It is easy to check that &~ l= D, Ux T_,, is a complete set of left coset represen-

tatives for G, in G, ,. Moreover, e € é"u_l if and only if £(e) < £(g) for all g € eG,, so every
left coset of G, in G, contains a unique element of minimal I7-length.

4.10. Remark. Mak [20] has shown that every coset of a reflection subgroup contains a unique
element of minimal length with respect to the length function ¢y defined in Remark 2.4. Mak’s
set of coset representatives is different from &),. Nonetheless, it does admit a factorization which
is similar to the factorization of &, given in Theorem 4.3. To describe this if © = (1, ..., ux) €
A then set

&, = 1_[ l_[ (U {sg, 180,142 --sicitf s 1<k <r}]x Dy,
kzZjz2l pjzi>pj—y
wj<0
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where the product is taken in order from left to right in terms of decreasing values of i. One can
show that é’li is Mak’s set of coset representatives for G, in G, ,. As we will never need this
result we leave the proof to the reader.

5. Double coset representatives

Our next aim is to describe the double cosets of reflection subgroups. In order to do this we
first recall some well-known facts about the symmetric group &,,. Suppose that © and v are
compositions of n. Then &, and &, are Young, or parabolic, subgroups of &,. Set Z,,, =
D.ND; 1 Then D,y is a complete set of (&, &,)-double coset representatives in &,; see, for
example, [24, Proposition 4.4]. Moreover, if d € 9,,,, then d 15 wd NG, is a Young subgroup
of G,; see, for example, [24, Lemma 4.3]. Define ud N v to be the unique composition of n
such that & 4ny =d - wd N &,. We remark that the composition ud N v can be determined
by comparing the row stabilizers of the tableaux t*d and t".

5.1. Lemma. Suppose that 1, v € A,jf and d € D,+,+. Then d_lGﬂd N G, is a reflection sub-
group of G,.,,.

Proof. The group G, consists of those elements of G, , which act on tV by first multiplying
each entry of row [ by possibly different powers of ¢, if v; > 0, and then permuting the entries
in each row of the resulting tableaux. Similarly, the group d~'G ud consists of those elements
of G, which act on the row standard tableau t*d by multiplying each entry of row k by different
powers of ¢, if py > 0, and then permuting the entries in each row. Consequently, the subgroup
d~'G uwd N G, is generated by the elements {s;, ;}, where i runs over those integers for which
i and i + 1 are in the same row of t” and in the same row of t*d, and j € n is in row [ of t¥
with v; > 0 and j is in row k of t*d with u; > O (cf. the proof of [24, Lemma 4.3]). There-
fore, d~'G,d N G, = G, where o is the unique signed composition such that o+ = uTd Nv+
and o; > 0 if and only if v; > 0 and p > 0, where &; appears in row j of t’ and row k
of thd. O

Suppose that d € Z,,+,+, for u, v € AE Thend™! e D+t » SINCE Dt o+ = 9;1v+. There-

fore, G, NdG,d —1 s also a reflection subgroup of G, .

5.2. Definition. Suppose that u, v € A,ﬂf and d € Z,+,+. Then ud Nv =v N ud is the signed
composition of n such that G 4ny = d-! G,d NGy and uNdv =dv N pis the signed compo-
sition such that G yngy = G, N dG,d=!.

Note that the proof of Lemma 5.1 gives a recipe for computing nd Nv. Note also that ud Nv =
dflu Nv, ford e Q;ﬁv* and u,v € A,jf.

We now describe a set of (G, G,)-double coset representatives. We do this by generalizing
the description of the double cosets of the Young subgroups of the symmetric group in terms of
row semistandard tableaux.

5.3. Definition. Suppose that u € A,jf. A p-tableau T:[put] — n; is row semistandard if

(a) The entries in row i of T belong to {1, ..., n} whenever u; > 0.
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(b) The entries in each row of T appear in weakly increasing order, from left to right, with respect
to <.

There is a map from the set of row semistandard tableau to the set of row standard tableaux.
To define this first observe that a row semistandard p-tableau T determines a unique total order
<t on [wT] where x <7 x/, for x, x’ € [uT], if

(@) [T)| < [TN], or
(b) |T(x)] =|T(x")| and x is in an earlier row of [ "] than x’, or
(¢) |T(x)] =|T(x")| and x and x’ are in the same row and x is to the left of x’.

Let x| <7 --- <T X, be the nodes in [T ]. Then the p-tableau T* is defined by the requirements
that |T*(x;)| =i and arg T*(x;) = arg T(x;), for 1 <i < n. (If z € C is a complex number let
arg z € [0, 27r) be its argument so that z = |z| exp(i arg z).) By construction, T* is a row standard
u-tableaux. Moreover, it is easy to see that the map T +— T* is injective.

5.4. Definition. Suppose that ., v € Af and let T be a u-tableau. Then T has type v if

@) [vjl=#x e[ut]: [T(x)| =}, forj>1.
(b) If v > Othenv; =#{x € [ut]: T(x) = j}.

Let 7y (u,v) = {T: ut] — ng: Tis row semistandard p-tableau of type v}. If © and v are
compositions let 7 (i, v) = {T:[u"] —> n: T is row semistandard u-tableau of type v}.

See Example 5.9 below for these definitions in action.
5.5. (See [24, Proposition 4.4].) Suppose that i, v € Ay,. Then
Dy = {dT*3 TeT(u, V)}

is a complete set of (&, &,) double coset representatives in &,. Moreover, if d € D, then
L(d) < L(w), for all w € &,dS,, with equality if and only if w =d.

If t is a row standard tableau let v(t)’ be the tableau obtained by replacing each entry m¢? in
t with k¢ if m appears in row k of t', where a’ = 0 if vz > 0 and @’ = a otherwise. Now define
v(t) to be the row semistandard tableau obtained by reordering the entries in each row of v(t)’ so
that they are in increasing order. Then v(t) is a row semistandard tableau of type v.
3 |aga 5;b|

For example, let v = (2, —2,1) and t= , where 0 < a, b < r. Then, by definition,

112

vy =2l | and p(t) =428 §
1 1 1 1

5.6. Proposition. Suppose that | and v are signed compositions of n and let
Ep = {dT*: TeT (1, v)}.

Then &, is a complete set of (G ., G,) double coset representatives in G, ,. Moreover, ife € &,
then £(e) < £(g), forall g € G,eG,.
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Proof. By Proposition 4.7 the right cosets of G, in G, are naturally indexed by the row stan-
dard p-tableaux. Hence, the (G, G,)-double cosets are indexed by the G -orbits of the row
standard p-tableaux. Using the definitions it is easy to see that two p-tableaux s and t belong
to the same G -orbit if and only if v(s) = v(t). Moreover, if t is row standard then v(t) is row
semistandard. Finally, if T is a row semistandard p-tableau of type v then T* is a row standard
p-tableau such that T = v(T*). Hence, &, is a complete set of (G, G,)-double coset represen-
tatives in G, ;.

To complete the proof we need to show that if T € 7; (i1, v) then d+ is an element of minimal
length in the double coset G, drt+G,. For convenience, let d = dj7+. Then, d € “@/ﬁv*’ by (5.5).
Now, by the last paragraph G ,dr+ G, = |, G .d, where t runs over the row standard u-tableau t
such that v(t) = T. By definition, dr+ = t?‘ ...t7"d, where if x € [u] then T*(x) = ¢% ¢ if and
only if T(x) = ¢%k and i? is in row k of t'. Now suppose that t is any row standard p-tableaux
such that v(t) = T. Then, using (5.5) again, dy = t{sl ...tf"d|t| = t{sl ...tf”du, for some u € S,
and where 8; = a;w», for some w € G,, (since v(t) = T). Therefore,

dy=B1+ -+ Bn+Lldu)=ai+ - +o, +£(du)
Zay+ -+ oy +L(d) = L(dr),

with equality if and only if u = 1. By Theorem 4.3, d is the unique element of minimal length in
the coset G, dy, for each such t. Therefore, £(d7+) < £(g) for all g € G, d71+G, as claimed. O

Note that we are not claiming that each double coset of two reflection subgroups of G, ,
contains a unique element of minimal length. Indeed, the proof of Proposition 5.6 shows that
if T is a row semistandard p.-tableau of type v then the double coset G, dr+G, contains more
than one element of minimal length if and only if there exist integers b, ¢, not both zero, such
that m¢? and m¢© appear in the same row of T, for some m € n. For future use we make this
statement explicit.

Ifde Py+,+letTgeT (T, v") be the unique row semistandard tableau such that d = dTZ

asin (5.5). f X C G, let X~ ! ={g: g~ ' € X}.
5.7. Lemma. Suppose that |1, v € A,jf. Then

a; < oj whenever i? and j¢ are in the
same row of T} and the same row of t

Ep = ]_[ t;yl .. .l‘,?" €T _und(—v) d.

de 9M+ o+
Moreover,

EnE = [ T-pnacwd={e€Gra: tle) <L(g) forall g € GeG,}

dE@)LJrVJr
is the set of elements in G, which are of minimal length in their (G, G,)-double coset.
Proof. Observe that Z,,+,+ = Z_,)+(.)+. Therefore, if d € 9,,+,+ then the signed composi-

tion —u N d(—v) in the statement of the lemma makes sense by Definition 5.2. (Note, however,
that the two signed compositions —u N d(—v) and —(u N dv) are not equal in general.)
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By Proposition 5.6, we have &),, = {dr+: T € 7; (u, v)}. Fix a row semistandard pu-tableau T
of type v. Then, as in the proof of Proposition 5.6, dr+ = t'f” ... t0"d, where d = di+| € Q/ﬁw
and, for all x € [ut]if T*(x) = ¢% i then T(x) = % k where i is in row k of t”. In particular,
a; =01if t; € T, orif t;4 € T,. Therefore, a; > 0 only if t; € T_,, N dT_,d ' = T_ynd(-v)-
If t; € T_jina(—v) then the integer «; can take any value in {0, ...,r — 1} provided that this is
compatible with T being row semistandard. That is, we require that o; < o; whenever i 4 and j4
are in the same row of T* and in the same row of t”. This gives the decomposition of &, in the
statement of the lemma.

For the final claim, suppose thatd € &,+,+ and let T = v(t*d). By the last paragraph, if € T
then v(t*td7+) =T if and only if r € T_,ng(—v). By the last paragraph again, if t € T_,ng(—\d
then td is an element of minimal length in the double coset G,tdG,. That &, N &' =
[1; T-ynd(—v)d is now follows from the definition of row semistandard tableaux. O

5.8. Corollary. Suppose that ., v € A and d € Dy+,+. Then G, contains |T—na—v)| ele-
ments of the form t*d which are of minimal length in their (G, G,)-double coset, for some
a € 7. Moreover, if T =v(t*d) then |T_ na(—v)| = "M where wt(T) is the number of pairs
(i, j) such that j appears inrow i of T and u; <0 and vj <0.

Proof. That |T_,ng(—v)| counts the number of elements of the form ¢*d which are of minimal
length in their (G, G,)-double coset is immediate from Lemma 5.7. The second claim fol-
lows from the observation that the tableaux {t“td: t € T_;ng(—v)} differ only in that any of the
numbers appearing in row i of t*d and row j of t” can be multiplied by arbitrary powers of ¢
whenever u; <Oandv; <0. O

5.9. Example. Suppose that » > 2 and n = 5 and let u© = (3, —2) and v = (—2, —2, 1). Then the
set of row semistandard p-tableaux T of type v, together with the corresponding row standard
tableau T* and the coset representatives dy+ € &), = &(3,—2)(-2,—2.1), is as follows (we set d =
dit+)).

T T dr+ IT—pnd(—v)| unNdv
112 ‘ 123 ‘ 14 , (—2. _13)
204 3 491 5 4
113 ‘ 11215 ‘ b.c 2
115354 r (—2, 1, _2)
pIdbred 3¢blage 4%
1]2]2 ‘ 1134 ‘ tf(sg,sz r (=1, =2, _12)
124 3 204 5
1123 ‘ 1]3]5 ‘ a.b 2 2 2
t 1tz 535254 r (—1 ,17_1 )
1¢%[2¢b 204 (agb 475
21213 ‘ AR ‘ l‘fZ‘SCS3SzS4S3S]Sz r2 (-2,1,-2)
1cb|1c¢ 1cb|2ce

where 0 < a,b,c < r and b < c. We use exponentials in the signed compositions to indicate
consecutive repeated parts. Therefore, there are 2r% + 3r (G w» Gv)-double cosets in G, ,,. When
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checking the entries in this table observe that the signed composition u N dv = N vd~! can be
computed by intersecting G,, with the ‘row stabilizer’ of t'd~! as in the proof of Lemma 5.1.
Note that |T_;nq(—v)| can be computed without finding —u N d(—v) by using Corollary 5.8.

5.10. Remark. If & and v are compositions of n then Z,, = Z,, N 7, !'is a complete set of
minimal length (&, G,)-double coset representatives in &, by (5.5). In contrast, it is not hard to
show that &, € &, N &1 with &N &1 being strictly bigger than &y in general. For example,
if we take u = (3, —2) and v = (=22, 1) then |&, N &, = 3r? + 2r, whereas | £, | = 2r* + 3r
by Example 5.9. So &,, € &, N &, ! since r > 1.

=

6. The cyclotomic Solomon algebra

Suppose that R is a commutative ring (with one) and let RG, , be the group ring of G, ,
over R. In this section we use the distinguished coset representatives of the reflection subgroups
of G, , to define an analogue of Solomon’s descent algebra for the complex reflection group G, ;.

Recall that for each reflection subgroup G, of G, we have a distinguished set &), of right
coset representatives, for u € A,jf. Define

E, =) e€RG,.

ecé),

The main aim of this paper is to understand the subalgebra of RG,, which is generated by these
elements.

6.1. Definition. Suppose that r > 1. The cyclotomic Solomon algebra
So'(Gr,n) = SOIR(Gr,n)
is the subalgebra of RG, , generated by {E,: 1 € A,jf}.

From our definition, it is not clear what the dimension of Sol(G, ;) is when R is a field. In
fact, we show in Theorem 6.7 below that if R is any ring then Sol(G,.,,) is free as an R-module
with basis {E,: u € Af}. We begin by taking advantage of the factorization of &), given by
Theorem 4.3. To do this, fori =1, ...,n and A € A,, define

r—1
F,-:Ztik and D, = Z d.
k=0 de D,

Then F; and D, are both elements of RG, .

6.2. Lemma. Suppose that 1 <i, j < n and that w € G,,. Then

(a) F;F;=F;F; and F} =rF;.
(b) Fiw=wkFjw.
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Proof. As T is an abelian group part (a) is true and part (b) is immediate from the definitions
and (2.1). O

Hence, if 1 <i < n then F; is a multiple of an idempotent if the characteristic of R does not
divide r and, otherwise, it is a nilpotent element of RG, ;.
Suppose that € AF. In order to factorize E,, set

Fo,= 1_[ Fi = l_[ Faiyy1-- Fgy

LeT—y, it pui<0

Then, by Lemma 6.2(a), (F_,)> =r""F_,.
By Lemma 6.2, G, acts on {Fj, ..., F,;} by conjugation. If w € G,, and i € n then we set
FY =w™'Fw = Fu. Similarly, if € AZ let

w oo w
Fr= 11 #"
t,‘ET,M

Then F_,w=wF"Y , forall w € &,, by Lemma 6.2(b).

6.3. Lemma. Suppose that u € A,jf is a signed composition of n. Then:

(a) E, =F_,D,+.
(b) Ifwe &, + then Fi”ﬂ =F_,, sothat F_,w=wF_,.

Proof. Part (a) is an immediate consequence of the factorization &, = T_, x Z,,+ of &), given
by Theorem 4.3. For part (b), use Lemma 6.2(b) and the fact that the elements of the two sub-
groups 6, and 7_, commute. O

Definition 6.1 is motivated by Solomon’s [28] definition of the descent algebra of a finite
Coxeter group. As an important special case, the Solomon descent algebra Sol(G,,) of G, is
the subalgebra of RG,, generated by {D,: A € A,}. The next result, due to Solomon, shows that
{D,: X € A,} is basis of Sol(&,,).

6.4. (See Solomon [28, Theorem 1].)

(a) The set {D,,: € Ay} is linearly independent in Sol(G,,).
(b) Suppose that (1 and v are composition of n. Then

DyDy= Y Dunav.
deDyy

By the remarks before Lemma 5.1, part (b) is equivalent to the following formula:

DMDV = Z d;,woDov

geA,
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where dy o =#{d € Z),: 6, =6, N d_lG‘,d}. In fact, Solomon proved an analogous result
for an arbitrary finite Coxeter group W, where the Young subgroups &, are replaced with the
parabolic subgroups of W and D, by the sum of the ‘distinguished’ (right) coset representatives
which are of minimal length in their coset.

As we now recall, part (a) of Solomon’s theorem is easy to prove. Recall that § =
{s1,...,8,—1} and that if w € &,, then Des(w) is the descent set of w; see 4.8. For each compo-
sition u € Ay let S, =1I1_,, so that S, € S. Now define Y, € RS, C RG, by

Y, = Z w.

weS,
Des(w)=S,,

By definition, the descent sets partition &, so the set {¥,,: u € A,} is linearly independent in
RS, . By (6.4) again, we can write

D, = Z Y.

veA,
S, CS—-S,

Hence, {D,: u € A,} is alinearly independent subset of RS, as claimed.
We build upon this idea to prove that the E,,’s are linearly independent.

6.5. Proposition. The set {E,: |1 € Af} is linearly independent in Sol(Gy,.;,).

Proof. Suppose that there exist scalars a,, € R such that

Z ayk, =0.

peAyr

By Lemma 6.3, E,, = F_,, D,,+. Therefore, the last displayed equation becomes

0= @F  Dyr= ) aF, Y Y

eAf eAf veA
123 n 12 n Svgs_gljfr
=> ( » aHF_M> Y,
VEA, ,LLEA#
Slﬁ' cS-S,

Now, RG,, = @teT tRG,, as an R-module, and {Y,: v € A,} is a linearly independent subset
of RG,,. Therefore, for any composition v € A,, we must have

0= Z auF_,. (%)
neAE
SM+ [SREA

We use this equation to argue by induction on v to show that a, =0 for all u € A,f.
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First suppose that v = (n). Then S, = S and the summation in (x) becomes a sum over those
signed compositions p with S+ = #. Hence, wT = (1") and (*) becomes

0= Z anF_, = Z auF_.

peAE peAE
ut=@1m) I, Sy}
Each monomial #; ...f;,, where 1 <ij <--- < iy <n, occurs in a unique F_, when wt=1m.

Hence, a, =0 forall u € A,“,—L with ut = (1), as claimed.
Now suppose that v # (n). By induction we may assume that a,, = 0 whenever §,,+ C § —§,,.
Therefore, by (x) we have

0= Z ayF_, = Z apF_y.

neAE pneAE

SMJr:S_Su H;/._(S_Su)g{t] aaaaa tn}

So, by exactly the same argument as before, a;, = 0 whenever uT =v. Hence, a, =0, for all
ue Af, and {E,: n € A,f} is linearly independent as required. O

The next result that we need amounts to a proof of part (b) of Solomon’s theorem (6.4).
Once again, we state the result only for the symmetric group even though it is valid for an
arbitrary finite Coxeter group. All of the results quoted in (6.6) follow easily from the fact that
Spary =d"'6,dNG,, ford € Dy,.

If u,ve A, and &, € &, then we write v C u and set 28 =9,n 6. It is easy to check
that 2}’ is a complete set of coset representatives for &, in &,.

6.6. (See Bergeron, Bergeron, Howlett and Taylor [5, Lemmas 2.2 and 2.4].) Suppose that . and
v are compositions of n. Then

(a) If o C v then D = DY D,.

®) Zu=1sea,, 42,40

(c) If d € 9y, and pd is a composition of n (that is, d_16ﬂd = &, for some o € A,), then
Dy =dDya.

We can now establish one of the main results of this paper.

6.7. Theorem. Suppose that r > 1 and that (v and v are signed compositions of n. Then

EEv=Y_ T ynicwl|Eunav-
de @u+v+

Proof. We use most of the results in this section to compute E, Ey:

EyEy=F_yDy+F_,D,, by Lemma 6.3(a),

= Y F_Mle‘i:dm+F_va+, by Lemma 6.6(b),

d€.@#+v+
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.
= Z F_ydF_yD; 0.+ Dy+, by Lemma 6.3(b),

d€D, 1 1

= > FuFdD g by Lemma 6.6(b),
APt 1

= Z F_,LFf;]DlﬁﬂdUJr, by Lemma 6.6(c).
A€ D1+

Fix d € 9,,+,+ and consider F_MFf:. Now Fl.2 =rF; =|{t;)|F;, for 1 <i <n.So,

FoFl) =T nar_a™| [ F-
teT_,NdT_,d~!

First, T_, N dT_,d~! = T_pna(—v) since d € D+ + = D(_)+(—vy+. Next, the subgroup of T
generated by 7_, and dT_,d~'is T_(unavy since t; € T_(unav) =T/ Tunav if and only if t; ¢ T,
and 1; ¢ dT,d~ . Therefore, F_MFZZ;I = |T_nd(—v) | F—(unav)- Hence, using Lemma 6.3 once
more,

E[,LEV = Z |T7uﬁd(7v)| Ff(uﬁdv)D(,uﬂdv)‘*' = Z |T7uﬂd(fv)| Euﬁdv,

dE@}ﬁ-vﬁ- dE@}ﬁ-\ﬁ-
as required. 0O

Corollary 5.8 shows that |T_,,ng(—v)| is equal to the number of elements of minimal length
in the double cosets of the form G ,t*dG,, for « € Zj,. This gives a combinatorial interpretation
of the structure constants of Sol(G, ,) and shows that Theorem 6.7 is a direct generalization of
(6.4)(b). A second combinatorial interpretation of the integers |7_,n4(—v)| is given in Proposi-
tion 10.3 below.

Combining Theorem 6.7 and Proposition 6.5 we obtain the following.

6.8. Corollary. Suppose that r > 1. The cyclotomic Solomon algebra Sol(G, ) is a subalgebra
of RG,., which is free as an R-module of rank 2 - 3"~

6.9. Example. Suppose that r > 1. Then, by Example 5.9, we have
E(3’72)E(_22’1) = 2}’2E(72’1’72) + rE(_2’_13) + rE(_l’_zy_IZ) + rzE(_l2!l,_12).
See Example 10.4 for a second way of computing this product using Proposition 10.3.

Notice that by (6.4) and Theorem 6.7 we can recover the multiplication in Sol(&,) by setting
r =1 and identifying 4 and u¥, for all u € AT, so that

n>?

D(3’2)D(22’1) = 2D(2,1,2) + D(2’13) + D(Lz’lZ) + D(IS).
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7. The generic cyclotomic Solomon algebra

By Theorem 6.7, if r > 1 then the structure constants of the algebra Sol(G,.,) are polynomials
in r. Consequently, the algebras {Sol(G, ,): r > 2} admit a simultaneous deformation (while n
is fixed).

Recall from Corollary 5.8 that if » > 2 and u,v € A,jf then |T_,na—v)| = T4 where
Tg =v(t*d).

Let x be an indeterminate over R and suppose that w,v,o € Aff. Define polynomials
duve (x) € R[x] by

duvo x) = Z th(Td).

d€9u+v+
o=uNdv

Then, by Theorem 6.7,

E Ey= )" dyuvo(r)Es.

aeAf

7.1. Definition. Suppose that » > 1 and that R is a commutative ring. The cyclotomic Solomon
algebra with parameter g € R is the R-algebra Sol,(n) = Solg 4(n) with generating set
{Eyu: ne A,jf} and relations

E/LEU= Z d;wrr(Q)Ea,

oeAﬁ

for u,v e A,jf. The generic cyclotomic Solomon algebra is the Z[x]-algebra Sol, (n), where x
is an indeterminate over Z.

We are abusing notation slightly in Definition 7.1 because from here onwards E, is a gen-
erator of Sol, (n) and not necessarily the element defined in the previous section. This abuse is
justified by the following result.

7.2. Corollary. Suppose that g = r - 1g, where r > 1. Then Sol, (n) and Sol(G,.,) are canonically
isomorphic R-algebras where the isomorphism Sol, (n) — Sol(G, ) is given by E, +— E,, for
IS A,jf.

Proof. By Theorem 6.7 there is a natural surjection Sol,(n) —> Sol(G,,,). By Corollary 6.8
this map is an isomorphism. O

The explicit description of the algebra Sol(G,,) as a subalgebra of the group algebra RG,
makes the algebra Sol(G,. ;) slightly easier to work with than the more general algebras Sol, (n).
For example, we know that £, = F_;, D,,+ in RG,., but we have no such factorization in general.
As we will soon see, however, almost all of the properties of the algebras Sol(G,. ,) hold for the
algebras Sol, (n).
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7.3. Proposition. Suppose that n > 1 and that g € R. Then

(a) Soly(n) is free as an R-module with basis {E,: n € Af}. In particular, Sol,(n) has rank
2371

(b) Sol,(n) = Sol(n) ®z[x) R, where R is considered as a Z[x]-module by letting x act on R
as multiplication by q (and 1 € Z acts as multiplication by 1g).

(c) Soly(n) is a unital associative R-algebra with multiplicative identity E ).

Proof. First consider the generic Solomon algebra over Z[x]. Suppose that

> fu@E, =0,

neAf

for some f;,(x) € R[x]. Then f,(r) =0, forr =2,3,4,... and all u € A,jf, by Corollary 7.2
and Proposition 6.5. As non-zero polynomials have only finitely many roots, we conclude
that f,(x) =0, for all u € A,f. Consequently, Soly(n) is free as a Z[x]-module with basis
{E.: pe ALY

Now fix ¢ € R and consider R as a Z[x]-module by letting x act on R as multiplication
by g (and 1 € Z act as multiplication by 1g). Then the R-algebra Sol,(n) ®z[x] R is free as an
R-module with basis {E, ® 1: n € A,jf} and it satisfies the relations of Sol, (n). As Sol,(n) is
spanned by the elements {E,: u € A,jf} C Soly (n) it follows that Sol, (n) = Sol,(n) @z, R.
This proves (a) and (b).

To prove (c) it is now enough to prove the corresponding statements for the generic Solomon
algebra Sol, (n). We first show that E(,) is the identity element of Sol, (). This is equivalent to
the polynomial identities

du(—n)a x) = S,LLOl = dot(—n);t (x),

for all p,a € A,jf. All of these identities follow directly from the definitions because
Temnd(—v) = 1 = T_yna—ny, for all w,v € A, d € 9+ and d’ € D+ (. Similarly, the
associativity of Soly (n) is equivalent to the polynomial identities

Z d;wa (x)dowﬂ (x)= Z d;/.aﬁ (X)dyoa(x),

o, peAF o, BeAr

forall u,v,o € A,jf. As in the first paragraph of the proof, by Corollary 7.2 these identities hold
when x =2, 3, ... since the algebras Sol(G, ,) are associative for r > 2. As these identities hold
for infinitely many values of x, they lift to the required polynomial identities. 0O

Part (b) of the proposition justifies our calling the Z[x]-algebra Sol, (n) the generic cyclotomic
Solomon algebra.
As we next describe, the algebras Sol, (n) have many interesting subalgebras.

7.4. Lemma. Suppose that d;,,;(q) #0, for p,v,o € Af. Then Iy =11, N dIl,d=", for some
d € Dy+y+.
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Proof. By definition, the polynomial d;,,+ (x) is non-zero only if G, = G, NdG,d ~1 for some
de 9M+U+. Consequently, if d,,5(q) # 0 then I1, =TT, N dI,d=', for some d € QWUJ“ O

Notice, in particular, that this implies that the poset structure on A,jf given by defining u < v
whenever [T, C I1,, is compatible with the ideal structure of Sol, (n).

7.5. Proposition. Suppose that n > 1 and that g € R. Then Sol, (n) has a filtration by two-sided
ideals

Sol,(n)=>---27, 20

where 7; is the R-submodule of Sol,(n) with basis {E,: | € A,T such that \u|* > i}, for i =
0,...,n.

Proof. By Lemma 7.4, d;,s(q) # 0 only if IT, = IT,, N dIT,d", for some d € 9#*!}*' Con-
sulting the definitions, ||t = |1, N T|. Therefore, d,;,s (q) # 0 only if |o|* < minf|w|T, [v]T}.
Hence, .7; is a two-sided ideal of Sol(G,.,,), for 0 < i < n, and the proposition follows. O

7.6. Proposition. Suppose that n > 1 and that q € R. Let

Soly ()= Y RE,,
Hnehy,

+
Solf(m)= Y RE,,
e,

1
Soly (n) = Z RE,,.
ueAf
ni>0 for i>1

Then SOI; (n), Solz]t (n) and SOI; (n) are all subalgebras of Sol,(n). Moreover, SOI;r (n) is natu-
rally isomorphic to Sol(&,,) via the R-linear map E, +— Dy, for i € Ay.

Proof. All of these results can be proved directly using the definition of the polynomials
dyvo (x), for w,v,0 € A,jf. Note that Sol;}‘(n) = ., in the notation of Proposition 7.5, so in
this case the result is already known. The isomorphism Sol(‘;(n) = Sol(6,,) is trivial because if
we A, thenT_, =1,sothat £, =D, by Lemma 6.3. O

8. The representation theory of Sol, ()

In this section we construct all of the irreducible representations of the algebras Sol, (n) over
an arbitrary field. Even though Sol, (n) is, in general, not commutative, it turns out that every
irreducible Sol, (n)-module is one-dimensional—so that Sol, (n) is a basic algebra for all # and g.
As an application of these results we give a basis for the radical of Sol, (n) when R is an arbitrary
field.

Let ~ be the equivalence relation on the set of signed compositions where two signed com-
positions are ~-equivalent if one can be obtained by reordering the parts of the other. More
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explicitly, if A = (A1, ..., Ax) and uw = (1, ..., ;) then A ~ pifand only if k =/ and A; = p;»,
for some v € &;.

8.1. Lemma. Suppose that A, u € Af Then the following are equivalent:

(@ A~pu;
(b) G, = w_lGMw,for some w € S,
() Gy = g_lGﬂg,for some g € Gy p.

Proof. We leave the proof for the reader. O
8.2. Lemma. Suppose that A, u € Af. Then

(@) If w o & then dyyyu(q) # 0 only if [T, > |I1,].
(b) If o ~ A then d g (q) = drgs (@), for all @ € AE.

Proof. By Lemma 7.4 d,;3,,(q) # O only if [T, = IT, N dIT,d™", for some d € Z,,+;+. Hence,
part (a) follows since A # u.

Consulting the definition of the polynomials d,,.,4 (x), to prove (b) it is enough to show that if
r > 2 then in the group G, , we have

Y Tonacwl= Y, 1Tunical- ()

de@k+a+ dE@;ﬁ'a‘*
A=ANda u=pNda

We prove this by showing that the ‘obvious’ bijection Z;+o+ —> Z,+4+ preserves each of the
summands in this equation.

First note that by Lemma 8.1 we can find an element w € &,, such that G, = wlG LW since
A~ . Thatis, 75, S+ = w_lT,Lw . w_16u+w, so that T = w_lTMw and G;+ = w_IG,ﬁw.
Consequently, the map 6,+\6,/Ey+ — &,+\6,,/Gy+ given by C — wC defines a bijection
since if d € Py+4+ then ©;+dSy+ = w_16ﬂ+ wd&,+. Let d — d’ be the map from P +,+ to
D)+ o+ determined by &+ wdSy+ = &+ d' Syt

Now fix d € Py+4+ such that L = A Nda. Then

Tornd(—ay =T NdT_od ™"
=w! T_,wnN ciT_azf1

=w! (T,,l N wdT,a(wd)_l)w.
Write wd = ud'v, foru € &,,+ and v € &+. Then we have
Tosnd(—ay =W (To N (ud V) T_gv™ (@) u™w

= wilu(T_M N d’T_O,(d’)*l)Lf1 w

=w  u(T_ ) N Ty _o)u™ w,
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where the second equality follows because &, normalizes 7_, and the last equality follows
because &, normalizes T_,. Hence, we have shown that |T_ng(—a)| = |T—una'(—a)l, Tor all
d € D, +4+. This establishes (1), so the lemma is proved. O

8.3. Theorem. Suppose that R is a field, g € R and n > 0.

(@ Ifr e A,jf then Sol, (n) has a unique one-dimensional representation I (L) upon which E,
acts as multiplication by dyy) (q), for a € A,jf.

(b) Every irreducible representation of Sol, (n) is isomorphic to 1 (1), for some A € A,jf.

© Ifx~uthen I(X) =1(w).

Proof. Choose a total order > on Af such that |IT,| > |I1,| whenever A > u, for A, u € A,jf.
Let . be the R-submodule of Sol,(n) with basis {E,: A > u € Af} and let ./] be the R-
submodule with basis {E,: A > u € A,ﬂf}. Then .# and . are both right Sol, (n)-modules by
Lemma 7.4. Hence the quotient module I (1) = . /] = R(E) + ) is a one-dimensional
Sol, (n)-module. By definition, if o € A,ﬂf then E, acts on I (A) as multiplication by dju(q)-
Hence, I (1) is the one-dimensional Sol, (n)-module described in part (a).

Now suppose that A,jf ={A >A1>--->Ay},Where N =2 3l = dim Sol, (7). Then

Soly(n) =, 25,0+ DFy D0

is a filtration of Sol,(n) by two-sided ideals with quotients .75/, = I(A;), since
Lhip = «5’{,-- As every irreducible Sol, (n)-module arises as a composition factor of Sol, (n)
part (b) now follows.

Finally, if A ~ p then I (A) = I (1) by Lemma 8.2(b). Hence, part (c) holds. O

8.4. Corollary. Every field is a splitting field for Sol, (n).

Proof. Suppose that D is an irreducible Sol,(n)-module. Then D is one-dimensional by the
proposition, and hence absolutely irreducible. O

If A is an algebra over a field then let Rad A be its radical. Thus, Rad A is the unique maximal
nilpotent ideal of A and A is semisimple if and only if Rad A = 0. Recall that a € A is nilpotent
if a¥ = 0, for some k > 0, whereas an ideal I of A is nilpotent if I* =0 for some k > 0.

8.5. Corollary. Suppose that R is a field. Then RadSol,(n) is the set of nilpotent elements
in Soly (n).

Proof. By definition every element of Rad Sol, () is nilpotent. To prove the converse let M be
the number of irreducible Sol, (n)-modules. By Theorem 8.3 every irreducible Sol, (n)-module
is one-dimensional. Therefore, Sol, (n)/Rad Sol, (n) = RM by the Wedderburn theorem. In par-
ticular, Sol, (n)/Rad Sol, (n) contains no nilpotent elements, so the result follows. O

8.6. Corollary. Suppose that R is a field and q € R. Then Sol, (n) is semisimple if and only if
n=1andq #0.

Proof. If n > 2 then Sol, (n) is not semisimple because there exist distinct signed compositions
AVE A,ﬂf such that A ~ . Therefore, E; — E,, € Rad Sol,(n), so that Rad Sol,(n) #0.1fn =1
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then a quick calculation verifies that /(1) = I(—1) if and only if ¢ = 0 which implies the re-
sult. O

Each ~-equivalence class of A,f contains a unique signed composition u = (@1, ..., L) such
that i = --- > ux. lf n € A,T and (1 > - -+ > ug then u is a signed partition of n. Let Af? be
the set of all signed partitions of n. By the remarks above, the &, -conjugacy classes of reflection
subgroups of G, are indexed by the signed partitions of n. We note that A® is naturally in
bijection with the set of bipartitions of n, however, for us the signed partitions are more natural
because we have already defined a reflection subgroup G, for each A € A®.

8.7. Theorem. Suppose that R is a field of characteristic zero and that g # 0. Then
{1(): e AP}
is a complete set of pairwise non-isomorphic irreducible Sol, (n)-modules.

Proof. As the ~-equivalence classes of A,“;L are indexed by the signed partitions of n, {I (1): A €
AP} is a complete set of irreducible Sol, (n)-modules by parts (b) and (c) of Theorem 8.3. It
remains then to show that if A, u € AP then I (A) 2 I (w) if A # . Now, R is a field of char-
acteristic zero and g # 0, so d;,,(q) # 0 if and only if dj,,(x) # 0, for A, v € A,jf. However,
dyy.(x) € 1 +xN[x] since 1 € D, +;+ and [T, = IT) N1 - 1T, - 1~!. Therefore, dua(g) #0 and
0, using Lemma 8.2(a) again, if . £ pw then I(A) Z I (). O

8.8. Corollary. Suppose that R is a field of characteristic zero and q # 0. Then
{E,\—EM: )»eASa, /LeAf, AN/Landkyéu}
is a basis of Rad Sol, (n). Consequently, dim Sol, (n)/ Rad Sol, (n) = A%,

Proof. Suppose that A ~ 1 where A € AP, € A,jf and A # p. Then, by Theorem 8.7 and
Lemma 8.2, E; — E, acts as multiplication by zero on every irreducible Sol,(n)-module.
Therefore, E) — E, belongs to RadSol,(n) whenever A ~ u. Consequently, dimSol,(#)/
Rad Sol, (n) < |A2|. However, dim Sol, (7)/ Rad Sol, (n) = |A®| by Theorem 8.7, so the result
follows. O

Suppose that R is a field of characteristic zero and that g # 0. Define the character table
of Soly (n) to be the matrix

Cq(n) = (dkuk(q)),\,ue/x,?'

Then C,(n) is the character table of Sol,(n)/Rad Sol,(n), by Theorem 8.7, so it completely
determines the maximal semisimple quotient of Sol, (n). The character table C, (n) is explicitly
known for all ¢ # 0 and all n > 1 since the polynomials dj . (x) are explicitly known for all
A, i, 0 € A by Corollary 5.8.
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8.9. Example. Suppose that R is a field of characteristic zero and that ¢ = 2 = n. Then Sol,(2) =
Sol(G2,2) and the character table C,(2) of Soly(2) is the following matrix.

@ (1» 14,-) (=2 (-1%

) 1

(1%) 1 2

a1,-n 1 2 2

(=2) 1 . 4

-1» 1 2 4 4 8

As all of the diagonal entries of C,(2) are powers of 2 it follows that if R is any field of char-
acteristic different from 2 then {I(1): . € A®} is a complete set of pairwise non-isomorphic
irreducible Sol, (2)-modules. If R is a field of characteristic 2 then I (2) is the only irreducible
Sol, (2)-module. This is in agreement with Theorem 8.11 below.

By comparing the character table of Sol(G2 ) with the character table of the group G2 > (the
Coxeter group of type By) it is easy to see that there cannot be a ring homomorphism from
Sol(G2,2) into the character ring of G ». This is in marked contrast with the Solomon algebras
of Coxeter groups for which such a homomorphism always exists.

8.10. Remark. As discussed in Remark 4.10, Mak has shown that the cosets of the reflection
subgroups of G, , have a unique element of minimal length with respect to the Bremke—Malle
length function £ (see Remark 2.4). For each u € Af let ‘9@11 be Mak’s set of distinguished coset
representatives for G, and let E}, = Zeeéj; e € RG, . Define

2 (Grw)= Y RE},.
HeA]E

If » > 2 then X’(G, ) is not, in general, a subalgebra of RG, ,. The smallest counter example
occurs when r =n = 3.

Now suppose that r = 2. Then G, , is a Coxeter group of type B, and Bonnafé and
Hohlweg [9] have shown that X¥'(G ) is a subalgebra of RG>, and, moreover, that X'(G2,,) is
isomorphic to the Mantaci-Reutenauer algebra [23]. Now, the algebras Sol(G» ) and X'(G2.,)
are both free of rank 2-3"~!, so it is natural to ask whether these algebras are isomorphic. In fact,
Sol(G2,n) # X'(G2,,) if n > 1. This can be proved by induction on n starting from the following
observation. Bonnafé and Hohlweg have shown in [9, Table V] that the following matrix is the
character table of the semisimple quotient of X'(G3,2).

2 (1» d,-1) (=2) (-1%

) 1
(1%) 1 2

a,-n 1 2 2

(—=2) 1 . 2

=1 1 2 4 4 8
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Observe that the ((—2), (—2))-entry in this character table is different to the corresponding entry
in the character table of Sol(G3,2) given in Example 8.9. Therefore, Sol(G2,2) and X'(G>2) are
not isomorphic algebras because they have non-isomorphic maximal semisimple quotients.

We close this section by classifying the irreducible Sol, (n)-modules over an arbitrary field.
This classification is a direct generalization of the corresponding results for the descent algebra
of the symmetric groups [2]—although our proofs are necessarily different because there is no
homomorphism from Sol, () into the character ring of G, ;.

Forh e A, let Ng,(6,) ={weG,: 6, = w! G, w} be the normalizer of G, in G,,.

8.11. Theorem. Suppose that R is a field, g € R and . € AP. Then the following are equivalent:

(@) do(g) =05

(b) g™ [Ng,(S;+):6;+]1=0in R;

(c) E; €RadSol,(n);

(d) E, is nilpotent; and,

(e) I(\) = I(p), for some € AP with |IT,| > ||

Proof. By definition,

do@= Y. |Tananl= Y, 4" =¢""[Ne,(&+):6:+],
de@ﬁ.ﬁ. de@w.ﬁ.
A=ANdA A=ANdA

since |T_;| = ¢~ and T_xnd(—r) = T—, if A =A NdA. Hence, (a) and (b) are equivalent. Fur-
ther, (c) and (d) are equivalent by Corollary 8.5.

To complete the proof it is enough to show that (a) = (c) = (e) = (a). In order to do this
let Soly (n) = A5, DO S, D -+ D Fy D 0 be the filtration of Sol, (1) by two sided ideals which
was constructed in the proof of Theorem 8.3 using a total order > on A,jf. Recall that |17, | > |11, ]
whenever u > v, for u,v € A,jf. Then .%; is a subalgebra of Sol, (n) which is also a quotient of
Soly (n) since ., = Sol,(n)/,,»for 1 <i < N. Therefore, by Theorem 8.3, every irreducible
#,;-module is isomorphic to 7 (u) for some u € Aff with > A;, for 1 <i < N. In particular,
every irreducible .% -module is isomorphic to 7 (u) for some pu > A.

We can now return to the proof of the theorem.

First, suppose (a) holds, so that dy;,(g) = 0. By definition, if u € A;‘? then E, acts on I (u)
as multiplication by dj;3, (¢). By Lemma 8.2(a), if u > A then Ej acts on I (u) as multiplication
by 0, whereas E; acts on I (1) as multiplication by 0 since dj ) (q) = 0. Therefore, E, € Rad.¥),
and (c) holds because Rad .} € Rad Sol, (n).

Next, suppose that (c) holds. Then E; belongs to the radical of .. Now, ., C .73,_, so, as
vector spaces, Rad., = RE; + Rad.%},_,. On the other hand, dim.%) =dim.%},_, + 1, so it
follows that the algebras .#; and .%}, , have the same number of irreducible modules. Hence,
I ()\) = I(n) for some signed partition o > A. That is, (e) holds.

Finally, assume that (e) holds. Then (1) = I (i), for some signed partition p > A. Therefore,
Ej acts on these modules as multiplication by dj;,(q) = dyx,(q). Consequently, d; . (q) =0
by Lemma 8.2, so (a) holds.

This completes the proof of the theorem. O
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In the following corollaries note that the integer d; ;. (q) = q|)‘|7 [Ng,(B;+) : G;+]is explic-
itly known by Theorem 8.11 (and Corollary 5.8).

8.12. Corollary. Suppose that R is a field and q € R. Then

{1(0): & € A? and dy;.(q) # 0}
is a complete set of pairwise non-isomorphic irreducible Sol, (n)-modules.
Proof. This follows from Theorems 8.11 and 8.3. O

Similarly, combining Theorem 8.11 with Corollaries 8.5 and 8.8, we obtain the general de-
scription of the radical of Sol, (n) when R is a field.

8.13. Corollary. Suppose that R is a field and q € R. Then
{Er —Eu: v € A2, e AF A~ pand ) # p) U{Es: & e A? and dy;(g) =0)
is a basis of Rad Sol, (x).

Finally, we can use Theorem 8.11 to describe the radical and irreducible modules for each of
the subalgebras of Sol, (1) described in Proposition 7.6. For brevity we state only the following
result.

8.14. Corollary. Suppose that R is a field, n > 1 and q € R. Let A be one of the subalgebras
Solf (n), Sol:(n), Soly (n) of Sol, (n). Then Rad A = A N Rad Sol, (n).

9. The Hopf algebra of cyclotomic Solomon algebras

In this section we fix » > 1 and show that the direct sum of cyclotomic Solomon algebras
@n>0 Sol(G,,y) is a concatenation Hopf algebra, where G, = {lg¢,,} is the trivial group.
Further, this Hopf algebra is a Hopf subalgebra of the Hopf algebra of colored permutations
introduced by Baumann and Hohlweg [3].

Most of the results in this section hold over an arbitrary integral domain, however, the main
results of this section (Theorem 9.7 and Corollary 9.8), hold only in characteristic zero. Conse-
quently, for this section we fix a field k of characteristic zero and we work only over this field.
For the rest of this paper all tensor products are over k, all modules are k-vector spaces and all
algebras are k-algebras. In particular, the cyclotomic Solomon algebras Sol(G, ) = Solx (G ,)
are k-algebras.

We first recall some general facts about bialgebras and Hopf algebras.

A k-coalgebra is a triple (A, §, €) consisting of a k-vector space A together with two linear
maps §: A —> A ® A (comultiplication) and ¢ : A — k (the counit) such that

b®idg)od=(dg®5)od and (e®idyg)od=(idg ®e)od,

where id4 is the identity map on A.
A k-bialgebra is a coalgebra (A, §, ) such that A is a k-algebra and the structure maps
§:A— A® A and ¢: A — k are algebra homomorphisms. A Hopf algebra is a quadruple
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(A, d,¢,S) where (A, §, ¢) is abialgebra and §: A —> A (the antipode) is a linear map such that
w(S®idg)d=ne=pu(1® S)5. Here u: A® A —> A : (a, b) — ab is the multiplication map
and n:k —> A; 1 — 14 is the unit map for the algebra A.

Finally, a graded bialgebra is a triple (A, §, &) where A = @, .y A, is N-graded bialgebra
and the maps 8 and ¢ are graded (degree zero) vector space homomorphisms. A graded Hopf
algebra is a graded bialgebra which is equipped with an antipode which is a graded vector space
homomorphism of degree zero. A graded bialgebra, or a graded Hopf algebra, A = @n>0 Ay is
connected if Ag =k.

Following Baumann and Hohlweg [3], we next define the (graded connected) Hopf algebra of
coloured permutations. As a graded vector space this Hopf algebra is the direct sum of the group
algebras of groups G, ,:

G(r) = PkGn.

n=0

We need some more notation before we can describe the Hopf algebra structure on ¢ (r).

First, suppose that m and n are non-negative integers. Then G, ,, x G, , is naturally isomor-
phic to the reflection subgroup Gy, n) of G, . By identifying G, x G,, and Gy n) we
have an embedding G, ,, X G, <= G, n+n. Explicitly, this embedding sends the generators
{s0,....8m—1} of Gy to {s0, ..., Sm—1} in G, 4, and the generators {so, ..., s,—1} of G, to
{tm+1s Sm+1, - - - » Sm+n—1}, respectively.

By Proposition 4.7 there is a natural bijection between the set &) = Z(m,n) of right coset
representatives of G, ) in G,,, and the set of row standard (m, n)-tableau. The product * on
the Hopf algebra ¢ (r) is the bilinear map determined by

Uuxpv—= Z (u xv)e=(ux U)E(m,n)7
eeg(m,n)

for u € G, v € G, and where u x v is multiplication inside G ;;4,. The product * on ¥ (r)
is the shuffle product, or the external product, on ¢ (r) because, by Proposition 4.7, & ) is in
bijection with the ways of shuffling the two sets {1, ...,m} and {m + 1, ..., m + n} together. It
is easy to check that E ) = 1, , € Sol(G,,o) is the unit for the shuffle product.

To define the coproduct on ¢ (r) observe that for m =0, ..., n any element g € G, can be
written uniquely in the form g = e;l(g(m) X gm)), where gy € Gy, &) € Grn and ey, €
&(m,n)- Using this notation, the coproduct A on ¢ (r) is the linear map determined by

n
Ag) = Z 8(m) ® &)

m=0

for g € G, .

9.1. Example. In order to better distinguish between the elements G, , for different values of

n recall from the end of Section 2 that there is a natural bijection between G, , and the set

of words G, , = {w =wi...w,: w; €ng and {|w1], ..., |w,|} =n}. To give an example of the

shuffle product and the coproduct on ¢ (r) we identify G, , and G, , using this bijection.
Suppose that 0 < a, b, ¢, d < r. Then, using the identification above,
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1292¢8 %20 109 =1092¢%4¢3¢% + 1093240204 + 109430204
+2¢3cP 40104 + 20%4¢P30 104 + 3¢44cP20 157
and
A2¢3¢15°4¢) =0 @ 2¢93¢ P14 +1¢¢ @ 1092¢73¢ +2¢1¢¢ @ 1¢P2¢d
+2¢93¢%1¢¢ @ 109 +2¢3¢P1¢¢4¢d ® 0,
where @ is the empty word in G,..

As remarked above, E() = 1g,, is the multiplicative unit for the shuffle product. The counit
of 4 (r) is the linear map ¢ :%¥ (r) —> k defined by

1 ifw=Eq € Gro,
0 otherwise.

e(w) = {

9.2. Theorem. (See Baumann and Hohlweg [3, Theorem 1].) The triple (4 (r), A, €) is a graded
connected bialgebra.

In fact, (4(r), A, ¢) is a Hopf algebra at least when k is a field because every connected
N-graded k-bialgebra is a Hopf algebra; see [29, Example 1, p. 238].
We remind the reader that r > 1 is fixed throughout this section.

9.3. Definition. The cyclotomic Hopf algebra is the graded vector space

Sol(r) = @D Sol(G,.).

n=0

The cyclotomic Hopf algebra is naturally graded with Sol(r), = Sol(G,,) and, as a vec-
tor space, Sol(r), is finite dimensional with basis {E,: u € A,jf}. For convenience, we set
En = E(n), for n € Z.

Our next aim is to show that Sol(r) is a Hopf subalgebra of ¢ (r). We begin with a lemma
which generalizes 6.6(a).

9.4. Lemma. Suppose that a, p € A with G, C Gg. Then é’f =& N Gg is a complete set of
minimal length right coset representatives for G in Gg and & = 5’0’[3 &p.

Proof. Itis clear that é"f is a complete set of right coset representatives for G in G g. Moreover,

by definition, if e € é’f then e is the unique element of minimal length in the coset G e. To prove
the second statement observe that

Grn=|] Ged=]] (]_[ Go,e)d.

de&p de&p eegf

So, 5’0’[3 &p is a complete set of coset representatives for G, in G, . Therefore, &, = éaof} &p since
the elements of both sides are of minimal length in their respective cosets. O
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9.5. Proposition. Suppose that u € A and v € AF. Then
E xE,=E;, €Sol(G,ntm)
where w v = (W1, ..., Ui, V1, ..., V) is the concatenation of two signed these permutations.

Proof. By definition, E, * E, = (E, x E,)E(y ) where, as above, we interpret £, X E, as an
element of kG ¢, ny € kG ,. Therefore, it is enough to prove that &), = éjf";‘l,”)éa(m,n). However,

this follows immediately from the previous lemma because G,y =G, X G, €S G ). O

Notice that the proposition says that Sol(r) is a subalgebra of ¢ (r) and that, as an algebra,
Sol(r) is freely generated by the elements {E+,: n > 1}.

9.6. Proposition. Suppose that n is a positive integer. Then

(a) A(E,) = Z’:n:() En ® En—m;
(b) A(E_p) = an:() E_ @ Ep_p.

Proof. Part (a) follows directly from the definitions. This result is well known because
E, = 1g,, is the identity element of kG ,, so we omit the details.
For part (b), observe that E_,, = F(;;) = Z,eT t. Therefore,

AME_)= Y AW

n
Q
- > Dot

a=(ay,...,0n)€Z, m=0

n
=Y 3 b

m=0 peZ!

'm

Y €Ly,

n
= Z E_n®En_n,

m=0

as required. O

We henceforth adopt the unusual convention that an:a f(m)y=>"0_, f(m) if b <a. This
allows us to write Proposition 9.6 more compactly as A(E,) = anzo E,®E,_,, forneZ.

As the coproduct is an algebra homomorphism ¥4 (r) — ¥4 (r) ® 4 (r) it follows from the last
two propositions that Sol(r) is a sub-bialgebra of ¥ (r).

Let P be a set of non-commuting indeterminates over k. The concatenation Hopf algebra on
P is the free associative k-algebra k(P) on P with counit ¢, where ¢( f (P)) = f(0) is the constant
term of f(P) € k(P), coproduct §(p) = p® 1+ 1® p for any p € P, and antipode S determined
by S(p1...px) = (—1)kpk...p1, for p1, ..., px € P. Any function deg:P — N extends to a

degree function on the monomials in k(P) by setting deg(p; ... px) = deg(p1) + - - - + deg(px).



A. Mathas, R.C. Orellana / Advances in Mathematics 219 (2008) 450-487 481

In this way, k(P) = 691120 k(P),, becomes a graded connected Hopf algebra, where k(P),, is the
space of homogeneous polynomials pj ... pr in P with deg(p; ... px) =n.

We can now prove the main result of this section. Up until now we have not used the assump-
tion that k is a field of characteristic zero. This assumption is necessary, however, for the proof
of the following theorem.

9.7. Theorem. Suppose that Kk is a field of characteristic zero. Then (Sol(r), A, &) is isomorphic
to the graded connected concatenation Hopf algebra k(P) on a set of non-commuting indetermi-
nates P={P,: n € Z\ {0}} where deg P+, =n, forn > 0.

Proof. Our argument is modeled on the proof of [22, Theorem 2.1].

Let x be a formal variable and consider the algebra Sol(r)[x] of formal power series in x
over Sol(r), where x commutes with Sol(r). For each positive integer n define elements Pi, €
Sol(r)[x] using the generating series

Zann =10g(1 +E1X+E2_x2+...)
n>0
and
Z P_,x" = log(l + E_1x+ E_2x2 + .. )
n>0

A straightforward calculation using Proposition 9.5 and the Taylor series expansion of log(1 +¢)
shows that

(_1)8(0{)71

Pnzsza and P_,= Z

aeA, —aeA,

(_])E(O()fl
Ua)

-
(Recall that ¢(«) is the number of non-zero parts in «.) Therefore, P,, P_, € Sol(G, ) are
homogeneous of degree n; in particular, P, € Sol(r), for all n > 0. Consequently, the elements
{P1,: n > 0} generate a subalgebra of Sol(r).

Similarly, since Zn>0 Ei,x" = exp(zn>O Py,x™), another completely formal calculation
using the Taylor series expansion of exp(x) and Proposition 9.5 shows that if n > 0 then

1
= Z e )'Pa and E_, = Z mPa,

aeA, —a€eA,

where we set Py = Py, *---% Py, foro = (a1, ..., ax) € £A,. Therefore, by the last paragraph,
the set P = {P,: n € Z\ {0}} freely generates Sol(r) as an algebra. That is, Sol(r) = (P4, | n > 0)
as an algebra.

We claim that A(P,) = P, ® 1 + 1 ® P,, for n € Z\ {0}. This will complete the proof because
it shows that these elements generate a concatenation Hopf algebra k(P) inside Sol(r). Starting
from the definition of P4, we have that

> " A(Psnx™) (Zlog(ZEi,,x )) :10g<ZA(Ei,,)x”>,

n>0 n=>0 n=>0
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where the last equality follows by the linearity of Taylor expansions since A is an algebra homo-
morphism. Using Proposition 9.6 to expand the right-hand side of the last equation, exactly as
in the proof of [22, (2.9)], shows that A(P+,) = P, ® 1 + 1 ® P,. This proves our claim and so
completes the proof. O

9.8. Corollary. Suppose that r > 1. Then the graded vector space Sol(r) equipped with the
product *, coproduct A, unit Ey and counit ¢, is a graded connected Hopf subalgebra of 9 (r).

10. A second bialgebra structure on Sol(r)

In this section we show that the cyclotomic Hopf algebra Sol(r) has a second bialgebra
structure with the same coproduct A as in Section 9, but where the product is inherited from
multiplication in the groups G, ,, for r, n > 0. More precisely, the internal product is the unique
bilinear map -: ¥ (r) —> ¥(r) such that if w € G, , and v € G, , then

wv, ifn=m,
w-v= .
0, otherwise.

We frequently abuse notation and write xy = x - y, for x, y € 4(r).

As each of the group algebras kG, , are associative algebras it follows that (4(r), -) is an as-
sociative algebra. Note, however, that (¢ (r), -) does not have a multiplicative unit, so we cannot
expect to obtain a second Hopf algebra structure on Sol(r) in this way. Note also that the internal
product - does not respect the grading on ¢ (r) = @, kG, ,..

By Theorem 6.7, Sol(r) is a subalgebra of the algebra (4 (r), -). It is straightforward to check
that ¢ restricts to an algebra homomorphism ¢ : ¥4 (r) —> k with respect to the internal product,
whereas A is not an algebra homomorphism on ¢ (r) with respect to this product; see [21, Re-
mark 5.15]. Nonetheless, we show that (Sol(r), -, A) is a bialgebra. To prove this we need only
show that A is an algebra homomorphism with respect to the internal product. The argument that
we give generalizes that used by Malvenuto [21, Remark 5.15] to prove the analogous statement
for the descent algebra of the symmetric group. We start with some new definitions.

A pseudo signed composition of n is an element ¢ = (¢1, ¢2,...,ck) € 7¥ . for some k > 0,
such that |¢| = |c1| + |ca| + - - - + |ck| = n. A pseudo composition is an element of N, for some
k > 0. The difference between (signed) compositions and pseudo (signed) compositions is that
pseudo (signed) compositions can contain zeros. If ¢ is a pseudo signed composition let ¢ be the
signed composition obtained by omitting the zeros from ¢. For example, if ¢ = (-2,0,3,0, 1)
thenc=(-2,3,1).

If ¢ € Z¥ is a pseudo signed composition then set E. = Eg. If ¢, ¢/ € Z* are two pseudo signed
composition of the same length then ¢ + ¢’ € Z*, where addition is defined componentwise. We
extend the operation of concatenation to pseudo signed compositions in the obvious way so that
ifceZF and ¢/ € Z! then cu ¢’ € ZFH.

Two integers ¢ and ¢’ are sign equivalent, and we write ¢ ~ggn ¢/, if ¢¢’ > 0. Similarly,
two (pseudo) signed compositions ¢ = (cy, ..., ¢x) and ¢ = (¢}, ..., c;) are sign equivalent if
i ~sgn €, fori =1,... k. Again, we write ¢ ~ .
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10.1. Proposition. Suppose that i € AF and that £(w) = k. Then

A(E,) = Z Ey ® Egr.
c/NSgnc//ezk
pu=c+c"

Proof. We argue by induction on k. As A(Eg) = Eg @ Ep the case k = 0 is clear. So we may
assume that k > 0. Let v = (u1,..., 4k—1) so that u = v U (ux). Then, by Propositions 9.5
and 9.6,

A(Eu) = A(E, * E/l.k) = A(E)) * A(E/l.k)

‘i
= ( Z Eo® Ec//> * (Z E,® Em{—m> )

C/ngnc//ezk—l m=0
v=c'+c”

by induction on k. (If px < O then recall our unusual convention for summations from after
Proposition 9.6.) Therefore, using Proposition 9.5 for the second equality,

Mk
Y Y Ee*En®Ee xEpym

C,ngnc/,ezkil m=0
v=c'+¢”

ek
= Y Y Eeum ® Eeugy-m

C,’\‘sgnCHGZk71 m=0
v=c'+c”

= Z Ey ® Eer

c,'\‘sgn R eZk
pu=c'+c”

A(EY)

asrequired. O

Let k,1 > 0 be positive integers and let Maty; (Z) be the set of k x [ integer matrices. If M €
Maty; (Z) let row(M) = (r1, ..., rx) be the pseudo composition where r; is the sum of the absolute
values of the entries in row i of M, for 1 <i < k. Similarly, let col(M) = (cy, ..., ck) be the
pseudo composition where c; is the sum of the absolute values of the entries in column j of M.
Finally, if M € Maty;(Z) let comp(M) be the signed composition obtained by listing the non-
zero entries in M in order, from left to right and then top to bottom; thus, if M = (m;;) then
comp(M)=(myy,...,m1, M1, ..., M1, ..., Mk[).

If ¢ = (c1,...,c) is a pseudo signed composition then define ¢™ = (|cq], ..., |ck]). In the
next definition we are most interested in the case when w and v are signed compositions. We
include pseudo signed compositions in the definition because they are needed in the proof of
Theorem 10.5 below.
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10.2. Definition. Suppose that u = (1, ..., ux) and v = (vy, ..., v;) are pseudo signed compo-
sitions of n. Let

row(M) = u™T, and col(M) = v,
Ny =1 M = (mjj) eMaty(Z)| m;j <0if u; <0orifv; <0,
andm;; > 0if u; > andv; >0

Suppose now that M = (m;;) € N,,. The weight of M is the non-negative integer

wt(M) = — E mij,
ir <0
Jivi<0

where in the sum 1 <i <k and 1 < j </ (note that m;; < 0 for all such i, j). If u and v

are signed compositions let Ty, be the unique row semistandard tableau in 7 (i, v) such that j
appears |m;;| timesintow i of T,for 1 <i <kand 1< j </

Note that if © and v are compositions and M = (m;;) € N, then wt(M) =0 and m;; > 0,
for 1 <i <l(w)and 1 < j<L(v).

10.3. Proposition. Suppose that v and v are signed compositions of n. Then

EEy= Y ™™ Eompn)
MeN,,

Proof. By Theorem 6.7, ELE, = Zde%ﬁﬁ |T_nd(—v) | E unav- Therefore, to prove the propo-
sition it is enough to show that there exists a bijection Ny, — Z,,+,+; M > dy such that
comp(M) = uNdyv and r*M = |T_ g ().

First, observe that the map N, w — T (1, v); M — Ty is a bijection because its inverse is the
map which sends the tableau T € 7 (u, v) to Mt = (m;;), where |m;;| is the number of times
that j appears in row i of T, and where the sign of m;; is determined by the constraints on N,
Next, by (5.5), the map 7 (u, v) — @#+v+; T+ dr+ is a bijection. Hence, the map

NMV — @lﬁv*; M+ dy =d-|—9£/[

is a bijection.

Fix M € N,,. Then wt(M) = wt(Ty) in the notation of Corollary 5.8, so that pWn) —
|T_ndy (—vy|- Hence, it remains to prove that comp(M) = u N dyv. The permutation dy
is determined by the row semistandard tableau T which, by the last paragraph, also deter-
mines M = (m;;). If m;; # O then |m;;| is equal to the number of times that j appears in row i
of T. Writing G, = Gy, X --- x Gy, and G, = G, x --- x G, and abusing notation slightly,
we see that m;; computes the intersection of G,; with dy Gv. ; d;,,l ; more precisely,

1~ |G ,mi), ifm;; >0,
Gﬂi mdMGv/dM = G_mij, lfm,] <0.

Comparing this with the recipe given in the proof of Lemma 5.1 for computing p N dy v we see
that comp(M) = u Ndpyv, as required. O
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Garsia and Remmel [13, Prop. 1.1] (see also [12, §4]), proved the analogue of this result
for the Solomon algebras of the symmetric groups. This is equivalent to the special case of
Proposition 10.3 when u and v are both compositions of n. If w,v € A, then the bijection

Nu = Dy is well known; see, for example, [19, Theorem 1.3.10].

10.4. Example. As in Example 5.9, suppose that © = (3, —2) and v = (=22,1). The following
table lists all of the elements of NV,,,, together with the associated signed composition and row
semistandard p-tableau of type v and the weight of the matrix.

M comp(M) Tu wt(M)
R I
(0%  (=21,-2) oL s,
(G105 ch-z-ry e A
(T -y s,
A

The reader might like to compare this table with the one given in Example 5.9.
Combining the information above with Proposition 10.3 shows that

E(3’,2)E(_22’1) = 2]’2E(72,],72) + rE(_27_13) + I’E(_l’_27_12) + I’2E(_12’1’_12).
This calculation agrees with Example 6.9, as it must.

Suppose that M' = (m;j), M’ = (mg’j) € Maty;(Z), for some k,I > 0. Then M’ and M" are
signed equivalent, and we write M’ ~, M", if mgj ~sgn m:’j, forl <i<kand1<j<I
We can now prove the main result of this section.

10.5. Theorem. Suppose that r > 1. Then Sol(r) equipped with product -, coproduct A and
counit ¢, is a bialgebra.

Proof. As remarked at the beginning of this section, it remains to show that the coproduct
A :Sol(r) —> Sol(r) ® Sol(r) is an algebra homomorphism with respect to the internal prod-
uct. By linearity it is enough to show that

A(E,uEv) = A(EM)A(Ev)a

for all signed compositions n and v. Further, we may assume that || = |v| since otherwise
both sides of this equation are zero. Let k = €(n) and [ = £(v) and for M € N, let £(M) =
£(comp(M)). Then, by Propositions 10.3 and 10.1,
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AELE)= Y ™™ A(Ecompn))
MeN,,

=2 ) MYEeE.
MENMV C/ngnc//EZ((M)
comp(M)=c'+¢”

For the moment, fix a matrix M € N, and ¢, ¢’ € Z*™) such that ¢/ ~,, ¢” and comp(M) =
¢/ +¢”. Since ¢ ~gg ¢” there exist unique matrices M’ = (m;j), M = (m;’j) € Maty;(Z) such
that M = M' + M", M ~ggn M' ~ggn M", comp(M') = ¢ and comp(M”) = ¢”. Note that
wt(M) =wt(M") +wt(M") since M’ ~¢q M" . Therefore, the last equation becomes

A(EM Ev) — Z Z rWt(M )Ecomp(M’) ® VWt(M )Ecomp(M”) .
MeN, M'~gmM”
M+M"=M

For each pair M’ and M” in the second sum let u’ = row(M’) and u” = row(M"). Then u’
and p” are pseudo signed compositions such that u = ' + u” and p' ~ggn . Similarly, v’ =
col(M’) and v"" = col(M") are pseudo signed compositions such that v =" +1v” and v/ ~gg, v".
By signed equivalence, M’ € N,;,y and M" € N,y,». Moreover, M’ and M" run through N,/
and N, respectively, for all possible u', ”,v" and v”, as M runs through N,,,. Observe
that if M’ € N,y and M” € Ny, for i/, u”, v’ and v” as above, then M" ~on M” since
' ~sgn 1 and v ~ey V. Therefore, we can reverse the order of summation in the last displayed
equation to obtain

A(EMEV) = Z Z VWt(M )Ecomp(M’) X rWt(M )Ecomp(M”)
Wosgntt!  MEN 1y

W
u=p'+u” M”eNanu
> ”
Vv ~ggnv
v=v'+v"

2 : § : wt(M’ § : wt(M"
= ( r ( )Ecomp(M’))®( r ( )Ecomp(M"))
w~sgnp” M’E./\/'H/V/ M”G./\/’#//U//
o ”
noRs,
sgn
T

Z E/L/®E/1,”>( Z Eu/®Ev”>

’ ” ’ ”

W ~sgnib V' ~sgnV
I I

n=pn' +u v=v'+v

= A(EW)A(E)),

where the last two equalities follow by Propositions 10.3 and 10.1 respectively. This completes
the proof. O
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