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Abstract

Nowadays, f(R) theory has been one of the leading modified gravity theories to explain the current
accelerated expansion of the universe, without invoking dark energy. It is of interest to find the exact cos-
mological solutions of f(R) theories. Besides other methods, symmetry has been proved as a powerful tool
to find exact solutions. On the other hand, symmetry might hint the deep physical structure of a theory,
and hence considering symmetry is also well motivated. As is well known, Noether symmetry has been
extensively used in physics. Recently, the so-called Hojman symmetry was also considered in the literature.
Hojman symmetry directly deals with the equations of motion, rather than Lagrangian or Hamiltonian, un-
like Noether symmetry. In this work, we consider Hojman symmetry in f (R) theories in both the metric and
Palatini formalisms, and find the corresponding exact cosmological solutions of f(R) theories via Hojman
symmetry. There exist some new solutions significantly different from the ones obtained by using Noether
symmetry in f(R) theories. To our knowledge, they also have not been found previously in the literature.
This work confirms that Hojman symmetry can bring new features to cosmology and gravity theories.
© 2015 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

The current accelerated expansion of the universe could be due to an unknown energy com-
ponent (dark energy) or a modification to general relativity (modified gravity) [1,2]. In the
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literature, various modified gravity theories were proposed to account for the cosmic accel-
eration, such as f(R) theory [2-4,45,48], scalar-tensor theory [4,5], braneworld model [6,7],
Galileon gravity [8,9], Gauss—Bonnet gravity [10], f(T) theory [11,12], massive gravity [13,14].
Nowadays, modified gravity theories have been one of the main fields in modern cosmology.

As one of the leading modified gravity theories, f(R) theory was proposed by generalizing
the well-known Einstein—Hilbert Lagrangian R used in general relativity (GR) to an arbitrary
function f(R), where R is the scalar curvature. In fact, f(R) theory has been extensively studied
in the literature for many years (see e.g. [2—4] for reviews). It can be used to drive inflation (see
e.g. [15]), play the role of dark matter (see e.g. [16]), or drive the current accelerated expansion
of the universe as an competitive alternative of dark energy (see e.g. [17,18]).

Note that there exist two different types of f(R) theories in the literature (see e.g. [2-4]),
namely f(R) theory in the metric formalism, and f(R) theory in the Palatini formalism. In
the metric formalism, the affine connection Fé depends on the metric g, and hence the field
equations are derived by the variation of the action with respect to the metric g;,, only. On the
other hand, in the Palatini formalism, the affine connection F; and the metric g, are treated as
independent variables when one varies the action. As is well known, in the case of GR (namely
f(R) « R), the field equations are completely identical in these two formalisms. However, in the
case of non-linear f(R), the field equations are different in these two formalisms. So, the metric
and Palatini f(R) theories should be considered separately.

It is of interest to find the exact cosmological solutions of f(R) theories. Besides other
methods (e.g. reconstruction [47]), symmetry has been proved as a powerful tool to find exact so-
lutions. On the other hand, symmetry might hint the deep physical structure of a theory, and hence
considering symmetry is also well motivated. As is well known, Noether symmetry has been ex-
tensively used in cosmology and gravity theories, for instance, scalar field cosmology [19,20],
f(R) theory [21-25,46,48], scalar-tensor theory [26,27], f(T) theory [28,29], Gauss—Bonnet
gravity [30], non-minimally coupled cosmology [31], and others [32]. It is worth noting that a
(point-like) Lagrangian should be given a priori when one uses Noether symmetry.

In this work, we are interested to consider the so-called Hojman symmetry in f(R) theories,
and find the corresponding exact cosmological solutions of f(R) theories via Hojman symmetry.
Unlike Noether conservation theorem, the symmetry vectors and the corresponding conserved
quantities in Hojman conservation theorem can be obtained by using the equations of motion
directly, without using Lagrangian or Hamiltonian. In general, its conserved quantities and the
exact solutions can be quite different from the ones via Noether symmetry. In fact, recently Hoj-
man symmetry has been used in cosmology and gravity theory [33-35]. It is found that Hojman
symmetry exists for a wide range of the potential V (¢) of quintessence [33] and scalar-tensor the-
ory [34], and the corresponding exact cosmological solutions have been obtained. While Noether
symmetry exists only for exponential potential V (¢) [19,26,27], Hojman symmetry can exist for
a wide range of potentials V (¢), including not only exponential but also power-law, hyperbolic,
logarithmic and other complicated potentials [33,34]. On the other hand, it is also found that
Hojman symmetry exists in f(7") theory and the corresponding exact cosmological solutions are
obtained [35]. The functional form of f(T) is restricted to be the power-law or hypergeomet-
ric type, while the universe experiences a power-law or hyperbolic expansion. These results are
also different from the ones obtained by using Noether symmetry in f(7') theory [28]. There-
fore, although some exact cosmological solutions of f(R) theories were found by using Noether
symmetry in the literature [21-25], it is still interesting to find them by using Hojman symmetry
instead, because as mentioned above one can expect that the solutions via Hojman symmetry
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might be quite different. On the other hand, as an important lesson from history, we consider that
it is better to keep an open mind to this new symmetry, especially if it can bring something new.

The so-called Hojman symmetry was proposed in the year 1992 [36]. Following [36] and
e.g. [33-35], we consider a set of second order differential equations

qizj-‘f<qf',qf,t), ij=1,....n, (1)

where a dot denotes a derivative with respect to time ¢. If X’ = X! (qf , g7, t) is a symmetry
vector for Eq. (1), it satisfies [37,38]

X' 9F ; dF dXT

- — - —— = 2
dr2  dqJ dg/ dt @
where
d 9 ;0 ;0
—=—+44¢ —+F —. 3
ar ot 1 ag g1 ®)
The symmetry vector X' is defined so that the infinitesimal transformation
i'=q +exi (g i 1) )

maps solutions g' of Eq. (1) into solutions ¢ of the same equations (up to € terms) [37,38]. If
the “force” F' satisfies (in some coordinate systems)
aF  d

agi — dt

Iny, (&)

where y = y(g') is a function of ¢', then

19(yX') a8 (dx!
€=y g +3r2"<dt>
is a conserved quantity for Eq. (1), namely d Q/dt = 0. Note that in the case of y = const.,
Egs. (5) and (6) become simple and trivial. In the proof of Hojman conservation theorem [36]
(see also e.g. [39]), neither a Lagrangian nor a Hamiltonian is needed, and no previous knowledge
of a constant of motion for system (1) is invoked either [36]. In this way, Hojman conservation
theorem is different from Noether conservation theorem.

In the present work, we consider Hojman symmetry in f(R) theories in both the metric and
Palatini formalisms, and find the corresponding exact cosmological solutions. In fact, they are
the main contents of Secs. 2 and 3, respectively. One can expect new results by using Hojman
symmetry in f(R) theories. The brief concluding remarks are given in Sec. 4.

(6)

2. Exact cosmological solutions of f(R) theory in the metric formalism

In this section, we consider f(R) theory in the metric formalism at first. The action is given
by
1

S—
2k2

/ d*x/=g f(R) + S, (7)

where k2 = 87 G, g is the determinant of the metric g,,,, and Sy is the matter action. In the met-
ric formalism, the affine connection Fé 5 depends on the metric g,,,,, and hence the field equations
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are derived by the variation of the action with respect to the metric g,,. Throughout this work,
we consider a spatially flat Friedmann—Robertson—Walker (FRW) universe whose spacetime is
described by

ds® = —di* + a*(1) dx*, )

where a is the scale factor. For this metric, in the metric formalism, the Ricci scalar R is given
by [2—4]

R=6(2H2+H>, 9)
where H = a/a is the Hubble parameter, and a dot denotes a derivative with respect to cosmic
time ¢. The modified Friedmann equations read [2—4]

3FH>=(FR— f)/2—3HF +«%p,, , (10)

—2FH=F—HF+K2(pM+pM), (11)
where F' = f g =0f/9R, and p,,, p,, are the energy density and pressure of matter, respectively.
The energy conservation equation of matter is given by

Py +3H (py + pyy) =0. (12)

The equation-of-state parameter (EoS) of matter is defined by w,, = p,,/p,,. In particular,
w,, =0 and 1/3 correspond to pressureless matter and radiation, respectively.

The main difficulty to consider Hojman symmetry in the metric f(R) theory is that the corre-
sponding equations of motion (Eqgs. (10) and (11)) are 4th order with respect to the scale factor a,
while Hojman symmetry deals with 2nd order equations as mentioned in Sec. 1. We should try to
recast them as second order differential equations. Inspired by the well-known conformal trans-
formation [2—4], we introduce new variables 7 and @ according to

di=~Fdt, a=+Fa. (13)
While the traditional conformal transformation mainly deals with the Lagrangian/action, here we
instead directly deal with the equations of motion using Eq. (13). Also, we introduce

g=l%_1 H+F (14)

T adi JF 2F)°

in which we have used Eq. (13). Introducing a new scalar field ¢ according to

K(,b:\/glnF, (15)

we can recast Eq. (10) as
2

P ) I
where 5, = p,,/F2, and
S _LdeNt vy~ FR=1 -
pd)—E(E) + V), (¢)—W- 17

By the help of Egs. (9) and (10), we can recast Eq. (11) as the equation of motion for the scalar
field ¢, namely
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d*¢ do K

— 43H—=+4+Vy=—(p, —3p,), 18
a7 di ¢ NG (:OM pM) (13)
where p,, = pM/Fz, and V 4 =0V /0¢. In fact, Eq. (18) is equivalent to
APy | api(x o = Koo .\ d¢
— +3H =— -3 —, 19
g7 T3 (ot py) = == (B —3hu) (19)
where
1 (dg\?
Py =3 (dt) (®) (20)
On the other hand, Eq. (12) can be recast as
dp,, Koo _\do
— —-3p . 21
di (/OM + pM) \/6 (IOM ) di 21

So, the “total energy conservation equation” holds, namely

dp.
dmt +3H (Prot + Dror) = (22)
where pror = O + P,,, and pror = Py + p,,- Using Egs. (16) and (22), we obtain
Lt 350 (23)
7 dt2 =7% Prot Prot) -

Now, we try to consider Hojman symmetry in the metric f(R) theory. Following [33-35], we
introduce a new variable X = Ina. From now on, in order to make the expressions simple, we use
an empty circle “o” to denote a derivative with respect to the “new time” 7. So, it is easy to see
x=4. Using Egs. (23) and (16), we have

R K2

¥=H=—5 == (b + Do+ Py +bu) - (24)

Following [33,34], here we only consider the “dark energy” dominated epoch, and hence the
contributions from matter can be ignored. For convenience, we also set the unit « = 1. Noting
Egs. (17) and (20), it is easy to see that Eq. (24) becomes

oY =F& D, (25)
where
- |
s(x) = Ed) (x), (26)

and a prime denotes a derivative with respect to the variable of the function, namely #'(y) =
dh(y)/dy. Note that Egs. (25) and (26) in this work have the same forms as Eqs. (21) and
(22) of [33], except for the different variables X and 7. Therefore, the derivations below are
straightforward by using the needed results from [33]. If Hojman symmetry exists in this theory,
the condition (5) should be satisfied. From Egs. (25), (5) and (3) replaced ¢ with 7, we find that

Y (X) = yoexp <2/s(i) di) , 27
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where yy is an integration constant. Following [33-35], we assume that the symmetry vector X
does not explicitly depend on time 7. Then, Eq. (2) replaced ¢ with # becomes [33]

2

2
[S(x)—+s( )X+a X} Wt )—X—x[%(x) X

92 ox X0x

+5'(% )—:|-0. (28)

Using Eqgs. (16), (18), and ignoring the contributions from matter, we have [33]
V@) _ s@)9'(x) = ¢"(X) —3¢'(%)
V(9) 3—1¢2(%) ’

which is useful to derive the potential V (¢).

(29)

2.1. Power-law solution

In fact, the differential equation for the symmetry vector X, namely Eq. (28), is difficult to

solve in general. The authors of [33] had tried various ansatz for the symmetry vector X (x, )%).
For the ansatz

2
XE §H=xg®, and gE =rexp (%x) (30)
the corresponding cosmological solutions obtained in [33] are given by

2 (6 B a2) Q% Fap

Vip) = SV e > (€2
2 2 2/a?
QM) = e [1 4 QZO;‘ exp (-%xo) (F —fo)] , (32)
2
o(f) = —ln|: onx exp <—%xo> (7 - fo)] , 33)

where ¢ = ¢ — ¢, and ¢y, fo, X0, A, a are constants. The conserved quantity is given by [33]
xg'(F) = Qo = const. (34)

We refer to [33] for the detailed derivations. With these results, we can convert them into the
cosmological solutions in the metric f (R) theory. For convenience, we recast Eq. (31) as V(¢) =
Vo eT*?, where Vp = 2(6 — a?) Q% exp(£¢o)/(*1?) is constant. Using this V (¢) and Egs. (17),
(15), we have

FR— f=2VyF#, (35)

where 8 =2 F \/goc. Noting that F' = f g = df/0R, it is a differential equation for f(R) with
respect to R in fact. It is easy to find the solution as

f(R)y=c1R", (36)

where n = /(B — 1) and ¢ = ((n — 1)/(2V0nﬁ))1/(/3_1) are both constants. In the case of
n = 1, the solution reads f(R) =coR — 26‘23 Vi where c¢; is constant. Since it is trivial, we do
not consider the case of n = 1 any more. Let us turn to find the scale factor a(¢) and the Hubble
parameter H (¢) or H(a). Using Eqgs. (15) and (33), we get
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VF =exp (%) [1+co (f—fo)]i‘/g/a , 37)

where co = (Qoa2/(21)) exp(—azio/2) is constant. Integrating dr = di/vF from Eq. (13)
gives

t—1y)=c31 [1 + co (f— ;0)]1¢\/g/a , or 1+co (f— fo) =c3(t— to)l/(lq:‘/g/a) , (38)

where ¢31 = exp(—qbo/«/g)/(co(l F V2/3/a)), 30 = C3—}1/(1¢M/a)’ and 7y is an integration
constant. Substituting Eq. (38) into Eqgs. (32), (37) and then a = d/ﬁ from Eq. (13), we obtain

a(t)=c3(t—1)", (39

where m = (2/a® F v/273/a)/(1 F v/Z73/a) and ¢3 = exp(Fo — po/+/6) e TV are both
constants. Obviously, the universe experiences a power-law expansion. Note that this solution
can also be found via Noether symmetry [21-23]. From Eq. (39), it is easy to obtain the Hubble
parameter as

H(t) = a =m@t—15)"', or H(a)=Hya '™, (40)
a

1
where Hy = mc3/

"™ is the Hubble constant.
2.2. New solutions

In [33], other ansatz for the symmetry vector X are also considered. For the ansatz

o 21/
X=X@& =40x ', S
the corresponding cosmological solutions obtained in [33] are given by
8
Vig)=he " = aatpTie 7, (42)
(1) = ¥ exp (a((l +oz)r)1/(1+°‘)) , (43)
(1) = FVBa (1 + a)r]"/ U+ (44)

where ¢ = ¢ — ¢, T = yo + ' |Qo| 7% 7, and P, yo, S0, A, @ are constants. The conserved
quantity is given by [33]
o—1/a
X
——— = Qo = const. 45)
so— X/
Note that the same solutions (42)—(44) can also be found by using another ansatz [33]

C (fo+ D)t
S l+4a
We refer to [33] for the detailed derivations. With these results, we can convert them into the
cosmological solutions in the metric f(R) theory. Using Egs. (15) and (44), we get

VF =exp (%) exp (co?”) , 47)

XF ) =xg®, and g@& (46)
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where 8 = 1/2(1 4+ a)), ¢ = :{:20{/\/5 are both constants, and 7 = (1 + @)T = yo + Qof.
Substituting Eq. (47) into df = VFdt from Eq. (13), we have
dt

< =cuexp (cotf) | (48)

where ¢y = Qo exp(ec/ V/6) is constant. The solution of Eq. (48) is given by

T
t—to=———Ep (coff), 49
0 Benr %(Cof ) (49)

where #( is an integration constant, and E,(z) = loo e *"u~"du is the exponential integral func-

tion. Unfortunately, if 8 # 1, it is hard to find 7 as a function of ¢ by solving Eq. (49), and hence
it is also hard to find the scale factor a as a function of ¢. Therefore, we only consider the case
of B =1 here (note that 8 = 1 corresponds to &« = —1/2 actually). In this case, the solution of
Eq. (48) reads

1
T=——1In(—1y) +c2, (50)
(€]

where ¢ = —¢; ! In(—cpca1) is constant. Substituting Eq. (50) into Egs. (43), (47) and then
a =a/~/F from Eq. (13), noting that 8 = 1 (namely o = —1/2), we have

a(t) = ¢3 (1 — to) 2/ exp (—21? (In(r — zo))2> , (51)
0

where ¢3 = exp(—s0/2 — ¢¢/~/6 — coca — c%/2) is constant. Obviously, it is not a power-law
solution. To our knowledge, this new solution has not been found previously in the literature.
From Eq. (51), it is easy to obtain the Hubble parameter as

_d_ -2 -1
H(t)=—=c,"(t =t0) " (ca = In(t —10)) , (52)

where c4 = co(cp + ¢2) is constant. From Eq. (51), we find

In(t —t9) =n@) =cs = |3 —2In . (53)
3

Substituting it into Eq. (52), we get
H(@) =c¢;” (ca = n(@) e . (54)

Note that in the case of 8 =1 (namely & = —1/2), the corresponding ¢, 2 — 3 in fact. Next, let
us turn to find f(R) as a function of R. Using Egs. (17), (15), and (42) with @ = —1/2, we obtain

2
f=FR—2)\F? (\/glnF—tpC) ‘% . (55)

Noting that F = f p = df/9dR, it is a differential equation for f(R) with respect to R. Unfortu-
nately, this differential equation is hard to solve in general. Since the solution f(R) = c1oR + c20
is trivial, we should find a way to obtain the non-trivial solution. Substituting Eq. (52) into Eq. (9),
we get
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R(t) = —6c5* (t — 19) > [—zcﬁ + 2 +cx) —In(r —10) (cg —des+2In(t — to))] .

(56)
Substituting Eq. (50) into Eq. (47) with 8 = 1, we obtain
VF = ex <ﬂ> exp (coca — In (¢ — 1o)) . (57)
p NG p

Substituting Eqgs. (56) and (57) into Eq. (55), f(¢) can be found as a function of time ¢. Unfortu-
nately, it is hard to solve Eq. (56) and obtain # — fy or In(z — #) as an explicit function of R. So,
we cannot obtain f(R) as an explicit function of R. Nevertheless, with f(z) and R(¢), we can
still regard f () = f(t(R)) = f(R) as an implicit function in principle.

Note that other exotic ansatz for the symmetry vector X are considered in [33], and the cor-
responding V (¢), a(f) and ¢ () are found. However, it is hard to obtain f(R), a(t) and H (¢)
in these cases. Although further complicated ansatz for the symmetry vector X beyond the ones
in [33] could be tried, we stop here. Let us turn to f(R) theory in the Palatini formalism.

3. Exact cosmological solutions of f(R) theory in the Palatini formalism

In this section, we consider f(R) theory in the Palatini formalism. The action is given by
1

S =
2k2

/ d*x/=g f(R) +Su , (58)
where k2 = 871G, g is the determinant of the metric g,,, and Sy is the matter action. In the
Palatini formalism, the affine connection Fgﬂ and the metric g,, are treated as independent
variables. So, the Ricci scalar R is different from the one in the metric formalism, and their
relation reads [2-4,24,25,40-42]

3 3
R=R+-—V,FV*¥F - —0OF, 59
+ 5 Ve 7 (59)
where F' = fr = 0f/d'R. Thus, in the Palatini formalism R # R =6(2H 24+ H) generally. We

consider a spatially flat FRW universe whose spacetime is described by Eq. (8), and the modified
Friedmann equations read [2—4,24,25,40-42]

FR—2f=—k*(0, —3Py) » (60)
F 2
6F<H+ﬁ> — f=1*(py +3py) - 61)

The energy conservation equation of matter is given by Eq. (12). In this section, we do not ignore
the contributions from matter. To be simple, here we only consider the case of w,, = p,,/p,, =0,
namely pressureless matter. Differentiating Eq. (60) and using Eq. (12) with p,, = 0, one
has [2-4,40]

FR—2f

. 3«’H
R= K TPy =-3H ———.
FRR-F

=_— M — 62
FRR—-F (62)

Similar to Sec. 2, we introduce new variables 7 and a according to Eq. (13), and obtain H in
Eq. (14) by definition. Adding Eqgs. (60) and (61) with p,, =0, we have
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3f—FR

6F2
Following [33-35], we introduce a new variable X = Ina, and use an empty circle
derivative with respect to the “new time” 7. So, it is easy to see X = H. Since the right hand side
of Eq. (63)is a functlon explicitly depends only on R. Thus, R = R(x) is a function explicitly

depends only on x=H. Differentiating Eq. (63) with respect to 7, and using Egs. (62), (13),
(14), we obtain

2 FR-2
q=tr-2r
2F2

A? = (63)

ca EL)

to denote a

(64)

Noting that R = R()Ec), its right hand side is a function explicitly depends only on X Therefore,
Eq. (64) is in fact

FR -2f

= F&). (65)

:I:Iz

=g

The “force” F explicitly depends only on Xx=H.1If Hojman symmetry exists in the Palatini
f(R) theory, the condition (5) should be satisfied. Noting Eq. (3) and y = y(X), we recast
Eq. (5) as

19Fx) 9
1O 8 @), (66)
X ox ox

Since its left hand side is a function of X only, and its right hand side is a function of x only, they
must be equal to a same constant in order to ensure that Eq. (66) always holds. For convenience,
we let this constant be 2n, and then Eq. (66) can be separated into two ordinary differential
equations

9 AF (¥ .
Ly = O _ _onk (67)
ax X
Thus, it is easy to find that
y (@) = e, (68)
o o2
F(x)=—-nx +cg, (69)

where yp and ¢ are both integration constants. In the following subsections, we consider the
cases of cp = 0 and cq # 0, respectively.

3.1. Power-law solution with cy =0

In the case of cg = 0, substituting Eq. (69) into Eq. (65), and using Eq. (63), we obtain
3m—-2)f=m—3)FR. (70)

Noting F' = fr = df/9R, it is a differential equation for f(R) with respect to R in fact. Note
that if n = 0, from Eq. (70) we have FR —2f =0, while FR —2f = —szM from Eq. (60).
So, n # 0 is required unless p,, = 0. In the case of n =2, f(R) = const., and in the case of
n =3, f(R) =0. Thus, we do not consider these trivial cases of n = 2 and 3. In other cases, the
solution of Eq. (70) is given by
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f(R)=c1R™, (71)
where m = 3(n — 2)/(n — 3) and c¢; are both constants. Substituting Eq. (69) into Eq. (65) with
co =0, we have H = —n H? whose solution reads

~ 1 . _
A@) = (i +c2) . (72)

where ¢, is an integration constant. From H = a /a, it is easy to get

iy =c3 (F+c)"", (73)

where c3 is an integration constant. Substituting Eq. (71) into Eq. (63), and using Eq. (72), we
have

6cym2 V™ 2/Q2=m)
~ — —m
= [7,12(3 - m)] (7 +c2) , (74)
and then
F=cimR" ' =cy (F+¢) 2"V (75)

where c41 = cim[6c1m?/(n*(3 — m))]"~1D/C=m) ig constant. Since n # 0 and n # 2 as men-
tioned above, we note that m # 0, m % 2 and m # 3. Substituting Eq. (75) into dt = di//F
from Eq. (13), it is easy to obtain

(+c2)™"  or Pter=cp—1)"C, (76)

—n

where ¢4 = [ci{2(3/n — DJG=" s constant. Substituting Eq. (75) into a = &/\/f from
Eq. (13), and using Eqgs. (73), (76), we find that

a(t) =ca (t — 19)°"/? (77)

—1/2 4/n-2 . . . .
where ¢4 = ¢3¢y, ¢ 44" is constant. Obviously, the universe experiences a power-law expan-

sion. Note that this solution can also be found via Noether symmetry [24,25]. From Eq. (77), it
is easy to get the Hubble parameter as

)
H=2= —;" (t—t0)"', or H(a)=Hya 3™ (78)
a

where Hy = (2m/3) ci/ (M) is the Hubble constant.

Let us turn to the conserved quantity. Following [33—-35], we assume that the symmetry vector
X does not explicitly depend on time. Substituting Eq. (69) with cg = 0 into Eq. (2), the equation
for X reads
GED'S 2 32X ,029°X X
— —2nX—— +n°Xx — +n—=0. (79)
9x2 9% 952 0x

To solve this equation, we adopt the ansatz

X = Aok ePT 1+ Ay, (80)

where Ag, A1, o, B are all constants, and «, § cannot be zero at the same time. Substituting
Eq. (80) into Eq. (79), we find that the solutions have no — § =0 or ne — § = n. Substituting
Egs. (80) and (68) into Eq. (6), the conserved quantity Q is given by
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0 =2nA; — 2+ a)na — B —n)Ax P . (81)

Ifna —B=nora=-2,then Q =2nA| = const. is trivial. If nae — B =0 and o # —2, we get

xe"™ = const. (82)

In fact, this conserved quantity can be found in another way. Noting that X=H, ¥ =1na, and
using Egs. (72), (73), one can find the same conserved quantity given in Eq. (82) again. This can
be regarded as a confirmation of Hojman conservation theorem.

3.2. New solutions with cy # 0

In the case of cq # 0, substituting Eq. (69) into Eq. (65), and using Eq. (63), we obtain
3(n—2)f =6c0F*+ (n—3)FR. (83)

Noting F = fr = df/0R, it is a differential equation for f(R) with respect to R in fact. If
n =2, its solutions are f(R) = const. or f(R) =R?/(12¢q) + const., whichleadto FR —2f =
const., while FR —2f = —KZ,OM from Eq. (60). So, n # 2 is required unless p,, = const. If
n = 3, the solution reads f(R) = R?/(8co) & c1R/+/8co + ¢3/4, which is trivial. If n = 3/2,
the solution is given by f(R) = c1R + c2, which reduces to GR in fact. Besides these dismissed
cases, we consider the cases of n # 0 and n = 0 one by one in the followings. In fact, some new
solutions can be found via Hojman symmetry.

3.2.1. The case of n #0

In the case of n # 0 (and also n # 2, 3, 3/2 as mentioned above), it is hard to solve Eq. (83)
and obtain f(R) as an explicit function of R. In fact, from Eq. (83), f(R) and R satisfy the
equation

3 2n—3)R 3 )
2 (2 — ;) arctanh [W} + (2 - ;) In [2400f(R) —nR ]

—2<1 —~ %)m [2((n =3)R+&(f(R), R))] = const., (84)

or another equation

3
2 (— — 1) In f(R) — left hand side of Eq. (84) = const., (85)
n

where & (f(R), R) = [(n — 3)*R% + T2¢co(n — 2) £ (R)]"/*. Using Eqgs. (84) or (85), we can re-
gard f(R) as an implicit function of R in principle. Let us move forward. Substituting Eq. (69)

into Eq. (65), we have H = —nH? + ¢, whose solution for ¢o # 0 and n # 0 is given by

-~ . C ~
A == tanh (nco i +c2) , (86)
n
where ¢, is an integration constant. From H = a /a, it is easy to get

a(f) = e3 [cosh (nco  +¢2) ] (87)

where c¢3 is an integration constant. On the other hand, it is hard to solve Eq. (2) with ¢g # 0
to get the symmetry vector X. Thus, the task to obtain the conserved quantity Q in Eq. (6) is
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also hard. Fortunately, there exists another way. Inspired by the discussion below Eq. (82), using
Egs. (86) and (87), we find the conserved quantity as

o2 .
(i - C—0> 2"E = const., (83)
n

which can reduce to Eq. (82) if co = 0. However, since we have no f(R) as an explicit function
of R in this case, it is difficult to convert H () and a(f) into the cosmological solutions H (¢) and
a(t). Nevertheless, it is easy to see that H (f) and a(f) in Eqgs. (86) and (87) are significantly dif-
ferent from the ones of power-law solution in Egs. (72) and (73). So, it is reasonable to speculate
that H(¢) and a(t) are also not power-law. In fact, we speculate that they might be hyperbolic,
akin to H(7) and a(7) in Egs. (86) and (87). They are new solutions via Hojman symmetry.
Anyway, let us turn to the case of n = 0.

3.2.2. The case of n =0
In the case of n =0, Eq. (83) becomes

200F>=FR-2f, (89)

which is still not easy to be solved directly by itself. However, we can try to indirectly solve it by
the help of Eq. (60), whose left hand side is just the right hand side of Eq. (89). Note that p,, =
py0a > from Eq. (12) with p,, = 0. Using Egs. (89) and (60), we have 2¢oF? = —k2p,,,a .
So, ¢p < 0 is required. And then, we obtain

F=c4a>?, (90)

where cﬁ = —/cszO/(Zco) > 0 is constant. Substituting Eq. (90) into Eq. (89), we get

2cocia > =cpa PR - 2f . (91)

Differentiating Eq. (91) with respect to a, and noting that f, = fRR . = FR 4, it is easy to
obtain

20°° R 4+ 2a>* R = 12c0c4 , (92)

which is a differential equation for R with respect to a. Its solution reads

R(a) = (6cocalna + cio) a2, (93)
where ¢ is an integration constant. Substituting Eq. (93) into Eq. (91), we have
1 3 2 2
fa)= i (6coc4 Ina + caci0 — 2COC4) . O
Solving Eq. (93), we find
R
a = (95)
dcoeaW(cIR)
where ¢ = —exp(—c1o/(4cocs))/(dcoca) is constant, and W(z) is the Lambert W function

(or product logarithm) [43], which gives the principal solution for w in z = we". Substituting
Eq. (95) into Eq. (91), we obtain f(R) as an explicit function of R, namely

R? 1 2
JR) =60, [W%ﬂz) + W(cﬂe)] ' ©6)
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In fact, one can check that this f(R) indeed satisfies Eq. (89). To our knowledge, this f(R) has
not been considered previously in the literature.

In the case of cp # 0 and n = 0, substituting Eq. (69) into Eq. (65), we find that H= €0,
whose solution is given by

H@) =coi +c2, 97)
and then
a(t) = cyexp (%0 f2+czf> , (98)

where ¢, and c3 are both integration constants. Substituting Eq. (90) into a = VFa from Eq. (13),
and using Eq. (98), it is easy to obtain

a= cchZ exp <2C0t~2 + 462f> . 99)

Substituting Egs. (90) and (99) into df = v/Fdt from Eq. (13), we get

= C5] €X C C ,
It 51 ) 00 2

_ -3 3/
where ¢s1 = \/cac37c)

that
. 2
f=—24 | = W(cs(t—19)), (101)
€00 3coo

1/2

% and co0 = |co] = —co > 0 are both constants. From Eq. (100), we find

where 1y is an integration constant, c5 = ¢51(6cg/7) exp(—3c§ /(2coo)) is also constant, and
W (z) is the inverse error function erf ! (z) [44]. Substituting Eq. (101) into Eq. (99), we have

4
a(t) = coexp (—5\112@50 - m))) : (102)
where ¢ = cg‘clz exp(2c§ /coo) is constant. Obviously, it is not a power-law solution. To our
knowledge, this new solution has not been found previously in the literature. From Eq. (102), it
is easy to get the Hubble parameter as
H(D) =~ = = o5/ W(es(t = 10)) exp (w2 este = 100) - (103)

From Egs. (102) and (103), we find that

2
H(a)::l:cs—m [-3m <. (104)
3cq C6

On the other hand, it is hard to solve Eq. (2) with ¢g # 0 to get the symmetry vector X.
Thus, the task to obtain the conserved quantity Q in Eq. (6) is also hard. Fortunately, there exists
another way. Inspired by the discussion below Eq. (82), using Egs. (97) and (98), we get the
conserved quantity as

02
X —2coXx = const. (105)
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4. Concluding remarks

Nowadays, f(R) theory has been one of the leading modified gravity theories to explain
the current accelerated expansion of the universe, without invoking dark energy. It is of inter-
est to find the exact cosmological solutions of f(R) theories. Besides other methods, symmetry
has been proved as a powerful tool to find exact solutions. On the other hand, symmetry might
hint the deep physical structure of a theory, and hence considering symmetry is also well moti-
vated. As is well known, Noether symmetry has been extensively used in physics. Recently, the
so-called Hojman symmetry was also considered in the literature. Unlike Noether conservation
theorem, the symmetry vectors and the corresponding conserved quantities in Hojman conserva-
tion theorem can be obtained by using the equations of motion directly, without using Lagrangian
or Hamiltonian. In general, its conserved quantities and the exact solutions can be quite different
from the ones using Noether symmetry.

In this work, we consider Hojman symmetry in f(R) theories in both the metric and Palatini
formalisms, and find the corresponding exact cosmological solutions of f(R) theories via Ho-
jman symmetry. The main difficulty to consider Hojman symmetry in the metric f(R) theory
is that the corresponding equations of motion are 4th order with respect to the scale factor a,
while Hojman symmetry deals with 2nd order equations. We should try to recast them as 2nd
order differential equations. Inspired by the well-known conformal transformation, we introduce
new variables 7 and a. This is the key idea to use Hojman symmetry in f(R) theories. While the
traditional conformal transformation mainly deals with the Lagrangian/action, here we instead
directly deal with the equations of motion using this variable transformation. In the Palatini f(R)
theory, this transformation is also employed, although the corresponding equations of motion are
already 2nd order with respect to the scale factor a. We find that the equations of motion can be
significantly simplified by using this variable transformation.

In both the metric and Palatini f(R) theories, we can obtain the power-law cosmological so-
lutions via Hojman symmetry, as shown in Secs. 2.1 and 3.1. Note that such kind of power-law
solutions can also be found by using Noether symmetry in both the metric and Palatini f(R) the-
ories (see e.g. [21-25]). However, some new solutions significantly different from the power-law
solution are also obtained by using Hojman symmetry, as shown in Secs. 2.2 and 3.2. In fact,
these new results cannot be found via Noether symmetry. To our knowledge, they also have not
been found previously in the literature.

Note that in the metric f(R) theory, to be simple, we have only considered the “dark energy”
dominated epoch following [33,34], and hence the contributions from matter can be ignored. If
we do not ignore the contributions from matter, from Eq. (24), it is easy to see that Eq. (25)

should be changed to ;?o = —s()E))gc2 + o(i,)zc) = ]-'()Z,)%), where the additional term o(i,)gc)
comes from p,, = p,,/F 2 and p w=DulF 2. The condition (5), the equation for the symmetry
vector X (namely Eq. (2)) and the equation used to derive V (¢) (namely Eq. (29)) should become
more complicated. It might be a tough work to solve these equations, and we leave it as an open
question.

On the other hand, in the Palatini f(R) theory, we do not ignore the contributions from matter.
To be simple, in Sec. 3 we have only considered the case of w,, = p,,/p,, = 0, namely pressure-
less matter. In fact, one can consider a more general case of w,, = const. further. In Egs. (60) and
(61), one can incorporate p,, = w,, p,, into the term p,,, namely the right hand sides of Egs. (60)
and (61) become (1 £ 3w,,)p,,. Similarly, a factor 1 4+ w,, appears in Eq. (12). And then, such
kind of constant factors containing w,, can be absorbed by redefining the other constants in the
model, as done in [35]. So, it is reasonable to anticipate that the main results will not be affected,
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except some constants in the model might be rescaled, as shown in [35]. The detailed calculations
are straightforward and trivial, and hence we do not present them here.

Finally, we would like to briefly compare the cosmological results via Noether and Hojman
symmetries in various scenarios. It is worth noting that the exact solutions of f(R) theory via
Noether symmetry have been discussed in the comprehensive review [48] (we thank the referee
for pointing out this issue). However, to our knowledge, the exact solutions of f(R) theory in [48]
were mainly obtained in the spherically symmetric spacetime described by

ds®> =—A@r)dt® + B(r)dr> + M(r)d$23, (106)

see e.g. Sec. 15.2 of [48] (and [49]) for details. Note that M(r) =r> and A(r) = B~'(r) =
1 — 2M/r corresponds to the Schwarzschild case of GR. The general discussions on Noether
symmetry in [48] is very inspiring. However, the exact cosmological solutions in the FRW
spacetime described by Eq. (8) have not been explicitly discussed in [48]. Nevertheless, the
works in [48,49] inspire us to further consider the exact solutions in the spacetime described
by Eq. (106) via Hojman symmetry instead, and we leave it to the future works. On the other
hand, the same authors of [48] have indeed considered the exact cosmological solutions of the
metric f(R) theory via Noether symmetry in the FRW spacetime described by Eq. (8) in a se-
ries of works (see e.g. [22,50]). They found that both the exact cosmological solutions and the
functional form of f(R) are power-law (see also [21]). In e.g. [24,25], the exact cosmological
solutions of the Palatini f(R) theory via Noether symmetry in the FRW spacetime have also been
found. Again, these solutions and the functional form of f(R) are also power-law. However, in
the present work, we find that the exact cosmological solutions and the functional form of f(R)
can be not power-law, by using Hojman symmetry in both the metric and Palatini formalisms, as
shown in Secs. 2.2 and 3.2. In addition, as mentioned in Sec. 1, it is found that Hojman symmetry
exists for a wide range of the potential V (¢) of quintessence [33] and scalar-tensor theory [34],
and the corresponding exact cosmological solutions have been obtained. While Noether sym-
metry exists only for exponential potential V(¢) [19,26,27], Hojman symmetry can exist for a
wide range of potentials V (¢), including not only exponential but also power-law, hyperbolic,
logarithmic and other complicated potentials [33,34]. On the other hand, it is also found that
Hojman symmetry exists in f(7") theory and the corresponding exact cosmological solutions are
obtained [35]. The functional form of f(T) is restricted to be the power-law or hypergeomet-
ric type, while the universe experiences a power-law or hyperbolic expansion. These results are
also different from the ones obtained by using Noether symmetry in f(7') theory [28]. So, in
summary, Hojman symmetry can bring new features to cosmology and gravity theories.

Acknowledgements

We thank the anonymous referee for quite useful comments and suggestions, which helped
us to improve this work. We are grateful to Profs. Rong-Gen Cai and Shuang Nan Zhang for
helpful discussions. We also thank Minzi Feng, as well as Shoulong Li, Ya-Nan Zhou and Dong-
Ze Xue for kind help and discussions. This work was supported in part by NSFC under Grants
No. 11575022 and No. 11175016.

References

[1] E.J. Copeland, M. Sami, S. Tsujikawa, Int. J. Mod. Phys. D 15 (2006) 1753, arXiv:hep-th/0603057;
J. Frieman, M. Turner, D. Huterer, Annu. Rev. Astron. Astrophys. 46 (2008) 385, arXiv:0803.0982;


http://refhub.elsevier.com/S0550-3213(15)00426-5/bib7231s1
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib7231s2

148 H. Wei et al. / Nuclear Physics B 903 (2016) 132—-149

S. Tsujikawa, arXiv:1004.1493 [astro-ph.COJ;
M. Li, et al., Commun. Theor. Phys. 56 (2011) 525, arXiv:1103.5870.
[2] A. De Felice, S. Tsujikawa, Living Rev. Relativ. 13 (2010) 3, arXiv:1002.4928.
[3] T.P. Sotiriou, V. Faraoni, Rev. Mod. Phys. 82 (2010) 451, arXiv:0805.1726.
[4] T. Clifton, P.G. Ferreira, A. Padilla, C. Skordis, Phys. Rep. 513 (2012) 1, arXiv:1106.2476.
[5] D. Saez-Gomez, arXiv:0812.1980 [hep-th].
[6] G.R. Dvali, G. Gabadadze, M. Porrati, Phys. Lett. B 485 (2000) 208, arXiv:hep-th/0005016;
C. Deffayet, Phys. Lett. B 502 (2001) 199, arXiv:hep-th/0010186;
C. Deffayet, G.R. Dvali, G. Gabadadze, Phys. Rev. D 65 (2002) 044023, arXiv:astro-ph/0105068.
[7] L. Randall, R. Sundrum, Phys. Rev. Lett. 83 (1999) 3370, arXiv:hep-ph/9905221;
L. Randall, R. Sundrum, Phys. Rev. Lett. 83 (1999) 4690, arXiv:hep-th/9906064.
[8] A. Nicolis, R. Rattazzi, E. Trincherini, Phys. Rev. D 79 (2009) 064036, arXiv:0811.2197.
[9] A. De Felice, S. Tsujikawa, Phys. Rev. D 84 (2011) 124029, arXiv:1008.4236;
A. De Felice, S. Tsujikawa, J. Cosmol. Astropart. Phys. 1202 (2012) 007, arXiv:1110.3878.
[10] T. Koivisto, D.F. Mota, Phys. Rev. D 75 (2007) 023518, arXiv:hep-th/0609155;
S. Nojiri, S.D. Odintsov, M. Sasaki, Phys. Rev. D 71 (2005) 123509, arXiv:hep-th/0504052.
[11] G.R. Bengochea, R. Ferraro, Phys. Rev. D 79 (2009) 124019, arXiv:0812.1205.
[12] E.V. Linder, Phys. Rev. D 81 (2010) 127301, arXiv:1005.3039;
E.V. Linder, Phys. Rev. D 82 (2010) 109902 (Erratum).
[13] M. Fierz, W. Pauli, Proc. R. Soc. Lond. A 173 (1939) 211.
[14] C. de Rham, G. Gabadadze, A.J. Tolley, Phys. Rev. Lett. 106 (2011) 231101, arXiv:1011.1232;
S.F. Hassan, R.A. Rosen, Phys. Rev. Lett. 108 (2012) 041101, arXiv:1106.3344.
[15] A.A. Starobinsky, Phys. Lett. B 91 (1980) 99.
[16] S. Capozziello, et al., Phys. Lett. A 326 (2004) 292, arXiv:gr-qc/0404114;
S. Capozziello, V.F. Cardone, A. Troisi, J. Cosmol. Astropart. Phys. 0608 (2006) 001, arXiv:astro-ph/0602349;
S. Capozziello, et al., Mon. Not. R. Astron. Soc. 375 (2007) 1423, arXiv:astro-ph/0603522.
[17] S. Capozziello, Int. J. Mod. Phys. D 11 (2002) 483, arXiv:gr-qc/0201033;
S. Capozziello, et al., Int. J. Mod. Phys. D 12 (2003) 1969, arXiv:astro-ph/0307018.
[18] S.M. Carroll, et al., Phys. Rev. D 70 (2004) 043528, arXiv:astro-ph/0306438.
[19] R. de Ritis, et al., Phys. Rev. D 42 (1990) 1091.
[20] S. Capozziello, et al., Phys. Rev. D 80 (2009) 104030, arXiv:0908.2362;
C. Rubano, et al., Phys. Rev. D 69 (2004) 103510, arXiv:astro-ph/0311537;
S. Basilakos, M. Tsamparlis, A. Paliathanasis, Phys. Rev. D 83 (2011) 103512, arXiv:1104.2980;
G. Esposito, et al., Int. J. Geom. Methods Mod. Phys. 8 (2011) 1815, arXiv:1009.2887;
M. Tsamparlis, A. Paliathanasis, Class. Quantum Gravity 29 (2012) 015006, arXiv:1111.5567;
Y. Zhang, Y.G. Gong, Z.H. Zhu, Phys. Lett. B 688 (2010) 13, arXiv:0912.0067.
[21] B. Vakili, Phys. Lett. B 664 (2008) 16, arXiv:0804.3449.
[22] S. Capozziello, A. De Felice, J. Cosmol. Astropart. Phys. 0808 (2008) 016, arXiv:0804.2163;
S. Capozziello, G. Lambiase, Gen. Relativ. Gravit. 32 (2000) 673, arXiv:gr-qc/9912083.
[23] A. Paliathanasis, et al., Phys. Rev. D 84 (2011) 123514, arXiv:1111.4547;
J.C.C. de Souza, V. Faraoni, Class. Quantum Gravity 24 (2007) 3637, arXiv:0706.1223;
1. Hussain, M. Jamil, EM. Mahomed, Astrophys. Space Sci. 337 (2012) 373, arXiv:1107.5211;
M.F. Shamir, A. Jhangeer, A.A. Bhatti, Chin. Phys. Lett. 29 (2012) 080402, arXiv:1207.1008.
[24] M. Roshan, F. Shojai, Phys. Lett. B 668 (2008) 238, arXiv:0809.1272.
[25] Y. Kucuakca, U. Camci, Astrophys. Space Sci. 338 (2012) 211, arXiv:1111.5336.
[26] S. Capozziello, et al., Phys. Rev. D 52 (1995) 3288;
S. Capozziello, et al., Class. Quantum Gravity 14 (1998) 3259;
B. Modak, S. Kamilya, Int. J. Mod. Phys. A 13 (1998) 3915;
B. Modak, et al., Gen. Relativ. Gravit. 32 (2000) 1615, arXiv:gr-qc/9909046;
A K. Sanyal, B. Modak, Class. Quantum Gravity 18 (2001) 3767, arXiv:gr-qc/0107052;
S. Fay, Class. Quantum Gravity 18 (2001) 4863, arXiv:gr-qc/0309088;
S. Kamilya, B. Modak, Gen. Relativ. Gravit. 36 (2004) 673;
H. Motavali, et al., Phys. Lett. B 666 (2008) 10, arXiv:0807.0347;
A. Paliathanasis, et al., Phys. Rev. D 89 (2014) 063532, arXiv:1403.0332.
[27] S. Capozziello, et al., Int. J. Mod. Phys. D 5 (1996) 85;
S. Capozziello, S. Nesseris, L. Perivolaropoulos, J. Cosmol. Astropart. Phys. 0712 (2007) 009, arXiv:0705.3586.


http://refhub.elsevier.com/S0550-3213(15)00426-5/bib7231s3
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib7231s4
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib7232s1
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib7233s1
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib7234s1
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib7235s1
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib7236s1
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib7236s2
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib7236s3
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib7237s1
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib7237s2
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib7238s1
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib7239s1
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib7239s2
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723130s1
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723130s2
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723131s1
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723132s1
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723132s2
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723133s1
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723134s1
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723134s2
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723135s1
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723136s1
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723136s2
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723136s3
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723137s1
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723137s2
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723138s1
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723139s1
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723230s1
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723230s2
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723230s3
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723230s4
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723230s5
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723230s6
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723231s1
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723232s1
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723232s2
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723233s1
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723233s2
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723233s3
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723233s4
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723234s1
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723235s1
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723236s1
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723236s2
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723236s3
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723236s4
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723236s5
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723236s6
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723236s7
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723236s8
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723236s9
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723237s1
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723237s2

H. Wei et al. / Nuclear Physics B 903 (2016) 132—-149 149

[28] H. Wei, X.J. Guo, L.F. Wang, Phys. Lett. B 707 (2012) 298, arXiv:1112.2270.
[29] A. Paliathanasis, et al., Phys. Rev. D 89 (2014) 104042, arXiv:1402.5935.
[30] A.K. Sanyal, C. Rubano, E. Piedipalumbo, Gen. Relativ. Gravit. 43 (2011) 2807, arXiv:1107.0560.
[31] S. Capozziello, et al., Int. J. Mod. Phys. D 2 (1993) 463;
S. Capozziello, R. de Ritis, Class. Quantum Gravity 11 (1994) 107;
R. De Ritis, C. Rubano, P. Scudellaro, Europhys. Lett. 32 (1995) 185;
R. de Ritis, et al., Phys. Rev. D 62 (2000) 043506, arXiv:hep-th/9907198;
A.K. Sanyal, et al., Gen. Relativ. Gravit. 35 (2003) 1617, arXiv:astro-ph/0210063;
E. Piedipalumbo, et al., Gen. Relativ. Gravit. 44 (2012) 2611, arXiv:1112.0502.
[32] Y. Zhang, Y.G. Gong, Z.H. Zhu, Class. Quantum Gravity 27 (2010) 135019, arXiv:0912.4766;
S. Capozziello, R. De Ritis, Nuovo Cimento B 109 (1994) 795;
S. Capozziello, G. Lambiase, Gen. Relativ. Gravit. 32 (2000) 295, arXiv:gr-qc/9912084;
R.C. de Souza, G.M. Kremer, Class. Quantum Gravity 26 (2009) 135008, arXiv:0809.2331;
M. Jamil, EM. Mahomed, D. Momeni, Phys. Lett. B 702 (2011) 315, arXiv:1105.2610;
S. Capozziello, et al., Int. J. Mod. Phys. D 6 (1997) 491, arXiv:gr-qc/9606050;
E. Di Grezia, et al., Mod. Phys. Lett. A 20 (2005) 605, arXiv:hep-th/0407257;
U. Camci, Y. Kucukakca, Phys. Rev. D 76 (2007) 084023;
M.F. Shamir, A. Jhangeer, A.A. Bhatti, Int. J. Theor. Phys. 52 (2013) 3106, arXiv:1506.08697;
A. Jhangeer, et al., Int. J. Theor. Phys. 54 (2015) 2343, arXiv:1507.01865.
[33] S. Capozziello, M. Roshan, Phys. Lett. B 726 (2013) 471, arXiv:1308.3910.
[34] M. Paolella, S. Capozziello, Phys. Lett. A 379 (2015) 1304, arXiv:1503.00098.
[35] H. Wei, Y.N. Zhou, H.Y. Li, X.B. Zou, Astrophys. Space Sci. 360 (2015) 6, arXiv:1505.07546.
[36] S. Hojman, J. Phys. A, Math. Gen. 25 (1992) L291.
[37] R.M. Santilli, Foundations of Theoretical Mechanics I, Springer, New York, 1978;
M. Lutzky, J. Phys. A, Math. Gen. 12 (1979) 973.
[38] S. Hojman, J. Phys. A, Math. Gen. 17 (1984) 2399.
[39] F. Gonzélez-Gascon, J. Phys. A, Math. Gen. 27 (1994) L59;
M. Lutzky, J. Phys. A, Math. Gen. 28 (1995) L637;
H.B. Zhang, et al., Acta Phys. Sin. 54 (2005) 2489.
[40] T.P. Sotiriou, Class. Quantum Gravity 23 (2006) 1253, arXiv:gr-qc/0512017.
[41] T.P. Sotiriou, Class. Quantum Gravity 23 (2006) 5117, arXiv:gr-qc/0604028.
[42] S. Lee, Mod. Phys. Lett. A 23 (2008) 1388, arXiv:0801.4606;
X.H. Meng, P. Wang, Gen. Relativ. Gravit. 36 (2004) 2673, arXiv:astro-ph/0308284.
[43] https://en.wikipedia.org/wiki/Lambert_W_function;
In Mathematica, the Lambert W function (or product logarithm) is given by ProductLog [z].
[44] https://en.wikipedia.org/wiki/Error_function#Inverse_functions;
In Mathematica, the inverse error function is given by InverseErf [z].
[45] S. Nojiri, S.D. Odintsov, Phys. Rep. 505 (2011) 59, arXiv:1011.0544;
S. Nojiri, S.D. Odintsov, Int. J. Geom. Methods Mod. Phys. 4 (2007) 115, arXiv:hep-th/0601213.
[46] S. Capozziello, M. De Laurentis, S.D. Odintsov, Eur. Phys. J. C 72 (2012) 2068, arXiv:1206.4842.
[47] S. Nojiri, S.D. Odintsov, Phys. Rev. D 74 (2006) 086005, arXiv:hep-th/0608008;
S. Nojiri, S.D. Odintsov, D. Saez-Gomez, Phys. Lett. B 681 (2009) 74, arXiv:0908.1269;
S. Nojiri, S.D. Odintsov, J. Phys. Conf. Ser. 66 (2007) 012005, arXiv:hep-th/0611071.
[48] S. Capozziello, M. De Laurentis, Phys. Rep. 509 (2011) 167, arXiv:1108.6266.
[49] S. Capozziello, A. Stabile, A. Troisi, Class. Quantum Gravity 24 (2007) 2153, arXiv:gr-qc/0703067.
[50] P. Martin-Moruno, S. Capozziello, C. Rubano, Phys. Lett. B 664 (2008) 12, arXiv:0804.4340;
S. Capozziello, et al., AIP Conf. Proc. 1122 (2009) 213, arXiv:0812.2138.


http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723238s1
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723239s1
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723330s1
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723331s1
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723331s2
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723331s3
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723331s4
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723331s5
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723331s6
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723332s1
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723332s2
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723332s3
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723332s4
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723332s5
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723332s6
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723332s7
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723332s8
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723332s9
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723332s10
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723333s1
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723334s1
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723335s1
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723336s1
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723337s1
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723337s2
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723338s1
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723339s1
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723339s2
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723339s3
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723430s1
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723431s1
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723432s1
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723432s2
https://en.wikipedia.org/wiki/Lambert_W_function
https://en.wikipedia.org/wiki/Error_function#Inverse_functions
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723435s1
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723435s2
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723436s1
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723437s1
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723437s2
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723437s3
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723438s1
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723439s1
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723530s1
http://refhub.elsevier.com/S0550-3213(15)00426-5/bib723530s2

	Exact cosmological solutions of f(R) theories via Hojman symmetry
	1 Introduction
	2 Exact cosmological solutions of f(R) theory in the metric formalism
	2.1 Power-law solution
	2.2 New solutions

	3 Exact cosmological solutions of f(R) theory in the Palatini formalism
	3.1 Power-law solution with c0=0
	3.2 New solutions with c0<>0
	3.2.1 The case of n<>0
	3.2.2 The case of n=0


	4 Concluding remarks
	Acknowledgements
	References


