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We prove that for any triple ( p, g, r) of integers, each greater than or equal to 2, and word
weEZ/p*Z/q, the group (Z/p*Z/q)/{w") is nontrivial. Conditions on the triple ( p, g, r) are
found under which this quotient group is infinite. We then apply these results to provide the last
piece of evidence needed to show that nonintegral Dehn surgery on a knot in S° cannot yield a
reducible 3-manifold.

Introduction
The main result of this paper is the following theorem:

Theorem 1. Let p, g and r be integers greater than or equal to 2. Then for any
word weZlp*Zlq,

(Zip*Z1q)/{w") #{e} .

Here the symbol *+’ denotes the free product operation between groups and
‘(w")” denotes the normal closure of w’ in Z/p*Z/q.

Theorem 1 has been discovered independently by Baumslag, Morgan and
Shalen [1]. We direct the reader to this paper for an alternate approach to the
theorem.

Our proof involves the construction of a nontrivial representation

p:ZlpxZ/q—SO(3)
for which p(w)" = e (e will always be used to denote the identity elements of the

groups appearing in this paper). Consideration of the image of p allows us to
deduce
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Theorem 2. Suppose w € Z/p * Z/q projects to nontrivial elements of Z/p and Z/q
and that r =2 is such that
(i) no two of p, q and r are 2,
(i) max{p, q,r} =6.
Further, if (p, q, r) is a permutation of either (2,3,6), (2,4, 4) or (2, 6, 6) assume
(ili) w does not project to generators of both Z/p and Z/q.
Then the quotient (Z/p+7Z/q)/{w") is infinite.

Using the techniques developed in this paper we can show that if w projects
nontrivially to both Z/p and Z/q, then excluding some 32 exceptional triples
(p,q.1r), (ZIpxZ/q)/{w") will be infinite when the classical criterion 1/p +
1/q +1/r=1 holds. The exceptions reflect the fact that certain infinite triangle
groups

A(p, g, r)=(x, y|x" =y =(xy) =¢)

admit no representations in SO(3) with infinite image.

In the previously mentioned paper [1], the authors use the larger group
PSL,(C) as a universal target, and the extra room afforded by this noncompact
group allows them to show (Z/p*Z/q)/{w") is infinite whenever 1/p +1/q +
1/r =1. The main difference in the two approaches is that in [1], representations
are constructed which inject the factors Z/p and Z/q and which send w to an
element of order r. We can do this in most, but not all cases (see the addendum in
Section 2).

Similar technigues to those used in proving Theorem 1 yield

Theorem 3. Let A, A,,..., A, be an arbitrary collection of nontrivial abelian
groups, where n=2. Then for any wEP=A,* A,*---x A and r=2, at least
n — 1 of the natural homomorphisms

A,— PI{(w")

are injections. If we assume further that w projects nontrivially to each A,, then all
n of these homomorphisms are injections.

Theorem 3 has also been discovered by Fine, Howie and Rosenberger [4].

It has been conjectured that for any nontrivial groups G,, G,, w € G, * G, and
r=2,(G,*G,)/{w') #{e} (see [7,§9]). When r =4 this is known to be true [6,
§4; 11]. An immediate corollary of Theorem 3 is

Corollary 4. If G,, G, are nonperfect groups, w € G, * G, and r=2, G, * G,/
(w) Z{e}. O
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We close the introduction by describing some applications of Theorem 1 to the
topology of 3-manifolds. It was these connections which originally motivated our
studies.

The Dehn surgery operation, performed on a smooth knot in a 3-manifold, is
one of the most important constructions in 3-manifold theory. Of particular
interest is when the knot, K, lies in the 3-sphere, § ’. For a reduced fraction
a/b e QU {1/0} we shall let M(K, a/b) denote the 3-manifold resulting from the
(a/b)-Dehn surgery along K (see [13, §9.G]). Using the work of Gonzalez-Acuna
and Short [6], Theorem 1 may be shown to imply

Corollary 5. If M(K, a/b) = M, #M,, where H (M,) {0} (i =1,2), then b = +1.
In particular, the connected sum of two lens spaces can so arise only as an integral
surgery on S ’,

Gordon and Luecke have observed that through their joint work with Culler
and Shalen [3], Corollary 5 is the last piece of evidence needed to deduce,

Theorem (Gordon and Luecke [9]). If M(K, a/b) is reducible, then b= *1. O

There are many well-known instances of when an integral Dehn surgery on a
knot in S° yields a reducible 3-manifold. For instance, for any relatively prime
pair p, ¢ =2, the connected sums L(p, q)#L(q, p) can so occur (see [5,7, 12]
for these and other examples). Using the relationship between the surgery
coefficient (a/b) and the link pairing on M(K, a/b) we shall show

Proposition 6. Suppose L( p, s)#L(q, t) occurs as a Dehn surgery on a knot in S,
Then there is an integer u, relatively prime to pq, and an ¢ = *1 so that

L(p,s)=¢L(p,u’q) and L(q,1)=el(q,u’p).

The paper is organized in the following fashion. Section 1 contains several
elementary lemmas which are used in Section 2 to prove Theorems 1-3. The
reader is advised to proceed directly to Section 2 and to refer back to Section 1
when necessary. The last section, Section 3, is used to discuss the topological
results referred to above.

1. Background results
Recall that SO(3) =SU(2)/{%xe} and let

A:SU(2)~ SO(3)
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be the quotient map. As —e is the only element in SU(2) of order 2, the following
is easily verified:

Lemma 1.1. For any ¢ € SU(2) or order n >0, A(c) € SO(3) has order (n/2) or n
depending on whether or not n is even or odd.

Lemma 1.2. Suppose numbers a,, a, are given where 0= a, = a, =<1. Then for
any n>1,

[{m|a,n=m= an and ged(m, n) = 1}| > (&, — a;)$(n) ~ 2
where @ is the Euler ¢-function and v(n) is the number of distinct prime factors of n.

Proof. Recall the Mébius function p:Z, — {—1,0, 1} given by

1 ifd=1,
u(d) = (—1)"Y if d is square free ,
0 if d is not square free .

It is easy to show that for any m >0,

{1 ifm=1,
0 ifm>1.

2 ud)=

d|m

Thus
[{m|a,;n =m = a,n and ged(m, n) =1}

= X 2

qnr=m=an d|ged(m, n)

D R

dln

=(a2—a1)n2&%{l+e

dln

=(a, — al)n(M) + & (see [10, §16.3])

=(a, — a1)¢(n)n+ £
R R e e )

<2 |u@)

d(n

where

le| =

=2

Clearly this completes the proof. [
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Lemma 1.3. Suppose n is a positive integer other than 1,2 or 12. Then there is a
primitive nth root of unity u with Im(u)=1/V'2.

Proof. It suffices to find an integer m, relatively prime to n, with 1 <m =< in. By
applying Lemma 1.2 with @, = § and @, = § we are ensured of such an m as long
as ¢(n)/2""™ = 4. This inequality is readily checked for »(n)=5. Assume then
that 1< v(n) =4.

Now for an integer n with »(n) =4, any sequence of 10 consecutive integers
contains at least one relatively prime to n. Hence if n > 40, there will always be an
m with }n <m < 3n and ged(n, m) = 1. But for v(n) =4, n =210 and thus the
lemma holds for this case.

For v(n) =3,2 or 1, any sequence of respectively 6, 4 or 2 consecutive integers
contains at least one relatively prime to n. Hence if n > 24, 16 or 8 respectively we
are done. The finite number of cases which remain may be checked by hand. (]

A similar analysis proves the next lemma.

Lemma 1.4. Suppose n is a positive integer other than 1,2, 3,4, 6, 8 or 12. Then
there is a primitive nth root of unity contained in the interior of any subsector of the
upper half circle of angle 3m. [

Lemma 1.5. Let positive integers s, n be given and set d = gcd(s, n). Then if u, is

any primitive (n/d)th root of unity, there is a primitive nth root of unity u such that
s

u'=u,.

Proof. Set u, = exp(2witd/n) where gecd(t, n/d)=1. By Dirichlet’s theorem on
primes in arithmetic progression we may assume that ¢ is a prime larger than n. In
particular we may suppose ged(z, n) = 1.

Next choose integers a, b such that as + bn = d. Evidently gcd(a, n/d) =1 and
note that for any k€ Z, (a + k(n/d))s + (b — k(s/d))n = d. Hence by another
application of Dirichlet’s theorem we may assume that gcd(a, n) = 1.

Set

Then u is a primitive nth root of unity for which

. (2mitas 2mi(td — tbn)
u =exp ) Tep\ T =y,

Thus we are done. O
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Remark 1.6. It is not hard to combine Lemmas 1.3 and 1.5 to show that given
nonzero integers s and s, s 0 (mod n), there is an nth root of unity u such that
Im(u’) =1/V2. Further, if (n/ged(n,s))#2 or 12, u may be assumed to be
primitive.

We close this section by stating three elementary lemmas.

Lemma 1.7. The function trace : SU(2) — [ -2, 2] faithfully distinguishes conjugacy
classes. In particular, each element ¢ € SU(2) is conjugate to its adjoint c*. O

Lemma 1.8. Each ¢ € SU(2) is conjugate to a diagonal matrix. Hence, by Lemma
1.7, ¢ has order n in SU(2) if and only if trace(c) = 2 cos(2wj/n) for some integer j
relatively prime to n. [

Lemma 1.9. Let a and b be noncommuting elements of a dihedral group such that
a has order 2 and b has order greater than 2. Then any element
a™b™a™b" - - - a™b"™ has order 2 as long as L.\, m, is odd. O

2. Proofs of the main theorems

In this section we prove Theorems 1-3. First though we must generate some

notation.
The groups Z/p, Z/q will be written multiplicatively as

Zip={e x,...,x"""},
Zig={e,y,...,y" '}.

For the purposes of Theorem 1 we may assume that w projects nontrivially to
each of the factor groups Z/p and Z/q, as otherwise the result is obvious.
Suppose then that,

w—(x', Y)EZIpDZiq

upon abelianization, where s 0 (mod p) and ¢ 0 (mod q).

Let F(X, y) be a free group on symbols x, y and choose w € F(x, y) which
maps to w under the obvious epimorphism F(x, y)— Z/p * Z/q. We may and do
assume that the exponent sums of w in x and y are s and ¢ respectively.

Note that for any group G, there is a function

w:GxXG—-G

where W(a, b) is the result of formally replacing ¥ and ¥ in w by a and b
respectively. If G happens to be a topological group, then w will be continuous.
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Proof of Theorem 1. It evidently suffices to construct a nontrivial representation
p:Z/p*Z/q— SO(3) for which p(w) = e.

Lemma 2.1. To produce such a p, we need only find elements a, b € SU(2) with
(i) A(a)#e and M(b)# e,

(ii) @ =b* =i(a, b)" =e.

Proof. Tentatively define p by p(x) = A(a) and p(y) = A(b). According to Lemma
1.1, this does define a homomorphism which by (i) is nontrivial. Further,

p(w) = w(A(a), (b)) = A(W(a, b)) = A(te)=e.
Thus the lemma is proved. [
To find a and b we proceed as follows. By Remark 1.6 we may choose (2p)th

and (2¢)th roots of unity ¥ and v with Im(«*) = 1/V2, Im(v) = 1/V2. Define
elements a, and b, of SU(2) by

u 0 v O
“=lo a0 b7lo sl

Evidently neither A(a,) = e nor A(b,) =e.
If

O(b,) = {cbyc™" |cESU(2)},
then O(b,) is a connected subspace of SU(2). Indeed O(b,) = $”. According to
Lemma 1.7, b§ € O(b,).
Consider the continuous function

f:0(by)—[-2,2], b— trace(w(a,, b)) .

Now as w was chosen to have exponent sums s and ¢ in X and y, and as q,
commutes with both b, and b{,

u'v' 0 ]) st mset
= = + U .
flby) trace([ 0 @ (vv' +u
Y — u'v' 0 ) — (! —5 t
1) trace([ 0 ﬁsv’] (o' +uv).

It follows that the connected set f(O(b,)) contains an interval of length at least
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| F(b3) — flbo)] = |(w5" + &*v") - (u'v' + &5")|
= '(ﬁs _ u’)(v' _ 6t)|
=4Im(u’) Im(v')

=2,

as Im(x*)=1/V?2 and Im(v') = 1/V2.
But for any j € Z,

‘2 cos(z—ﬂ%:—u> - 2cos<%7;—j)’ =2,

Then we may find b € O(b,) and j € Z with

~ 2mj
trace(w(a,, b)) =2 cos(—ﬂ) .
2r
By Lemma 1.8, w(a,, b)” = and so the elements a,, b €SU(2) satisfy the

hypotheses of Lemma 2.1. The proof of Theorem 1 is therefore completed. [

Remark 2.2, It can be shown that in most cases, the groups from Theorem 1
admit nontrivial representations to SU(2). Consideration of the icosahedral group
A(2,3,5) [16, §2.6], shows that this is false in general.

We must sharpen Theorem 1 in preparation for the proof of Theorem 2.

Addendum. Suppose that w € Z/p*Z/q projects to elements of order p, q in Z/p
and Z/q and that the triple (p, q,r) is not a permutation of either (2,2,2),
(2,3,6),(2,4,4),(2,4,6), (2,6,6), (3,6, 6) or (4,6, 12). Then the representation
p may be constructed so as to have nonabelian image in SO(3) and so that p(x),
p(y) and p(w) have orders p, q and r respectively.

Proof. We shall continue to use the notation developed in the proof of Theorem
1. Note p = pged(p, s) and q = q ged(q, t).

Assume first of all that neither p, ¢ nor r is 6. After possibly replacing s by
s+p and ¢t by t+ g, we may suppose that 2p = (2p)gcd(2p,s) and 2q =
(2g)gcd(2q, t). Then by Remark 1.6, u and v may be chosen to be primitive
(2p)th and (24)th roots of unity and therefore p(x) and p(y) will have orders p
and g (Lemma 1.1). It is not hard to show that the proof of the addendum will be
complete if we can find b € O(b,) satisfying

(i) f(b)=2cos 8, where € is a primitive (2r)th (or possibly rth if r is odd)
root of unity;

(i) A(ag)A(b) # A(b)A(ay). _

To that end let g: S’ —[—2, 2] be the function g(e'®) =2 cos 9 and recall that
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image( f) contains the interval [2Re(u’v'), 2Re(u'0")]. As Im(x'), Im(v')=
V2

g ([2Re(w'v"), 2 Re(u’vHP N S,

(S} being the upper half circle) contains a sector of angle w/2. According to
Lemma 1.4, this sector contains at least one primitive (2#)th root of unity in its
inferior, as long as r #2, 3, 4 or 6. It is easy to see that the same is true when
r=2 or 4 unless (p, g, r) is a permutation of (2, 4, 4). In the case r = 3, we may
find either a primitive 3rd or a primitive 6th root of unity in the interior of the
sector.

Thus, other than in the cases excepted, we may find a b€ O(b,) so that
f(b) =2 cos 6 where " is a primitive (2r)th (or possibly rth if r = 3) root of unity.
This shows condition (i), stated above, holds. Further note that ' was in the
interior of the sector and so

f(b,) =2 Re(u'v") < f(b) <2 Re(u'd") = f(b}) .

Evidently then b & {b,, b}} and as such, does not commute with a,,.

Now suppose that condition (ii) above fails, that is, suppose A(a,) commutes
with A(b). By construction, we must have a,b =—ba,. But then a simple
calculation shows that both a, and b have order 4 and generate a quaternion
group of order 8 in SU(2). It follows that the image of p (p being defined by
p(x) = A(ay), p(y)=A(b)) is Z/2®Z/2. Hence p =g =r=2. But as we have
excluded this possibility, condition (ii) must hold.

This addendum has now been shown to be true when none of p, g and r are 6.
We leave the cases when one of p, g or r is 6 to the reader. They follow much as
above, but it is necessary to prove a version of Lemma 1.4 for sectors subtending
an angle of w/3. 3

Remark 2.3. If (p, g, r) is a permutation of (2,2, 2), (2,3,6), (2,4,4), (3,6,6)
or (4,6,12), then there is a representation p so that p(x), p(y) and p(w) have
orders p, g and r respectively, though its image may be abelian.

Proof of Theorem 2. Let ( p, g, r) be a triple such that no two of p, g and r are 2
and max{p, q, r} =6. Let w € Z/p * Z/q project to nontrivial elements of order p
and g in Z/p and Z/q respectively.

The proof will involve several steps. For the first one, assume that (p, g, r) is a
triple to which the addendum to Theorem 1 applies. Then there is a representa-
tion p:(Z/p*Z/q)/{w")—>SO(3) with nonabelian image and for which p(x),
p(y) and p(w) have orders p, g and r respectively. Our work shall be done if we
can prove that 7 = image( p) is an infinite subgroup of SO(3). If  is finite, then
by the classification of finite subgroups of SO(3) [16, Theorem 2.6.5] # is either
dihedral or polyhedral. We shall exclude these two possibilities.
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Suppose 7 is dihedral. Then as p(x) and p(y) do not commute, while any two
elements of order greater than 2 in a dihedral group do commute, we see that one
of p(x) and p(y) has order=2. Without loss of generality we may suppose
p(x)’ =e. Then p =2 and therefore ¢, r=3. In particular, p(w) has order =3.
But by hypothesis, w projects nontrivially to Z/p = Z/2 and thus x occurs an odd
number of times in any expansion of w in powers of x and y. Applying p to such
an expansion and appealing to Lemma 1.9 shows that p(w)2 = e. This contradic-
tion implies that 7 is not dihedral.

Next consider the polyhedral groups. These consist of the alternating groups A,
and A; and the symmetric group S,. As = contains an element of order
max{p, g, r} =6, & is not polyhedral. We conclude then that = is an infinite
subgroup of SO(3). This gives Theorem 2 for those triples ( p, ¢, r) to which the
addendum applies. We deal with the rest now.

First suppose that (p, 4, r) is a permutation of either (3,6, 6) or (4,6, 12).
These cases will be done if we can construct a surjection of (Z/p*Z/q)/{w")
onto one of the groups we have just shown to be infinite. When r = 6, simply
project to (Z/p*Z/q)/{w’). When one of p or q is 6, say § =6, project to
(Z/p*Z1(3q))/{w). Here w, is the image of w under the natural homomorph-
ism Z/p*Z/q—>Z/p*Z/(5q). It is not hard to show that w, projects to an
element of order 3 in Z/(3¢q). Thus this image group is indeed one of those
previously considered.

Next suppose (p, q,r) =(2,2,2). We may construct a representation p:(Z/
p*Z/q)/{w")— SO(3) with noncyclic image such that p(x), p(y), and p(w) have
orders p, g and r respectively. Now as r =2, both p =3 and ¢ =3. Thus =, the
image of p, is not dihedral. But max{p, ¢q, r} =6 so that & is not polyhedral
either. It follows that = is infinite and therefore this case is done.

To complete the proof it suffices to show that if (p, ¢, r) is a permutation of
(2,4, 4), then the quotient (Z/p*Z/q)/{w") is infinite, while if (p, q,r) is a
permutation of either (2, 3,6), (2,4,6) or (2,6,6), then (p, g, r)=(p, g, 1). As
each of these is handled similarly, we shall restrict ourselves to providing the
details for (p, g, r)=(4,4,2) and indicating the changes necessary for the rest.

If (p,q,r)=(4,4,2), let w,EZ/p*Z/(5q) be the image of w under the
natural surjection. As w, projects to an element of order 2 in Z/(3 g), we may
choose a representation p:(Z/p*Z/(3q))/{w})—SO(3) as in the addendum. If
both p =8 and g = 8, then the image of p will be nondihedral and nonpolyhedral
and thus infinite. At least one of p and ¢ is larger than 7 so we have yet to check
(p,g.r)=(4,8,2) and (p, q,7r)=(8,4,2). But in either of these cases, the
natural map Z/p«Z/q—Z/2+Z/2 sends w to some w, which abelianizes to
(1,0)€2/207Z/2 or (0,1)EZ/2®Z/2. Such elements w, are of order 2 in
Z/2%7Z/2 and thus (Z/p*Z/q)/{w*)>»Z/2%Z/2. Evidently this finishes this
case.

When (p, 4, r) is a permutation of (2, 3, 6), (2, 4, 6) or (2, 6, 6), one can argue
as above to reduce to just a few the number of possibilities for ( p, g, r). In the
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latter two cases, those triples with (p, g, r) # (p, g, r) give groups which admit
surjections onto Z/2*Z /2, and which are therefore infinite. In the first case, the
addendum is used to construct representations from the groups corresponding to
those triples with ( p, g, r) # (p, 4, r) to SO(3). These are shown to have image
either infinite, the dihedral group D,, or the symmetric group S,. The last two
possibilitics are excluded by studying the image of w.

The proof of Theorem 2 is now complete. [

Proof of Theorem 3. First we note that consideration of the projections of P onto
A, * A, (i #j) shows that we need only examine the case n =2.

Next let wE P= A, * A, project to a,E A, (i=1,2). Now if a,=¢, A, will
include in P/{(w") (simply abelianize). Thus we shall assume below that 4, and a,
are nontrivial.

Suppose, as a first case, that A, =7Z/p and A, =7Z/q where p and g are prime
powers. Let r, be a prime power dividing r. Using the addendum to Theorem 1
and Remark 2.3, we see that the compositions

Zip,Z1q—>(Zip*ZI1q)/{w"y—>(Zip*Z/q)/{w")

are injections. Thus the theorem holds in this first instance.

Next suppose that A, and A, are arbitrary. Let B; be the subgroup of A,
generated by those of its elements occurring in w (i =1, 2). Clearly we may
consider w € B, * B, and w projects to a, € B\{e}. If we can prove that each B,
injects into (B, * B,)/{w") ({w") also denoting the normal closure of w" in
B, = B,), then the identity

(A, *Az)/<w'>'EAI;kl(B]*BZMW'));kZAz

shows that the general case of the theorem holds.

Now for any element b, € B,\{e}, we may choose surjections ¢,: B,— Z/p,
(i=1,2), where the p, are prime powers and ¢,(b,) # e, ¢,(a,) # e (this uses the
fact that B, and B, are finitely generated). Clearly w = (¢, * ¢,)(w) projects to
¢,(a,) € Z/p,\{e}. From above, this implies that Z/p, injects into (Z/p, *Z/p,)}/
(w") (whether or not ¢,(a, ), the projection of w in Z/p,, is trivial). In particular,
¢,(b,) is nontrivial there, and thus b, is nontrivial in (B, * B,)/(w"). As b, was
arbitrary, B, injects into (B,* B,)/{(w"). Similarly B, does. The proof of
Theorem 3 is now complete. [

3. Topological applications

In this final section we discuss more fully the topological applications of
Theorem 1.



228 S. Boyer

Consider the following two statements:

(*) If K is a knot and a/b € QU {1/0} is such that M(K, a/b)
is reducible, then b = + 1.
(*%) If K is a knot and a/b € QU {1/0} is such that M(K, a/b)

=L(p,s)#L(q,t) (p, g =2), then b= =1.

Clearly () implies (*%).

That (*) was true had been suspected for some time and various restrictions on
the surgery coefficients a/b which yield reducible M(K, a/b) were known (see [8,
§8] and [7, Theorem 1.11] for instance).

In the paper [6], Gonzilez-Acuna and Short made the key observation that if
m, (M(K, a/b)) splits as a nontrivial free product, then it is normally generated by
the bth power of one of its elements (Proposition 4.2). Then, using Rourke’s
version of small-cancellation theory [14], they showed that this could only occur if
|b| <6 (Theorem (4.3)). Later, Howie improved that to |b| <4 [11].

Now suppose that M(K, a/b) = M,#M, where H,(M,) Z0 (i = 1,2). From [6],
m(M,)*m(M,) is normally generated by a bth power, and as the same is
necessarily true for the free product of any quotients of 7 (M,) and =,(M,),
Theorem 1 implies that b = 1. Thus Corollary 5 holds, and so in particular,
statement (**) is true.

Now Gordon and Luecke [9] observed that it is an immediate consequence of
[3, Theorem 2.0.3] that statement (**) implies statement (*). Thus (*) holds.

Next we turn our attention to the problem of determining which connected
sums of lens spaces can occur as the result of an integral Dehn surgery on a knot
in $°. That such connected sums do occur is well known [5, 7, 12].

For a torsion class @ € H;(M), M a closed, oriented 3-manifold, let A(a) €
Q/Z denote its self-linking number.

Lemma 3.1. Suppose M(K, a/b)= M,#M, where M, %S> (i=1,2) and a+#0.
Then if a, € H(M,) is a generator, there is an integer u relatively prime to a such
that Ma,) + Ma,) = *(u’la).

Proof. First we remark that H,(M(K, a/b))=Z/a and so both H,(M,) and
H,(M,) are cyclic.

Next note that as M(K, a/b) is reducible, b = 1.

Now a = ¢, + a, € H,(M(K, *a)) generates and thus there is a u € Z, relative-
ly prime to a, such that « = uu, where u € H,(M(K, +a)) is the class correspond-
ing to a meridian of K.

It is well known, and easy to verify, that A(n) = *=1/a. Hence

iuz

May) + Aey) = Aa) = A (w) =

Thus we are done. O
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Proof of Proposition 6. There are generators «, € H(L(p,s)) and o, €
H,(L(q,t)) such that A(a,) = —s/p and A(a,) = —t/q (see [15, p. 290]). Then by
Lemma 3.1, there is a number v, relatively prime to pg, and an ¢ € {1}, so that

t EV

| e
)
h~
o

Then gs + pt = ev’ (mod pq) and so
§= gyzq71 (mod p) s
t=ev’p”' (modgq).

Hence
L(p.s)=L(p,ev’q ")

eL(p, u'q)
where u is chosen so that uv =1 (mod pq) (see [2, §5] for the classification of lens
spaces).
Similarly
L(q.0)=¢eL(q, u’p).

The proof is now complete. O

m
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