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1. Introduction

It is known that many phenomena in several branches of science can be described very successfully by models using
mathematical tools from fractional calculus. Methods of solutions of problems for fractional differential equations have
been studied extensively by many researchers (see, e.g., [ 1-3] and the references given therein). The analytic results on the
existence and uniqueness of solutions to the FDEs have been investigated by many authors; among them, [4,5]. In general,
most of FDEs do not have exact analytic solutions, so approximation and numerical techniques must be used.

Finding accurate and efficient methods for solving FDEs has become an active research undertaking. There are
several analytic methods such as the Adomian decomposition method [6,7], the homotopy-perturbation method [8], the
variational iteration method [9] and the homotopy analysis method [10]. From the numerical point of view, Diethelm
et al. [11] presented the predictor-corrector method for numerical solutions of FDEs. In [12], the authors have proposed
an approximate method for the numerical solution of a class of FDEs which are expressed in terms of Caputo type fractional
derivatives. In fact, the method presented in [ 12] takes advantage of FDEs converting into Volterra-integral equations. In [7],
analytical and numerical methods are used to solve a multi-term nonlinear fractional differential equation. Furthermore,
the generalization of the Legendre operational matrix to the fractional calculus has been studied in [13].

The main advantage of spectral methods lies in their accuracy for a given number of unknowns. For smooth problems in
simple geometries, they offer exponential rates of convergence/spectral accuracy (see, e.g., [14-17]). In the present paper,
we extend the application of spectral methods with generalization of Chebyshev operational matrix (COM) to the fractional
calculus for developing direct solution techniques for solution of linear multi-term FDEs.

Doha et al. [18] proposed an efficient spectral tau and collocation methods based on the Chebyshev polynomials for
solving multi-term linear and nonlinear fractional differential equations subject to nonhomogeneous initial conditions.
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Furthermore, Bhrawy et al. [19] proved a new formula expressing explicitly any fractional-order derivatives of shifted
Legendre polynomials of any degree in terms of shifted Legendre polynomials themselves. Extension of the tau method
for solving some multi-order fractional differential equation variable coefficients is treated using the shifted Legendre
Gauss-Lobatto quadrature (see, [19]).In[20,21], the authors have presented the spectral tau method for numerical solutions
of some FDEs. Recently, Esmaeili and Shamsi [22] introduced a direct solution technique for obtaining the spectral solution of
a special family of fractional initial value problems using a pseudo-spectral method, and in [23], Pedas and Tamme developed
the spline collocation methods for solving FDEs. The algorithms in the present work are somewhat related to the ideas used
by Saadatmandi and Dehghan [13], Doha et al. [18] and Bhrawy et al. [19] in developing accurate algorithms for various
purposes.

The main aim of this paper is to propose a suitable way to approximate linear multi-term FDEs with constant coefficients
using a shifted Chebyshev tau method based on COM such that it can be implemented efficiently and at the same time has
a good convergence property.

Dealing with nonlinear multi-order fractional initial or boundary value problems on the interval (0, L), we propose a
spectral shifted Chebyshev collocation method based on COM to find the solution uy (x). The nonlinear FDE is collocated only
at the (N — m + 1) points. For suitable collocation points, we use the (N — m + 1) nodes of the shifted Chebyshev-Gauss
interpolation on (0, L). These equations, together with m initial conditions or m boundary conditions, generate (N + 1)
nonlinear algebraic equations which can then be solved using Newton’s iterative method. Finally, the accuracy of the
proposed algorithms is demonstrated by test problems.

The rest of the paper is organized as follows. In Section 2, we introduce some mathematical preliminaries of the fractional
calculus theory and some relevant properties of the Chebyshev polynomials. In Section 3, the COM of fractional derivative
is obtained and proved. Section 4 is devoted to applying the spectral methods for solving multi-order linear and nonlinear
FDEs using the COM of fractional derivative. Some numerical experiments are presented in Section 5. Finally, we conclude
the paper with some remarks.

2. Preliminaries

For m to be the smallest integer that is greater than or equal to v, the Caputo’s fractional derivative operator of order
v > 0is defined as:

" _JmTDf(x), ifm—1<v <m,
D) = {Dmf(x), ifv=m, meN, (2.1)
where
1 X
JUf(x) = —f (x—t)""'ft)dt, v>0,x>0.
rw) Jo
For the Caputo derivative, we have
0, for 8 € Ngand 8 < [v],
D'xP = rg+1y 4
_ v, forB € Ngand 8 > [v]or Nand B > |v].
FBIToY) B eNopandp = [v]orf ¢ Nand > [v]
We use the ceiling function [v] to denote the smallest integer greater than or equal to v, and the floor function | v to denote
the largest integer less than or equal to v. Also N = {1,2,...} and Ny = {0, 1, 2, ...}. Recall that for v € N, the Caputo
differential operator coincides with the usual differential operator of an integer order.
The Chebyshev polynomials {T;(t); i = 0, 1, ...} are defined on the interval (—1, 1). In order to use these polynomials

on the interval x € (0, L), we defined the so-called shifted Chebyshev polynomials by introducing the change of variable
t= % — 1. Let the shifted Chebyshev polynomials Ti(ZT" — 1) be denoted by T ;(x), satisfying the orthogonality relation

(2.2)

L
f T ()T wi (x)dx = Syihy, (2.3)
0

1
Lx—x2

The analytic form of the shifted Chebyshev polynomials T; ;(x) of degree i is given by

where w; (x) =

andh, = $m,e0=2, ¢ =1k=>1.
Ti(x) = ii(_l)i*kw){k (2.4)
' a (i— k! k! ¥

where Ty ;(0) = (—1)' and T ;(L) = 1.
In this form, T; ;(x) may be generated with the aid of the following recurrence formula:

2
Tt (0) =2 (TX - 1) T = Tia (), i=1,2,..., (2.5)

where T o(x) = 1and Ty 1 (x) = 2 — 1.
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A function u(x), square integrable in (0, L), may be expressed in terms of the shifted Chebyshev polynomials as
o0
u®) =Y TX),
j=0
where the coefficients ¢; are given by

1 L
G = F/ U T jw (x)dx, j=0,1,2,.... (2.6)
j JO

In practice, only the first (N 4 1)-terms shifted Chebyshev polynomials are considered. Hence, if we write

N
uy®) > Y T = CTp (), (2.7)
j=0
where the shifted Chebyshev coefficient vector C and the shifted Chebyshev vector ¢ (x) are given by
" =[co, C1y .., el
[co, €1 ~] ) 28)
dx) = [TLo(x), T, 1 (%), ..., TLn(X)]",
then the derivative of the vector ¢ (x) can be expressed by
do(x
9N _ pg, (2.9)
dx

where DO is the (N + 1) x (N + 1) operational matrix of derivative given by

4i

—, j=0,1,...,i=j+k,
D(l) — (dy) — éjL J J {

0, otherwise,

k=1,3,5...,N, if N is odd,
k=1,3,5,...,N—1, ifNiseven,

for example for even N, we have

0 0 0 0 0 0 0
1 0 0 0 0 0 0

0 4 0 0 0 0 0

3 0 6 0 0 0 0
pv_2] o 8 0 8 0 0 0
Ll s 0 10 0 10 0 0
N-1 0 2N—2 0 2N—-2 --- 0 O

0 2N 0 2N 0 ..« 2N 0

3. COM for fractional derivatives
The main objective of this section is to generalize the COM of derivatives for the fractional calculus. By using Eq. (2.9), it

is clear that

o)
dxn

where n € N and the superscript, in DV, denotes matrix powers. Thus

D)9 (x), (3.1)

D™ =DM n=1,2,.... (3.2)

Lemma 3.1. Let T; ;(x) be a shifted Chebyshev polynomial; then

D'Ti(x) =0, i=0,1,...,[v]—1, v>0. (3.3)

Proof. This lemma can be easily proved by making use of relation (2.2) and (2.4). O
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Theorem 3.2. Let ¢(x) be the shifted Chebyshev vector defined in Eq. (2.8) and suppose v > 0; then

D'¢(x) ~ DV p(x),

where D) is the (N + 1) x (N + 1) COM of derivatives of order v in the Caputo sense and is defined as follows:

0 0 0 0
0 0 0 o 0
- S,(v1,0 S,(vl, D S, (Jv],2) --- S,(Jv],N)
5,000 S.G1) SG2) - SN
S,(N.0)  S,N.1)  S,(N.2) - S,N.N)
where
i _1\i—k 9ic; _ | _ 1
SG)=Y (=D k2 + k- (k—v+3)

! gl (k+3)i—!Mk—v—j+ D Ik+j—v+1)

Note that in D™, the first [v] rows are all zero.

2367

(34)

(3.5)

Proof. The analytic form of the shifted Chebyshev polynomials T; ;(x) of degree i is given by (2.4), Using Eqs. (2.2) and (2.4),

we have

S e

DTy i(x) — k)1(2k)! LK

l Z( - ,( (+k=D12%K
& — )2k KT (k— v+ 1)

Now, approximating X~ by (N + 1) terms of shifted Chebyshev series, we have

N
= ZbijL,j(x)»
=0
where by is given from (2.6) with u(x) = x*~”, and

1 " (k—v+3)

L =0,
b — JT rk—v+1) J
o Lkij( 1)fr(’+r_1)'22r+1 (ktr—v+3) .,
NN rk+r—v+1 I= 05
Employing Egs. (3.6)-(3.8), we get
N
D'TLi(x) = Y Su(i)Tj(x), i=[v].[v]+1,....N
j=0
where S, (i, j) = Zi:[u] Oijx, and
D i+k—D12*%Kr(k—v+1) 0
Di—RICO Jr(Tk—v+12 =~ 17
; (=Dkiji 4k — 1)1 221
G-k @I (k—v+1) 7
I (—1 +r—12"r(k+r—v+
XZ( G )2 ), i=1,2,....
T G—DC@) Tk+r—v+1)

Loi=L v+

N.
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After some lengthy manipulation, 6; j x may be put in the form

(=D 2+ k- T (k—v+3)

i = G T (k+ D)=k Thk—v—j+ D) Ik+j—v+1) J=0.1.....N. (3.10)
Rewriting Eq. (3.9) as a vector form, we have

D'Tyi(x) ~ [Su(i, 0), S, 1), 5, 2), ... S, (i, N)]qb(x), i=M], W] +1,....N. (3.11)
Also, according to Lemma 3.1, we can write

DT, i(x) ~ [0, 0.0,... O]¢(x), i=0,1,....[v]—1. (3.12)

A combination of Eqs. (3.11) and (3.12) leads to the desired result. O

Remark. If v = n € N, then Theorem 3.2 gives the same result as Eq. (3.1).
4. Applications of spectral methods based on COM for FDEs

In this section, in order to show the fundamental importance of COM of fractional derivatives, we apply it to solve multi-
order FDEs. For the existence and uniqueness and continuous dependence of the solution to the problem, see [24].

4.1. Linear multi-order initial FDEs

Consider the linear FDE

k
D'u(x) = Y yDHu) + yip1u(o) + g, inl = (0, L), (4.1)
j=1
with initial conditions
u?0)=d;, i=0,...,m—1, (4.2)
wherey; j =1, ..., k+1) are real constant coefficientsand alsom—1 < v <m, 0 < §; < 8, < --- < B < v. Moreover
D'u(x) = u™ (x) denotes the Caputo fractional derivative of order v for u(x), the values of d; (i = 0, ..., m — 1) describe

the initial state of u(x), and g(x) is a given source function.
To solve the initial value problem (4.1)-(4.2), we approximate u(x) and g(x) by the shifted Chebyshev polynomials as

N
u) ~ Y ol = C'oX), (43)
i=0
N
200~ ) &) =G o), (4.4)
i=0
where vector G = [go, ..., gy]" is known, but C = [cg, ..., cy]T is an unknown vector.
By using Theorem 3.2 (relation (3.4)) and (4.3), we get
D"u(x) = C'D"¢(x) = C'D ¢ (x), (45)
DPiu(x) ~ C'DPigp(x) ~ C'DPp(x), j=1,...,k (4.6)
Employing Eqs. (4.3)-(4.6), the residual Ry (x) for Eq. (4.1) can be written as
k
Ry(x) = (cTD(”) — "> DB~y T - GT> H(x). (4.7)
j=1
As in a typical tau method (see [14,13]), we generate (N — m + 1) linear equations by applying
L
(Rv(x), T j(x)) = / Rv)T j(x)dx =0, j=0,1,...,N—m. (4.8)
0
Also, by substituting Eqs. (3.1) and (4.3) in Eq. (4.2), we get
u?0) = DY) =d;, i=0,1,....,m—1. (4.9)

Egs. (4.8) and (4.9) generate (N — m + 1) and (m) set of linear equations, respectively. These linear equations can be solved
for unknown coefficients of the vector C. Consequently, u(x) given in Eq. (4.3) can be calculated, which gives a solution of
Eq. (4.1) with the initial conditions (4.2).
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4.2. Treatment of nonhomogeneous boundary conditions

To solve Eq. (4.1) with respect to the following boundary conditions (for m is even),
Q) — g Oy — b = m_
u”’(0) = qaj, u’({L)y="b;, i=0,1,..., 5 1. (4.10)

We apply the same technique described in Section 4.1, but the (m) set of linear equations resulting from (4.9) is changed to

be obtained from
. . . A m
u?0) =cdPp0) =q, uP@) =c"DP%WL)=b, i=0,1,..., o 1. (4.11)

Egs. (4.8) and (4.11) generate (N + 1) system of linear equations. This system can be solved to determine the unknown
coefficients of the vector C.

4.3. Nonlinear multi-order FDEs

Extension of COM for nonlinear multi-order FDEs are treated using the shifted Chebyshev collocation method.

4.3.1. Initial value problem
Let us consider the following nonlinear FDE

D u(x) = F(x, u(x), D’'u(x), . .., DPu(x)), (4.12)

with initial conditions (4.2), where F can be nonlinear in general.
In order to use COM for this problem, we first approximate u(x), D*u(x) and Dfiu(x) (j = 1, ..., k) as Eqs. (4.3), (4.5) and
(4.6), respectively. By substituting these equations in Eq. (4.12), we get

C'DMp(x) ~ F(x, CTop(x), C'DPVg(x), ..., CTDPp(x)). (4.13)
Also, by substituting Egs. (3.1) and (4.3) in Eq. (4.2), we obtain

u?0) =c'dPp0)=d;, i=0,1,...,m—1. (4.14)
Eq. (4.13) is satisfied exactly at the collocation points X, y_m+1.k, kK = 0, 1, ..., N — m. In other words, we have to collocate

Eq. (4.13) at the (N — m + 1) shifted Chebyshev roots x; y_m+1 k- These equations together with Eq. (4.14) generate (N + 1)
nonlinear equations, which can be solved using Newton’s iterative method. Consequently, the approximate solution u(x)
can be obtained (for more details, see [18,13]).

4.3.2. Boundary value problem

Consider the nonlinear FDE (4.12) with boundary conditions (4.10). We apply the same technique described in
Section 4.3.1, but Eq. (4.14) shall be changed to be (4.11). After using the collocation method with the aid of COM for fractional
derivatives at the (N — m + 1) nodes, we have a system of (N + 1) nonlinear algebraic equations, which can be solved using
Newton'’s iterative method.

5. Numerical results

To illustrate the effectiveness of the proposed methods in the present paper, several test examples are carried out in this
section. Comparisons of the results obtained by the present methods with that obtained by other methods reveal that the
present methods are very effective and convenient.

Example 1. As the first example, we consider the equation (see [25]):

2.6666666667 |, -
r.5)

u'(0)=0, xel[0,L], (5.1)

D?u(x) + D2 u(x) + u(x) = 2% + 2 + , u(0) =0,

whose exact solution is given by u(x) = x2.

Ford and Connolly [25] applied three alternative decomposition methods for the approximate solution of Eq. (5.1) using
the Caputo form of the fractional derivative. Methods 1 and 2 produce different systems of equations. In the case of method 1,
the system may be of quite high dimension. Method 2 keeps the dimension of the system reasonably small and independent
of the precise orders in the equation. However, method 3 decomposes the multi-term equation into a system of fractional
equations of varying orders. Regarding problem (5.1), in [25], the best result is achieved with 512 steps and the maximum
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absolute errors are 7.0 x 107>, 1.74 x 107° and 1.7 x 10~ by using method 1, method 2 and method 3, respectively. Our
method is more accurate than the three decomposition methods [25]; see Table 2 in [25].

By applying the technique described in Section 4.1 with N = 2, we may write the approximate solution and the right
hand side in the forms

2
u®) = Y i) = C'p(x)

i=0
2

g0 = ) aliikx) = Cp).
i=0

Here, we have

0 0 0
0 0 0 2 =2 8
1 1 8 - — 0
D<2>:Lz<o 0 o), =8 [ 1 5 | G=<§1>~
16 0 0 nvml| —4 8 8 .
9 5 7

Therefore, using Eq. (4.8) we obtain

16 32
— — ————= ) — g =0. (52)

f +<L2 9 /7L

Now, by applying Eq. (4.9), we have
C"p(0)=co—c1+c =0,

o+ ———

2 8 (5.3)
c'dP¢(0) = [ 6= 0.
Finally, by solving linear system of three equations, (5.2)-(5.3), we obtain
312 2 2
o =—) = —, 0 =—.
78 T2 7 8
Therefore, we can write
1
2x
2 2 2 -
4G = (BL’ L7’ L) o1 —
8 2 8/ |8 8«
2
which is the exact solution.
Example 2. Consider the following boundary Bagely-Torvik equation; see [26].
D2u(x) + Du(x) + u(x) = g(x),  u(0) =0, ul)=L% xel0,L], (5.4)

whereg(x) = x> +2 + 4\/5 and the exact solution is u(x) = x*.

Now, we can apply our technique described in Section 4.2 in Eq. (5.4) with N = 2.
Then, the 3 unknown coefficients will be in the form

312 I? L?
o= —, G =—, Cp = —.
07 g L) ’7T 8

Thus, we can write
3
u(x) = Zc,’TL,,-(x) =x°.
i=0
Numerical results will not be presented since the exact solution is obtained.
Example 3. Consider the following boundary Bagely-Torvik equation
D3u(x) + D*u(x) — 2D2u(x) + 4u(x) = g(x), u(0)=0, w(0)=0, xe[0,10],

where g(x) = 4x° + 1]321%257)(7 +72x + fj;ljix 2 and the exact solution is u(x) = x°.
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Table 5.1
Maximum absolute error with various choices of N.
N 6 8 9 10 12 14
Our method 2.54 0.043 0.00 0.00 0.00 0.00
Table 5.2
Maximum absolute error for N = 4, 8, 12, 16.
N o Our method o Our method
4 4.4 x107° 2.6 x 1072
8 4.8 x 1071 2.9 x 1076
12 1 9.7 x 1078 4 5.7 x 107!
16 6.2 x 1075 3.5x 10716

In Table 5.1, we display maximum absolute error, using tau spectral method based on COM for various choices of N. It is
noticed that our method reaches the exact solution at N = 9.

Example 4. Consider the initial value problem
U2 +7ut() =f(, inl=0,1, u0®=1  u'©0=0, (55)
with an exact solution u(x) = cos(ax).

Table 5.2 lists the maximum absolute error using tau method based on COM with two choices of @ and various choices
of N. It is noticed that only a small number of shifted Chebyshev polynomials is needed to obtain a satisfactory result.

Example 5. We next consider the following nonlinear initial value problem; see [27].
D*u(x) + D2u(x) +12(x) =x*,  u(©0) =u'(0)=0, u'(0)=2, xel[0,L].
The exact solution of this problem is u(x) = x?.
By applying the technique described in Section 4.3.1 with N = 3, we approximate the solution as
3
u@) =Y aTLi®) = o).
i=0

Here, we have

00 0 0 0 0 0O
pv_1l2 0 00 p»_ L]0 0o 0o
Llo 8 o o) 2zl o o of’
6 0 12 0 0 9 0 0
0 0 0 0
0 0 0 O
3) _
D 0 00 0
192 0 0 0
0 0 0 0 .
. , 0o 0 0 0 o
PP=——|o o o o . c=|.
L(zL)2 —512 1536 2
768 512 — - - c3
5 35
Using Eq. (4.12) yields
"DV +C'DDP(X) + [P —x* = 0. (5.6)

Now collocate Eq. (5.6) at the first root of Ty 4(x), i.e.

L+L (r{)
Xo = — —Cos|— ).
075 8
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Also, by using Eq. (4.9), we get

C"$p(0) =co—c1+ ¢ —c3 =0,
"DV (0) = 203+ B 2o
=197 1% L= (5.7)
16 96
c'DP¢(0) = O 6= 2.

By solving Egs. (5.6) and (5.7) yields

312 12 12 0
o= —, = —, = —, c3=0.
0 3 1 5 2 3 3
Therefore
1
2x
T~ 1
2 2 2
u(x) = <£ I; I; 0) 8x>  8x 1 = x°.
8 2 8 2 L
32x3  48x% N 8x .
I3 12 L

Numerical results will not be presented since the exact solution is obtained.

6. Conclusion

We derived a general formulation for the Chebyshev operational matrix of fractional derivatives, which is used to
approximate the numerical solution of a class of fractional differential equations. Our approach was based on the shifted
Chebyshev tau and collocation methods. The fractional derivatives are described in the Caputo sense because the Caputo
fractional derivative allows traditional initial and boundary conditions to be included in the formulation of the problem. The
results given in the previous section demonstrate the good accuracy of these algorithms. Moreover, only a small number of
shifted Chebyshev polynomials is needed to obtain a satisfactory result.

Acknowledgments

The authors are very grateful to the referees for carefully reading the paper and for their comments and suggestions
which have improved the paper.

References

[1] R.L. Magin, Fractional Calculus in Bioengineering, Begell House Publishers, 2006.
[2] K. Miller, B. Ross, An Introduction to the Fractional Calaulus and Fractional Differential Equations, John Wiley & Sons Inc., New York, 1993.
[3] M. Ortigueira, Introduction to fraction linear systems. Part 2: discrete-time case, IEE Proc., Vis. Image Signal Process. 147 (2000) 71-78.
[4] J. Deng, L. Ma, Existence and uniqueness of solutions of initial value problems for nonlinear fractional differential equations, Appl. Math. Lett. 23
(2010) 676-680.
[5] A.A.Kilbas, H.M. Srivastava, ].J. Trujillo, Theory and Applications of Fractional Differential Equations, Elsevier, San Diego, 2006.
[6] S.S. Ray, RK. Bera, Solution of an extraordinary differential equation by Adomian decomposition method, J. Appl. Math. 4 (2004) 331-338.
[7] AM.A. El-Sayed, LL. El-Kalla, E.A.A. Ziada, Analytical and numerical solutions of multi-term nonlinear fractional orders differential equations, Appl.
Numer. Math. 60 (2010) 788-797.
[8] O. Abdulaziz, I. Hashim, S. Momani, Application of homotopy-perturbation method to fractional IVPs, J. Comput. Appl. Math. 216 (2008) 574-584.
[9] S.Yanga, A. Xiao, H. Su, Convergence of the variational iteration method for solving multi-order fractional differential equations, Comput. Math. Appl.
60 (2010) 2871-2879.
[10] Z. Odibat, S. Momani, H. Xu, A reliable algorithm of homotopy analysis method for solving nonlinear fractional differential equations, Appl. Math.
Model. 34 (2010) 593-600.
[11] K. Diethelm, N.J. Ford, A.D. Freed, A predictor-corrector approach for the numerical solution of fractional differential equations, Nonlinear Dynam. 29
(2002) 3-22.
[12] P. Kumer, O.P. Agrawal, An approximate method for numerical solution of fractional differential equations, Signal Process. 84 (2006) 2602-2610.
[13] A.Saadatmandi, M. Dehghan, A new operational matrix for solving fractional-order differential equations, Comput. Math. Appl. 59 (2010) 1326-1336.
[14] C. Canuto, M.Y. Hussaini, A. Quarteroni, T.A. Zang, Spectral Methods in Fluid Dynamics, Springer, New York, 1988.
[15] E.H.Doha, A.H. Bhrawy, Efficient spectral-Galerkin algorithms for direct solution of fourth-order differential equations using Jacobi polynomials, Appl.
Numer. Math. 58 (2008) 1224-1244.
[16] E.H.Doha, A.H. Bhrawy, Jacobi spectral Galerkin method for the integrated forms of fourth-order elliptic differential equations, Numer. Methods Partial
Differential Equations 25 (2009) 712-739.
[17] E.H. Doha, A.H. Bhrawy, R.M. Hafez, A Jacobi-Jacobi dual-Petrov-Galerkin method for third- and fifth-order differential equations, Math. Comput.
Modelling 53 (2011) 1820-1832.
[18] E.H. Doha, A.H. Bhrawy, S.S. Ezzeldeen, Efficient Chebyshev spectral methods for solving multi-term fractional orders differential equations, Appl.
Math. Model. (2011) doi:10.1016/j.apm.2011.05.011.


http://dx.doi.org/doi:10.1016/j.apm.2011.05.011

E.H. Doha et al. / Computers and Mathematics with Applications 62 (2011) 2364-2373 2373

[19] A.H. Bhrawy, A.S. Alofi, S.S. Ezzeldeen, A quadrature tau method for variable coefficients fractional differential equations, Appl. Math. Lett. (2011)
doi:10.1016/j.am1.2011.06.016.

[20] F. Ghoreishi, S. Yazdani, An extension of the spectral Tau method for numerical solution of multi-order fractional differential equations with
convergence analysis, Comput. Math. Appl. 61 (2011) 30-43.

[21] S. Karimi Vanani, A. Aminataei, Tau approximate solution of fractional partial differential equations, Comput. Math. Appl. (2011)
doi:10.1016/j.camwa.2011.03.013.

[22] S. Esmaeili, M. Shamsi, A pseudo-spectral scheme for the approximate solution of a family of fractional differential equations, Commun. Nonlinear
Sci. Numer. Simul. 16 (2011) 3646-3654.

[23] A.Pedas, E. Tamme, On the convergence of spline collocation methods for solving fractional differential equations, J. Comput. Appl. Math. 235 (2011)
3502-3514.

[24] K. Diethelm, N.J. Ford, Multi-order fractional differential equations and their numerical solutions, Appl. Math. Comput. 154 (2004) 621-640.

[25] NJ. Ford, J.A. Connolly, Systems-based decomposition schemes for the approximate solution of multi-term fractional differential equations, Comput.
Appl. Math. 229 (2009) 382-391.

[26] Q.M. Mdallal, M.I. Syam, M.N. Anwar, A collocation-shooting method for solving fractional boundary value problems, Commun. Nonlinear Sci. Numer.
Simul. 15 (2010) 3814-3822.

[27] H. Jafari, S. Das, H. Tajadodi, Solving a multi-order fractional differential equation using homotopy analysis method, J. King Saud Univ. Sci. 23 (2011)
151-155.


http://dx.doi.org/doi:10.1016/j.aml.2011.06.016
http://dx.doi.org/doi:10.1016/j.camwa.2011.03.013

	A Chebyshev spectral method based on operational matrix for initial and boundary value problems of fractional order
	Introduction
	Preliminaries
	COM for fractional derivatives
	Applications of spectral methods based on COM for FDEs
	Linear multi-order initial FDEs
	Treatment of nonhomogeneous boundary conditions
	Nonlinear multi-order FDEs
	Initial value problem
	Boundary value problem


	Numerical results
	Conclusion
	Acknowledgments
	References


