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For every n29 a group G, is constructed so that its nth Lie dimension subgroup
contains properly its ath lower central subgroup, settling negatively the Lie
dimension subgroup conjecture. The question remains open for n=7 and8.
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1. INTRODUCTION

Let 4(G) be the augmentation ideal of an integral group ring ZG.
Define the Lie powers 4)(G) of 4(G) inductively by A47(G)=4(G),
A" D(G) = (4"(G), 4(G))ZG, the ideal generated by the Lie products
(x, y)=xy—yx, xe A"(G), ye A(G). Let y,(G) be the nth term of the
lower central series of G. Denote by D,(G) and D,(G) the nth dimension
subgroup and the nth Lie dimension subgroup respectively of G, namely,

D (G)=Gn (1 +4Y(G)), D(G)=G (1 +4"(G)).
Denoting by [x, y] the group commutator x 'y 'xy, we have
[x, y1—-1=x""p""(xy—yx)
=x" - -D)=(y=Dx-1)]
=x"yHx—1,y—1).
It follows by induction that
7n(G) = Dy(G) = D,(G).
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LIE DIMENSION SUBGROUP CONJECTURE 47

The dimension subgroup conjecture, D, (G)=7,(G), was disproved for
n=4 by means of an example by Rips [7]. N. Gupta [2] has recently
produced a metabelian 2-group % (depending on n) such that
D, (%) #7.(%) for all n>4. The dimension subgroup conjecture is however
known to be true for n<3 and for n=4 if G is of odd order (see [1, 5]).
The Lie dimension subgroup conjecture refers to the equality
D,(G)=7,(G). This is known to be true for n<6 and for metabelian
groups [8]. We disprove the conjecture for all n>9 by constructing an
example which is a modification of the Gupta group. The question remains
open for n=7 and 8.

In view of our example one might expect that y,(G) is the group
associated with the restricted Lie powers of 4(G). These Lie powers are
defined inductively,

AMG)=4(G),  A™TG) = (4"(G), 4(G)),

the additive group generated by the Lie products. Then it is a nontrivial
result of Gupta and Levin [3] that

D,q(G)=Gn (1 +4"(G)ZG)

contains y,(G). Thus y,(G) S D(,1(G) € D(,)(G) = D,(G) for all n. We point
out in SectionS by means of an example G that for n>=14,
D[n](G) 7& ')),,(G)

We construct our group G in the next section. For the definition and
properties of basic commutators we refer to [4]. Recall that a simple basic
commutator is one of the form [x,, x,,, .., x, ] with i, > i, <i; < -+ <.

2. CONSTRUCTION OF G

Let F be a free group generated by a set of generators Y. Let n be an
integer >9. Define t=(n—3)/2if nis odd and t=(n—4)/2 if n is even. Let
a, b,c be distinct simple basic commutators of weight ¢ and assume
a>b>c. Let r be a simple basic commutator of weight 2 when »n is odd
and of weight 3 when # is even. Assume that there is at least one symbol
in each of a, b, ¢, r which is not in the others. When n=10 and t=3
assume r < ¢ in the ordering of the basic commutators of weight 3. A more
precise specification of these basic commutators will be given in Section 3.
Let p=n—~t— 1. Define

x1=[a,r], ylz[b’rl 21:[6‘,"]
x,=[a,r, a], y,=[b,r,b], z,=[e,r, c].
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48 HURLEY AND SEHGAL

Then x,, y,, z; are basic commutators of weight p and x,, y,, z, are basic
commutators of weight (n—1). We construct G =F/R in a number of
stages. Write y, =7y,(F). Set

W= {[a, b]’ [ba C]7 [Ca a]a X1y V15215 X2, Y2, 22}'
Define

R =7, (1)
Then the elements in W generate a free abelian group modulo 7,. Let

H={[a,b,x], [bc,x], [a,¢,x]:xeF)". Set
Ry=v, H. (2)
Each element in H is of weight >(2¢+ 1) and contains the symbols from
two of {a, b, c}. Hence each element of H may be written as a product of

basic commutators each of weight > (2¢+ 1) and containing the symbols of
two of {a, b, ¢}. Thus in F/R, the elements of W generate a free abelian

group.
Let w, = [a*®, r], wy = [6*¥, r], wy = [c*®), r], where a(k)=2*. Define

Ry={wi,wy, ws>" - R,. (3)
Recalling the notation

[X, ny] = [-x’ Vs Vs ooy )’]

we have the

LemMa 1. If [x, y], [x, 2v], ..., X, sy] commute then

[x, ¥*1=[x 1 [x 201D - [x, 5],

Proof. Induction on s. |

A direct consequence is the

LEMMA 2. In F/R,, [a,r,a’]=[a,r,al’=[a’r, a].
In F/R; we have:
LemMMA 3. (i) The order of x, is a(6), of y, is a(4), and of z, is a(2).

(ii) xolt(6)__=x;(5); yT(4)=y;(3); Zciz(2)=zg(l)_
(iii) The order of x, is a(7), of y, is a(5), and of z, is a(3).
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Proof. We give the proof for x, and x,. The other cases are similar. By
Lemma 2, x2® = [a, r, a®] = [a*®, r, a] =1 mod R;. We now show that
x23) £ 1 mod R,. If x3® € R, then x5’ =w mod y, with we {w,>*. Also,

w=wi[w,, y;]*' mody, with y,eF. (*)

By Lemma 1,

; ()
w =[ar]*{ara] 2 mod y,,.
Since x, €y, _; this implies that s=0 in (*). Further, by Lemma 1,

[W], yi]E[[aa r]a(G), yi]E[aa r, yi]aw) mOd '})n.

It follows from () that x5 is congruent mody, to a product of basic
commutators each to the power a(6) which is impossible as x, is a basic
commutator.

(ii) By Lemma 2,

x¥® = [a, r]*9=[a"%, r][a,r, a] -9
=[a,r,a] *®*®-D  mod R,
=[a,r, a]*® (as x3®=1),
= x20),

(ili) That the order of x; is a(7) follows from (i) and (ii). |}

—1,a(2). —1,x(2). . ) _
Letw,=z; yg( ) Ws=}, x;( ); we=[a,b] ““’XZ”’, w,=[b,c] a(z)x;(z);
wg = [¢, a]*? x2. Define

R4=<W4,W5,W6, W75w8>F'R3' (4)
Note that [R,, F]< R;. This is because [w;, x]e R, for xe F, i=4 to 8.

LEMMA 4. The order of [a, b] in F/R, is a(8).

Proof. This follows because W generates a free abelian group in F/R,
and the order of x, in F/R; is a(6). Observe that [a, b], [b,c], [c, a]
generate a free abelian group in F/R;. |

Let wo=a *®yi® 210, o = b~ *@x %@z, and wy, = ¢~ *Px; 2y -1
Define '

R:<W9,W10,W11>F'R4~ (5)

Let G = F/R. This completes the construction of G.
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3. ORDER OF [a, b]

The purpose of this section is to show that the order of [a, b] in G is
precisely a(8). Set W= {x,, x,, ¥\, v2, 21,22, [a, b], [b,¢c], [c,a]} and
T={a, b, c,r}. Modulo y,, the relators (2), (3), and (4) are all relations
between elements of W (e.g.,

[aa((,)’ I‘] = [d, r]a(6) [a’ r, a](“(zﬁ)))_

We are interested in relations modulo 7y, involving elements of W which are
deducible from relators (5). We claim that these are already deducible from
relators (2), (3), and (4). Then it will follow from Lemma 4 that the order
of [a,b] in F/R is a(8). We may factor out any commutator y for which
y and [y, x], xeF when written as a product of basic commutators
modulo y, does not involve an element of W.

We now specify more precisely the elements a, b, ¢, and r. Let F be free
on a,, a;, b,, ¢,, r, with the ordering a, <r, <c, <b, < a,. Define

a=[a,, (t—1a,], b=1[b,y, (t—1)a,], c=[cy, (t—1)a,]
and
r=[r,,a/]ifnisodd and = [r,, a,, a,] if nis even.
Assume also that r is the smallest basic commutator of its weight. The con-
sequences of any commutator involving more than one occurrence of r,
will also involve r, more than once. The elements of W involve r, once only

and hence we can assume that any commutator involving r, more than
once is one.

LEMMA 5. [y, yi Yo - Yad =1Ly, Vis Vips o Y, ] With iy <iy < -+ <.

Proof. By a standard commutator identity

[y, yiyvaroyad=1r ya-- ¥y, vi 10y, Yis y2 - ¥ul

Applying induction to [y, y,---y,]1 and [[», ¥,], y2---y,] we obtain the
result. |

Going mod y,, , it is easily seen that we have only to concentrate on
consequences of the form [w, x], w=wy, wyy, w;, x € F. Consider conse-

uences of the word w=wy=a"*®y*@z%1) involving elements from W
q 1 Ci g
modulo vy,. Then for y e F,

[w, y]1=[a©pi@z5®, y]
E[a_a(m’ y][y?(Z)’ J’][ZT(”, y] mod'})n.
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For any yeF, y=47p5 --B% modulo y, ,, where f, are basic com-
mutators with f, <f,< --- <f,. Hence by Lemma 5, all commutators
[w, y] are a product modulo y, of elements of the form

[a*a(G), ﬁl’ ﬁZa (id) Bs][yal‘(Z)’ Bl? BZ’ Lad) Bv] [Zalt(l)’ ﬂla BZ’ ) ﬁr] (**)

with f§; basic commutators satisfying f, <, < --- <, and their inverses.
(Note that the negative a, can be eliminated using [y, x '] '=
Ly, 1Ly, x, x~']).

Define constituents of a basic commutator as follows. The constituents of
a generator of F is the null set. Suppose ¢ is a basic commutator with
c=[1 q] and the constituents of / and g have been defined inductively.
Then the constituents of ¢ are /, ¢ and the constituents of / and q.

Also if ¢ is a basic commutator and ¢ = [/, ¢] we term [ the first compo-
nent of ¢ and g the second component of c.

LeMMA 6. Suppose [I, q] is a basic commutator. Suppose the second
components of | and q are <y. Then [, q, y] is a product modulo v,, of basic
commutators in which | and q are constituents where m=2 weight |+
weight q + weight y.

Proof. U g <y then [ ¢, y] is a basic commutator. Otherwise, suppose
g>y. Then

[Lg yl1=[hq 19 g L yIL ¢ 9, y1™3 0L v g, 1L », 10
=g, y1lL g q, y1LL v;q, 1L, ¥, 91U, v, 9,9, y]  mody,,.

All commutators, on the right are basic and each involves / and ¢ as
constituents. This proves the lemma.

Now, we return to (x*). We note that [a, f,, ..., f,] is always a basic
commutator or the inverse of one when s=1 and f, > a. Consider then
[y, B1l=101b,r, ;] and [z, B,1=1{c, r, B;). When r < B, these are basic.
Otherwise suppose r > ff, and consider

(b, r, B1=b;r, B, 1P b ri b, B[, 17, B,]00F1
X [b’ ﬁl;ra Bl][b’ Bl’ r][r’m]
= [b’ r, ﬂl][bs ﬁl;r’ )Bl][ba Bl, I‘].

Now by Lemma 6, [b,r, B, .., B,] is congruent to a product with either
[r, B.] or [, f,] as a constituent. Note that weight of B, < weight of r.
Similarly r< g, or else [z,, B, .., B,] is congruent to a product with
either [z, f,] or [¢, §,] as a constituent. Also note that when #, <r then
[a *®, B, .., B,] is congruent to a product of basic commutators none
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contained in W. Thus the consequences of w involving elements of W are
deducible from

[a=®), B, .., B[y, By, ..., B[22, By, .., B.],

where r < fi,. If s > 2, the basic commutators produced are not in W. So we
need only consider the case §, e T. We work modulo basic commutators

not in W.
(i) Suppose B, =a then [a *®, a][y*?, a][z*", a] = 1.
(ii) Suppose ;=5 then
[a=®, b][¥5, b1[z1", 6]

=[a b] O [b,r,b]* Y =[a, b] *® ys@
= ([4, 61 y,)® = ([a, b] 32w 1y
= (wgws |2,

(iii) Suppose B, =c then

[a=*®, c10y5, 1[5, ] = [a, €] 25"
= ([a, ]2, M = ([a, ] 3wy )0

= ([a, ] 7O x3Wwsw, ) = (wy Pwsw ),

«(6)

(iv) Finally, let B, =r then [a *®, r][y*®, r][z2V, r] = (w,)~*

It follows similarly that the consequences of w,, and w,, modulo y,
involving elements of W are all deducible from relators (2), (3), and (4).
This concludes the proof that the order of [a, ] in F/R is o(8).

We need one more lemma. Recall that p=(n—1¢—1).
LemMa 7. (i) b7 eyX®.y, |- R
(i) a"“”c’“‘”ey;“”-y,,,l .R.
(iii) a*9p*Peyx®.y, |-R
Proof. (i) Let
pHDpA(6) — pald)a(3) px(2)a(4)
= (x ]z (x My @ (mod R) (by relators (5))
= x;a(5)27(3)x;a(5)y;a(4) (mod R)
=x; %O y @ (mod R)

=1 mod(y,_,-R) (by Lemma 3).

a(6)
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(i) Let
aa(7)c7a(5) —_ aﬂt(6)a(l)cfa(2)1(3)

= (@250 (10 ) (mod R)  (by relators (5))

= X3 e 720) (mod R)
= x¥9 (mody,_,-R) (byLemma 3)
=1 (mod 2.y, - R).

(i) Let

a*Opad) = O pa(dall)

=y D(x*Pz)*  (mod R) (by relators (5))

= x; 0 p3@)z22) (mod R)
= (x; Wy )@ (mody, ,-R) (byLemma 3)
=1 (mOd(yp)a(Z) “VYn-1- R) I

4. CALCULATIONS IN THE GROUP RING

Recall that 4(F) is the augmentation ideal of ZF and A(F, R) is the ideal
ZF(R —1). We show that there exists a word g e F such that g = [a, 5]
mod R and g —1=0 mod(4F)"™ + A(F, R). Since we already know that
[a, b1*” #1 mod R it follows that for g, the image of g in F/R=G, we
have 1 # g €7y,(G). Therefore, D,(G) # v,(G). We shall use throughout the
well known identity (see [6])

A(G)Y - AM(G) S A+ 1(G),

LemMMA 8. (a) a(3)(c—1) and a(5)(b— 1) belong to (AF)”’ + A(F, R).
(b) Modulo (AF)"™ + A(F, R) we have
(i) a6)(c—1)a—1)=(c—1)a"®-1)
(i) a(6)a—1)(c—1)=(a—1)(c*~1)
(iii) a(7)b—1)a—1)=(b—1)(@"—-1)
(iv) u7)a—-1)b—-1)=(a—1)»"~1)
(v) aS)b—1)c—D)=(b—1)(c*>~1)
vi) aS)e—1)b—1)=(c—1)H*> —1)
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Proof. (a) Let

o(3)
2

=a(3)c—1)+7(c*@ —1)(c—1).

1 =a(3)(c— 1)+< ) (c—1)*  mod(4F)"” + A(F, R)

Since ¢*® ey, (F) it follows that the second term on the right side and
the left hand side term both belong to (4F)'”. It follows that
a(3)(c—1)e (4F)P + A(F, R). The second part is similar.
(b) we prove (i) the remaining congruences follow similarly.
a6 c—1a—1)=(c—D[(a®® = 1)+ k,x(5)(a—1)?
+k,a(d4)(a—1)*], k.eZ
=(c—1)(a*®=1)+k,a(5)(c—1)a—1)?
+kya(4)c—1)a—1)?
=(c—1)(a*®—1) by (a). |

Consider the element g = [a, #]*7 {a, ¢]*®[b, ¢]** in F.

LemMA 9. g=[a, #]*") mod R.

Proof. By relators (4), [a, ¢]*® = x%" and thus [a, ¢]*® = x3®). Also,
[b, c]*® = x%5), Therefore, [a, c]*® [b, c]**=x3*=1 by Lemma 3(i).
Hence g = [a, b]*” as claimed.

Lemma 10. g—1e(4F)™ + A(F, R).
Proof. We work modulo (4F)™ + A(F, R). Using the identity
xy—l=(x—-1+(y—-D+x-1)(y—1)

and the fact that [a, 5]*7, [a, c]*®, [b, c]*® belong to y,_ 4(F) we see
that

(g—1)=([a, 51" = 1)+ ([a, ]~ 1)+ ([, c]*V - 1).
We now show that
[a, 6] —1=a(T)((a—1)b—1)~(b—1)(a—1)
[a, 14— 1=a6)((a—1)(c—1)—(c—1)(a—1))
[b,c]*P —1=a(5)((b—1)c—1)—(c—1)b—1)).
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We have [a, p]*" —1=a(7)([a,b]—1) and

(a,b]-1=(a"'b"" = D{(a—1)(b— 1)~ (b—1)a—1)}
+{la—Db-1)—(b-1)a-1)}.
We need to show that a(7)(a@ '6 '—1){(a—1)}(b—1)—(b—1)(a—1)} =0.

This follows from part (a) of Lemma 8. We have proved the first of the
three congruences. The other two follow similarly. Hence

(g—D=aN{la-1)b-1)—(b—1)(a—1)}
+a(6){(a—1)c—1)—(c~1)(a—1)}
+a($){(b—Dc—1)—(c—1)(b—1)}

= (a— 1)(6* D~ 1) — (b— 1)@ — 1)
+(a—1)(c*®—1)—(c—1)(@® 1)
+(b— 1)~ 1)—(c—1)(b*—1)  (by Lemma 8)
= (a— DB — 1) = (b— 1)(@* Ve _ 1)
—(c—1)(a*®p*®> —1)  (by relators (5))
=(a—1)(d;® = 1) = (b— 1) = 1) = (c = I)(d:P — 1)

from Lemma 7 with d,, d,, d.ey,(F),

=a(6)(a—1)(d,—1)—a(4)(b—1)(d,—1)
—a2fc—1)d.—1)

= (a®® —1)(d,— 1) = (b*D ~ 1)(d, — 1)
— (P =1)(d.—1)=0 (by relators (5)).

5. RESTRICTED LIE DIMENSION SUBGROUPS

To show that for n>14 there exists a group G such that
7a(G) # (D,1(G)), we proceed as follows.

Let n>14 and t=(n—5)/2 if nis odd and t=(n—4)/2 if n is even. Let
a, b, ¢ be distinct simple basic commutators of weight ¢ with a> b > ¢. Let
r be a simple basic commutator of weight 3 when # is even and of weight
4 when n is odd. Assume there is one symbol in each of a, b, ¢, r which is
not in the others. We define x,, y,, z,, x,, y,, z, as before and construct
G in a similar manner. The element g is given before and an analysis of
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Lemma 10 shows that g—1e(4F)!")+ A(FR). This uses the result
(see [31)

(AF)K) . (AF))  (4F)Le+1-2),
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