BULLETIN

A Al AN

DES SCIENC
MATHEMATIQUES

Bull. Sci. math. 126 (2002) 343-367

ELSEVIER

An algebra of differential operators and generating
functions on the set of univalent functions

Héléne Airaulf, Jiagang Reh

& INSSET, Université de Picardie Jules Verne, 48 rue Raspail, 02100 Saint-Quentin, (Aisne),
Laboratoire CNRS FRE 2270, LAMFA (Amiens), France
b Department of Mathematics, Huazhong University of Science and Technology, Wuhan,
Hubei 430074, PR China

Received August 2001
Presented by M.P. Malliavin

Abstract

With a method close to that of Kirillov [4], we define sequences of vector fields on the set
of univalent functions and we construct systems of partial differential equations which have the
sequence of the Faber polynomiéls,) as a solution. Through the Faber polynomials and Grunsky
coefficients, we obtain the generating functions for some of the sequences of vectorfi2i32
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1. Introduction

In the first part, we consider the function

1
n

o0
g@)=z+b1+ an+1
n=1

(1.1)

E-mail addresseshelene.airault@insset.u-picardie.fr (H. Airault), jgren@hust.edu.cn (J. Ren).

0007-4497/02/$ — see front matt&r 2002 Editions scientifiques et médicales Elsevier SAS. Tous droits réserveés.
PIl: S0007-4497(02)01115-6



344 H. Airault, J. Ren / Bull. Sci. math. 126 (2002) 343-367

the coefficientgb, by, ..., b,, ...) are in the subset of CV such thatg(z) is univalent
outside the unit disc.

1

g v
=== " Fu(b1.ba. b3, ..., bn) (1.2)
n=0

g2)

n

whereF, (b1, b2, b3, ..., b,) is a homogeneous polynomial of degieehe variable$,
ba, ..., b, have respective weight, 1 féx, 2 for bp, 3 forbs, ..., n for b,. We have (see
for example [3])

Fo=1, F3= —b% + 3boby — 3b3,
FL=—b1, Fa=1b3} — 4b3b2 + 4b1bs + 2b3 — 4ba.
F = b% — 2bo,
On the submanifold\, we define the partial differential operatq®y ) >1, the variables
areby, by, ..., by, ..., andd, = % denotes the partial derivative with respect to #hie
variableb,,,
o
Zr= _annan+k—l~ (1.3)
n=1

For a function¢(z, b1, b2, ..., by, ...), we consider the system of partial differential
equations,Zy¢ = 3%‘7’- We find that the sequenag),) of the Faber polynomials is a
solution of an infinite system of partial differential equations involvingt#g). We show

how to calculate the Faber polynomials from the coefficients in the asymptotic expansion
of the function(£2)” wherep is an integer,

g()? 1
> =1+§ Ky — (1.4)
Z n>1 Z

in the notationk?, n and p are indices. We define generalized Faber polynorrquI]’S),
j >0,k € Z, associated tg by

/ k .
Zg(z)(@) :HZHJI;—JZ_lj (1.5)

g\ =z 51

and generalized Faber polynomia(IEJ’.‘), j =0, k € Z, associated to the univalent
function £ (z) = z(L+ b1z + bpz? + - - -+ bpz" +---) by

/ k .
Zf(Z)<f(Z)> zl—ZF]]-(ﬂZJ=1+(k+1)b11+"'~ (1.6)
f@\ z =
.//
When£& = z¢(3), thenk = 3(H; ™/ — F;*/) and
k
R H an R —(1+ %)K" 17

With an iteration procedure, we obtain homogeneous fractions which are solutions of a
system of partial differential equations involving t(& ) >1.
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The sequence of Faber polynomials and the other polynori&is, (F,{), (HY) can
be obtained as the solution of many systems of partial differential equations with an infinite
number of variables. For example (see [1,4]), with the embedding map

f(z)=z(1—|— anz”) — (b1.b2, ... by,

n>1

in the submanifold\t of CV, we putd, = 57- and we associate thy f (z) = 2 '(2),
wherek > 1, the vector fields

o0
Ly =0+ Y (n+Dbydyix. (1.8)
n=1

We calculate the polynomialgéFy);>o and (F’.‘) with Lp(Fj’.‘) =0 for j < p, and

Ly(Ff )=~k Ly(F") _ka PLorj > p+2.

In the second part we studlgl the generating functions associated to the sequence of

vector fields found by Kirillov in [4]. Letf(z) =z(1+ Zn>1 c»2") be a univalent function
on the unit disc, and let(z) = - be a univalent function
outside the unit disc. With the actlon of vector flelds on the set of the diffeomorphisms of
the circle Diff(S1), and a variational approach on the equatjoa y = g, wherey is a
diffeomorphism of the circle, Kirillov [4] obtained the following vectors fields on the set
of univalent functions

f@2 [ 2 1)? 1 dr
2im f?2 f@)— f(z)trtl
aD

L_,f(x)= =¢,()+ 2P f(2). (1.9)

The termg,, (z) comes from the residue at= 0 for the contour integral (1.9) and vanishes
if p <O0.Inthat caseL; f(z) = z1tK f/(z) = Li[f(2)], wherek > 1 and L; is given
by (1.8). We assume > 0. We haveg,(z) = N,(f(z)) and (N,(w)),>0 is given by
the generating function

(75 5 == E N p == . 110
e p>0 P f&2 fE-w (1.10)

In this work, we obtain (1.10) with the Faber polynomialsi¢f) = 1/f(%). Moreover,

Lopf)=) A"t (1.11)

n=1

In [1], the (A%) are given in terms of the polynomials,f andP,{‘ such that

j . / 2 k
f(Z)] :ZK;:{Z” and ZZ(f(Z)> <&> :1+ZP;+an~ (112)

J
< n>0 f(Z) < n>1
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In the present paper, we obtain the generating function for(#/® in two different
manners,

2 ¢/ 2 2 2 4
0r(u,v) = AP Pkt S f) v f(v). 113
r(u,v) ;; cufv )2 [f(u)—f(v)]+ — ( )

We deduce (1.13) from (1.10) or in Part Il, Section 2, we prove (1.13) writingithén
terms of the Grunsky coeffieng of 2(z), given by (see [3,6])

ZZ = B vk (1.14)

n>1k>1

1
K(u,v) =log——————

=I»—‘v‘
cn—-\
,_\

Section 3, Part Il, is a further step towards the classification of Faber type polynomials
which was started in Part I. We express the Grunsky coefficigntsf 4(z) in terms of

the polynomiaIsK,{ with generating function (1.12), or in terms of tli?s-’j, the following
identity (1.15) is a factorization of the symmetric matkgk; into a product of two infinite
matrices

1 £
WP = 2 KK (1.15)
The expression of theA?) found in [1] yields

P itl-p
k+p +ZP Kisp—j (1.16)
= /3p—1,k+1 +2c1Bp—2441+ -+ (p — Dep—2Bri+1.

Let the Schwarzian derivative ¢f, S (z) = (f—',')/ - %(f—',')2 and the asymptotic expansion

22Sf(z) = 6 ,50Paz". Since %m:vl((u,v) = —£Ss(u), see [2], we obtain the
Neretin polynomialg?,), >0 in terms of the(Bx),

Pp=PBn-11+2Bn—22+3Bn—33+ -+ —1DB1,—1. (1.17)

Then, as in [4] and [1], the set of functions univalent inside the unit disc is embedded
into the submanifold\t in CV, via the map

f(Z):Z<1+ Z%Z”) — (€1,€2,...,Cny...).

n>1

Fork>1,0; = Ter .OnM e CV, we consider the partial differential operators (1.8) and
(1.3). We have)nL =L;0, + (n+1)9,4;. We express; in terms of the(L ) , >« with

the generating functlo?—Z =1+ ,>1Ba7". WeputLo=}_,-qncsd, andforp > 1,
following [4] and [1], we associate to (1.9) the operalor, = Zn>1A,€’8n. We obtain
L_pinterms of the(L;);>1.
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In the third part, with the functio(z) = boz +b1+ 2 +-- -+ 21+, With bo # 0,
we consider on the subset@b, b1, . . ., by, . ..) suchthakg(z) is univalent outside the unit

disc, the vector fields

5 5
R_,=bo— —b e — (= 1)b
P =%, %abys = Dby —

—. ifk>0. (1.18)

The (R),) are obtained in [4] from right invariant vector fields on Dit). We relate the
(Zi)i>1 of (1.3) to the(R_y). It permits to defineZ, for negativek.

Part |

I.1. The differential operatoréZ;);>1 and the Faber polynomials

Let
1 b1 1 1
h(Z)=28(Z)=1+?+anZ—n and h/(Z)Z—annznﬁ‘ (1.1.1)
nzl n>1
We consideri(z) as a functiom(z) = ¢(z, b1, b2, ..., by, ...) of the infinite number of
variables, b1, by, ..., by, .... In this way, we have
d 1 0 1
—h =—, ... —1h =—,.... 1.1.2
abl[ (1] z abn[ (1] " ( )

Thus zh'(z) = — Y02y nbagh-(h(2)) = Zalh(2)] with Zy = =", o1 nb,55- and the
functionh(z) = ¢ (z, b1, b2, ..., by, ...) satisfies the partial differential equati@ﬁzq& =

Z1¢. In the same manner, sincszg%h/(z) = —Zn>1nzkfﬁ, we obtain fork > 1, the
partial differential equation

1 9
Z,{—_ZB—ZUZ(Z)] = Zi[h(2)] (1.1.3)

where (see (1.3))
o0
Zi=—) nbyduti-1. (1.1.4)
n=1

We have[Z1, Zo]l = —Z>, ..., [Zk, Zk4r] = —r Zok4r—1. The operator$Zy)i>1 defined
above are different from the ;) >1 of (1.8). We do not know a priori if th€Z);>1 in
(1.3) come from am-perturbation on DiffS?) as it appears in [4] for theL;).

Lemma. Letthe function)r(z, b1, b2, b3, ... by, ..) =Y 5o Ps(b1. b2, b3, ... by, .. ) %,
we have for ang > 1, Z (L) = £ Z;(¥). In particular, Z[h' (2)] = (Zx[h(2)])’ where

"= 2 and for the derivative of ordep, we denoté?) = 2,

Zi[hP @)] = (Zulh (1) P (.1.5)
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The proof is straightforward.

Theorem. The Faber polynomial§F,) defined by(1.2) are solutions of the system of
partial differential equations

Z1Fy,=—nkFy,,
Z2Fp=0,

{ZzFlzl—F():O,
ZoF, =—nF,_1 forn > 2, (1.1.6)
ZyFy =0 forn <k -2,

i ZiFg—1=(k —1)(1— Fo) =0,
ZiFy=—nF, 11 forn >k — 1.

The equatiorZ1 F,, = —nF, shows that the polynomidl, is homogeneous of degree

n and the variables,, by, bs, ..., b, have respectively the weight 1 fég, 2 for b2, 3 for
bz, ...,nforb,.

The coefficient o] in F, is (—1)". With the operatorsZ, k < n, and with (1.1.6),
we calculate the homogeneous polynonfialfrom the Fi, k < n. For example Fs is
homogeneous of degree 5 a@@Fs = —5F1, Z4F5 = —5F>, Z3F5 = —5F3, Z2F5 =
—5F4. We find

Fs = —b3 + 5b3by — 5b2b3 — Sb1b2 4 Sbobgz + Sb1bs — Sbs,
Fe = b8 + 3b2 4 6b3b3 — 12b1bob3 — 6bThy — 2b3
+ 9b2b3 + 6b1bs + Bbobs — 6b3bs — 6bs.

Proof of (1.1.6). Fromh(z) = 2¢(z), we havell = ~1y %’ and

4 1 F1 1
ZEZ_HZFHZ—n:?jLZFnZ—n. (1.1.7)
n>0 n>2

SinceZ; is a derivation, with (1.1.5), and then using (1.1.3) to replag@(z)], we obtain

7 [ h/(z)} LW (@] K @QZih(2)] (Zk[h(z)]>/
Kap | =7 —z > =
(2) h(z) h(z) h(z)

:z( ! h/(Z))/. (1.1.8)

#*=2 h(z)

We replace the expressi@é,’(%) by its expansion given by (1.1.7),

1 1\ 1y
sz(Fn)Z—n = —Z<2k—_1> +ZZFH<W>
n>0 ’ n>0

k-1 1
= g~ k- lEmEi oy (.1.9)

n>0

By identifying in (1.1.9) the coefficients OZ% we obtain (1.1.6).
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With the same method, and from the identity(¢p?) = p¢p? 1L, (¢), we deduce

Lemma. Considerv = (z%)P =2 u>p Hn L for any integerp, then

/
_ (k=D(p-D+1 v
Zr(v) =1z (Zp(k—l)) .

MoreoverZy(H,) = —(n+(p— LV (k—1)H,—y1forn > p+k—1andifn < p+k—2,
Zy(H,) =0.

The Faber polynomials in (1.2), can be obtained from the followikig). For any
integerp € Z, let g% =143 51 K,{’Zi,, where in the notatiok }’, n and p are indices,
(see (1.4)). From (1.1.3), we have

g@)? 1 [(g@P)
Zk< zP >:zk—2< zf’ ) (1.1.10)

K?, n>1, peZ, isahomogeneous polynomial in the variabbesb,, ..., b, where
b1 has weight 1), weight 2.... MoreoverZy(K;) = —(n —k + DK}, ., forn >k
and Zy(KY) =0 for n < k This permits to obtain th&k). The coefficient ofb] in
the polynomialk; is - n),n b7 Remark that the notatiog; n.)'n' = oniDpontd)p
extends to any e Z. The other coefficients ik} are calculated with theZ,,)p>2 For
example k) = 222 4 b, andZo(KL) = — KL with K{ = pby, Zo = —bagy-. This
gives the value of andK} = W’T_l)b% + pbo. In[1] (A.1.6), theK}” are obtained with
the operatord.;, see (1.8).

K§ = p(p— Dbiby + pha+ L= =2 g

K] = p(p — Dbibs+ pba+ p(pz_ Dz p(p_lz)(”_z)bsz
+(p%;)!4!b‘1‘,

Ki = (p —p,!a)!n!b“ (p—n~|—I;.!)!(n—2)!b’I_2b + (p—n+g')'(n—3)'bl b3
+(p—n+1;'>'(n— m [b”%ﬁbg}

p!
+ (p—n+4!(n-5)" b

S[bs+ (p —n+ Dbobs] + Y b1 V;,
j=>6

where V; with 6 < j < n, is a homogeneous polynomial of degrgein the vari-
ablesby, ..., b,.
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I.2. Generalized Faber polynomials

We assume thaf(z) is given by (1.1). We hav82 = zf (1) where

f@ =z<1+ anz”>- (1.2.1)

n>1
Since
bz_b ’ 1 /(1
T b, - 2 ... and Zg(Z):z__f(lz) (1.2.2)
g(2) z z 8(2) z f(2)
wededuceﬂ}((”) T4bw+--=1—3, Fy(b1, b2, ..., by)u". We put
fw) [ f(u) k+j
=1- F. =1 1 .2.3
uf(u)( , ) Y Fw =14 (k+ Db+ (1.2.3)

j=1
thenFjj = F; whereF; is the jth Faber polynomial. On the other hand, if we take 1

in (1.2.3), we findrFi = —(j + 1) b;. With the same polynomialg*, we have, for any
ke Z J J J
e 1

k
(f(”)> —1-Y Fr . (1.2.4)

u
izl

Definition. We call the polynomiaI$F]’F), the generalized polynomials associated to the
function f(z) = z(1+ 3_, 51 ba2").

Whenk = —1in (1.2.4), we obtain
w=f@) -y Fitfal* (1.2.5)
izl
In particular, ifw = f(u) where f is univalent, we have the asymptotic expansion of the
inverse mapf -,

=ty =w =Y Frtw/ ™ =w + biw? + (b2 — 2b2)w?
izl (1.2.6)
+ (5b3 — Bbabp + bag)w* + - - -.

We rewrite (1.2.4) withk € Z asu® = f(w)* =" ;5 Fj—kf(u)j+k, or
(f_l(w))k =wh — Z Fj_ku)j"'k =wk 4+ kblwk+l 4o,
izl
The homogeneous polynomia(IEJ’.‘) can be calculated with (1.2.3) and thé ) ,>0 as

in [1] (A.3.3)~(A.6.5): We haveL,[f(2)] = z"*2f'(2). Let ¢(2) = :LE (L)t By
commuting% and L,, we getL,[¢(2)] = P29/ () + (p + 1 + k)zP g (2). From
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(12.3), Lyl¢(@)] = — ;51 Lp(F} )2/ With the identification of the coefficients in the
asymptotic expansions (1.2.3), we obtain (compare with (I. 1L§,)()F") =0 for j < p,

ande(F;jH) —k, Lp(Fk)_ka - 1for] > p + 2. This givesF} = —kbx,
k(3—k k(k —5)(4—k
Fi— (2 )12 _ ki, F3_$ + k(4= k)biby — kbs,
kG—k)k—6)(k—T7) ., k(5—k)(k—6)
Ff = a b+ > bab? + k(5 — k)b1b3
k(5 — k)
— kba,
+ > 4
kB —k)k—T)(k—8)(k—9) « k(k—T7)(6—k)(k—8)
Ff = 5 b3 + 3 b3by
k(k —7)(6—k k(6—k)(k —7
+ ( ;( )b§b3+ ( ;( )b1b§
+ k(6 — k)bobz + k(6 — k)b1bg — kbs,
k=7 ¢ (-7 , k=7 5  k(T—k) ,
Ff = — bS — - b3b b
6 Blk—121 Y Wk 1 2T 1o BT T 7
h=DU[(=9 5. T
+ k(7 k)[(k 8)b2b3+b5]b1 2!(k—9)!|: > b2+b4i|b1
k(7 —k)(k —8
+ *z@ 4 k(7 — k)boba — kb,
k-8 , (k-8 & (k — 8)k
Ff = - - bybs —
7 k=181 5k —131 Y2 Mk —121 173
(k=8 [(k—11) , s (k-8 5
- b2+ ba |b3 — =T Tk — 10)bobs + bsb
3!(k—11)![ 7 27 4} . 2!(k—10)![( )babs + bs]by
k(8—k)(k—9[k—10 4
+ k(8= K)[(k — 9)baba + be]b1 + ( ;( )[ 2 b3 b3i|b1

k(8 —k)(k —
" ( )(k —9)
2
Like in (1.2.3)—(1.2.4), we find that

8(2) g@ (@) i 1
<_> —le ) g( ) Z—<T> =12 #5027

i>1 8@ i>1

b%bg + k(8 —k)b3ba + k(8 — k)bobs — kb7.

with the same polynomlalﬂ" ke Z andj > 1. Because of (1.2.2), the polynomials
Hj I = = F; are the Faber polynomials.

Definition. We call (Hj’.‘) the generalized Faber polynomials associgted.
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We haveHl_j =—( —-Db; andH0 =0foranyk > 1. Asin (1.2.5), we puk = —1

in the first equatlon of (1.2.7), this gives= g(z) + Z,>1H g(z)l_j and if w = g(2),
then

g w =w+ )y Hwl

j=1
We have
k(k+1
HE=kby, i =EE2 g,
k(k+1(k+2
HE = %b% + k(k + 2)b1bs + kb3,
k(k+1)(k+2)k+3) , k(k+2)(k+3
pp = KEEDEEDUED) o KEEDEED 124+ Dabs
k(k+3
+ ( )b%+kb3~

We can obtain thé7* as follows: Leth(z) = 89 Thenh(:)* =1+ 3,5, KX X Since

P Thada @ <@> =h(@)* +zh@* ' (2) =1+ Z(l— —>Kk :

8(2) n>1 k
we deduce from (1.2.7) that
Hkn = (1— %)K,’f (1.2.8)

Proposition. (See (1.7).We haveFf = — A gk~ and F'+* = —(1+ 2)KF.

Proof. h(z) = f(l/Z) f;“) whereu = 1/z. Thus

POLDY —asparera= ()] +22[(+(2)) ]

Sincelh(1/2)1F =1+ D1 K*z", we replace in (1.2.9). If we put = in (1.7), we find
againF! =H " =F,.

Corollary.
Y n—pF =K+ (1.2.10)

Proof. We have

k k
« \_ i u N W
(Fn) = Dt e (555) == Lt

n>1 ji>1
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We replacef%)'i =1+ 2@1 K,{u”. We identify the coefficients of equal powersiond

we replaceK,{ by its expressmn (1.7) to obtain (1.2.10). If we put —n in (1.2.10), it

givesk) + F = Z?fl S F)F_ . In particular

1 2
2, o2 2 3, ©3_ 3.3
F2+K2=§(F1)’ Fi+ K3 =F[F5,
1
Ff+K§=E(F24)2+FfF§‘+-~-.

I.3. Homogeneous fractions of tii&);>1

| =

Letu(z) =1 — 289 — M@ then 1— 7% — 2 _ 1% From (1.1.8), Zx(u) =

g(z) i)
2 Lu). SinceZi(z% )—z(zk(”))/ we obtain

=

Theorem. Letv =1+ z% =2 u>1 anin, then

1\ ktk-1
Zi(v) =Z<FU> + =1

é

and
7Z1G, =—-nG, andfork>1, Z(G,) =0 ifn<k—-2
Zi(Gg-1) =k(k = 1)
Z(Gp) = —nGu_p41 fn>k.

Forn > 1, the relationZ1G,, = —nGn implies thatG,, is homogeneous of degredn
the variables, by, ..., b,; G, = b,, x Q, whereQ, is a homogeneous polynomial of
1

degree 2 in the variable$y, bo, ..., by, if b1 #0.

F, b 2F3  FZ2 1
Gi=-2=b1—22,  Gp= ">+ 2 =" (~bf+2bsb? — 6bab1 +4b3).
A

Part I

In the following, f (z) is a univalent function inside the unit disc,

f@= z(l—l— chz").
n>1
Let x (z) be a function and assume that the expangi@frl(u)) =) ez 0nu" CONVerges,
a, is obtained with the contour integra} = 2m [x(f 1(u))u_” du \We putu = f(z) in
the two last expressions and we obtain the expansig(9fin sum of powers off (z),

uf’(u) . du
@)=Y f )le Ty WX

jez
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In this formula, instead of (z), letzx (z) f'(z), it gives

2 2
ax@f (z)-jeZZfo 3 | ez TWxW =51+ 5
with
1 Lo du
Si=) @ Far Wk

j=0

2 2
24 D) 1-j o du
Sz—j§>0f(z) i / S 0 0 L = LI )

If x(z) =z, wherep is a positive integep > 0, S1 reduces to a finite sum of powers of
f(z) and is equal to

F@QYP [ u?f @)? (f@)P = f@Ptl) du
2in fw)? (f(2)— fw)  uptl

From this expression, we see that the generating function favjlie) is given by (1.10).
In the next section, we find (1.10) through Faber polynomials.

With the embedding’ (z) = z(1 + Z”>lcnz ) — (c1, €2, ...,Cn,...) In the submani-
fold M of CV,if x(z) =277, So = _p[f(z)] and expandlnq(z)2+f in powers ofz in
Sa,we findL_, =3, -1 Afd, whered, = 36

=—N,(f(@).

Il.1. The vector field€._,

Theorem. If p > 0, there exists a functiolV, (w) such that

o]

2@+ N (FR) =D AR (11.1.1)

n=1

TheA’,j are homogeneous polynomials in the variaklgs,>1, N,(w) is calculated with
(1.10) Letg,(z) = Np(f(2)), then

E2f1(E)?  f(2)?
P =
2_9r(% 2 (fE) - fQ)

p=0
and

f(? [ E2f(&)2 1 dg
2im fE?2 (fE) - f(2)) &rtl

The ponnomiaIs&l,’(7 defined by(l1.1.1), are given by(1.13)

=¢p(2) + 2P £ (2). (I1.1.2)
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We haveNg(w) = —w, N1(w) = —1 — 2ciw, No(w) = —% — 3c1 — (4co — c%)w,

N3(w) = —2 —4c1L — (c3 +5c2) — P3w, ... Let N,(w) = L N, (w) be the derivative
of N,,. From (II.1.1), we deduce that for apy> 1,

/ dz @) dz _
/Nj(f(z)) il BT =0 and

) (1.1.3)
Nj(f(Z))%_i_ f(Z)%:O
f@  z f@
Proof of (11.1.1)—«(1.10)—(11.1.2). Consider the function
1 1 1
h(z) = —— = z—c14 (5 —c2) = + (2 —c3—c3)5
(2) s z—c1+(cf cz)Z (2c1c2 — c3 —¢3) 2
2 2 a1
~|—(2Clc3—C4~|—62—36’16‘24-6‘1);4-"'
- 1
=2+ Y bpri— .14
z HX_(:J +1Z ( )
we have (see [5] and [6]);(’;;—(20 =Y 2o Fa(w)é™" where F,(w) are the Faber
polynomials associated to the functibnin terms of f,
!/
vw = — @ =1+ Rz, (1.1.5)

@) —wf(2)?

n>1

Fi(w) =w + c1, Fo(w) = w2 + 2c1w + 2¢o — c%, F3(w) = w3 + 3c1w? + 3cow + ci’ —
3c1c2 + 3cz. If we take the derivative of (11.1.5) with respect#oand then integrate with
respect ta;, we obtain

S (@) N 4
— = E F, —, 11.1.6
1—wf(z) = n(lU) n ( )

Fiw) =1, 3F)w) = w + c1, $Fw) = (w + c1)? — (¢Z — c2)(w + c1), 3F4(w) =
(w+c1)d— 2(6% —c2)(w+c1) — (2c1c3—ca4+ c% - 3c%cz + ci‘). Moreover

Fu(h@)=2"+)_ Buz". (I1.1.7)

k=1

where thegs,,; are the Grunsky coefficients 6f Thus

1 oo
Fl—)=z" i Zh 11.1.8
<f(z)> P (1-18)
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We rewrite (1.1.8) ag ™" = Fn(%) — 322 1 Bukz*. On the other hand, ip > 1,

Zl_pf/(Z) = Zl_p(1+2C12+3czzz+..._|_(n+1)cnzn+_._

2c1 3e2 (p—Dep-2
Soatpetpst ot T TP (11.1.9)
+(P+Depz+ Y (p+k+Depaz
k>1

We replace the negative powerszoby their expressions given by (11.1.8). We obtain

1 1 1
,1"’/,=F_(—> 2F_(—) 3F_(—)
P () p—1 15 +2c1F)2 I +3c2Fp-3 7@ +

+((p—Dcp—2kr 1) + pcp_1+(p+Dcpz
—[Bp-11+2c1Bp—21+ -+ (p — Dep_2B11]z (11.1.10)
+ Z[(P +k+Dcpik — [Bp-1.k+1+ 2c1Bp—24+1+ -+
k>1
+ (p — Dep_2Brasal]2
For p > 2, we consider
Tp—1(w) = Fp_1(w) + 2c1Fp—2(w) + 3c2Fp-3(w) + - - (11.1.11)
+(p - 1)Cp—2F1(w) + pcp-1. o
From the expansion of’(z) and (II.1.5), we obtain the generating function
/(N2
2 @) =1+ L)', (1.1.12)

fO-wf@? "

To(w) =1, Ti(w) = w + 31, To(w) = w2 + 4eqw + (c% +5¢2), T3(w) = w3 + 5cqw? +
(4c2 + 6c)w + P3 + - --. With (1.12), we obtain

p
1
Ty(w)=Y PIw/,
j=0
We write (11.1.10) as

oy 1
71 Pfi(z) — Tp_1<%> = ZB]f_le

k>1
= (p+Dcpz— [Bp-1.1+ 2c1Bp—21+ -
+(p—Dep-aprale+ Y BT (11.1.13)

k>1
with
Bl = (p+k+Dcpk
— [Bo—1ks1+2c1Bp—2441+ -+ (p — Dep—2B1a41)- (1.1.14)
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This gives, forp > 1
1
P f(2) - Tp_1<—> —Plfx)= ZAlfzk+1, (11.1.15)
f(@ st
whereP! =2c; and if p > 1,
Py =—[Bp-11+2c1Bp—21+ -+ (p — Dep_2Br1] + (p + ey (I11.16)

and forp > 1, k > 1, we putA; = B] — P}/ cx. With the conventiong = 1, BY = P},
we haveA} = 0. In [1], we obtained the generating function of (1)),

2 ¢ 2
22 f'(2) 14 Z Pl (1.1.16)

f(@)? =i

In fact, since+t5 = 2 + 372 5 bn412" andbyi1 = B1, = £B,1, by taking the derivative

with respect ta;, we obtain

@ 1 S,
Frr = 7~ 2P

thus 2LO7 = f/(2) — (2524 fu" () and (11.1.16) implies (11.1.16). From

(11.1.11)—(11.1.15)—(11.1.16), we obtain the generating function of

1
Mp(w) = ~T)-1(w) — P}~ (I1.1.17)

We putMo(w) = — 1, then

E21'(8)? 1
E M P — _ 11.1.17
>0 rme fE? wd—wf() (117

and from (11.1.14), we see that

SOy (f( >> ZAP .

We obtain (11.1.1)—(11.1.10) WithV, (w) = M, (3).
Since ¢,(z) is the coefficient oft” in the asymptotic expansion of the function

212 f@)? i
62 THO-TO" we obtain (11.1.2). We deduce (1.13) from (ll.1.1) and (1.10).

This ends the proof of the theorem. If we divide (11.1.12) by (Il.11Ave obtain

f(f) > pso Tp(WEP = =3, qwM, (w)e". Since L = 1437, -1 c,€”, this yields a
relation between the polynomlaM andT,. Combining with (II.1. 173 it gives

Tp(w) = w(Tp—1(w) + c1Tp—2(w) + - - - + cp—1To(w))
+ P+ c1tPl T ey, (1.1.18)
In Section 2, we give a direct proof of (1.13).
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I1.2. The generating function for the1?)
The polynomialst! defined by(l1.1.1) can be calculated witi1.13).

Proof. Taking the derivative of (1.14) with respectitoyields

W(“ 1 >_ v ouf'(u) f(v) v
T fw)

v—u  f) f)—fw) v—u

=Y > Buuv* (1.2.1)

n>1k>1

We multiply (11.2.1) by ' (u),
uf' W?  f) uf’(u)

f@ f)—f@ v—u
= Z Z [Buk + 2¢1Bn—1k + -+ + ncn—1Brx Ju" k. (.2.2)

n>zlk>1

The(Bp) are given by (11.1.14) fop > 1 andB1 (k 4+ 2)ci+1. We rewrite (11.2.2) as
20 (B = (p+ ko Deppuul R
k=0p>2

Cuf'@?  f) A
f@ f—f@ v-u’

SlnceBl (k + 2)cr+1, we can write the sum in (11.2.3), starting frop= 1. On the other
hand,

vf'(u vf' (v
ZZ(P+k+1)cp+ku”‘1v"+1=——f( ) LY@
vy v—u v—u

Thus

2 £1¢,\2 ,
V) = BPupitl— MW f () uvf (v)' 24
y (U, v) é; L ulv I f(v)—f(u)+ kL ( )

(11.2.3)

Since
AY =B} — Plci (1.2.5)

andAf =0, we have

2 ¢/ 2 2
AP PRI flw) f)
/;,; e f@)? f(u)_f()+f(>+ f(v)

We divide byv. Since

Z ZAfupvk:Z ZAfupvk—}-ZA,?vk

k=1 p=>0 k=1 p>1 k=1
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and
3t = 3 ket = £y - L2,
k>1 k>0 v

we obtain (1.13).

11.3. Identities between polynomials

From (1.12), we obtain that for any=£ 0, andk # 0,

n

P’;c+p+k _ Z (J+pn—j+k)
j=0 kp

Pk
KPKE . (11.3.1)

In the following, we prove more identities between the polynomials.

Proof of (1.15). With (I1.1.6), F{ ;(w) = (k + 1) Ys_o K¢ fw”. Thus

k
Fi(w) :Fk(0)+Z§K,’f_”w”. (1.3.2)
n=1

We replacev by % with (11.1.7), we obtain (1.15). The factorization can also be obtained
from (11.2.1). We have

K%:cz, K§1:2c1cz—C3—ci’, K1_2:2c1,
K4_2 =6c1c3 — 2c4 + 3c§ — 126'%6‘2 + 5c‘11,
K53 =12cpc3 + 12c1c4 — 3¢5 — 30c1c5 — 30c2c3 + 60cier — 21c3
and with (1.15), it give®s 2 = 3[(21[(3_1 + %K1—2K4—2 + K5_3. In the same way,
Kllzcl, K4_1=2c103—C4—|—c§—3c%cz+c‘ll,
K5_2 = 6cac3 + 6c1c4 — 205 — 12c1c§ - 12&03 + 206'%6‘2 — ESC?
andfo3=2K1K, ' + K5 2.

Proof of (1.17). We deduce (1.17) from (11.2.5)—(11.1.14) and (A.4.8) in [1]. It can also be
proved as follows.

LetSy(z) = (f"/f) — 3(f"/f)? andg (u) = 1/ f (u), then

Sf® _ #We® g sw =S .

(fw) = fN? (pu) — ¢(v))?
Thus (see [3], p. 64),

1 W) 1L
_ _ g
F@—f)?  w—w? ousv ° u-
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and

92 1
|og M = __Sf (u) = — Z kﬂnkun+k_2. (”33)
udv |,—, u—v 6 WSTEs1

Theorem. Letz2S(z) =6, P.2" be the expansion of the Schwarzian derivative. We
have Pp = 0, P =0, and the(P,),>> are given by(1.17)in terms of the coefficients
in (1.14), P2 = P11 = c2 — c2, P3 = o1+ 2B12=8Bcico — des — Ac3, Pa = Bar+ 2Paz +
3B13 = 12c} — 34c2cp + 122 4 20c1c3 — 10cq, .. ..

Let bux = kB, then(b,y) is a symmetric matrix, moreové?, = tracé€ A, B,,) where
A, is the square matrix of order— 1 such that, 11 =a,-22=a,—j,; = 1 and all the
other coefficients are zero alj = (b;;)1<i<n—1,1<j<n—1-

I1.4. The operatorgd)r>1 and (L_i)x>o0 in terms of(Li)~0

We identify the set of univalent functions with the submanifaitiin CV via the map
214 Y ,51602") = (c1,¢2,...,¢n,...). FOrk > 1, Ly is given by (1.8) and AX) by
(1.1.1) or (1.13). We put

Lo=) ncyd, and fork>1 L= Akd,. (1.4.1)
n>1 n>1
In the following, we relate th€dx)x>1 and (L _x)x>0 to the(Li)r~o0 and study the action
of these operators on some of the generating functions.

Proposition. For k > 1,

O = L — 2c1Li41 + (4e? —3ca) L2+ -+ ByLipn + - - (11.4.2)
where the(B,,),>1 are independent of.
1
= 143 B2 (1.4.3)
1@ 2 !

Proof. We verify (11.4.3) onf (z). We haveL[ f (z)] = zt1 f/(z). Since
Wl f(@1=2"" and &lf (@)= (k+ D (11.4.4)

we have to prove*tl = k1 £/(z) — 2c12K42 £/ () + - - + B,zZXt" f/(z). We divide by
Z¥*1 and we obtain (I1.4.3).
Consider the generating functiofsee (11.1.12) and (11.1.5)),
2f'(2)

W) =—-——=1 F, &
Vew) = oo e +§l (w)z

and

/(2
SO 1Y e

fO-wf@? "
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The polynomialg7),) >0 are expressed in (11.1.11) in terms of t&,) ,»0. Conversely,
with (11.4.3), we have

Fo =Ty, F1=T1 — 2c1Tp, Fo=T,—2c1Th + (4C% — 3cz)To, e,
Fp=T,—2c1Tp 1+ (45 —3c2)Tp-2+ -+ BiTpx + -+ BpyTo.  (1.4.5)

From the generating functions, we obtain the actionbf) on the polynomialsLet
k>1,wehavel (T,)=(k+p+ DT, if p>kandL;(T,) =0if p <k.From

1 1 ! 1
L — k+1<—> — (k 1 k )
k(f’(z)) S\ 7o) TEHREG

we obtainLi(Bp) = (p — 2k — 1) B, if k < p andLy(B,) =0if k > p. From (I.1.5),
we deduce thay (z, w) satisfies

Lt e =2y ey +ket g ), (11.4.6)

Li(Fy)=nF,_ifn>k ande(Fn) =0if n < k. We obtainL,(8,,,) with (11.4.1) and
(11.1.5). From

u[v(e 7))

), (11.4.7)

9 1//
k+1 +1
=z l/f z,—)>+ b , Tk 1//(
( f)
we deduceLk(ﬁn p) =nBn—kp+ (p— k)ﬁn p—k Fk<p 1 k <n — 1 and the formula
extends for any > 1, p > 1 with the conventiorg,,, =0 if m <0 orn <0.

Lemma. Let (see(1.10))

B qu/(u)Z wZ B
G (u, w) = Fw? X T ng(w)u (1.4.8)
P>
then fork > 1,
Lilgy(u, w)] = Zkudef(u, w) + uk+1%(u, w), (1.4.9)
B P I/lk k+1 ¢f
0 , =|2u . 11.4.10
k[ f(u, w)] ] <f( )>]¢f( w) + ) u, w) ( )

Proof. The proof of (11.4.9) is straightforward, then (11.4.9) and (11.4.2) imply that

el w)] = | 2kt~ +2uk+1< >]¢ oy L09s
AR P ) 17 f'(u) du
Corollary. Ly(N,) = (k+ p)Np—i if p>kandLi(N,)=0if p <k.LetB, asin(1.2.3),
thenifp >k,
p—k
WNp=> (2p— j)Bp_i—jN;(w). (I.4.11)
j=0
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Remark. Let (see (1.13))

P op ikl _ 2f (v)
S S Afur vt =g (. f ) + — 0 (u, v),

k=1 p=0
then
2
ef(u’v)“:“:g”zfﬁ( ) 2J}()) +2uflw, (11.4.12)
89f 1 2 Zf (M)Z . 1 5. ,
v v_u_[?s” RATTE ]f(””i(“ Fw) (11.4.13)
39f 1 2 3U2f/(v)2 / 2 41 ”
sy [_5” AT ]f(“”(” f'w)
[ el ] < eroy,

In the same manner, consider (see (11.4.4))

u? f'(u)? fO© L wf'e) P
, — BPu? +1
V) =y X Fw - T v—u g; KM
then
2

1 Dlomu = 2 0) ~ ”}() Fuf' @), (1.4.14)
ay
8—va=u ESuzsf(u)f W)+ = (uf w))”. (1.4.15)

Lemma. If p > 1, for anyk such thatk > p, (‘J;{A,’(7 is independent of and we have

f// dZ
wal =5 | T (11.4.16)
If k < p,
akApz_i/f”(@%Jri/(akN )(F@) - (1.4.17)
k 2in f/(Z) ZP 2ir p g Zk+2‘ 4.

Proof. From (11.1.1), we have

A+ P N (£(2) T+ 0N (f(2) Z(akAf’)z"“
n=1

With (11.1.3), it gives (11.4.17). Sincéy N, =0 if k > p, we obtain (11.4.16).



H. Airault, J. Ren/ Bull. Sci. math. 126 (2002) 343-367 363

With (11.4.2), we obtainL _, k > 0, in terms of thegL ;) j>1

Proposition. LetL x =35, D’]‘.Lj, thengi(z2) =351 D’j‘.zf”rl satisfies

CLalf@l g, k(@)
gk(2) = NG

f'@’
f//(z) R/ ’ f//(z) f//(z) '
—k|:f/(z)i| =g, (2) + 8 (2) 70 +gk(z)<f/(z)>,
«[S(NH @]

=2/(2) + 28, (DS (@) + & @D (S(H (@) .
Part I

lll.1. The vector fieldRR,

In [1], we related the asymptotic expansmnzétf((j))) (@)k in sum of powers ot
to that ofzf @

L (L9 in sum of powers off (z). In the same way, fog(z) with expansion
(1.1), we have

g (g k
g(Z)( > ZV

> ( )/

N2/ o) (1.1.1)
(Zg(z)> <—Z > 1+ZV I

j=>1

and

The coefﬁmentsvf‘ are obtained with contour integrals. The first equation in (111.1.1) gives

M@ =@+ Y Vi@ Y vk (11.2)
1<j<k-1

j=k
Let g(z) be a univalent function outside the unit disc

by b
g(2) = boz—l—bl—l— ot -

T (11.1.3)
We assumeég #0. Tog, it corresponds the sequen@®, b1, ...,b,,...) e CV.
0 0 1
2 -1 = .1.4
8bo[g(z)] Z, [g(z)] ) b, [g(2)] 1 ( )
Thus, ifk >0, we hav&1 ke'(z) = R_x[g(z)] where
d d 0
R_y=bp— —b - - b, ——— 1.1.5
k=bog = bag — —-(n-1 LFT. ( )

Consider the expansion

o1 ug' (u) . du
X(Z)zzg(Z)’ﬂ/—g(u) Txw—

ez g(u)
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and then replacg (z) by zx (z)g’(z), compare with Part I,

b - 1 u?g' (u)? , du
@@ = Y@ o [ g

= g(u)?

2,/ 2
1+ g w? o du
+J§>lg(z) len/ )2 8@ X — =S1+52. (II.1.6)

The first sum,

2,/ 2
) R
S=R,(50) = Y o [ §

2
>0 g()

can be expanded in powers of, k < 1. Assume thaty(z) = z”, wherep € Z, in
that case, there exists a unique holomorphic vector fejJdon M c C¥, satisfying
Rplg(2)] = Ry (g(2)) where

g(Z)Z/u2g/(u)2 ubP d_u
2im gw)? g(@)—g(u) u’

If x(z) =2z%, with k >0, thenS, vanishes an®_;[g(z)] = z1 % g/ (2).
If x () =zF with k > 1, S2 = Jk(g(2) = Y_5_y ;g(2)**/ and Jy is a polynomial.

S1=R,(g(2)) =

Ek
Re(3(2)) =28 (@) — Ji(8(2)) = Bz + EE + Y (I11.1.7)
n>1

b,

ThusRx(g(z)) = Rr[g(z)] with the partial differential operatak;, = Zn>0 En

Proposition. The polynomialgy are given by

2./(1\2 2
g'(u) w B
gw)? (g(u) —w) ];Jk(w) (111.1.8)

The(E¥) are given by

/ 2./ 2 2
DD BT P A AV (3 (111.1.9)

k>1n>0 —u gw)? " z(gw) —g(2)

Compare (111.1.9) with (1.13). With (111.1.8), we obtain

2
I(w) = —,
1(w) bo
3 3
Rw) =55 - 2,
b3 b3
4 4 (62 — 5boby)
Sy = 2 A3 b1 Shoba) 5

3 3
b b3 b3
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Proposition. Let (Z;)>1 the operators defined i.3). Fork > 1,

0
Ri_x—Zr=b b1— b, . 111.1.10
1k = Zk=bog — 1-|- 9 + T ( )
For anyk € Z, let
5 g(Z)2/ug’(u) uk du
Zi(g(z) = = —. 1.1.11
kL8 2in W) (g()—gw) u ( )

There exists a unique holomorphic vector figlg = Z/>0 d‘z on M such that

Zk[g(z)] = Zk(g(z)) is glven by(11.1.11). For k > 0, we hav<=Zl+k R_i — Z_x Where
Z_ satisfiesZ_;(g(z)) =z *g(2).

If £ > 1, then
Zi[g()) =" g(2) — w(g(2)) (I11.1.11),
vk is a polynomial function,
2Eg é) 1
. 11.1.12
,;Uk( )sk s® “z®-w (1l-1.12)

Proof. Leth(z) = g(Z) =bo+ ”1 +- + n 4 ..., we assume thafy # 0. Then

D iy = ah()_l 9 1
by - by T by T

Fork > 1,227 %1/ () = Zk[h(2)] = le[g(z)] whereZ; is given by (1.3). On the other
hand, we haveR_;[g(z)] = z}*g'(z) and h'(z) = g/f) - %, we deduce[Ri_; —

Zi1(g(z)) = 2% ¢(2), this proves (I11.1.10).
For (111.1.11), let

o1 ug'(u) . du
24k _ Jj J.2+ky !
Z“h (Z)—jEEZg(Z) _Zin,/ ) gw)u h(u)—u

Sinceh'(u) = £ _ £0), we obtaing?**h' (z) = Rilg(x)] + Ji(8(2)) — S with

/ . d
S =Y e f”g(ff)’) (k=

j=0

L fug
+Y 2@ jZIJT,/ gw)u —

i1 gu)

Let S = S1 + Sp. For anyk € Z, S1 = Zx(3(:)) = Y50 Wiz1=/ is given by (I11.1.11).
If £ <O, Sz vanlshes and the integrand (l11.1.11) has a pole only atz, we have
Zk(g(z)) = z¥g(z). Thus, fork > 1, we haveZi_x = R1_; — Z and Z1_ is given by
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(11.1.10). If £ > 1, the integrand (111.1.11) has a pole:at= z and a pole ai = 0, the
residue ait = 0 is given by

k

_g<z>2/ug/<u> g —g@fde g
2= 2 ] T g g — g _X;a]g@ = (&)

and the polynomials; are obtained with (111.1.12).

Remark. With (111.1.12) and (Il1.1.11), it is easy to verify that theW]’?);@l in Z; satisfy

/ 2
A Wk 1-j.—k _ 282 §g(§) g(2) ‘
©9= 1231; a CE—z g®) * &) —g@

Moreover, letS, (&) the Schwarzian derivative gf, then

g (&)?
g(£)2

ar

8Zz

1
= —Eg(é)[ Sg(§) — } - Eég”(é) —g'®.

[11.2. The Faber polynomialséG,),>o 0f g(z). TheG,(f(2))n>0

Let g(z) be given by (I11.1.3), its derivative’(z) = bo — % — - -- — "Z”—jll —...and
/
s (Z) =1+ ZGn(w)
8(2) — St
then
n 1
Ga(e@)=2"+)_ vk (I11.2.1)
i>1 C

Let f(z) =z(1+ Zn>1cnz”), we haveG, (f(z)) = G,(0) + Z,@l Pz, The matrix
P = (prn) is given by the generating function

Sg(éf)
G, (0 in 111.2.2
OEEE +Z O +HZ>1,Z>1” 8 (22

Let P the matrix complex conjugated af and P! the transposed matrix, then the
coefficients of the matri? P! are given by

£g€) Pt ik
2.n/‘g(s> f@| & =2 (PP);2

ik
The proof is straightforward.
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