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Abstract

Let P be a set of n points in the plane, no three collinear. A convex polygon of P is called empty if no point of P lies in
its interior. An empty partition of P is a partition of P into empty convex polygons. Let k be a positive integer and N lf (P) be
the number of empty convex k-gons in an empty partition 7 of P. Define g (P) =: max{N ,f (P) : & is an empty partition of P},
Gr(n) =: min{gy(P) : |P| = n}. We mainly study the case of k = 4 and get the result that G4(n) > Lg—g]. For specified
n =21 x2k=1 —4 (k > 1), we obtain the better bound G4(n) > | 271 ].
© 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

Let P be a set of n points in general position in the plane, that is, with no three points collinear. If P is partitioned
into k subsets S, Sz, ..., Sy such thateach S; (i = 1, 2, ..., k) is the vertex set of a convex polygon, then the partition
obtained is called a convex partition of P. A subset of a finite set of points in the plane is called an empty convex
polygon if it forms the set of vertices of a convex polygon whose interior contains no point of the set. A convex
partition of P is called a disjoint partition if CH (S;) N CH (S;) = @ for any pair of indices 7, j, where C H denotes
the convex hull, and it is called an empty partition if each C H (S;) is an empty convex polygon of P. Given a point set
P, let f(P) denote the minimum number of disjoint convex polygons over all disjoint partitions of P, and g(P) the
minimum number of empty convex polygons over all empty partitions of P. Define F(n) =: max{f(P) : |P| = n}
and G(n) =: max{g(P) : |P| = n}. In 1996 M. Urabe found some lower bounds and upper bounds for F(n) and
G (n) (see [1]). In 2003 R. Ding, K. Hosono, M. Urabe and C. Xu improved the bounds for G (n) (see [2]).

In 2001 K. Hosono and M. Urabe considered the problem of the number of disjoint empty convex k-gons in a
planar point set for a fixed k; they mainly discussed the case of & = 4 (see [3]). In this work, we remove the restriction
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of disjointness and consider a related problem: how many empty convex k-gons can be constructed in a planar point
set for a fixed k? Mainly we study the case of k = 4 as well.

Let k be a positive integer, II;" (P) be the number of disjoint convex k-gons in a disjoint partition 7 of P, and
N} (P) be the number of empty convex k-gons in an empty partition 77 of P. Define

b

Jfr(P) =: max l_[(P) : 7 is a disjoint partition of P} .
k

gk (P) =: max{N,f(P) : T is an empty partition of P}.

Fir(n) = min{fi(P) : |P| = n}.

G (n) = min{gg(P) : |P| = n}.

Since a set of disjoint convex k-gons is a set of empty convex k-gons, we have
Lemma 1. G, (n) > Fi(n).
K. Hosono and M. Urabe proved:
Lemma 2 (/3]). F4(9) = 2 and F4+(n) > L;—’zlj.
In this work, we obtain the following results:
Lemma 3. G4(5) = 1.
Lemmad4. G4(9) = 2.
Lemma 5. G4(13) = 3.

Lemma 6. G4(17) = 4.

By using these lemmas we show that for a set of 38 points we can construct nine empty convex quadrilaterals and so
we obtain:

Theorem 7. G4(n) > |2 ].

Moreover, we get the following better bound for a specified integer n:

Theorem 8. G4(n) > [ |, n =21 x 2871 —4 (k > ).

1

In the proof, we make use of the following result proved by K. Hosono and M. Urabe:

Lemma 9 (/3]). For any set of 2m + 4 points in the plane, no three collinear, we can divide the plane into three
disjoint convex regions such that one contains a convex quadrilateral and the others contain m points each, where m
is a positive integer.

2. Proofs

First, we need the following definitions and notation. For a given point set P, a convex region R is called empty,
denoted by R = (, if its interior contains no point of P. We call the interior region of the angular domain in the plane
determined by the points a, b and ¢ a convex cone, denoted by C(a; b, ¢), if a is the apex and both b and c¢ are on the
boundary of the angular domain such that Zbac is acute. If C(a; b, ¢) contains some points of a given point set P,
then we call the point g € P N C(a; b, c) the attack point, denoted by A(a; b, ¢), if C(a; b, g) = (. The subset of P
on the boundary of C H(P) is denoted by V (P) = {vy, va, ..., v;} with the order anticlockwise. The interior points
of P are the points of P that are not on the boundary of C H(P), and the set of interior points of P is denoted by
Q. We use the notation ab to refer to the line segment between a and b, and ab to refer to the extended straight line
associated with two points a and b.
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Fig. 2.

Proof of Lemma 3. The result is obvious by the fact that F4(5) = 1 (see [3]). O

Proof of Lemma 4. We can find an eight-point set P with g4(P) = 1 (see Fig. 1); thus G4(8) = 1 holds, and hence
G4(9) < 2. On the other hand, we have G4(9) > F4(9) = 2 by Lemmas 1 and 2. So G4(9) =2. O

Proof of Lemma 5. To prove G4(13) = 3 it suffices to prove g4(P) > 3 for any finite set P in general position in the
plane with | P| = 13.

If |[V(P)| = 7, thatis, if CH(P) is a k-gon (k > 7), then there exists an extended straight line / associated with an
edge of C H(Q) such that [ separates a convex i-gon (i > 4) from the remaining at most nine points. By Lemma 4,
we therefore find three empty convex quadrilaterals, that is, g4(P) > 3.

In the following proof, we assume that:

() There does not exist the extended straight line | associated with an edge of CH(Q) which separates an i-
gon (i > 4) from the remaining points of P.

If there exists a triangle, say Av;_1v;v;+1, determined by three adjacent points of V (P), which is empty, then the
empty quadrilateral v;_1v;v;41v is separated from the remaining nine points, where v is the point nearest to v; —1v;+
of the remaining points of P. So we may assume that no such triangle is empty. Let p; = A(v;; vi+1, vi+2), Where we
identify indices modulo ¢ which is the number of vertices of C H(P). Obviously, the convex cone C (v;; vi41, p;i) 18
empty. If C(v;j+1; vi, pi) is not empty, let y; = A(p;; vi, vi—1); then the line segment p;y; is an edge of C H(Q) and
the extended straight line p;y; separates the empty convex quadrilateral v;v;41 p;y; from the remaining points of P,
which is contrary to (x) (see Fig. 2). So we may assume that C (v;+1; v;, p;) = @.

Next we show that p; # p; for any pair of indices i # j (i, j = 1,2, ..., ). If not, there must exist some i such
that p; = pjy1; then C(v;; viy1, pi) U C(vi41; vig2, pi) = @ holds. Let z = A(p;; v;, vi—1); then the line segment
iz is an edge of C H(Q) and the extended straight line p;z separates the empty convex quadrilateral v;v; 1 p;z from
the other points of P, which is contrary to () (see Fig. 3). Thus we may assume:

() C (5 Vg1, pi) U Ciy1; vi, pi) =0, and p; # pj for any pair of indices i # j (i, j =1,2,...,1).

Now we discuss the remaining cases.

Case 1: [V(P)| = 6 or |V(P)| = 5. Consider the interior of the triangular domain 7; determined by v;_1p;_1,
viy1p; and p; p;_ for every i. By (xx), there exists some 7; = {J. Denote the quadrilateral corresponding to T; by
Qi = pipi—1vi—1vi41 (see Fig. 4). If Q; = ¢, then the remaining points of P are contained in C(v;; p;, pi—1); there
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Fig. 4.

exist three empty convex quadrilaterals by Lemma 4, that is, g4(P) > 3. If Q; is not empty, then v; p;vp;—1 is an
empty convex quadrilateral disjoint from the other nine points, where v is the point nearest to p; p;_1 in Q;, so we
can find three empty convex quadrilaterals by Lemma 4.

Case 2: |V (P)| = 4. There exists some 7;, say T}, which contains at most one point by (xx). If 7| = (J, we are done
by the same argument as for Case 1. Next we discuss case of 77 containing one point g.

Let p = A(v2; p1, q); then v p1 pA(p; v1, q) is an empty convex quadrilateral disjoint from the remaining nine
points of P, and we obtain the result g4(P) > 3 by Lemma 4. Thus we may assume that C(v2; p1,q) = 0. Let
q1 = A(vz; g, ps). Considering the positions of g; we have two subcases:

(1) g1 € C(v1; p1,q)- Then the empty convex quadrilateral vipiqi1q is separated from the other nine points;
g4(P) > 3 holds.

() q1 € C(v1: g, p4).

(a) C(gq; v2,q1) = @. Then voq1gp; is an empty convex quadrilateral disjoint from the other nine points; we get the
conclusion g4(P) > 3.

(b) C(g; v2, q1) is not empty.

(i) C(ps; p1,q1) is not empty. Let g0 = A(ps4; p1,q1). Then the two empty quadrilaterals viggrps and
vap1q1A(qr; va, p2) are separated from the other five points; there exist three empty convex quadrilaterals by
Lemma 3, that is, g4(P) > 3.

(i) C(pa: p1.q1) = 9.

(A) q1 € C(p1; pa, va); let g3 = A(q1; pa, va). If g3 = v4, then vigq) p4 is an empty convex quadrilateral disjoint
from the other nine points. Otherwise, v2 p1gA(q1; v2, p2) and v1q1q3 ps are two empty quadrilaterals disjoint
from the other five points.

(B) g1 isnotin C(pi; pa, va). Let g4 = A(q1; p4, va).

(D g4 # va. Then the two empty quadrilaterals v p1gA(q1; v2, p2) and v1q1q4 pa are separated from the other five
points.
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(I) g4 = v4. Let g5 = A(qy; v4, p3).

If g5 is on the opposite side of v1g; to v4, then the empty convex quadrilateral g1g5v4 p4 is disjoint from the other nine
points. Next we discuss the case of g5 on the same side of v1g; as vs.
(0) g5 is on the same side of vav4 as vy.

e C(v4;q1,q5) = 0. Then the two empty quadrilaterals v p1gA(q1; v2, p2) and v1g1gspa are separated from the
other five points.

e C(v4; q1, g5) is not empty. Let g6 = A(v4; q1, g5)-

oq6 € C(v1; p1,q). Then vy p1geq and g1 pavags are two empty quadrilaterals disjoint from the other five points.

©g6 € C(v1; 9, q1)-

If C(q; v2,96) = ¥, the empty quadrilateral vy p1qgs is separated from the other nine points. If C(g; v2, g6)
is not empty but C(ge; p1,v2) is empty, then v2p1gsA(gs; V2, p2) and vigqips are two empty quadrilaterals
disjoint from the other five points. If both C(q; v2, g6) and C(ge; p1, v2) are not empty, let g7 = A(gs; p1, v2).
If g7 € C(v1; p1,q), then the two empty quadrilaterals vy p1q7g and v4paqiqe are separated from the remaining
five points. If g7 € C(v1; g, g6), then the two empty quadrilaterals vigq7q¢ and pi1qivsaps are separated from the
remaining five points.

oq6 € C(v1; 91, qs5). Then vap1qA(qy; v2, p2) and v1g196 p4 are two empty quadrilaterals disjoint from the other
five points.

(B) g5 is on the opposite side of vv4 to vi. Then by an argument similar to that for the previous subcase () we
obtain g4(P) > 3.

So we can assume that both C(v2; p1, ps) and C(v4; pa, p1) just contain the point g by symmetry.

If C(v2; pa, v4) = @, then pjvava ps is an empty convex quadrilateral and the remaining points of P are contained
in C(v1; p1, pa), that is, the convex hull of the remaining points does not contain any point of { p1, va, v4, p4}, so there
are three empty convex quadrilaterals by Lemma 4. Thus we can assume that both C(v2; p4, v4) and C(vs; p1, v2)
are not empty. Let 11 = A(v2; pa, v4), t2 = A(va; p1, v2). Consider the following two subcases.

(1) 11 = tp; let t; = 1, = t. Without loss of generality, we assume that ¢ is on the same side of v1g as p4.

(a) C(v4; t, vp) is not empty. Let [ = A(vs; £, v2).

@)1y € C(v1; p1, q)-

(A) C(v4; 11, v2) is not empty. Let Ip = A(vs; [1, v2).

(D I € C(v1; p1,11). Then vy p1loly and vq pagt are two empty quadrilaterals disjoint from the other five points.

D) I, € C(v1; 11, g). Then vil1log and vapapit are two empty quadrilaterals disjoint from the other five points.

D) I, € C(v1; g, ps). If I is on the opposite side of pat to vy, then vil2tps and p1gl1 A(l1; p1, v2) are two empty
quadrilaterals disjoint from the other five points. If /> is on the same side of p4f as v4, then vy p1/1g and v4patly are
two empty quadrilaterals disjoint from the other five points.

(B) C(vs; 11, v2) = @. By a discussion similar to that for the previous subcase (A), we can obtain g4(P) > 3.

@{i) ! € C(v1; ¢q,1).

(A) C(g; v2,11) = 0. Then the empty convex quadrilateral vy piqgl; is separated from the other nine points;
g4(P) > 3 holds.

(B) C(g; va, 1) is not empty.

D C(vy; t, 1) is not empty. Let I3 = A(va; 1, [1).

(@)l3 € C(v1; p1,q).

If [ is on the opposite side of pst to vy, then val3gp; and vil1tps are two empty convex quadrilaterals disjoint
from the other five points. If /1 is on the same side of pat as v4, then vy p1l3qg and vqpatl; are two empty convex
quadrilaterals disjoint from the other five points.

(B3 € C(u1:q.11).

e C(q; v2,13) = (. Then the empty quadrilateral v p1gl3 is separated from the other nine points.
e C(q; vy, 13) is not empty. Then v2 p1l3A(l3; v2, p2) and vigtps are two empty quadrilaterals separated from the
other five points.

D) C(v; t,11) = @. Then vap1l1 A(l1; v2, p2) and vigtps are two empty quadrilaterals separated from the other
five points.
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(iii) I; € C(v1;t, pa). Then vap1gA(q; v2, p2) and vitl] p4 are two empty quadrilaterals separated from the other
five points.

(b) C(vg;t,v12) = 0. Let ls = A(vsg; v2, p2); by a discussion similar to that for subcase (a) we reach the result
g4(P) = 3.

(2) 1 # 1.

(a) 11 and #, are on the same side of v;q; without loss of generality, let #; and 7, be on the same side of viq as p;.
If C(q; v4,10) = 0, then vapagtr is an empty convex quadrilateral separated from the other nine points; otherwise
v4patry A(t2; v4, p3) and vy p1tq are two empty quadrilaterals separated from the other five points.

(b) #1 and t, are on the opposite side of viq.

(i) C(p1; v2, t1) is not empty. Then vigty pa and t; p1va A(t1; va, p2) are two empty quadrilaterals separated from
the other five points.

(i) Both C(p1; v, 1) and C(pa4; v4, t2) are empty by symmetry.

If C(t1; pa, t2) is not empty, let s = A(#1; p4, t2). If 5 is on the opposite side of vig to py, then vy pypat; and
v1gsA(s; pa, t2) are two empty quadrilaterals separated from the other five points. Otherwise vy p1f1s and gpavat, are
two empty quadrilaterals separated from the other five points. So we may suppose C(t1; p4, 12) = .

By the same discussion we suppose that C(¢1; t2, v4) = @ and C(v4; t1, v2) = (. Then t1trv4v7 is an empty convex
quadrilateral and the convex hull of the remaining points does not contain any point of {t{, 2, v2, v4}, so we may find
three empty convex quadrilaterals by Lemma 4.

Case 3: |V (P)| = 3. There exists some 7;, say 77, containing at most two points of P by (xx). If 7| contains at most
one point, by the reasoning similar to that for Cases 1 and 2 we obtain g4(P) > 3. Then we just consider the case of T}
containing exactly two points. Let p = A(v2; p1, p3), g = A(v3; p3, p1). If pisnotin Ty, then vy p1 pA(p; v1, p3)
is an empty convex quadrilateral separated from the other nine points; thus we can assume that both p,q € T; by
symmetry.

A finite set of points in the plane is called in convex position if it forms the set of vertices of a convex polygon. If
p =gqor{p,q, p1, p3} are not in convex position, the conclusion g4(P) > 3 is obvious. So we only need to consider
the case of p # g and {p, q, p1, p3} are in convex position. Consider the following two subcases.

(1) C(p1; p3, v3) is not empty. Let g = A(p1; p3, v3). Consider three possible positions of g;.

(a) g1 € C(v1; p1, p). Then vy p1q1 p and gp3v3A(q; v3, p2) are two empty quadrilaterals separated from the other
five points.

(b) g1 € C(v1; p, q).

() C(p3; p1, q1) is not empty. Let g2 = A(p3; p1, q1)-

(A) g2 € C(v1; p1, p)- Then vy p1gap and p3gq1A(q1; p3, v3) are two empty quadrilaterals separated from the
other five points.

(B) g2 € C(vi; p, q1)-

(D C(p3; g2, q1) is not empty. Let g3 = A(p3; g2, q1).

(¢) g3 € C(vy1; p1, p). Then vy p1g3p and p3gq2A(q2; p3, q1) are two empty quadrilaterals separated from the
other five points.

(B) g3 € C(v1; p,q2). Then vy pgigr and p1q1p3g are two empty quadrilaterals separated from the other five
points.

(¥) g3 € C(v1; q2,q1)- Then vig2q3g and p1q) p3p are two empty quadrilaterals separated from the other five
points.

) C(p3; g2,q1) = 0. Then vig2q19 and vap1 pA(p; v, p2) are two empty quadrilaterals separated from the
other five points.

(i) C(p3; p1,q1) = 0.

(A) C(p3; q1, v2) is not empty. Let g4 = A(p3; g1, v2).

(D g4 € C(v1; p1, p). Then vy p1qap and p3gqi1A(q1; p3, v3) are two empty quadrilaterals separated from the
other five points.

(I1) g4 € C(v1; p, q1)-

(o) C(p; v2, g4) = (. Then vy p1 pga is an empty convex quadrilateral separated from the other nine points.

(B) C(p; v2, q4) is not empty.
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Fig. 5.

e C(q4; p1, v2) = . Then vy pq1q and v2 p1g4A(qa; v2, p2) are two empty quadrilaterals separated from the other
five points.
e C(g4; p1, v2) is not empty. Let r = A(g4; p1, v2).

If r € C(v1; p1, p), then vy p1rp and p3qq1A(q1; p3, v3) are two empty quadrilaterals separated from the other
five points. If r € C(v1; p, q4), then vy pgar and p1q; p3g are two empty quadrilaterals separated from the other five
points.

) g4 € C(v1; 41, q)- Then vig1qaq and vap1 pA(p; v2, p2) are two empty quadrilaterals separated from the
other five points.

(V) g4 € C(v1; q, p3). Then vigqaps and p1pq1A(q1; p1, v2) are two empty quadrilaterals separated from the
other five points.

B) C(p3; q1, 12) = A. Let gs = A(p3; v2, p2). Like in the previous subcase (A) we get g4(P) > 3.

(©) g1 € C(v1; q, p3). Then vi1gq p3 and v2 p1 pA(p; v2, p2) are two empty quadrilaterals separated from the other
five points.

(2) Both C(p1; p3, v3) and C(p3; p1, v2) are empty by symmetry. Let g¢ = A(p1; v3, p2); we get g4(P) = 3 by
an argument similar to that for subcase (1).

For all cases mentioned above we have g4(P) > 3. On other hand, for any P with | P| = 13 obviously g4(P) < 3.
Thus g4(P) = 3 for any P with | P| = 13. By the definition, we obtain the result G4(13) =3. [

Proof of Lemma 6. Let |P| = 17. If |V(P)| > 4, we are done by the same argument as for Lemma 5. Next we
discuss the remaining case of |V (P)| = 3.

There exists some T;, say T, containing at most three points of P by (xx). If 77 contains at most two points, by
exactly the same argument as for Lemma 5 we reach the conclusion that g4(P) > 4. Then we only need to consider
the case of 77 containing exactly three points. Here p and g are defined in the same way as Case 3 of Lemma 5. Since
if p = g, we can easily find an empty quadrilateral to be separated, we suppose that p # gq.

Let r be the remaining point in 77. If ¢ is on the opposite side of pp3 to vy, then p3vigA(g; vi, p) is an empty
convex quadrilateral separated from the other 13 points. Thus we may assume that ¢ is on the same side of pp3 as
v1 and p is on the same side of p1g as v; by symmetry. If » € C(v1; p1, p), then vy prp; and v3p3qA(g; v3, p2) are
two empty quadrilaterals separated from the other nine points. Thus we suppose that 7 is not in C (v1; p1, p); thenr is
also not in C(v1; ¢, p3) by symmetry, and » € C(v1; p, g). If r is on the opposite side of pg to vy, then vy pgr is an
empty convex quadrilateral separated from the other 13 points, so we can assume that r is on the same side of pq as
vi.If r € C(p1; p,vy) orr € C(p3; q, v1), then vy py pr or virgps is an empty convex quadrilateral separated from
the other 13 points. Now consider the case where r is in the interior of the triangular domain determined by pi p, p3q
and pq. There are two subcases to discuss in the following.

(1) C(p1; p3, v3) is not empty. Let g1 = A(py1; p3, v3); then g has four possible positions (see Fig. 5).

(a) g1 € C(v1; p1, p)- Then vy p1q1 p and p3qrA(r; p3, v3) are two empty quadrilaterals separated from the other
nine points.

(b) g1 € C(v1; p, r). Then vy pqir and v3p3gA(q; v3, p2) are two empty quadrilaterals separated from the other
nine points.

(©) g1 € C(v1; 1, g).
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(1) C(p3; p1,q1) = 0. Then virqg1q and vy p1 pA(p; v2, p2) are two empty quadrilaterals separated from the other
nine points.

@ii) C(ps3; p1, q1) is not empty. Let go = A(q1; p1, v2).

(A) g2 € C(v1; p1, p). Then vip1gap and rgpaq; are two empty quadrilaterals separated from the other nine
points.

(B) g2 € C(vy; p, r). Then vy pgor and p1q1 p3g are two empty quadrilaterals separated from the other nine points.

(C) g2 € C(vy; 1, q1)- Then virgaq1 and p1 pgp3 are two empty quadrilaterals separated from the other nine points.

(d) g1 € C(v1; q, p3). Then viqq) p3 and p1 prA(r; p1, va) are two empty quadrilaterals separated from the other
nine points.

2) C(p1; p3,v3) = 0. Also C(p3; p1, v2) = @ by symmetry. Let s = A(py; v3, p2). We obtain the result
g4(P) > 4 by an argument similar to that for subcase (1).

By the argument above, we obtain the result g4(P) > 4. Thus g4(P) = 4 holds by the fact that g4(P) < 4 when
|P| = 17. So we get the conclusion G4(17) =4. U

Proof of Theorem 7. Let P be a set of n points in the plane, no three collinear. Any 38 points can be divided into nine
empty convex quadrilaterals by Lemma 6 and Lemma 9. Take a line [/ not parallel to any line determined by any two
points of P. We move [ in a direction orthogonal to itself until exactly 38 points are on one side of /. Continue in the
same way so that we obtain [ 551 disjoint convex regions such that each region contains 38 points of P except probably
the last region R which contains m points of P, 1 <m < 38.If4k+ 1 <m <4k +4fork = 0, 1, 2, 3, then there
exist at least k empty convex quadrilaterals. If 17 < m < 21, we can find at least four empty convex quadrilaterals by
Lemma6.If4k+2 <m <4k +5Sfork =5, 6,7, 8, there exist at least k empty convex quadrilaterals. If m = 38, we

can find at least nine empty convex quadrilaterals. Therefore, we can obtain at least Lg—gj empty convex quadrilaterals.
|

Proof of Theorem 8. Notice that the inequality to be proved is equivalent to the following inequality:
Gal x 2514y >5x 211 (k > 1).

Let a(k) =21 x 281 — 4, B(k) = 5 x 2~! — 1. Using Lemma 9, the inequality can be proved easily by induction
on k. This completes the proof forn = 21 x 2x=1 —4. [

3. Remark
We expect G4(4k + 1) = k to also hold for k > 5. Therefore we conjecture that G4(n) = L%J.
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