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1. Introduction

The theory of time scales, which has recently received a lot of attention, was initiated by Hilger [1] in his Ph.D. thesis
in 1988 in order to contain both difference and differential calculus in a consistent way. Since then many authors have
expounded on various aspects of the theory of dynamic equations on time scales. For example, we refer the reader to the
papers [2-7], the monographes [8,9] and the references cited therein. At the same time, a few papers [ 10-14] have studied
the theory of integral inequalities on time scales.

In this paper, we study some Pachpatte type inequalities on time scales, which extend some known dynamic inequalities
on time scales, unify and extend some continuous inequalities and their corresponding discrete analogues. This paper is
organized as follows: In the next section we present some basic definitions and preliminary results with respect to the
calculus on time scales, which can also be found in [8,9]. In Section 3 we deal with our Pachpatte type inequalities on time
scales. In Section 4 we give some applications of our main results.

2. Some preliminaries on time scales

In what follows, R denotes the set of real numbers, Z denotes the set of integers.
A time scale T is an arbitrary nonempty closed subset of R. The forward jump operator o on T is defined by

o) =inf{seT:s>t}eT forallt € T.

In this definition we put inf ) = sup T, where {J is the empty set. If o (t) > t, then we say that t is right-scattered. If o (t) = t
and t < sup T, then we say that t is right-dense. The graininess u : T — [0, 00) is defined by w(t) := o (t) — t. The set T is
derived from T as follows: If T has a left-scattered maximum m, then T = T — {m}; otherwise, T = T.
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We say that f : T — R is rd-continuous provided f is continuous at each right-dense point of T and has a finite left-sided
limit at each left-dense point of T. As usual, the set of rd-continuous functions is denoted by C;4. We say thatp : T — R s
regressive provided 1 4+ u(t)p(t) # 0 forallt € T. We denote by R the set of all regressive and rd-continuous functions.
We define the set of all positively regressive functions by " = {p € R : 1+ u(t)p(t) > 0 forall t € T}. Obviously, if
p e Cqgandp(t) >0fort € T, thenp € R™.

Theorem 2.1. If p € R and fix ty € T, then the exponential function e, (-, ty) is for the unique solution of the initial value
problem

X =px,  x(t) =1 onT.
Theorem 2.2. Let th € T and w : T x T — R be continuous at (t’ l’), where t > to, t € T witht > to. Assume that

w?(t, -) is rd-continuous on [ty, o (t)]. If for any & > 0, there exists a neighborhood U of t, independent of t € [ty, o (t)], such
that

lw(o (), ) —w(s, T) — w(t, T)(o(t) —s)| <elo(t) —s| foralls e U,
where w” denotes the derivative of w with respect to the first variable, then

¢
g(t) :=/ w(t, T)AT

to

implies
t
g2(t) :f w(t, T)AT + w(o (1), t).
to

The following theorem is a foundational result in dynamic inequalities.
Theorem 2.3 (Comparison Theorem). Suppose u, b € Cq, a € K. Then
ud(t) < a®u(t) +b(t), t>ty, teT"
implies

t
u(t) < u(tg)eq(t, to) +/ e (t,o(T))b(t)AT, t >ty t €T".

to

3. Main results

In this section, we deal with Pachpatte type inequalities on time scales. For convenience, we always assume that
t>ty, t €T~

Theorem 3.1. Assume that u, f,p € Cyq, u(t), f(t) and p(t) are nonnegative, and ug is a nonnegative constant. If w(t, s) is as
defined in Theorem 2.2 such that w(t,s) > 0 and w*(t,s) > O for t,s € T withs < t, then

u(t) < up+ ft[f(t)u(r) +p(0)]AT + /[f(t) (/ w(t, s)u(s)As) At, teT* (E1)
implies ’ ’ ’
u(t) <up + /[t {p(r) +f(7) [quf+A(r, to) + /tr er+a(T, a(S))p(S)ASH At, teT", (11)
where 0 0
A(t) = w(o (), t) + /ttwA(t,s)As. (3.1)
0

Proof. Define a function z(t) by the right hand of (E1). Then z(ty) = ug, u(t) < z(t), and

250 = FOU) +pe) + () / w(z, u(s)As

< p(t) +f(t) [z(t) +/ w(T, s)z(s)As] , teT . (3.2)

to
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Let

t
v(t) = z(t) +/ w(t, $)z(s)As. (3.3)

to

Obviously, v(ty) = z(ty) = ug, z(t) < v(t),and z*(t) < p(t) + f(t)v(t). Using Theorem 2.2, we have

t
v2(t) = 22 + w(o (), H)z(t) +/ w?(t, $)z(s)As

to

t
< p(t) + <f(t) +w(o(t),t) +/ wA(t,s)As) v(t)

to

=p®) + ) +ADO)v(t), teT,

where A(t) is as defined in (3.1). It is easy to see that (f +A) € R . Therefore, using Theorem 2.3, from the above inequality,
we have

v(t) < uperialt, to) —l—/ er1a(t, o (s))p(s)As, t e T . (3.4)

to

Combining (3.2)-(3.4), we obtain

t

z%(t) < p(t) + () [uoef+A(t, to) +/ €f+A(t,0(S))P(S)AS], t e T (35)
to

Setting t = t in (3.5), integrating it from ¢, to t, and noting z(ty) = up and u(t) < z(t), we easily obtain the desired

inequality (I1). The proof is complete. O

Remark 3.1. If p(t) = 0 and w(t,s) = w(s) in Theorem 3.1, then the inequality given in (I1) reduces to the inequality in
[13, Theorem 1].

Remark 3.2. Let p(t) = 0 in Theorem 3.1. If T = R, then we can obtain Theorem 2.1(a;) in [15]. If T = Z, then we easily
obtain Theorem 2.3 (¢;) in [15].

Remark 3.3. Let w(t,s) = w(s) in Theorem 3.1. If T = R, then the inequality established in Theorem 3.1 reduces to the
inequality established by Pachpatte in [16, Theorem 1.7.2 (i)]. If T = Z, then from Theorem 3.1, we easily obtain Theorem
1.8.7 in[17].

Theorem 3.2. Assume that u, f,p € Cyq, u(t), f(t) and p(t) are nonnegative, and ug is a nonnegative constant. If w(t, s) is as
defined in Theorem 2.2 such that w(t,s) > 0 and w”(t,s) > 0 for t,s € T withs < t, then

t t T
u(t) < ug +/ f(@u(r)At + / f(™) </ [w(t, s)u(s) +p(s)]As> AT, teT" (E2)
to to to
implies
t T
u(t) <t + / f(0) [uoef+A(r, to) + f e a(s))p(s)As] AT, teT, (12)
to to

where A(t) is as defined in (3.1).

Proof. Define a function z(t) by the right hand of (E2). Then z(tp) = up, u(t) < z(t), and

t
Z2(t) = f(Ou(t) +f(t)/ [w(T, s)u(s) + p(s)]As
to

t
< f@® [Z(t)+/ [w(r,5)2(5)+p(5)]A5], teT". (3.6)
to
Let

t
m(t) = z(t) +/ [w(z,s)z(s) + p(s)]As, t €T~ (3.7)

to
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It is easy to see that m(ty) = z(ty) = up, z(t) < m(t), and

m2(t) = z2(t) + w(o (t), t)z(t) +/ w(t, s)z(s)As + p(t)

to

t
< (f(t) + w(o(t),t) —i—/ w(t, s)As) m(t) + p(t)

to

= (f(t) +A(®)m(t) +p(t), teT", (3.8)
where A(t) is as defined in (3.1). Using Theorem 2.3, from (3.8), we obtain
m(t) < uoesya(t, to) + /f tef+A(t, o()p(s)As, teT". (3.9)
Therefore, 0
22 < f(@®) {uoef+A(t, to) + /;t eryalt, U(s))p(s)As} , teT . (3.10)
0

Setting t = t in (3.10), integrating it from ¢t to t, and noting z(ty) = ug and u(t) < z(t), we easily obtain the desired
inequality (12). Theproof of Theorem 3.2 is completed. O

Remark 3.4. By taking w(t, s) = w(s), from Theorem 3.2, we easily obtain Theorem 4.8 (ii) in [ 14].

Remark 3.5. Letting w(t,s) = w(s) in Theorem 3.2, we can obtain the inequality established in [16, Theorem 1.7.2 (ii)] if
T = R, and the inequality established in [17, Theorem 1.4.6 (ii)] if T = Z.

Theorem 3.3. Assume that u, f,g € Cyq, u(t), f(t) and g(t) are nonnegative, and uq is a nonnegative constant. If w(t, s) is as
defined in Theorem 2.2 such that w(t,s) > 0 and w”(t,s) > Ofor t,s € T withs < t, then

t t T
u(t) < ug +/ f(u(r)Art +/ g(7) (u(r) —|—/ w(r,s)u(s)As) AT, teTr (E3)
to to to
implies
t
u(t) <ug [ef(t, to) +f ef(t,0(1))g(v)erretalT, tO)AT] ., teT, (I13)

where A(t) is as defined in (3.1).
Proof. Define a function z(t) by the right hand of (E3). Then z(ty) = ug, u(t) < z(t), and

t
Z2() = fHu(t) +g(t) (u(t)—{—f w(t,s)u(s)As)

to

t
< f(t)z(t) +g(t) (z(t) +/ w(t,s)z(s)As) , teT . (3.11)

to
Let

t
v(t) = z(t) +/ w(t,s)z(s)As, teT". (3.12)

to
Then v(ty) = z(ty) = ug, z(t) < v(t),and

t
vA2(t) = Z28() + w(o (t), H)z(t) +/ wh(t, $)z(s)As

to
< (f@®) +g@®) +AD)v(), teT, (3.13)

where A(t) is as defined in (3.1). It is easy to see that (f + g + A) € R™. Therefore, by using Theorem 2.3, from (3.13), we
easily have

v(t) < UO€f+g+A(t, tp), te T*. (3.14)
Combining (3.11), (3.12) and (3.14), we obtain

z8(t) < f(0)z(t) + uog()erig4a(t, to), t €T,
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which implies

t
z(t) < ug |:ef(t, to) +f e (t,0(7))g(t)errgial(t, to)AT:| , teT . (3.15)

to
It is obvious that the desired inequality (I3) follows from u(t) < z(t) and (3.15). The proof of Theorem 3.3 is
complete. 0O

Remark 3.6. Let w(t,s) = w(s) in Theorem 3.3. Then we observe that Theorem 1.7.2 (iii) in [16] is a peculiar case of
Theorem 3.3 if T = R, and Theorem 1.4.6 (iii) in [17] is also a peculiar case of Theorem 3.3 if T = Z.

Theorem 3.4. Assume that u, a,f,p € Cq, u(t), a(t), f(t) and p(t) are nonnegative. If a(t) and p(t) are nondecreasing, and
w(t, s) is as defined in Theorem 2.2 such that w(t, s) > 0.and w”(t,s) > 0 for t,s € T withs < t, then

t t T
u(t) < a(t) + p(t) |:f f(u(r)Art —|—/ f(op(r) (/ w(t, s)u(s)As) Ar:| , teT" (E4)
implies
t T
u(t) < af(t) {1 + p(t) [f f(o) <1 —I—p(r)/ ep(+a) (T, 0 ($))(f(s) —|—A(s))As> AT“ , teT", (14)
to to

where A(t) is as defined in (3.1).
Proof. Define

t t T
v(t) = / f(u(r)At +/ f(@)p(r) </ w(rt, s)u(s)As) AT, teT". (3.16)
to to

to

Then v(ty) = 0, u(t) < a(t) + p(t)v(t), and

t
vA(b) =f(t)u(t)+f(t)P(f)/ w(t, s)u(s)As

t
< f() {a(t) + p(t) |:v(t) +/ w(t, s)(a(s) —|—p(s)v(s))As“ , teT~. (3.17)

to

Letting

t
y() = v(0) +f w(t, s)(a(s) + p(s)v(s))As, (3.18)

to

and noting a(t) and p(t) are nondecreasing, we easily see that y(ty) = v(to) = 0, v(t) < y(t), v2(t) < f(O)[a(t) +p()y()],
and

t
vA(t)+w(o(t),t)(a(t)+p(t)v(t))+/ w2 (t, s)(a(s) + p(s)v(s))As

to

a(t) (f(t) +w(o(t),t) +/ wA(t,s)As) +p() (f(t) + w(o(t),t) +/ wA(t,s)As> y(t)

to to
a®)(f(©) +AW®) +pO (@) +AMD)y(@), teT* (3.19)
where A(t) is as defined in (3.1). It is easy to see that p(f + A) € R*. Therefore, using Theorem 2.3, from (3.19), we obtain

y2 ()

IA

t
y@) < / ep1a (t, 0(5))a(s)(f(s) +A(s)) As

to

t
< a(t)/ epra (t, () () +A(S)As, teT". (3.20)
to
Therefore,
t
vA2(t) < a(H)f (t) {1 +p(t)/ ep+a) (£, 0 ($))(f(s) —I—A(s))As} , teT~. (3.21)
to

Setting t = 7 in (3.21), integrating it from t; to t, and noting v(ty) = 0, u(t) < a(t) + p(t)v(t), and a(t) and p(t) are
nondecreasing, we easily obtain the desired inequality (I4). This completes the proof. O
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Remark 3.7. Letting w(t, s) = w(s), p(t) = 1in Theorem 3.4, we immediately obtain Theorem 2(a) in [13], Theorem 1.7.4
in[16]if T = R, and Theorem 1.4.2in [17]if T = Z.

Theorem 3.5. Assume that u, f, g € Cyq, u(t), f(t) and g(t) are nonnegative, and uq is a nonnegative constant. If w(t, s) is as
defined in Theorem 2.2 such that w(t,s) > 0 and w*(t,s) > 0 for t,s € T withs < t, then

u(t) < ug —1—/ f(u(r)At +/ f(r) (/Tg(s)u(s)As) AT

/f@ﬂj‘ﬂg(/stamaA{) ]AL tet, (ES)

u(t) < ug {1 + [ f(o) [ef(r, to) —l—/ e (1, 0(5))g(S)ef1g+a(S, to)As] Ar} , teT", (I5)

to

implies

where A(t) is as defined in (3.1).
Proof. Define a function z(t) by the right hand of (E5). Then z(tg) = ug, u(t) < z(t), and

t t s
z%(t) =f(t)u(t)+f(t)/ g(s)u(s)As +f(t)/ O] </ w(s,é)U(S)M) As
to to to

t t S
< f@® [z(t) —I—/ g(s)z(s)As +/ g(s) </ w(s, 5)2(5)A$> As] , teT . (3.22)
fo

fo to
Let

v(t) = z(t) —I—f g(s)z(s)As +/ g(s) </ w(s, S)z(é)AS) As, teT". (3.23)

to to to
Obviously, v(ty) = z(tp) = ug, z(t) < v(t), and

UA(t) <fv() +g(t) |:U(t) + / w(s, E)v(é)A%’] ., teT . (3.24)
to
Setting
t
mo=wo+/wu@w@&,tew, (3.25)

we easily see that m(tg) = v(tg) = up, v(t) < m(t), and

m” (t)

t
vA(t)+w(0(t),f)v(t)+/ w(t, §)v(§)AE

fo
(f(t) +g@) +A()m(t), teTr, (3.26)
where A(t) is as defined in (3.1). Using Theorem 2.3, from (3.26), we have

IA

m(t) < uperygalt,to), teT". (3.27)
Then from (3.24), (3.25) and (3.27) we obtain
v3(6) < FOV() + uog(t)epigialt, to), t €T, (3.28)

which implies the estimate for v(t) such that

t
v(t) < ug [ef(t, to) —i—/ e (t, 0(8))g(s)efrg1als, to)As] , teT . (3.29)

to

Combining (3.22), (3.23) and (3.29), we obtain

t
Z2(t) < ugf (t) [ef(t, to) —|—/ e (t, 0(5))g(s)efig+als, to)As} , teT . (3.30)

to
Setting t = t in (3.30), integrating it from t; to t, and noting z(ty) = ug and u(t) < z(t), we easily obtain the desired
inequality (I5). This completes the proof. O
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Remark 3.8. Let w(t,s) = w(s) in Theorem 3.5. If T = R, then the inequality established in Theorem 3.5 reduces to the
inequality established by Pachpatte in [16, Theorem 1.7.3 (i)]. If T = Z, then from Theorem 3.5, we easily obtain Theorem
1.4.7 (iv) in [17].

Remark 3.9. Using our main results, we can obtain many dynamic inequalities for some peculiar time scales. Due to limited
space, their statements are omitted here.

4. Some applications

In this section, we present some applications of Theorem 3.1 to investigate certain properties of solutions of the following
dynamic equation

t
ut(t) =F <t, u(t),/ H(t,s,u(s))As), uty) =C, teTv, (4.1)
to
where C is a constant, F : T x R x R — R is a continuous function,and H : T x T x R — R is also a continuous function.

Theorem 4.1. Assume that

{|F(r, u,v)| < fO)ul + Jv). (42)
[H(t,s, u(s)| < w(t,s)u(s)|, t,seT~. :
If u(t) is a solution of Eq. (4.1), then
t
lu(t)| < |C| |:1 —I—/ f(@eralr, to)A‘C:| , teT", (4.3)
to

where f € Cq, f(t) > 0, w(t, s) is as defined in Theorem 2.2 such that w(t,s) > 0and w”(t,s) > O0fort,s € Twiths < t,
and A is as defined in (3.1).

Proof. Clearly, the solution u(t) of Eq. (4.1) satisfies the following equivalent equation

t T
u(t)=C +/ F <r, u(f),/ H(z,s, u(r))As) AT, teT". (4.4)
to to

It follows from (4.4) and (4.2) that

F (r, u(t), /I H(r,s,u(r))As)
to

< |C|+/ fo) <|u(r>|+/ Hz.s, u(s»ms) At

t
lu)] = |C|+/ At

to

< |C] —I—f f(@) <|u(1')| + /T w(r,s)|u(s)|As) At, teT . (4.5)

to
Using Theorem 3.1, the desired inequality (4.3) is obtained from (4.5). The proof of Theorem 4.1 is complete. O
Theorem 4.2. Assume that

[F(t, uq, uz) — F(t, vy, v2)| < O (ug — v1] + |uz — v2)),
[H(t,s,u) — H(t, s, uz)| < w(t,s)|u; —uy|, t,seT,

where f and w are as defined in Theorem 4.1. Then the Eq. (4.1) has at most one solution.

Proof. Let uq(t) and u,(t) be two solutions of Eq. (4.1). Then we have

u(t) —up(t) = /r [F (r, u(7), /TH(T,S, u1(r))As)

—F (r, uy (1), /T H(z,s, uz(r))As>} AT, teT“. (4.7)
to
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It follows from (4.6) and (4.7) that

t T
[uq () — uz(0)] E/f(f) [Iul(r)—uz(r)|+/ [H(z,s, ui(s)) — H(z,s, Uz(S))|AS] At
to

to
t T

< / f(T) [|u1(r) — uy(7)| +/ w(rt, s)|ui(s) — u2(5)|As} AT, teT". (4.8)
to fo

By Theorem 3.1, we have |uq(t) — uy(t)| = 0, t € T*. Therefore, u;(t) = u,(t), i,e., the Eq. (4.1) has at most one solution.
This completes the proof of Theorem 4.2. O
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