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1. Introduction

Consider the following nonlinear inequality constrained optimization problem (NLP):

minf(x),
s.t. gj(x)<07 jel:{172>"~7m}7 (1)

where f: R" - R and g(x)=(g1(x),g2(x),....&m(x)): R* > R™ are continuously differentiable functions. We denote by
D ={x € R"|g(x) <0} and D = cl(D) the strictly feasible set and the feasible set of the Problem (NLP), respectively.
The Lagrangian function associated with the Problem (NLP) is the function

L(x,2) = f(x) + A'g(x),
where /= (21,72, ...,2™" € R™ is the multiplier vector. For simplicity, we use (x,2) to denote the column vector (x", )",
A point (%,72) € R" x R™ is called a Karush—Kuhn—Tucker (KKT) point or a KKT pair of Problem (NLP), if it satisfies the fol-
lowing conditions:

V(1) =0, g(X) <0, 7>0, gXi=0 Yiel, )

X7
where I := {1 <i< m}. We also say X is a KKT point if there exists a 4 such that (x, 1) satisfies (2).
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There are many practical methods for solving problem (NLP). Among these methods, as we know, the sequential quadratic
programming (SQP) method is one of the most efficient methods to solve problem (NLP). Because its superlinear conver-
gence rate, it has been widely studied [1-8]. However, the SQP algorithms have two serious shortcomings. First, in order
to obtain a search direction, one must solve one or more quadratic programming subproblems per iteration, and the com-
putation amount of this type is very large. Second, the SQP algorithms require that the related quadratic programming sub-
problems to be solvable per iteration, but it is difficult to be satisfied. Moreover, the solution of the sequential quadratic
subproblem may be unbounded, which leads to the sequence generated by the method is divergence.

Based on the above reasons, Panier et al. [9] gave a feasible QP-free algorithm for overcoming the difficulties encountered
in the SQP methods. Their method needs to solve two linear systems and a quadratic subproblem at each iteration. In addi-
tion, in the global convergence theorem, there is a restrictive condition which requires that the number of stationary points
is finite. By the means of the Fisher-Burmeister function, Qi and Qi [10] proposed a QP-free algorithm for solving problem
(NLP). It need to solve three linear systems and one least-square problem at each iteration. Using a new piecewise linear NCP
functions, Zhou and Pu [11] proposed a QP-free method which need to solve three linear systems and one least-square prob-
lem at each iteration, and they only proved the global convergence of the algorithm.

In this paper, we presented a modified QP-free filter method based on the new piecewise linear NCP functions proposed
by Zhou and Pu [11]. This algorithm has the following merits: it requires to solve only systems of linear equations. In order to
overcome the Maratos effect, a high order direction is computed by solving a system of linear equations with small scale.
Moreover, we adapt the filter technique, which is proposed by Fletcher and Leyffer [12] in 2002, and it saves the computa-
tional cost largely. In the end, its global convergence and local superlinear convergence are obtained under mild conditions.

2. Preliminaries

In this section, we recall some definitions and preliminary results about the filter algorithm, which will be use in the se-
quent analysis.

2.1. Some definitions and propositions

Definition 2.1 (NCP pair and SNCP pair). We call a pair (a,b) € R? to be an NCP pairifa > 0,b > 0 and ab = 0; and call (a,b) to
be an SNCP pair if (a,b) is an NCP pair and a? + b? # 0.

Definition 2.2 (NCP function). A function ¢: R> > R is called an NCP function if ¢(a,b) = 0 if and only if (a,b) is an NCP pair.
In this paper, we use a new 3-piecewise linear NCP function y/(a,b) as follows:

3a—-a?/b if b=a>0,o0or3b>-az0,
y(a,b)=<3b—b*/a if a>b>00r3a>-b=0, 3)
9a +9b if 0=aand—a > 3b, or —3a<b<0,

If (a,b) # (0,0), then

3-2a/b
az/ if b>a>0,o0r3b>-az>0,
a’/b
22
Vi(a,b) = b%/a if a>b>00r3a>-b>0, (4)
3-2b/a
(g) if 0>aand —a=>3b, or —3a<b<0

and

Ao Ow(0.0) {(3;%) L 3<t< ]}U{<3i22t> L 3<t< 1}. (5)

It is easy to check the following proposition.
Proposition 2.1. For the function y(a,b) the following holds.

y(@ab) =0 < a >0,b > 0,ab = 0

the square of \ is continuously differentiable;

Y is twice continuously differentiable everywhere except at the origin, but it is strongly semismooth at the origin;
for any (o, B) € dgY(a,b), (a,b) # (0,0), or any (o, ) € dp\p(0,0), o + 2 =1 >0.

(1
11
11

—_— =

(
a
av
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Now we construct the semismooth equation ®(x, 1) = 0, which is equivalently reformulated as the KKT point conditions. Let

(D(Xv /L) = (d)l (X7 /L)v RS} (/)n+m (Xa )‘))T>
where
di(x, 1) = Vi L(x,2), 1<i<n,
and
Gi(x,2) =¥(-g;(x),4), n+l<i=n+j<n+m.
If (gj(x),4) # (0,0) and n+ 1 <i=j+n < n+m, then ¢(x,7) is continuously differentiable at (x,2) € R™". We have

-3 +2g(0)/4)Vgi(x),\ if 4 > -gix)>0
(&7 (x)/4)e; or 34 >gi(x) >0,
Vo= [ ~UVi/&0) V), if —gX>4>0, )
(3 +24/g;(x))e; or —3gi(x)>-4 >0,
<*9ng(x)> if 0> —g(x)and g,( ) < =34,
9e; or —3gi(x)</4<

where e;=(0,...,0,1,0,...,0)" € R™ is the jth column of the unit matrix, its jth element is 1, and other elements are 0.
If (gi(x),%;) =(0,0) and n+1<i=j+n<n+m, then ®yx, /) is strongly semismooth and directionally differentiable at
(x,4)) € R™™. We have

_ _[(3-20Vg0Y AL GANE
Al,,aglp(0,0){< e, ) 3<t<1}u{<(3+22)ej>. 3<t<1}, (7)

2.2. The notion of filter

To avoid using the classical merit function with penalty term, in which the penalty parameter is difficult to obtain, we
adopt the filter technique, which is proposed by Fletcher and Leyffer [12]. The acceptability of step is determined by com-
paring the constraint violation and objective function value with previous iterates collected in a filter. The new iterate is
acceptable for the filter if either feasibility or the objective function value is sufficiently improved in comparison to all iter-
ates bookmarked in the current filter. The promising numerical results lead to a growing interest in filter methods in recent
years. In [12], they define the constraint violation by

h(x) = lg(x) Z max{0, g;(x)}.

j=1
It is easy to see that h(x) = 0 if and only if x is a feasible point. So a trial point should reduce either the value of constraint
violation h or the objective function f. To ensure sufficient decrease of at least one of the two criteria, we say that a point x'
dominates a point x> whenever

h(x") < h(x*) and f(x") <f(x*). (8)

All we need to do is to remember iterates that are not dominated by any other iterates using a structure called a filter. A filter
is a list F of pairs of the form (h',f') such that either

h(x') < h(¥) or f(x') < f(¥), 9)

for i # j. We thus aim to accept a new iterate x' only if it is not dominated by any other iterates in the filter.

In practical computation, we do not wish to accept x + d¥ if its (h,f)-pair is arbitrarily close to that of x* or that of a point
already in the filter. Thus we set a small “margin” around the border of the dominate point of the (h,f) space in which we
shall also reject trial points. Formally, we say that a point x is acceptable for the filter if and only if

h(x) < (1)l or f(x) <fI — W, (10)

for all (hj ,f) € F, where y is close to zero. So, there is negligible difference in practice between (10) and (9). As the algorithm
progresses, we may want to add a (h,f)-pair to the filter. If x* + d* is acceptable for F, then x**! = x* + d*, and

Dt = {(W. PR > 1 and i~ 31 > f* — 30, (i 1) € 7).
Filter set is update as the following rule
(Fier) Fror = FelJ{B1 )1\ D, (11)

We also refer to this operation as “adding x* + d* to the filter”, although, strictly speaking, it is the (h,f)-pair which is added.
We note that if a point x* is in the filter or is acceptable for the filter, then any other point x such that
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h(x) < (1 - )h" and f(x) < f* - yh" (12)
is also acceptable for the filter and x*. Let
O1(X,2) = ($nia (X, 2), s By (X, 2)) (13)

Replacing the violation constrained function h(x) = > ", max{0, g;(x)} in the filter F of Fletcher and Leyffer's method, we use
the violation constrained function

p(&(x),4) = [P1(X, A)l|.c- (14)

For convenience, we use || - || to instead of || - ||, in this paper.

3. Description of algorithm

For the sake of simplicity, we denote
Li(x, 2) = {il(gi(x), &) # (0,0)},  Lx(x,2) = {jl(g;(x),4;) # (0,0)}. (15)
Let (&j(x,2),vi(x,4)) = (—1,1), if j € I, otherwise let
(&(x,2),7;(x,4)) = Vi(a, b)|a:7g]-(x),b:;.j'
We have ¢i(x,4) <0,y(x,4)) >0,
—(3+2g(x)/%), if 4 = —g;(x) >0 o0r 3% > g;(x) >0,
&%, 2) = ~(/gx0)%, if —g(x) > 4> 00r —3g(x) >4 >0, (16)
-9, if 0 > —g;(x) and g;(x) > 34 or 3g;(x) < 4 <0
and
(%/g;(%)), if 4j > —g;(x) > 0 or 3 > g;(x) > 0
7% ) = & (3+24i/g(x)), if —g(x) > %> 00r —3g(x) >4 >0, (17)
9,if 0> —g;(x) and g;(x) = 34; or 3g;(x) < /4 <

In the following algorithm, let & = &(xk, ") and 7% = y;(x*, 1), nk = | /27%,

vk (VI{] VI1<2> _ ( HkﬂLC’l"ﬂ Vng(Xk) > (18)
Vi, VS, diag, (Vg (&) diag, (1))’

where I, is the n order unit matrix, c¥ = ¢; min {tl, ||6"H” v>1, ¢ €(0,1), D = d(xk, 7¥), 7k is obtained in Algorithm 3.1,
diang(é") or diang(r]") denotes the diagonal matrix whose jth diagonal element is &(x, 1) or #;(x, 1), respectively.

Algorithm 3.1

Step 0. Initialization.
Parameters: &, Mo, 0 €(0,1), T €(2,3), 1 >0, 1, o4, o2 € (0,1);
Data: x° € D, H € R™™", an initial symmetric positive definite matrix, (i, f(x°)) € Fo.
Set k=0;
Step 1. Computation of an approximate active constraints set L;:
For the current point x* and the parameter u(xk) = (,u]’f,j € I) >0
1.1. Leti=0, &k, i = €0, Mk' i=Mp;
1.2. Set

Ly = {j el — et < g(x) < o}, (19)
Ari = (Vg;(x*).j € L),
Vi = V(% H L)

If A, ; is of full rank and ||(Vi;) Y|l < My, i let Ly =Ly i, A=A i Vi= Vi i, ix =i, and go to Step 2;
1.3. Seti=i+1, &; =161, Mi =1Mk; 1, and go to Step 1.2 (inner loop A);

Step 2. Computation of the direction d;:

Computation df and 2 = (z{;j, je Lk> by solving the following linear system in (d, 1)

“(2)-(%7)
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If dg =0, z{; > 0, STOP. If d’g # 0, let J, = Ly, dk = dg, and go to Step 4, otherwise, let ji € L, such that
Jg;, = min {i’éj,j € Lk} <0

and set Ji = L\{ji}; )
Step 3. Computation of the direction dk:
3.1. Compute (d¥', 7&!) by solving the following linear system in (d, ):

, ~VF )
() (m-agkk (gk)(;,gjkf)’

where L = (Vg;(x),j €],), V= VQ:",H",L();
3.2. Compute (d&?,7?) by solving the following linear system in (d, 1):

V<d> —Vf(xk)

= 3 o 7
#) -\ diagi, (&) (74,)" — 1| diags, (& e,
where e, = (17.”’1)7 e R

3.3. Let

ak K akl akz
(3)-+(3)n(3)

where b*=1-p*and pk = (0 - 1) — 7.
34. Setd— af; T VT

(&Iﬂ(l )vak

Step 4. Computation of the high-order revised direction d’{:

(21)

(22)

(23)

(24)

4.1. Let A,l( be the matrix whose rows are |L;| linearly independent rows of A, and Af be the matrix whose rows are the

1
remaining n—|L,| rows of A,. We might as well as denote A, = <2§ >
k

4.2. Compute sk by solving the following linear system in s

(A1)'s = —wee "

where
~ 1T £k o ~ 112
lﬁk—max{Hd" , max g;ﬂk -1 ‘d" } e=(1,...,1)" e RM,
JeLy.2g;#0 —111 40
o aes). g (0 s )
0 JeL\Ji

4.3. Denote 0= (0,...,0)" ¢ R". Define d* to be the vector formed by s, and 0 such that
T T T
Ay = (A)) s+ (A7) 0= (AL) s

and set d* = d* + d~.
Step 5. Test to accept the trial step:
If x* + d* is not acceptable for the filter.

o (4. > ] min (|
2. Otherwise go to Step 6;

If x* + d¥ is acceptable for the filter, let x**! = x* + d¥, and add x**! to the filter, go to Step 9;
Step 6. Computation of the direction g*:

k

like Ay, we might as well let Vf(x¥) = (Vﬁ (Xk) )

Com VX
pute

pr= VR, = (AL) VA,
“N\T
—Pk<(A11<> )e
1+ 2leTmy|

where d* = (%:)7 e=(1,...,1)" e R4

ak _ 7 qk _ pk(dk + ak)7

(25)

(26)

(27)

® } call Restoration Algorithm (Algorithm 3.2) to obtain x* = x* + s, and go to Step
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Step 7. oy0=1,1=0
Step 8. If x* + oy ,g* is not acceptable for the filter, then go to Step 8. Otherwise let oy = o, X! = x* + o,g* and add x**! to the
filter, go to Step 1,
Step 9. oy 1 = 0ky/2, =1+ 1, go to Step 6 (inner loop B);
Step 10. Update:
Choose H'' € ", 0,1 € [0, 0], k=k+ 1. Set 7 _mm{ ,ue} D = O(xk, %) If H(Ih(x",d") > Hd"H{n,alHdk
call Restoration Algorithm (Algorithm 3.2) to obtain x¥ = x* + sk, and go to Step 2. Or else, go to Step 1.

If H(lh (x",dk)H > HdkH min{n, oc1Hdk :

H(Ih (x’,‘,/l’r‘) < 7 min {HCD’]‘HI,ocl Hd"HO}, where 2 < 0 < 3, H(D’{HI =min {p|p' > 0, (p'.f') € F}.

In a restoration algorithm, it is therefore desired to decrease the value of ||®,||. The direct way is utilized Newton method or
the similar ways to attack g(x +s)" = 0. We now give the restoration algorithm.

)
2

2}. we give the restoration algorithm (Algorithm 3.2) to compute the x* such that

Algorithm 3.2

Step 1. Let XX = x¥, Ak =¢* j=0, 1, 7€(0,1), 2<0<3;
Step 2.1f o1 (x5 | < symin { 2 | o
Step 3. Compute

o )] - o (ot - e )]

st [d] <Al (29)

0
}, then let x* = x]’F, STOP;

to get sk, where

lIJl (—g(x), j') = (‘//(_gnﬂ (X)~, ;LnH )a ey l//(_grwm(x)v )~n+m))~

_ Il es)]
@, (x]k/f) ‘—H‘Pl <—g]‘.‘—A}‘d.)§)

Step 4. If rf <7, then let xf,, = xf, Aj"+1 = ;Aj, j=i+1 and go to Step 3. Otherwise, let x¥ ; = x\ + sk, A" ‘L =24k, get
JH, j= ]+1 and go to Step 2.

The above restoration algorithm is a Newton method for ||®,|| = 0. This method is utilized frequently [13]. Of course, there

are other restoration algorithm, such as interior point restoration algorithm, SLP restoration algorithm and so on.

4. Global convergence of algorithm
Assumptions

A1: The set D is bounded.

A2: The strictly feasnble set D is nonempty. The level set S = {x|f(x) < f(xo) and x € D} is bounded.

A3: fand g;,(i=1,...,m) are Lipschitz continuously differentiable and for all y, ze R™™, ||L(y)-L(2)| < C2|ly—2||-.
A4: H, is positive deﬁnite and there exists a positive number m; such that 0 < d"H,d < m,||d||? for all d € R", d +# 0.

Lemma 4.1. If ®* =0, then V¥ is nonsingular. Furthermore, assume that (x*,2*) is an accumulation point of {(x* ¥)},
(XK, A%) > (x*, 2*), Bk — @* and VK — V*. If ®* = 0, then ||(V¥)~!|| is bounded and V* is nonsingular.

Proof. If V¥ ( Z) = 0 for some (Z) € R where u=(uy,...,u,)", v = (v1,...,vy,)", then we have

(H" + c’;l,,)u + Vg, (¥ =0 (30)
and

diag,, (&)Vgy, (¥)"u + diagy, (n*)v = 0. (31)

Assume @* # 0, obviously we have c¥ # 0. From the definition ofé and 7¥, we have that ¢ “" <0and 11) >0,j=12,...,m
Thus, diag;, (1*) is nonsingular. We have
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v=— (diaglk (n"))Tdiang (é") A7 () . (32)

Putting (32) into (30), we have
T
u’ (Hk + c’]‘1n>u —u'Vg,, (x)diag,, (5") (diag,, (1)) (Vng (x")) u=0. (33)
u’ (H" + c’fl,,)u =0 and u=0 are implied by the fact that H* +ctl, is positive definite and -Vg, (x")diag;, (fk)

-1
(diang (11")) Ve, (x*)T is positive semi-definite, then »=0 by (31). The first part of this lemma holds.

On the other hand, without loss of generality we may assume that c’{@ —cj #0, diag,, ek diag;, (&),
diagy, (n*V) — diag, (n*) and H*” - H*. We know that »; >0 for all j=1,2,...,m. H® - H* imply that H* is positive

semi-definite. By replacing index k by * in the above proof, it is easy to check that V* is nonsingular. Assumption V¥ — V*
imply that ||(V*)~!|| is bounded. This lemma holds. O

From Lemma 4.1 we have ||(V¥)~!| is also uniformly bounded. It is then not difficult to see from Step 1 of Algorithm 3.1
that the inner loop A terminates in finite number of times, i.e. the parameter ¢;; will return to be fixed after finitely many
iterations and M,; will also be constant after many iterations.

If d(x¥, 1K) = 0, then (x, ) is a KKT point of Problem (NLP). Without loss of generality, in the sequel, we may assume that
D(x*, %) 0 for all k.

Because V¥ is nonsingular, (20) (21) or (24) always has unique solution.
V¥ is nonsingular, so B* = (V¥)~! exist. Let

k k -1
B — H 4 ctln Ve, (*") _ (BI;I Blfz) (34)
diag,, (&) Ve, ()" diag, (1) By B )

By calculating directly, we have

By = (HE 4 ch) o+ (H +cl) Ve, (9@ (35)
- diag,, (fk) Vg, (&) (H" + c';ln) B

B, = —(H' 4 i) Vg, ()@Y ! (36)

B, = —(Q") 'diag,, (&) Ve, () " (H* + c’{In)A (37)

Ba- @) o

-1
where Q* = diag,, (n*) — diag,, (é") Vg, (x0)" (H" + c’{In> Vg, (x5).

Lemma 4.2. If ®* = 0, then d = 0 if and only if V f(x*) =0, and d¥ = 0 implies ;& = 0 and (x*, ;) is a KT point of the Problem
(NLP).

Proof. If Vf(x¥)= 0, then dg = 0 and 7 = 0 by (20). If dg = 0, then (20) implies Vg, (x*)i; = —Vf(x*) and diag,, (1*)2; = 0.
From the definition of 1}, we have nf >0, j =1,2,...,m. Thus, diag,, (7*) is nonsingular. So, =0and VAx)=0. O

Lemma 4.3. If d’ # 0, then

—_

k| < ()" (i) s <~ (db) wreen);
2. (agl)va(xk) _ (dg)va(xk) _ Zj:zgjk<o (ﬂ‘;f'u>4;
3. (d5) V() < 0(dk) VF(x¥);

4. VF(x) gk < —1(p") <.

Proof. (20) implies
(H" + c’;In)d’g + Vg, (%)% = ~Vf(x") (39)
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and
. T .
diag,, (6") (Vng (x")) d + diag;, ()75 =0 (40)
we have

) o\ & T
~ (diagy, (1))~ diag, (£) (Ve () d (41)
Putting (41) into (39), we have

() ) < (&) () +S,00)

= (do)" (H* + {1 ) d§ — (dg)TVng (x")- (diag,, (nk)) diag, (&) (Ve (x ))Td’g (42)
(d&)' Vi, (%) (dliag,, (1)) " diag, () (Vg,, () db < O implies
ot < ()" (HF + bt s < — (a5) O 43)
The first part of the lemma holds. (20) and (34) imply
(d8)" = B4, V0, 75 = B, VF (Y (44)

The property of the matrix implies

(@) dig, )= ( diagL,(@k))*le)q
| (atg, ()" [t ) —aag, (€9 (Ve ) (4 i) v, 9] L

1

= Hdiang(nk) _ (Vglk(xk))T(H" +c11n> Vglkdlang(é )} (dlang( )) }

[ (dig, ()] = g, e (@) (45)
(21), (34) and (45) imply B,diag, (&) = (B,)" and
(@) () = (B, VF ) W) - [(Bﬁz)rdiaglk@k)}TVf(x")(zi;f: (d8) vredy - S ()" (46)
j:;.g,k<o

The second part of this lemma holds. (24)-(26) and (46) imply

(akz dkl) Vf(x k ”dklH“{Bllczdlagl-k(fk)el.k] Vf(x k ”dle“ k

OJk
j=1
and

(d) " VF () = (1= ) (d51) VI () + pi () VIF (64) < 0(ds") VIF (). (47)
The third part of this lemma holds. Finally, from (28), we obtain

VFq* = PV (d 1 d) = pM (VIR + V9T = pH(-pt + V(YY) = pt (—p" * 71p:(z7721§k|>

< *Q(P")z <0 (48)

This lemma holds. O
Lemma 4.4. The inner loop B terminates in finite number of times.

Proof. By contradiction, if the conclusion is false, then the Algorithm 3.1 will run infinitely between Step 8 and Step 9, so we
have

OCkJ —0 (l — OO)

and x* + oiq* is not acceptable for the filter.
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since x* is acceptable for the filter, we have

1, )| < 0]} | or Fx) — £ < —oue10]| | (1 |t [) € P
By the assumption, x + o q* is not acceptable for the filter, so we have

o ot 5,7) | o )
and

FOE + 04q%) — F() > —040]| 1 (% + 016" |- (50)

For the point x¥, if it holds that ||®; (x*, u%)|| < ()H(I)’1

, then by oy, — 0,
o ) <o s

which contradicts (49).
If it holds f(x) — f(x) < 7oc,<,19Hc1>’;

, then by oy, — 0, we get

F*+ 0ig*) = FX) + o V() g + o(Ha,(_,qW) 2
< f(Xk) <f(x’) — OCk_IHH(Dl]{H

which contradicts (50).

Based on the above analysis, this lemma holds. O

Lemma 4.4 means that there exists a constant & > 0, such that o, > @ for large enough k.

By the above statement, we see that Algorithm 3.1 is implementable. Now we turn to prove the global convergence of
Algorithm 3.1. We assume that assumptions A1-A4 holds.

Lemma 4.5. Assume x* — x* and ®* > ¢ > 0 for some ¢, then the sequence of{dg, 2’5}, {dk! 7K1\ and {dk?,7%} are all bounded on
k=01,...

Proof. If x* — x* and ®* > ¢ > 0 for some ¢, then the matrix sequence {(V¥)~'} is uniformly bounded form Lemma 4.1. {x*} is
bounded due to the assumption A3. The solubility of system (20) implies that d’(;, 2\ is bounded, which implies the bound-
edness of {d§'} of the right-hand side of (21). Hence {d¥', 7§'} is also bounded. Finally, the boundedness of {d¥', 78!} implies
the boundedness of the right-hand side of (22). Hence {d§?, 7%} is also bounded. O

Lemma 4.6. Assume x* — x* and ® > ¢ > 0 for some &. There is a c; > 0 such that, for all k=1,2,. .,

a5 — a1 < cs ]|

Proof. It is from the Lemma 4.1 that there exists a c3 > 0 such that,for all k=0,1,..., c3 = 2mpX||(V¥)7!.

Let Ad* = d& — d& and AJ¥ = 7k — 7K1, Then by (21)-(25), (Ad¥,A%) is the solution of

Ad"* 0
V(M« ) B (—pkHdﬁH”diang@")eLk ) | (53)

It is easy to see that
o a5 < ol o] < o]

k
<l

the lemma holds. O

Lemma 4.7. Assume x* — x*, and ¥ - 7*,

1. If&’é—»O, then /; > 0 forany 1 <j<m;
2. If dy — 0, then x* is a KKT point of the Problem (NLP);
3. Ifd§ — 0 and ®* > ¢ > 0 for some &, then x* is a KKT point of the Problem (NLP).
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Proof. It follows from the Lemma 4.3 that
(@) VF ) < ko ds|* 0 Z (Ojk)“. (54)
Ujk

Hence {d§} — 0 implies that

Z (;fgjk)‘1 —0and 7 >0, 1<j<m

j/gjk

The first part of this lemma holds.
Because 7% < it and {/*} are bounded, there is an accumulation point 2* of {7¥}. Without loss of generality we assume that

ck— ¢, Ik = 2+, ¥ = 7 and L > L*. (54) implies that, for any accumulation point 1* of {1}, i =0, 1 <i< m.Taking the
llmltatlons in both side of (20), by notmg d" — 0, we obtain J;_ TVgL (x*) = —=Vf(x*) and diag; (1*)4; =0. If —g(x*)> 0, for
some 1 <i<m,then —n} > 6 >0 and 4} =0, that is, for any 1<i<m, g,( *)4; = 0. The second part of this lemma holds.

If d¥ — 0 and ®* > ¢ > 0 for some ¢, then (54) implies d0 — 0. So, x* is a KKT point of the Problem (NLP). This lemma
holds. O

Lemma 4.8. The Restoration Algorithm terminates in a finite number of iteration.

Proof. It is similar to lemma 1in[13]. O

By the above statement, we see that Algorithm 3.1 is implementable. Now, we turn to prove the global convergence of
Algorithm 3.1.

Lemma 4.9. Suppose that infinite points are added to the filter, then limy_, . xcxp* = 0, where K is an infinite set.

Proof. If the lemma was not true, there would have an infinite subsequence Kj, such that for Vk € Kj,
p*=>¢e>0.

At each iteration k, (p*,f*) is added to the filter. By (11), we can deduce that (p,f)-pair be added to the filter at a large stage
within the square

[pk - ’y87pk} X [fk - '})87fk]7
even if (p¥, f")_is later removed from the filter. Now observe these squares whose area are all y?¢2. As a consequence, the set
[0,p™] x [f™",00] N {(p,h)|f < 7} is completely covered by at most finite number of such squares, for any choice of #f > fiin.
Since (p*,f)(k € K;) keep on being added to the filter, this implies that f* tends to infinite when k tends to infinite. Without
loss of generality, we can obtain that f**' > f* for k large enough. Then

P < (1= p)pf <pt e
Therefore, p* —» 0(k — oo), which is a contradiction. The conclusion follows. O

Lemma 4.10 [11]. Assume x* — x* and ® > & > 0 for some &. If d* — 0, then (x*,2*) is a KKT point of the Problem (NLP), where 1*
is an accumulation point of {7¥}.

Lemma 4.11 [11]. Assume x* - x* and ® > ¢ > 0 for some &. If liminf {||(d*)~"||} > 0, then (x*, *) is a KKT point of the Problem
(NLP), where 2* is an accumulation point of {7*}. From above lemmas, the following global convergence theorem holds.

Theorem 4.1. If x* is a limit point of {x}, (x*, 2*) is a KKT point of the Problem (NLP).

5. Superlinear convergence of algorithm
In order to study the superlinear convergent property, we need some stronger regularity assumptions.
Assumptions

B1:H* > H* as k — cc.
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B2: The second-order sufficiently conditions are satisfied at the KKT point x* and the corresponding multiplier vector /7,
ie.
d'ViL(x',2)d >0, vde{dVgx)'d=0jelx)},

where L(x,7) = f(x) + 37" 4ig;(x), 1(x") = {jlg;(x") = 0}.
B3: At x*, strict complementarity slackness and linear independence of the gradients of the active constraints hold.
B4: Matrices H*, k=1,2,...are symmetric positive definite and satisfy the following condition

. | - Vﬁxi(x*,)f)dH L
x|

Lemma 5.1. It holds, for k — oo, that

L=Ix)=1, d—0, X (1;,]' c 1*).

Proof. By Lemma 4.9, H* - H*, it holds that d* - 0 as k — cc. According to Lemma 4.1, it follows that I* c L = L. First, we
prove that

K= (el

since x* is the KKT point of Problem (NLP), we have
VIx)+AL =0, 24 >0, =0 jel\L,
where 4; = (4/,j € L), A. = (Vg;(x*),j € L).
From Lemma 4.1, it following that
ATA, is nonsingular, and (AjA,) ' — (ATA,) .
So i = —(ATA)TATVf(x)
Moreover, by KKT condition of Problem (NLP), we have

VF(x*) + H'd" + Ak = 0.

Hence, * = — (AlA,) "AT(Vf (k) + HEd) — ~(ATA.) ATV (x) = i
Second, we prove that L c I*.
For jo€L, if jo€l. by contradiction, there must be a constant & >0 such that gj (x*) < —& < 0. Again, since g; (x) is
continuously differentiable, and d“ — 0(k — c0), we have for k large enough
<o

g, (x) + Vg, (x)'d" < -3 <0,

which means j,€L, contradicts the above assumption. Hence L=L,=1*. O
Lemma 5.2. Suppose A1-A4, B1-B4 hold, then x**' = x* + d* for k sufficiently large.

Proof. Suppose x¥ is acceptable for the filter, we will show that for k sufficiently large, x* + d¥ is acceptable for the filter. From
Lemma 4.9 and Lemma 5.1, we know that d* — 0714 ®*| — 0 as k — 0. Also, by the construction of Algorithm 3.1, we have
| @1(x%)|| = o(]|d¥||?). So, we just need to show that f{x* +d*) < flx¥) + ||®1(x¥)|.. Let 6* = fix* + d*)—f(x*)—p||D1(x¥)|, we have

o = V) d* + S dl V(9 + o ).
While by the KKT condition of Problem (NLP) and ||®%|| — 0, we have
m
Vf(xk)Tdk _ 7(dk)Tdek _ Z;lefvgj(xk)'['dk,
j=1
1
g () + Vg (x)'d" + 5 (@) Vg (x)d" = o(|d"|).

Then it holds
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& — —(dHd Y 2V (k) +%(d">fv2L(x’zzﬁ)d" +o([ld“|?)
j=1
- % (d)TH " + Emlj Jgi(x) + % (d")T(VzL(xk, i’g) — HYd"* + o(]|d"|*). (55)
p
According to 2, — /4 >0, gi(x*) — g;(x*) <0, j €1, and Assumption A4, we have
O < — I o @ (VAL(,25) — VAL i)+ (6 (VAL 27) — Hd + o)1) (56)

Since x* — x*, /X — 1*, then

(@) (VaLee, ) = H)d* = o(|d")).

Therefore, while k is sufficiently large, it holds

8 < — 1P +o(lIP) < 0,

Hence, for all k large enough, x* + d* is acceptable for the filter. [

In view of Lemma 4.2, assumption B4 and the way of Theorem 3.1 in [14], it is easy to get the convergence theorem as

follows.

Theorem 5.1. Under all stated assumptions, the algorithm is superlinearly convergent, i.e., the sequence {x} generated by the
algorithm satisfies || x**—x*|| = o(||x*—x*||).

6. Numerical tests

In this section, we give some numerical experiences to show the success of proposed method.

(1) Updating of H* is done by

k

)

lf Slyk g 07

k+1
H™ = Yoy HisspH*

H* +

T
YiSk

i T
SZHkSk } lf Skyk > 07

(2) The stop criteria is ||d¥| sufficiently small;
(3) If an equality constraint g(x) = 0 exists in the original problem, it is most easily handled as two corresponding inequal-

ities g(x) < 0 and g(x) > 0, and we can apply the above algorithm.

(57)

In Table 1 which presented the results of the numerical experiences, we use the following notations:

Table 1

Numerical results for Algorithm 3.1.
Problem x° IT |D1]| FV
4 1.125, 0.125 3 1.0e—08 2.6327e+00
5 0,0 6 6.14e—06 —-1.9751e+00
9 0,0 4 1.72e—-06 —0.5012e+00
11 4.9, 0.1 8 5.84e—06 —8.4985e+00
12 0,0 12 4.07e—06 1.0054e+00
24 1,0.5 5 3.19e-06 —1.0000e+00
26 -26,2,2 15 2.33e-06 0.0000e+00
28 -4,1,1 5 7.22e—06 0.0000e+00
29 1, 1,1 10 1.11e-07 —22.6274e+00
30 1,1,1 16 9.01e—-06 1.0000e+00
33 0,03 5 5.62e—06 —4.5876e+00
34 0, 1.05, 2.9 7 2.18e—06 —0.8342e+00
35 0, 1.05, 2.9 19 1.19e-06 1.1082e-01
141 2,2,2,2 5 2.33e-06 1.9259e+00
44 0,0,0,0 6 1.06e—06 —15.0000e+00
51 2.5,05,2,-1,05 5 4.25e—06 0.0000e+00
66 0, 1.05, 2.9 6 8.47e—06 0.5166e+00
71 1,551 4 5.85e—07 17.0140e+00
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Problem: the number of problems in [15], X°: the starting vector, IT: the number of iterations, ||®,]|: the value of ||®(-)|| at
the final iterate (x, ), FV: the objective function value at the final iteration.
We can see that the numerical results indicate that this method is quite promising.

7. Conclusions

The proposed algorithm combines a QP-free method with a 3-piecewise linear NCP function to globalize the process. Each
step is obtained only through systems of linear equations, and a higher order step is computed in order to overcome the Mar-
atos effect. The algorithm makes use of filter technique so that the computational cost is decreased largely. The convergent
results and the preliminary numerical tests in this paper shows that the method is interesting and of significance. However,
to prove the superlinearly convergence of our algorithm, we suppose some rigorous conditions such as the strict comple-
mentarity condition and so on. We hope that we can get rid of them in our future work.
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