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Abstract—Consider the first-order neutral nonlinear difference equation of the form

m
AYn ~ Pryn—v)+ an H Iyn—ail"" Sgnyn—o, =0, n=0,1,...,

i=1

where 7 > 0, 0; > 0 (i = 1,2,...,m) are integers, {pn} and {gn} are nonnegative sequences. We
obtain new criteria for the oscillation of the above equation without the restrictions oo 5 gn = oo
or 3277 o Mgn ¥ 5o, g5 = 00 commonly used in the literature.
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1. INTRODUCTION

This work is motivated by recent investigations [1-4], in which oscillation criteria are given for
first-order linear or nonlinear neutral difference equations under assumption either

)
ZQn =00 (1)
n=0

or

o0 o0
> ngn Y g5 =oo. (2)
n=0 j=n

In these papers, the hypothesis (1) or (2) plays an essential role. It is then interesting to ask if
this condition can be replaced by others. Our aim in this paper is to derive several new criteria
for the oscillation of all solutions of an equation of the form

021

m
A (Yn — PnYn—r) + an H Yo, SgNYn—o, = 0, n=0,12,..., (3)

=1
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where 7 is a positive integer and 01,03, ...,0n, are nonnegative integers, p, > 0 and ¢, > 0 for
n > 0 such that g, is not identically zero for all large n, and each «; is a positive number for
i=1,2,...,m such that a; + -+ 4+ a,, = 1. The forward difference operator A is defined as
usual; i.e., AZp, = Tpt1 — Tn-

Let 4 = max {01,...,0m,7}. Then by a solution of equation (3), we mean a real sequence {y,}
that is defined for n > —pu such that (3) is satisfied. By writing (3) in the form of a recurrence
relation, it is clear that if {y,}3__ . 18 given, then equation (3) has a unique solution satisfying
these initial values. A solution {y,} of (3) is said to be eventually positive if y, > 0 for all
large n, and eventually negative if y, < O for all large n. It is said to be oscillatory if it is neither
eventually positive nor eventually negative. Equation (3) is said to be oscillatory if each of its
solutions is oscillatory. Since {y,} is an eventually positive solution of (3) if and only if {~y,}
is an eventually negative solution of (3), equation (3) is oscillatory if and only if it does not have
any eventually positive solutions.

2. PREPARATORY LEMMAS

We first quote several preparatory results which will be useful. For the sake of convenience, let

{yn}22,_, be a real sequence, then the sequence {z,} defined by

Zn = Yn — Pnln—r, n=07a+17"'7 (4)
will be called its associated or comparison sequence (relative to the sequence {p,}52, and the
integer 7).

The first preparatory result is known [2,3], but for the sake of completeness, the proof will be

included here.

LEMMA 1. (See [2,3].) Suppose that there is an integer N > 0 such that
PN+kr < 1, k>0. (5)

Then for any eventually positive solution {y,} of (3), the sequence {2} defined by (4) will satisfy
zn > 0 and Az, <0 for all large n.

PRroor. It is clear from (3) that Az, < 0 and is not identically zero for all large n. Thus, the
sequence {z,} is of constant positive or constant negative sign eventually. Suppose that y, > 0,
zn < 0 for n > T, then z, < zr < 0 for n > T. By choosing k* so large that N + k*7 > T, we
see from (4) that

YN+k*r+jr = PNtk r+i7YN+k=r+(i-1)7
L 2T + YN+krr+(i—1)T = 2T + EN4k 7+ (=1)7 T PN+k* 7+ -1)TYN+k*7+(5-2)7
<o S yrgker + (G + Dar, j=0.
By letting j — oo, we see that the right-hand side diverges to —oo, which is contrary to our
assumption that y, > 0 for n > T. The proof is complete.
The following result due to Zhang and Cheng (3] is an extension and improvement of Theo-
rem 2.1 in [4].

LEMMA 2. (See (3, Corollary 1].) Suppose there is an integer N > 0 such that (5) holds.
Suppose further that either (Hy) pn + ¢, min{oy,...,0,} > 0 or (Hy)min{oy,...,0m} > 0,

and ¢, does not vanish identically over sets of consecutive integers of the form {a,a+1,...,a +
min{oy,...,0m}. Then every solution of (3) is oscillatory if and only if
m
A (Yn = Pr¥n-r) + o [ [ Wn—o:|* sEDYn_0, <0, n=0,1,2,..., (6)

i=1

does not have an eventually positive solution.
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In what follows, we will derive some sufficient conditions for the oscillation of all sclutions of

equation (3). The following lemma plays an important role.

LEMMA 3. Suppose p, > 1, g, > 0, for n > 0 and

ganﬁ (1 + %) = +00. (7)

j=0
Then for every eventually positive solution {y,} of (6), the sequence {z,} defined by (4) will

satisfy z, < 0 and Az, <0 for all large n.

PROOF. It is clear that (6) and (7), that Az, < 0, and is not identically zero for all large n.
Consequently, {z,} is eventually positive or eventually negative. Suppose to the contrary that
Yn > 0,Az, <0, and z, > 0 for n > T'; then in view of (4), we see that ¥y, > Pn¥n—r > Yn_r >0
for n > T + 7. Thus,

Yo 2 Min{yYr_r, Y7 r41,.. Y71} =M >0, n>T+27 =T, (8)

For convenience, we denote

N = |20

where [n — T1 /7] is the integer part of (n — T1)/7. Then

Yn Z ZntYn—r 2 2nt 2Zn—r+-- - + Zn—(N(n)-1)r + Yn—N(n)r n > 1y. (9)

Note that {2,} is nonincreasing and y,_ n(n)r = M for n > T). Thus, by (6) we obtain that
yn = N(n)z, + M, n>T. (10)

Substituting this into (6), we have

m
Azn-i-an[N(n——a,-)zn_gi+M]°” <0, n>T +7="T,. (11)

i=1
By Holder’s inequality [5, p. 20], we have
m m

[T NG~ 0z e, + 1% 2 [TV 00/ [T ol 4 80

i=1 1=1 i=1
Furthermore,
Az, + an H [N(n - Ui)]ai Zn + g M <0, n > Ts. (12)
i=1

Then

n—1 m

Az [] [1+a [[ (VG- 0,-)]0“}
i=Ty i=1

n—-1 m
+qu H [1+qu[N(i—a,-)]a‘ SO, TL_>_T2. (13)

=T, i=1
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Summing (13) from T3 to n > T3, we have

n m
aner [ (14+q [TV <z'—«n>1°'] - o,
i=1

=T

n k—1 m
+ MY e [ 1+ [[ING=-0]%]| <0, n>Tp (14)
k=T, j=T; i=1
If the condition
o0
> =00 (15)
n=0

is satisfied, then it is easy to see from (15), and the fact that y,, > M for n > T3, that lim,,_, o 2, =
—00, which is a contradiction. Hence, we assume that

o0
> tn < 0. (16)
n=0

Noting that }
[2, (V= o) 1

- y (n—00),
it is easy to see that
oo n m
S i | =[]V - o)
n=T; i=1

is absolutely convergent and

o i [+ a5 TIZ (NG — 0]
im P -
nmeo Hj:T, (1 +g;(i/7)]

exists. By condition (7), we obtain

oo n—1 i

> o] [1+a7] <o

n=T2 j=T;
Letting n — oo in (14), we obtain a contradiction and the proof is complete.

As an immediate consequence of Lemmas 1 and 3, we obtain the following result which improves

[1,2 Theorem 1] and [3, Theorem 2].
THEOREM 1. Suppose p, =1 and g, > 0 for n > 0 and (7) holds. Then every solution of (3) is
oscillatory.

ExXAMPLE 1. Consider the neutral delay difference equation
AYn = Yn-r) + 7 PYn_o =0, n=0,1,2,..., (17)

where 0 < 7 < 1,0 > 0,1 < 8 < 2. This equation satisfies all the conditions of Theorem 1.
Hence, all solutions of (17) oscillate. On the other hand, by [6, Theorem 5.6], we see that
equation (17) has a bounded nonoscillatory solution if and only if 3 > 2. But the results in [1-3]
are not applicable to this equation when 3/2 < 8 < 2.

An oscillation criterion can now be derived as a consequence of Theorem 1, which improves [2,
Theorem 2] and [3, Theorem 3].
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THEOREM 2. Suppose there is an integer N > 0 such that (5) for k > 0, and suppose p,, ¢, > 0
for n > 0 and (7) holds. Suppose further that

m
an [ [ P50 = Gners (18)
1=1
for all large n. Then every solution of (3) is oscillatory.

PROOF. Suppose to the contrary that {y,} is an eventually positive solution of (3). Then by
means of Lemma 1, the sequence {2} defined by z, = yn — ppyn—- will satisfy z, > 0 for all
large n. In view of (4), we have

Az, = —qn Hyn o:

i

—Qn H (zn—a.; + Dn—o; yn—-r——a.;)ai
i=1

- {ﬁ e 01+Hpn mHyn - a},

1=1

A

for all large n, where we have used the Holder’s inequality [5, p. 20] to obtain our last inequality.
Since (3) implies
Azp 7+ gn- 'rHyn T—0; =0,
=1

we have

m

n — Azn_r +anZ7C;iUI = <Qn r —qn Hpn al) Hyn T,
i=1

In view of our hypothesis,

Alzp — 2p_r +anzn 0 0,

for all large n. This is contrary to Theorem 1 and the proof is complete.

The following result is an extension of {3, Theorem 4], which does not require the assump-
tion (2).

THEOREM 3. Suppose that py,q, > 0 for n > 0 such that (5) and (7) hold. Suppose further
that there is some number r € (0,1) such that

m
o [P0, 2 Tan—r, (19)

for all large n. Then equation (3) is oscillatory provided that the following recurrence relation:
Awy, + %ann—r——a <0, U:min{01»~~-»om}v n >0,
-7

does not have an eventually positive solution.

By Lemma 2, the proof of Theorem 3 is obvious, we omit it here.
Our final result deals with the case p, > 1 and m = 1, which improves [2, Theorem 6] by
dropping the condition (2).
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THEOREM 4. Suppose m =1, p, > 1, go > 0 for n > 0 such that (7) holds. Suppose further
that there is a number a > 1 such that p,_,,qn < 0qn_, for all large n; then every solution
of (3) is oscillatory.

EXAMPLE 2. The neutral difference equation

n+1 _
A(yn— - yn_1>+n Bip_a =0, n=20,1,..., (20)

where 3/2 < 3 < 2, satisfies all the conditions of Theorem 4. Hence, all solutions of (20) oscillate.
But [2, Theorem 6] is not applicable to the equation since 3/2 < 8 < 2.
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