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Abstract-consider the first-order neutral nonlinear difference equation of the form 

A (in - pnyn-r) + qn ijI IY,-0, Ia’ sgn Y~-~, = 0, R = 0, 1, ) 

i=l 

where T > 0, t~i 2 0 (i = 1,2,. . ,m) are integers, {p,} and {qn} are nonnegative sequences. We 
obtain new criteria for the oscillation of the above equation without the restrictions Crzo q,, = 03 
or crzo nqn CT=“=, qj = co commonly used in the literature. 
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1. INTRODUCTION 

This work is motivated by recent investigations [l-4], in which oscillation criteria are given for 
first-order linear or nonlinear neutral difference equations under assumption either 

5 Qn = 00 (1) 
n=O 

or 

&q,~q, = CXS. 
n=O j=?l 

(2) 

In these papers, the hypothesis (1) or (2) plays an essential role. It is then interesting to ask if 
this condition can be replaced by others. Our aim in this paper is to derive several new criteria 
for the oscillation of all solutions of an equation of the form 

A (in - P,Y~--,) + qn fi IY+~, Ia2 sgn yn-c, = 0, n=0,1,2 ,..., (3) 
i=l 
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where r is a positive integer and ui, ~72, . . . , urn are nonnegative integers, p, > 0 and qn > 0 for 
n 2 0 such that qn is not identically zero for all large n, and each ai is a positive number for 
i = 1,2,.‘.. ,msuchthatoi+...+cr,= 1. The forward difference operator A is defined as 
usual; i.e., Ax,, = x,+1 - 5,. 

Letp=max{ai,... , om, T}. Then by a solution of equation (3), we mean a real sequence {yn} 
that is defined for n 2 -p such that (3) is satisfied. By writing (3) in the form of a recurrence 
relation, it is clear that if {Y,}&_~ is given, then equation (3) has a unique solution satisfying 
these initial values. A solution {y,} of (3) is said to be eventually positive if yin > 0 for all 
large n, and eventually negative if yn < 0 for all large n. It is said to be oscillatory if it is neither 
eventually positive nor eventually negative. Equation (3) is said to be oscillatory if each of its 
solutions is oscillatory. Since {y,} is an eventually positive solution of (3) if and only if {-yn} 
is an eventually negative solution of (3), equation (3) is oscillatory if and only if it does not have 
any eventually positive solutions. 

2. PREPARATORY LEMMAS 

We first quote several preparatory results which will be useful. For the sake of convenience, let 
{y,}r=,_, be a real sequence, then the sequence {zn} defined by 

zn = Yn - PnYn-T, n=a,a+l,..., (4) 

will be called its associated or comparison sequence (relative to the sequence {P~}?!~ and the 
integer T) . 

The first preparatory result is known [2,3], but for the sake of completeness, the proof will be 
included here. 

LEMMA 1. (See [2,3].) Suppose that there is an integer N > 0 such that 

?‘N+kr < 1, k 2 0. (5) 

Then for any eventually positive solution {y,} of (31, the sequence {zn} defined by (4) will satisfy 
z, > 0 and AZ, 5 0 for all large n. 

PROOF. It is clear from (3) that AZ, I 0 and is not identically zero for all large n. Thus, the 
sequence {z,} is of constant positive or constant negative sign eventually. Suppose that yn > 0, 
z, < 0 for n > T, then z, 5 ZT < 0 for n > T. By choosing k* so large that N + k*r 2 T, we 
see from (4) that 

!/N+k*T+jT = PN+k*r+jrYN+k*r+(j-l)T 

5 ZT + YN+k’+f(j-l)T = ZT + ZN+k*T+(j-l)T + PN+k’r+(j-l)rYN+k*T+(j-2)t 

5 ... 5 YTfk’r + (j + l)zT, j 2 0. 

By letting j --f 00, we see that the right-hand side diverges to -co, which is contrary to our 
assumption that yn > 0 for n 2 T. The proof is complete. 

The following result due to Zhang and Cheng [3] is an extension and improvement of Theo- 
rem 2.1 in [4]. 

LEMMA 2. (See [3, Corollary 11.) Suppose there is an integer N > 0 such that (5) holds. 
Suppose further that either (Hi) p, + qn min{ai, . . . , a,} > 0 or (HZ) min{ai,. . . , a,} > 0, 
and qn does not vanish identically over sets of consecutive integers of the form {a, a + 1,. . . , a + 
min{rri, . . . , a,}. Then every solution of (3) is oscillatory if and only if 

A (yn - P~Y~-~) -t qn fi IY+~~ Ia’ sgn y,-,, I 0, n=0,1,2 ,..., (6) 
i=l 

does not have an eventually positive solution. 
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3. OSCILLATION CRITERIA 

In what follows, we will derive some sufficient conditions for the oscillation of all solutions of 
equation (3). The following lemma plays an important role. 

LEMMA 3. Suppose p, 2 1, q,, > 0, for n > 0 and 

gqnE (1+y) = +co. 
j=o 

(7) 

Then for every eventually positive solution {y,} of (6), the sequence {z~} defined by (4) will 
satisfy Z, < 0 and AZ, < 0 for all large n. 

PROOF. It is clear that (6) and (7), that AZ, 5 0, and is not identically zero for all large n. 
Consequently, {.z,&} is eventually positive or eventually negative. Suppose to the contrary that 
y,, > 0, AZ,, 5 0, and z,, > 0 for n 2 T; then in view of (4), we see that yn > p,y,_, > yn_7 > 0 
for n > T + 7. Thus, 

yn I? min{yT-T,yT-s+l,. . . , yT-1) = M > 0, nLT+2r=TI. (8) 

For convenience. we denote 
n - TI 

N(n) = - 
i 1 7 ’ 

where [n - T~/T] is the integer part of (n - T~)/T. Then 

Yn L &I + Yn-T L Gl + h-T + . . . + %-(N(n)-1)7 + Yn-N(n)r, 

Note that {z,} is nonincreasing and yn_NcnjT > M for n > Ti. Thus, by 

yn 2 N(n)h + M, n 2 T,. 

Substituting this into (6), we have 

m 

n 2 Tl. (9) 

(6) we obtain that 

(10) 

AZ, + qn n [N (n - CG) z,-,* + Ml** I o, n 2 TI + T = Tz, 
i=l 

By Holder’s inequality [5, p. 201, we have 

Furthermore, 

AZ, + qn fi [N(n - gi)]“’ zn + q,M I 0, 
i=l 

R. L Tz (12) 

Then 

[ 
1 -t qj fi [N(i - Ui)]“i 

i=l 11 

(11) 

7X-l 

+Mqn n l+qjfi[N(i-o,)]ai 1 50, n 2 T2. (13) 
j=Tz i=l 
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Summing (13) from T2 to n 2 T2, we have 

1 
50, R 2 T2. (14) 

If the condition 
co 

c qn = cm (15) 

is satisfied, then it is easy to see from (15), and the fact that gn 2 M for n > Tl, that lim,,, z, = 

-00, which is a contradiction. Hence, we assume that 

2 qn < 00. 
n=O 

Noting that 

it is easy to see that 
co r m 

is absolutely convergent and 

(16) 

exists. By condition (7), we obtain 

Letting n -+ 00 in (14), we obtain a contradiction and the proof is complete. 

As an immediate consequence of Lemmas 1 and 3, we obtain the following result which improves 
[1,2 Theorem l] and [3, Theorem 21. 

THEOREM 1. Suppose p, = 1 and q,, 2 0 for n 2 0 and (7) holds. Then every solution of (3) is 
oscillatory. 

EXAMPLE 1. Consider the neutral delay difference equation 

A (yn - Y+~) + n%-, = 0, n = 0, 1,2, . . . , (17) 

where 0 < T 5 1, 0 > 0, 1 < p < 2. This equation satisfies all the conditions of Theorem 1. 
Hence, all solutions of (17) oscillate. On the other hand, by [6, Theorem 5.61, we see that 
equation (17) has a bounded nonoscillatory solution if and only if p > 2. But the results in [l-3] 
are not applicable to this equation when 312 < p I 2. 

An oscillation criterion can now be derived as a consequence of Theorem 1, which improves [2, 
Theorem 21 and [3, Theorem 31. 
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THEOREM 2. Suppose there is an integer N > 0 such that (5) for k > 0, and suppose p,, q,, > 0 
for n > 0 and (7) holds. Suppose further that 

for all large n. Then every solution of (3) is oscillatory. 

PROOF. Suppose to the contrary that {yn} is an eventually positive solution of (3). Then by 
means of Lemma 1, the sequence {zn} defined by z, = yn - p,y,_, will satisfy z, > 0 for all 
large n. In view of (4), we have 

AZ, = -qn fi y,*‘,, 
i=l 

m 

= -4n J--J (z-7, + Pn-cT,Yn-T-m,)a' 

for all large n, where we have used the Holder’s inequality [5, p. 201 to obtain our last inequality. 
Since (3) implies 

m 
AZ,-, + qn-r n Y:Y,-,, = 0, 

i=l 

we have 

A-, *,n - AZ,-, + qn fi z::l,, I qn-r 
i=l 

In view of our hypothesis, 

A(z, - G-,) + qn fi z,“:,, < 0, 
i=l 

for ail large n. This is contrary to Theorem 1 and the proof is complete. 

The following result is an extension of [3, Theorem 41, which does not require the assump- 
tion (2). 

THEOREM 3. Suppose that p,,qn 2 0 for n > 0 such that (5) and (7) hold. Suppose further 
that there is some number T E (0,l) such that 

for all large n. Then equation (3) is oscillatory provided that the following recurrence relation: 

A,w, + $-& qnwn-r-0 I 0, 0 = min {gl,. . ,0,}, n 2 0, 

does not have an eventually positive solution. 
By Lemma 2, the proof of Theorem 3 is obvious, we omit it here. 
Our final result. deals with the case p, 2 1 and m = 1, which improves [2, Theorem 61 by 

dropping the condition (2). 
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THEOREM 4. Suppose m = 1, p, 2 1, qn 2 0 for n 1 0 such that (7) holds. Suppose further 
that there is a number (II L 1 such that p,_,,q, I crq,_, for all large n; then every solution 
of (3) is oscillatory. 
EXAMPLE 2. The neutral difference equation 

n+l 
nyn-i 

> 
+ n-Pyn_2 = 0, n=O,l,..., 

where 3/2 < 0 < 2, satisfies all the conditions of Theorem 4. Hence, all solutions of (20) oscillate. 
But [2, Theorem 61 is not applicable to the equation since 3/2 < /3 < 2. 
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7. 

8. 
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