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Very special relativity (VSR) keeps the main features of special relativity but breaks rotational invariance.
We will show how VSR like terms which depend on a fixed null vector can be generated systematically.
We start with a formulation for a spinning particle which incorporates VSR. We then use this formulation
to derive the VSR modifications to the Maxwell equations. Next we consider VSR corrections to Thomas
precession. We start with the coupling of the spinning particle to the electromagnetic field adding a

gyromagnetic factor which gives rise to a magnetic moment. We then propose a spin vector in terms of
the spinning particle variables and show that it obeys the BMT equation. All this is generalized to the
VSR context and we find the VSR contributions to the BMT equation.
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1. Introduction

The standard model of particle physics is a well established and
experimentally confirmed theory but it needs to be extended in
order to incorporate some known phenomena like, for instance,
neutrino masses and dark matter. Possibly the standard model is
the low energy limit of a larger theory which hopefully includes
gravity. Since the present experimental data are not enough to
point out how to extend the standard model we must seek for
small deviations of it which could be detected at low energies. One
possibility is that fields from a more complete theory couple to
the standard model fields like constant background fields causing
deviations of Lorentz symmetry [1]. This is a very active line of in-
vestigation with many theoretical results awaiting for experimental
confirmation (for a review see [2]). Usually such proposals have as
a consequence that the dispersion relation for light is modified.
A more conservative alternative would keep the essential features
of special relativity, like the constancy of the velocity of light, but
leave aside rotation symmetry for instance. This can be achieved
by taking subgroups of the Lorentz group which preserve the con-
stancy of the velocity of light. Such subgroups were identified and
used to built what is called very special relativity (VSR) [3]. One of
its main features is that the inclusion of P, T or CP symmetries
enlarges VSR to the full Lorentz group so that VSR is only rele-
vant in theories where one of the discrete symmetries is broken.
Two subgroups of the Lorentz group, SIM(2) and HOM(2), have the
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property of rescaling a fixed null vector n*. Then terms contain-
ing ratios of contractions of n* with other kinematic vectors will
be invariant under transformations of these subgroups. A proposal
to generate mass for neutrinos along these lines was presented in
[4] where an equation for a left-handed fermion incorporating VSR
was given
<zo—1m2 ’ )mzo, ()
2 nHpy

where m sets the VSR scale. When the equation of motion is
squared we find that it describes a free fermion of mass m. The
price to be paid is the presence of non-local operators as well as
the lack of rotational symmetry. In this way it is possible to save
some of the important effects of special relativity and consider
possible violations of space isotropy. Several aspects of VSR have
been considered, like the inclusion of supersymmetry [5,6], curved
spaces [7,8], noncommutativity [9,10], dark matter [11] and also in
cosmology [12].

We can take this specific realization of VSR and consider the
addition of interaction terms in the context of the usual Lorentz
violating theories. We can regard the inclusion of operators con-
taining a constant and null vector n* as determining a preferred
direction in space. It breaks Lorentz symmetry to ISO(2) but allow-
ing a scale transformation on n* the symmetry can be enlarged
to SIM(2). So the inclusion of terms containing ratios of n* con-
tracted with other kinematic vectors will lead to the consideration
of VSR like terms as that in (1). When a Lorentz invariant action is
extended by the addition of Lorentz violating operators the coeffi-
cients of such operators are in general arbitrary and unrelated to
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each other. In this paper we will show that Lorentz violating terms,
like the one present in (1), can be derived in a systematic way. To
do that we start in Section 2 with the model of a massive spin-
ning particle describing a free fermion. It is characterized by its
worldline reparametrization and worldline supersymmetry. To give
rise to a VSR term similar to that in (1) the supersymmetry con-
straint is modified. This is the only point where a Lorentz violating
term is added by hand. In Section 3 we consider a spinning parti-
cle with A" = 2 supersymmetries which describes an Abelian gauge
field. In order to derive the Lorentz violating terms contributing to
the Maxwell equations we consider the modified supersymmetry
constraint from the previous section. We find a massive photon in
agreement with the VSR construction done in [13]. This approach
provides a systematical way of generating Lorentz violating terms
like the one in (1).

We then apply this approach to interacting theories. To be
concrete we consider the relativistic equation describing Thomas
precession also known as BMT equation [14,15]. It describes the
dynamics of an axial 4-vector S, associated to the spin of the
electron, in the presence of a uniform electromagnetic field and
from it is possible to derive the precession angular velocity of the
spin in the electron rest frame. In order to apply our formalism we
have to construct S# in terms of the spinning particle variables
and this is done in the next section where we consider the cou-
pling of the usual spinning particle to the Maxwell field and define
a Grassmannian spin vector S# for the spinning particle. We then
show how it naturally leads to the BMT equation. Then in Sec-
tion 5 we use the VSR spinning particle obtained in Section 2 to
derive corrections to the BMT equation. We find that the spin vec-
tor S# must have additional terms depending on n*. We work in
the limit where m is much smaller than the electron mass and find
that many new terms contribute to the BMT equation. As expected
the coefficients of the Lorentz breaking terms are not arbitrary, the
only arbitrariness being the value of m. Finally, in Section 6 we
present some conclusions.

2. VSR spinning particle

The spinning particle [16] provides a particle description for a
Dirac field in the same way as the relativistic particle is associated
to the Klein-Gordon field. Besides the particle coordinates X*(t)
and its momentum P#(t) we also need Grassmannian coordinates
Wi (t) and W5(1) satisfying Poisson brackets

i
(X P} =ay, {wl et} =ont

{ws,ws}=—%. 2)

We assume the existence of a first class constraint S which gener-
ates worldline supersymmetry

S=Py ¥t — Mws. 3)

We then find that the Poisson bracket algebra closes on the Hamil-
tonian constraint

(5.8 =M, H=1 (P~ M?). @)

The quantization is performed by promoting the Poisson brack-
ets to commutators or anticommutators

{(I/IL, 'I/U} — %T]MU’

1
(W5, W5} = —2. (5)

[X*, Py]=—is},

so that P, =id, and the Grassmannian variables are proportional
to the Dirac gamma matrices ¥* = %y“ys, Us = %]/5. Then the
physical states ¢(x) must satisfy the supersymmetry constraint
S¢(x) =0 and we get the massive Dirac equation.

In VSR the massive Dirac equation for a fermion is modified to

(5]

oo oo
i+ -—m-— — x) =0, 6
( Pt om )w( ) (6)
where n? =0, m is the VSR mass scale and nd = n*d,. We will
use the notation that for two vectors A* and B*, AB = A*B,. This
strongly suggests that we modify the supersymmetry constraint (3)
to
1 ,Y%n
S=P¥ — —m*>— — Ms, (7)
2 Pn
so that the Poisson bracket algebra still closes on the Hamiltonian
constraint which is modified to

H:%(Pz—mz—Mz). (8)

Then the effect of VSR like term in the supersymmetry constraint
is just a shift in the squared particle mass. Notice also that the su-
persymmetry constraint is still well behaved with respect to VSR
transformations since n* appears on the numerator and denomi-
nator of the new term.

The action for the VSR spinning particle has the standard form

S=/dt (PX — iV +iWsWUs +eH +ixS), (9)
where e(t) and x(tr) are Lagrange multipliers. From the con-

straints we can derive the infinitesimal worldline supersymmetry
transformations

1 vn
SXM = —je| WMt + —m?>——n* ), 10
16( +2m (Pn)2n ) (10)
SPH =0, (11)
1 1 H
swht = _—epr— Zp2 , (12)
2 2 Pn
1
8l1/5:—§M6, (13)
Se = —iey, (14)
S =¢, (15)

and worldline reparametrization transformations

SXM =P, (16)
Se=£, (17)
SPH = sWh = sWs = 8 =0, (18)

where € is a Grassmannian supersymmetry parameter and & is the
reparametrization parameter. The action is invariant under these
transformations up to a total derivative term. Upon quantization
the wave function has to satisfy the supersymmetry constraint (7)
and we get the VSR Dirac equation (6).

3. Maxwell equations in VSR

Since the Dirac equation is modified in VSR the same must
happen to the Maxwell equations. To show this we can use the
spinning particle with extended supersymmetry. The general case
was treated in [17] where it was shown that a spinning particle



J. Alfaro, V.O. Rivelles / Physics Letters B 734 (2014) 239-244 241

with A/ supersymmetries describes massless field equation for par-
ticles with spin A//2. A path integral analysis was performed in
[18]. Here we will consider the case A= 2 in the context of VSR.

We consider two Grassmannian variables lI/i“, i=1,2, and the

following constraints
1

H:E(Pz—mz), (19)
1 ¥in

Si=PW¥ — -m*——, 20

i i 5m (20)

¢ij = Vi¥;. (21)

The constraint ¢;; generates SO(2) rotations so we have two super-
symmetries. The constraint algebra is

{Si, Sj} =6ijH, (22)
{¢ij, Sk} = Sidjk — Sjbik, (23)
{dij, Pt} = Sikdj1 — 8udjk + S jkdit — 8 jiPik- (24)

The physical states ¢ must satisfy all constraints. The anticom-
mutation relations

(' ) =n"sy, (25)
can be realized in terms of gamma matrices as [17]

vl=yrel, wW=poyt (26)

This means that the physical states are bispinors ¢yg. Then the
SO(2) constraint implies that @up = (67" C)apF v (x), where C is
the charge conjugation matrix and (6/VC)yg is symmetric in the
spinor indices.

The constraint S; implies that

B 1 o1ih
Papy + Sme Sy = 0. (27)
We can rewrite this equation for F, getting
(a,im + 1m2"—"m) (y“a”)ﬁ =0. (28)
2 nd o
VA

Since y#o"* is proportional to €*"*?y,ys and n*lVy* we can
take the trace to get

2

1m
8[MFV)\] + EEHWFV)L] =0, (29)
while multiplying by ys and taking the trace we get

1 m?
BMFW—FEEn“FW:O. (30)

In special relativity when m? = 0 we recover the Bianchi identities
and the Maxwell equations. In VSR they are modified. They also
imply that

DFva+m2FMv:O, (31)

showing that F, has mass m.
We can try to solve the VSR Bianchi identities (29) and remark-
ably there is a solution

1m2

——ny.
2ny "
Notice that D, has an Abelian algebra but it does not satisfy the

Leibniz rule. Notice also that F,, is not invariant under the usual
gauge transformation but it is invariant under

F,u,v:D[uAv]y Duzau-l- (32)

8AL=D,A. (33)

Then the VSR Maxwell equations (30) can be written as

DHF,, =0, (34)

and we have a massive field described by a field equation with a
modified gauge invariance (33). Our results agree with those found
in [13].

The non-Abelian extension of VSR gauge fields was done in [19].
It was found that since all gauge fields in a given multiplet acquire
a common mass m it cannot be used as a replacement for the
Higgs mechanism.

4. Coupling the spinning particle to the Maxwell field and the
BMT equation

In this section we show how to derive the BMT equation in
special relativity using the spinning particle variables. Firstly we
couple the spinning particle to a background electromagnetic field
A, using the minimal substitution P* — P* — qA* in the su-
persymmetry constraint (3). To introduce the gyromagnetic factor
g we consider the proposal for a spinning particle with “anoma-
lous” magnetic moment [20]. There is a more detailed treatment
in [21] where the expressions are more explicit. Besides the min-
imal substitution we also have to replace M — M + 2iuF¥¥, in
the supersymmetry constraint, where the magnetic moment is

q g
=—|=-1 35
" ZM(Z ) (35)
so we get
S=W(P —qA) — (M+2iuF¥w)ws. (36)

The notation FAB = F,,A*B" is used throughout the rest of the
paper. The Hamiltonian constraint is now

1 2 2 :
H= 5[(13 —qA)* — M?] —i(q+2uM)F@ W

—4iuF (P — AV Ws + 2 (FUW)?. (37)
It can also be checked that {#, S} =0.

The action has the same form as before (9) and the equations
of motion are
1. i

PH =gA* — EX“+4qu“”%l1/5— EX'J/“, (38)
Pt =e[—q(P" —qA")d" A, —i(q + 2uM)I* Fo ¥

—4ip (0" F)(P — qA) W W5 — 4ipg (0" AV ) F oo ¥ P Ws

+ AU FYWFFY W] —iqxwat A, (39)
W =e[—(q+ 2uM)F* &y + 2 F 1Y (P — qA), W5

1
—4ip FOWFR g, ] — 3% [(P—qA)* — i FH W],

(40)
. 1
Us = —-2ueF(P —qAY — EX(M + 2iuFU W), (41)
plus the constraints. We now choose the gauge e = —1/M and

x = 0. Since we are interested only in weak and uniform back-
ground fields we can linearize the above equations. Also eliminat-
ing the momentum we find
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q

Xt = MF’“’X,,, (42)

g = <% + 2M) FAVg, — 2uF* X, Ws, (43)

s = 2uF XY, (44)

XlI/+2i%FlI/tI/W5—11/5:0, (45)

X2—1—2i<i+2u)ww20. (46)
M\ M

The next step is to define an axial spin vector S#(t) which
generalizes the rest frame spin of the electron. Requiring that its
time component vanishes in the rest frame it must satisfy XS = 0.
There are several proposals to describe the relativistic spin through
some particle model (see for instance [22]). Here we assume that
S is a pseudo-vector even in the Grassmannian variables and the
natural choice is

SH = eMVPo X\ Wy W, (47)

When computing $#* we have to rewrite all terms quadratic in ¥
in terms of S. To do that we use the identity

1 . : Xw
“yv — Uvpo _ xluygvl
UrEY T = 2).(26 XpSe — XYW ek (48)

where Ay, B, = A, B, — A, B, with no factor of 1/2. We also have
to use the field equations (43)-(46) noting that ¥, W5, X2—1 and
X¥ — W5 are all of O(F). The calculation is lengthy and tedious.
There are several terms proportional to €#VP% X, W, Ws which can-
not be rewritten in terms of S#* but cancel against each other. At
the end the result is

a8

§H = m(ﬂ“sv + X*FSX) — X" sX. (49)

Using now the equation of motion (42) we get the BMT equation

St =L 2FK’s 2 —1)XM*FSX . 50
M <2 v+ (2 > ) (50)

Having obtained the BMT equation from the spinning particle the
next step is to generalize it to VSR since we already know the
supersymmetry constraint (7).

5. Coupling the VSR spinning particle

We go along the same lines as in the previous section. The sim-
plest choice for the supersymmetry constraint which reduces to
(36) and (7) is

S=W(P—qA) — (M -+ 2uFWw)Ws — +m?— 2"
- a H 2727 (P—qAn’

The Poisson bracket algebra of two supersymmetries constraints
closes on

(51)

1
H= 5[(1) —qA)? —m* — M?] —i(q+2uM)F¥ W

—4iuF (P — qA)W s + 2% (FUW)?

+ iqmzan Fn Zlﬂmz F¥n 'Z
7 "
[(P —qA)n]? (P—qA)n
nPa,Fow
+ 2um*wn—-7" (52)

(P —qAn ™

Again it is possible to show that its Poisson bracket with S van-
ishes.

When deriving the equations of motion we have to deal with
(P — qA)n in several denominators. To do that we take the field
equation obtained by varying P*

(P —gA¥
F¥n
[(P —qA)n]?
nPo,Fyw 11/5>n“
[(P —qA)n]?

i wyl o ¥n u)
eX<lI/ T2 P —qanE" ) )

1.
= —EX" + 4ip F*Y W, W5 + 2m? (iqan

Fynys

—i—+2u¥n
i —qamz T

and contract it with n* so that
Xn . Fwn . ¥n
(P—qAn=——\14+4iue——Ws+ix—|. (54)
e Xn Xn
We can now invert this equation taking into account that we have
Grassmannian variables inside the parenthesis

1 e (1 4i eFlenlI/ i ¥Un
(P—qAn ~  Xn He%n 7 " %
FYn's
+ 8ue K2 xvn). (55)

Since the particle has mass +m2+ M2 we now choose the
gauge e = —1/+/m% + M2 and x = 0. The linearized equations of
motion become

q

Xt = WF’”XU, (56)
; 2uM .
W — %FW% 2UFMV R, ws
2
q m 1 u 1
_§(m2+M2)3/2(Xn)2(Flpn n* —wn FHn,)
PR il (57)
Mmz—i-Mz xn
2
. . m F¥n
Us =2uFX¥ + 22— ——, (58)
m2+ M2 Xn
. M
XW—i—ZLFlI/WtI@,—i%
vm?2 + M2 vm? + M2
1 m? lI/n_O (59)
2m2+M2 Xn
)'(2—1—271.( +2uM)FU W
mzym2 M
2
m vn
F¥n=0. (60)

Gi T a - A .~
O + M2 (Xn)?

Notice that the Lorentz force law in VSR (56) keeps the same form
as in special relativity and does not depend on n*. Just the mass
has changed to include the VSR mass scale m.

The next step is to compute S*. Besides the identity (48) we
will need another identity obtained from the former one by con-
tracting it with n*. After using the equations of motion it reads

2(m? + M2 1 .
_ ( + ) < Euupanv Xp SO'

v, ¥n= g
" m2 +2M2 \ 2(X)?

M .
+ﬁan/“q/5>+..., (61)
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where ... are terms proportional to X* which do not contribute
to the relevant calculations. It is then found that the cancellation
among the €#VP% X, W, W5 terms no longer occurs and S cannot be
written in terms S. The only way out is to modify the definition
of SH.
In fact having a new vector n** allows the construction of other

vectors out of a bilinear in the Grassmannians. For instance
SH = .le“”p")'(,,npllla Ws (62)

Xn
satisfies XS = 0 so it is a candidate. Another possibility is
e*vP9n, ¥, W, which does not vanish when contracted with X
but with n. It is possible to multiply it by a projector so that it
vanishes when contracted with X

i

SH = .le“”/’”n,,wp% - )?—.Lek”"“)‘(,\nvlllpllfg. (63)

Xn X2 Xn

It turns out that S can be written as a combination of S and S as

2 2 2 2 2
Sl‘zzm + M u 4M\/m + M Sn_ m ﬂ'u
m2 + 2M?2 m2 + 2M2 m2 +2M? Xn
2
m Sn
K, (64)

7.—'1
+ m2 + 2M? (Xn)2

We then found that the only combination S and S that gets rid of
the e#VP9 X, W, W5 terms mentioned above is given by

2

Sfr‘ —SH _ migu
M~vm? + M?
= el (w v, m’ ! n,¥, w) (65)
B P MymE e Mz xn P )
The factor ——— s essential for the cancellation. To show
My/m24+-M?2

that we need further identities like
.~ X[ my . . .o N[, ‘va]
€uvpo XPS7 = ZL B Xwws — X, W)W + X2 L s, (66
Hvpo Xn 5 [u*Fv]¥5 Xn 5 ( )
. Xin
€upon” 57 = %ans 1y Wy s (67)
n
Since the VSR scale is very small we can consider only the case

m? « M? and keep terms up to order m?/M?. In this case we get
after a long calculation

) 1 1 m?
St = M(l - §W>(CI+2MM)FW5TV
. 1 m2 nH . m? . Stn
w_ -0 2 opuy
+2u<x 2M2Xn>FSTX+/LM2F X
2 2
m Stn m= (. n*\ FStn
+g—3F’“’n,, il ﬂ—3<xﬂ—.—> l
2M (Xn)2  2M Xn) Xn
2
qm” ., Stn
T X X Gy ©®

This is the generalization of the BMT equation to VSR. As antici-
pated there are several terms that can be built out of n* but all
the coefficients are determined. A consistency check is to notice
that

q
/mZ + M?2

We now have to go to the electron rest frame by a Lorentz
boost and n* has to be transformed as well. It can be checked that

XSt = FXST. (69)

StSt =0 so that in the rest frame §T . §T = 0 which means that
the spin is precessing in that frame. This has been explicitly veri-
fied. Then it is possible to compute the VSR corrections to Thomas
precession and also the VSR contribution to the anomalous mag-
netic moment of the electron.

An alternative way to derive the extension of the BMT equa-
tion to VSR is by making use of the distribution function for the
spinning particle. In order to relate quantities depending on the
Grassmannian variables with observable quantities it is usual to
define a distribution function in phase space [16]. The distribution
p (¥, W5, t) must satisfy a Liouville equation

dp
— +{H,p}= 7
or T{H.p}=0, (70)

and must be normalized to one
/dwde3dW2dW1dW0 PP, W) =1. (71)

It is used to define the averaged value of a dynamical variable
F(W, ¥s) as

(F) = /dwsdwgdwzd%d% F(W, Ws) p(&, s). (72)

In this context the Grassmannian variables are regarded as inde-
pendent variables so that the supersymmetry constraint S is used
only at the end of all calculations. In the relativistic case P¥ and
s are gauge degrees of freedom so that the distribution function
is given by [16]

1 1 Py, Py
p=s <v(t)ll/ o ﬁ%wp%%(V)a(ws), (73)

where v(t) satisfies Pv =0 and the coefficient 1/3 is required
by normalization. The distribution function is defined for the free
spinning particle and interactions are introduced in the Hamilto-
nian in (70). Then P* = MX* and (73) reduces to

1 1 . .
p=3 (v(t)lP + ge“”f"’xﬂqfva%)anps, (74)
with Xv =0.

If we consider the VSR contributions to the spinning particle
as part of the interactions then our distribution function is (74)
and we can use it to compute the averaged value of S’; (65). We
then find that <S’T‘) = v#, We now use (70) to find the equation
satisfied by (S’T‘). To this end we get the Hamiltonian H from (9)
as H = —eH = H/~/m? + M2 with H given by (52). Computing
the Poisson brackets and using the constraints (45) and (46) and
eliminating the momentum using (38) we find that the equation
satisfied by (ST) when m? « M? is exactly (68). This provides a
powerful check that our extension of the BMT equation to VSR is
in the right direction.

Alternatively we could had started with a distribution function
for the VSR spinning particle which already takes into account the
VSR effects as described in Section 2. Now the gauge degrees of
freedom are I7¥ and ¥s, where

1 ,n#
m* =pH — —m?>— (75)
2 Pn
so that the distribution function is
1 1 I ny
=—(ve + et Ly g w, | =— s, 76
1Y 2 ( + 3 M VEp O’) M 5 ( )

with ITv = 0. We again replace the momenta getting
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2
= V/m2 + M2XH — _min’*. (77)
2.J/m?2 4+ M2 Xn

Now the averaged value of S’T‘ is given by a more complicated ex-

pression
(SM) = 7m2 M 1-— 17’“2 vH
T|= 2 2
M 2ms+ M
1 m? . 1 m2 n*\vn
_ | Xt e——— | — |, (78)
2m2 + M2 2m2+M? Xn /) Xn

which is a consequence of the fact that v# no longer satisfies

Xv =0 but

qv_l_ ™ v _g (79)
2mZ+ M2 Xn

Notice that we still have X(St) = 0. In the limit m? <« M? the
Liouville equation now gives

, 1 1 m?
v = M(l — §W>(q+2M)FMUVV

+2 1+ XH 1m? FvX
K 21\/12 2 M2 Xn

2 2

me q ., v 1 m Fvn
— —FMVp, = 2uMXH*
tvzam Y Xn 2MM2<“ +qx )Xn
(80)

We then take the time derivative in (78) and use (80) to find that
($%) again obeys (68).

As a last remark we want to mention that the distribution func-
tion is also required to satisfy some sort of positivity condition [16]
like

/d‘l’sdq/3d11/2dlp]dlp0,0F*F >0, (81)

for any phase space function F. Like in the classical relativistic case
[16] our distribution functions do not satisfy a positivity condition.
It seems that this can only be implemented when the spinning
particle has internal degrees of freedom [24].

6. Conclusions

We discussed the inclusion of VSR like terms in a Lorentz in-
variant theory starting with the spinning particle model for a
fermion. It provides a way to generate a class of Lorentz violat-
ing theories which have a preferred direction in space but at the
same time keeps many essential elements of special relativity. Its
effects appear at a scale m where the anisotropy becomes relevant.
Many terms invariant by VSR can be added to relativistic invariant
equations and we developed a systematic way to generate such
terms. In particular we determined how the BMT equation, which
describes the electron spin precession in an electromagnetic field,
is modified by VSR. We showed that in the rest frame the spin
still precesses but VSR effects will now produce new effects. It has
been argued that VSR is not consistent with Thomas precession
[23] but our analysis does not support this view. It is well known
that for a particle with g =2 in a magnetic field the spin precesses

in such a way that the longitudinal polarization is constant, while
the presence of an electric field in the relativistic limit makes the
spin to precess very slowly. It would be interesting to find how
VSR changes these properties.
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