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This communication describes the magnetohydrodynamic (MHD) flow of Jeffrey liquid persuaded by a
nonlinear radially stretched sheet. Heat transfer is characterized by Newtonian heating and Joule heating
effects. The transformed nonlinear governing ordinary differential equations are solved employing homo-
topic approach. The obtained results of the velocity and temperature are analyzed graphically for various
pertinent parameters. Skin friction coefficient and Nusselt number are tabulated and addressed for the

various embedded parameters. Furthermore the temperature decays for increasing nonlinear parameter
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of axisymmetric stretching surface. The nonlinear parameter has reverse effect for temperature and skin
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Introduction

The non-Newtonian materials are now considered more useful
than the viscous fluids. It is in view their ample applications in
engineering, industry and physiology. However diverse character-
istics of all materials in such applications cannot be predicted by
one fluid model. Hence several constitutive relationships for non-
Newtonian materials have been suggested. Jeffrey fluid is one
amongst such materials characterizing the salient features of relax-
ation and retardation times [1, 2, 3, 4, 5]. It is also well-known real-
ity that stretched flows in presence of heat transfer occur in
chemical and manufacturing procedures such as wire drawing,
glass blowing, artificial fibers, continual casting of metals, liquid
films in moisture, paper production, artificial films etc. Hydromag-
netic stretched flow in presence of heat transfer finds application
to sheet extrusion in order to make flat plastic sheets. Thus heat
transfer and cooling for finishing of end product in such applica-
tions seems very important. Having such in mind several research-
ers in the past studied the flows of viscous and non-Newtonian
materials towards linear stretched surface with constant tempera-
ture or heat flux. The circumstance where heat is transferred to the
convective liquid by means of a bounding surface keeping limited
heat capacity is named conjugate convective flows or Newtonian
heating. Such pattern arises in convection flows system once the
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heat is injected through solar radiations. Furthermore the Newto-
nian heating situation arises in several vital engineering devices
including conjugate heat transfer around fins and heat exchanger.
Thus in perspective of such applications some researchers have uti-
lized the concept of Newtonian heating boundary condition under
different physical aspects. Merkin [6] in his initial work reported
the stretched flow of viscous liquid in presence of Newtonian heat-
ing. Salleh et al. [ 7] considered Newtonian heating effects in flow of
viscous liquid towards stretched surface. Analysis provided by [7]
is extended by Hayat et al. [8] for second grade fluid. Makinde
[9] studied the flow of viscous material with Navier slip and New-
tonian heating. Impact of Newtonian heating in flow of power law
nanofluid is reported by Hayat et al. [10]. Newtonian heating
effects in MHD flow of Jeffrey fluid due to impermeable stretched
cylinder is explored by Farooq et al. [11]. Hayat et al.[12] scruti-
nized the simultaneous impacts of heat source/sink and Newtonian
heating in peristaltic flow of micropolar liquid through heteroge-
neous and homogeneous processes. Thermally radiative stagnation
point flow of Powell-Eyring liquid in the presence of Newtonian
heating, mixed convection and first order chemical reaction is
reported by Hayat et al. [13].

The study of stretched flows of an electrically conducting mate-
rial has applications in several engineering processes including
nuclear reactors, plasma studies, MHD generator, oil exploration
and geothermal energy extraction. MHD flow via an artery has
receive significant importance in the physiological procedures.
Because of such demands the scientists and researchers explored
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electrically conducting flows under several physical circumstances.
For instance Bhattacharyya and Layek [14,15] addressed the MHD
boundary layer flow of viscous liquid over a permeable stretched
surface with slip conditions and chemical reaction. Haq et al.
[16] analyzed convective heat transfer and MHD effects on Casson
nanofluid flow over a shrinking sheet. MHD stagnation point flow
in presence of chemical reaction and transpiration is reported by
Mabood et al. [17]. Sheikh and Abbas [18] explored the influence
of thermophoresis in MHD flow over an oscillatory stretched sheet
with chemically reactive species. Lin et al. [19] scrutinized
unsteady MHD pseudoplastic nanofluid flow over a thin film with
internal heat generation. MHD Falkner-Skan flow of nanoliquid is
deliberated by Farooq et al. [20]. Shehzad et al. [21] analyzed ther-
mally radiative three-dimensional magneto Jeffrey nanoliquid in
presence of internal heat generation. MHD CuO-water nanoliquid
in presence of mixed convection is explored by Sheikholeslami
et al. [22]. Haq et al. [23] studied MHD squeezed flow of nanofluid
over a sensor surface.

Literature survey indicates that less consideration has been given
to stretched flows and heat transfer towards radially stretched sur-
face with linear velocity. Even such attempts further narrowed
down when stretching surface with nonlinear velocity is considered.
Few studies in this direction can be mentioned through Refs. [24, 25,
26, 27]. Further the heat transfer in stretching flow is extensively
studied either through imposed surface temperature or heat flux.
Heat transfer through Newtonian heating in stretched flow is also
less attended. Thus our main motto is to report the characteristics
of magnetohydrodynamic (MHD) flow of Jeffrey fluid by a nonlinear
radially stretched sheet with Newtonian heating. In addition Joule
heating effect is taken into account. Homotopic algorithm [28, 29,
30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44, 45] is devel-
oped to find the expressions of velocity and temperature. Conver-
gence of the developed series solutions is verified. Physical
interpretation for the quantities of interest is made.

Formulation

Consider the steady two-dimensional (2D) (r, z) flow of an elec-
trically conducting Jeffrey liquid induced by a radially stretched
sheet at z=0 with power law velocity u,(r)=ar" where
(a>0,n>0). A non-uniform magnetic field B(r) = Bor*'/? is
applied. Magnetic Reynolds number is chosen small. Induced mag-
netic and electric fields are neglected. Further heat transfer process
is presented in presence of Newtonian heating, Joule heating and
heat generation/absorption. Viscous dissipation effects are
neglected in heat transfer process. The equations governing the
boundary layer flow, heat and mass transfer are:

ou u ow
§+?+§_O’ (1)
ar oz 1+ azz 2\ Uaap tWor T oz arer oz o2
2
0B (r)u7 2)
p
oT  aT _ k [T\ aB(r) , Q)
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Yor tWaz pCp (822> * pCp v pcp( ) 3)
with the boundary conditions
=uy(r)=ar", w=0, L= _hT at z=0,
u=uy(r)=ar", % atz ()

u—0, T—»Txasz—>oo.

In the aforementioned expressions u and w are the velocity
components along radial r and axial z directions respectively, /;

the ratio of relaxation to retardation times, 4, the retardation time,
Q(r) = Qor™ ! the non-uniform heat generation/absorption, Q, the
constant heat generation/absorption, v = y/p the kinematic vis-
cosity, u the dynamic viscosity of fluid, p the fluid density, c, the
specific heat, T the fluid temperature, T, the ambient fluid temper-
ature, n the power index, u,(r) the stretching velocity, ¢ the elec-
trical conductivity, k the thermal conductivity, a the dimensional
constant with dimension 1/T and hs the convective heat transfer
coefficient.
Employing the following transformations [24]:
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To
the continuity equation (1) is identically satisfied and Eqs. (2)-(4)
are reduced as follows:
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where prime represents the differentiation with respect to #, Pr the
Prandtl number, g the Deborah number, parameter S shows heat
generation for (S > 0) and absorption when (S < 0), y the conjugate
parameter of Newtonian heating, Ha the Hartman number and Ec
the Eckert number. These parameters are defined as follows:
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Skin friction coefficient and local Nusselt number can be
presented into the following forms:

M= (o), .

in which surface shear stress t,, and surface heat flux g,, are
2*u
Tw 1+/1 [dz+)2( ()rdz+W<)z2>]Z:0’
aT
qQw = _k(az)z 0

Substituting Eq. (12) in Eq. (10) and (11) the skin friction
coefficient and local Nusselt number in dimensionless forms are

re’G =2 (ro+ {2 r oo - ("5 )ror o} ).
(13)

1
-1/2 _
Nu,Re; ? = y<1 + 9(0)>, (14)

where Re, = ar**!/v is the local Reynolds number.

(12)

Homotopy solution

In order to develop solutions we employ the homotopic tech-
nique suggested by Liao [28]. The HAM is preferred due to the fol-
lowing facts. (i) The HAM does not require any small/large
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parameters in the problem. (ii) It gives us a way to verify the con-
vergence of the developed series solutions. (iii) It is useful in pro-
viding incredible flexibility in the developing equation type of
linear functions of solutions.

In perspective of the boundary conditions given in Eq. (8), we
select the set of initial guesses in the forms:

Folm) = (1 =€), bo(n) = (1 T y) exp(—1), (15)
and linear operators satisfying the properties

L= f"=f Ly =00, (16)
£f(C1 + Cre + C3€'7’7) =0, [,g(C4€n + C5€7’7) =0, (17)

where C; (i =1 —5) indicate the arbitrary constants.
Zeroth-order deformation problems

The corresponding problems at the zeroth order are presented
in the following forms:
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Here g is an embedding parameter, iy and h, the non-zero aux-
iliary parameters and Ny and N indicate the nonlinear operators.

mth-order deformation problems
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The general solutions (f,,,0,) consisting of special solutions
(fin: 0y,) are

fm() = () + Ci + Coe" + Cse™, (29)
Om(17) = 07, (n) + Cq€" + Cse™", (30)

in which the values of C;(i=1 - 5) are
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Convergence

The developed series solutions consist of the non-zero auxiliary
parameters hy and hy. These parameters are important in control-
ling and adjusting the convergence of the HAM solutions. For this
purpose we have plotted the h-curves of the functions f’(0) and
¢'(0) for the admissible values of fif and fi, at 15th-order of approx-
imations in Fig. 1. Admissible values of hf and h, are noted
—-1.35< hf < -0.11 and —-1.51 < hy < -0.12.

Discussion

In order to scrutinize the impacts of several sundry variables on
velocity f'(r7) and temperature 0(#), the Figs. 2-11 are portrayed.
Effect of Hartman number Ha on the velocity distribution is plotted
in Fig. 2. Velocity and momentum boundary layer thickness are
reduced for larger Ha. Physically Lorentz force enhances for larger
Ha which is a resistive force and thus the velocity of material
reduces. Fig. 3 describes the impact of Deborah number f on the
velocity distribution. It is noted that fluid velocity and momentum
boundary layer thickness show increasing behavior for larger g.
Since Deborah number is directly proportional to retardation time
(42) and fluid velocity must increase for larger retardation time.

')
¢(0)

w
T

S=Ha=02, =M= 0.1, [ ?
\ Pr=1.0,Ec= »=0.3,n=135 / ’

Fig. 1. h-curves for f(1) and 0(n).
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Behavior of 4; on the velocity distribution is portrayed in Fig. 4.
Velocity shows decreasing behavior for larger ;. Physically /; is
ratio of relaxation to the retardation times so with an increase in
/1 the relaxation time also enhances. Consequently drag forces
increase and as a result more resistance to the motion of the fluid
is provided. That is why the velocity distribution decreases. Fig. 5
depicts the influence of power index n on velocity distribution.
Velocity distribution reduces for larger n. Characteristics of Prandtl
number on the thermal boundary layer for fixed values of other
parameters are depicted in Fig. 6. It depicts that the effect of Pr

0.8
n=15,8=02, f=0,=0.1,

Pr=1.0,Ec=9=03
Ha=10,04,0.8,1.2

06

021

1 2 3 P 7
Fig. 2. f' via Ha.
f (@
1.0
0.8l
' n=1.5,S=Ha=0.2, 4, =0.1,
o.sf Pr=1.0,Ec=y=0.3
[ p=0.1,03,06,0.9
04}
02 -
1 2 3 _:T:—ﬁ r3 6 g
Fig. 3. f' via p.
f (@
1.0
0.8
n=135,S=Ha=0.2, =01,
0.6} Pr=1.0,Ec=9=0.3
04l A;=0,0.3,0.6,0.9
02f
1 2 3 i 7
Fig. 4. f' via ;.

on the thermal boundary is very prominent. Larger Pr decreases
the thermal boundary layer thickness which results in argumenta-
tion of heat transfer and consequently temperature of the fluid
decreases. Fig. 7 is presented to describe the behavior of heat gen-
eration/absorption parameter S on the temperature. Here temper-
ature distribution enhances for larger S. However opposite
behavior is examined in case of heat absorption process. Physically
more heat is generated in the process of heat generation. Fig. 8 is
portrayed to see the influence of power index n on temperature
distribution. Temperature distribution reduces for higher values

£

1.0

osf A=0.1,S=Ha=02, f=0.1,

[ Pr=1.0,Ec=9=0.3,
os

n=0.1,0.5,1.1,1.9

n
1 2

3 4 7
Fig. 5. f' via n.
0(n)
o n=1.5, 8= Ha=0.2, f=0.1,
peh\ Ec=y=0.3, 4,=0.1
\ Pr=0.4,0.6,0.8,1.0
0.4 \ 4
6‘ n

Fig. 6. 0 via Pr.

0(n)

0.6

Pr=1.0,y=03,Ec=2,=0.1,
n=15, Ha=1.0, 8 =0.1

05

04

S =-0.2, -0.1, 0.0, 0.1, 0.2
4

o

03

02

01

Fig. 7. 0 via S.
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S\ S=Ha=0.2, p=0.1,

Pr=1.0,Ec= y=0.3,,,=0.1

0.4f
.- n=0.1,0.5,1.0,1.5
02}
»
' 1 2 3 4 5 i
Fig. 8. 0 via n.
6(n)
10k
\
08| \ n=1.5,8=M=0.2, p=0.1,
\ Pr=1.0, Ec= 1;=0.1
4‘ At 7
Fig. 9. 0 via ).
6(m)
12F\
. Pr=10,y=03,1,=0.1
n=15 S=Ha=1.0, =01
0.8
Ec=0,05,1.0,15
0.6 P
04f
02}
n

—
[
[
-
(¥

Fig. 10. 0 via Ec.

of n but thermal boundary layer enhances. Impact of conjugate
parameter y on temperature 6(#) is shown in Fig. 9. Clearly larger
conjugate parameter enhance the heat transfer rate which boosts
temperature of material and thermal boundary layer thickness.
Fig. 10 delineates the effect of Eckert number Ec on temperature.
Physically for larger Ec the material particles are more active due
to large amount of energy storage. Hence both the temperature
and thermal boundary layer thickness are enhanced. Features of
Hartman number Ha on the temperature distribution is portrayed
in Fig. 11. It is found that the temperature and thermal boundary

0(n)

0.7 '-\l
0.6 B
\ n=15,8=0.2,y=03, p=0.1,
03 Pr=1.0, Ec= ;=0.1
4 Ha=0.1, 0.4, 0.6, 0.8
03F
02F
0.1F
1 2 3 4 =
Fig. 11. 0 via Ha.
Table 1

Convergence of homotopy solutions for different order of approximations when
p=21=01,S=Ha=02, y=Ec=03, Pr=10, n=1.5and iy = hy = -0.5.

Order of approximations —f"(0) —0'(0)

1 1.12160 0.44148
6 1.29413 0.47761
11 1.30834 0.48918
16 1.30952 0.49224
21 1.30958 0.49282
26 1.30958 0.49285
31 1.30958 0.49285
45 1.30958 0.49285

Table 2

Numerical values of skin friction coefficient C;Re/* for various values of f, 41, Ha and
nwhenS=02, Pr=10, y=03and Ec=0.3.

B A Ha n CfRel /2
0.0 0.1 0.2 15 —1.2862
0.02 —1.3094
0.04 -1.3323
0.1 0.0 —1.4670
0.3 —1.2872
0.6 -1.1607
0.1 0.0 -1.3834
0.3 —1.4180
0.3 -1.5175
0.2 0.0 -0.7733
0.6 —1.0396
1.2 —1.2821

Table 3

Numerical values of local Nusselt number NurRe;% for various values of Ha, y, S, Pr and
Ec when =0.1,7; =0.1,and n = 1.5.

S Ha b Pr Ec NurRe’%
N

0.0 0.2 03 1.0 0.3 0.8955
0.1 0.8340
03 0.6923
0.2 0.1 0.7737
03 0.7551

0.4 0.7398

0.7452
0.4 0.7521
0.5 0.7535
0.3 0.8 0.6461
0.9 0.7084

1.1 0.8225

1.0 0.1 0.7704

0.2 0.7684

0.4 0.7646
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layer are enhanced for larger Ha. Lorentz force enhances for larger
Ha and more heat is generated. This leads to an augment in tem-
perature distribution.

Table 1 is displayed to visualize the convergent values of —f”(0)
and —0'(0) for fixed values of emerging parameters. Clearly the
velocity and temperature equations converge at 26th and 31th order
of approximations respectively. It is noted that the values of velocity
are larger when compared with temperature. Impacts of g, Ha, /;
and n on skin friction coefficient are shown in Table 2. It is found that
skin friction coefficient enhances for larger , Ha and n while it
reduces via /;. Table 3 portrays the influences of S, Ha,7y, Pr and
Ec on local Nusselt number. Tabulated values clearly indicate that
the values of Nusselt number are enhanced for higher values of y
and Pr further it is decrease via larger S, Ha and Ec.

Conclusions

The present study explores the hydromagnetic flow of Jeffrey
fluid in the presence of Joule and Newtonian heatings by a nonlin-
ear stretching sheet. The main results are listed below:

e Impacts of Ha,A; and n on f’ are equivalent in a qualitative
manner.

e Higher values of Deborah number g result in the enhancement
of the velocity and momentum boundary layer thickness.

o There are opposite effects of Hartman number Ha on the veloc-
ity and temperature.

e Behaviors of Prandtl number Pr and power index n on temper-
ature are similar.

e Velocity and temperature distributions are reduced for higher
values of power index n.

o Skin friction coefficient enhances for larger 8, Ha and n.

e Local Nusselt number is an increasing function of y and Pr.
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