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Abstract: The main results on the theory of conformal and almost Grassmann structures are presented. The 

common properties of these structures and also the differences between them are outlined. In particular, the 
structure groups of these structures and their differential prolongations are found. A complete system of 

geometric objects of the almost Grassmann structure totally defining its geometric structure is determined. 
The vanishing of these objects determines a locally Grassmann manifold. It is proved that the integrable 
almost Grassmann structures are locally Grassmann. The criteria of semiintegrability of almost Grassmann 
structures is proved in invariant form. 
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0. Introduction 

The theory of conformal structures arose in studying those properties of Riemannian and 

pseudo-Riemannian manifolds that remain invariant under conformal transformations of the 

metric. This theory was studied by many authors (see, for example, the paper [30] by Weyl. 

who first defined the tensor of conformal curvature of a Riemannian manifold, and the paper 

[ 151 by Cartan, who introduced an n-dimensional space with a conformal connection). 

Almost Grassmann manifolds were introduced by Hangan [23] as a generalization of the 

Grassmannian G(m, n). Hangan [23,24] and Ishihara [26] studied mostly some special almosl 
Grassmann manifolds, especially locally Grassmann manifolds. Later the almost Grassmann 

manifolds were studied by Goldberg [20], Mikhailov [27], and Akivis [2] in connection with 

the construction of the theory of multidimensional webs. Goncharov [22] considered the almost 

Grassmann manifolds as generalized conformal structures. 

Baston [ 1 l] constructed a theory of a general class of structures, called almost Hermit- 

ian symmetric (AHS) structures, which include conformal, projective, almost Grassmann, and 
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quatemionic structures and for which the construction of the Cartan normal connection is possi- 

ble. He constructed a tensor invariant for them and proved that its vanishing is equivalent to the 

structure being locally that of a Hermitian symmetric space. In [22], the AHS structures have 

been studied from the point of view of cone structures. Bailey and Eastwood [lo] extended the 

theory of local twistors, which was known for four-dimensional conformal structures, to the 

almost Grassmann structures (they called them the paraconformal structures). Dhooghe [16] 

considered the almost Grassmann structures (he called them Grassmannian structures) as sub- 

bundles of the second-order frame bundle and constructed a canonical normal connection for 

these structures. The structure equations derived in [ 161 are very close to the structure equations 

of the almost Grassmann structures considered in the present paper. 

Note that in the current paper we consider the real theory of conformal and almost Grassmann 

structures while in [22,11, lo] their complex theory was studied. 

Although some of the authors who studied almost Grassmann structures proved that an almost 

Grassmann structure is a G-structure of finite type two (see [25,27]), no one of the authors went 

further than the development of the first structure tensor. 

In the current paper we present the main results on the theory of conformal and almost Grass- 

mann structures. The presentation is of survey nature, and as a rule, it does not contain complete 

proofs (most of them can be found in the papers [2,3,4,5,7,20,25,27], and in our book [6]). 

However, the paper contains some new results, mostly related to the almost Grassmann struc- 

tures. In particular, in a third-order neighborhood, we construct a complete system of geometric 

objects of the almost Grassmann structure totally defining its geometric structure. The vanish- 

ing of these objects determines a locally Grassmann manifold. As for conformal structures, the 

complete object of the almost Grassmann structure is determined in a fourth-order differential 

neighborhood. 

In the theory of almost Grassmann structures, integrable and semiintegrable structures play 

an important role. The integrable almost Grassmann structures are locally Grassmann. The 

condition of semiintegrability of almost Grassmann structures was first found in [27]. However, 

the proof in [27] has been done in a certain reduced frame bundle. Unlike the proof in [27], our 

proof in Section 4 is given in invariant form. 

In the paper, we consider simultaneously the proper conformal structure CO(n) and the 

pseudoconformal structures CO(p, q) of signature (p, q). 
We find the common properties of conformal and almost Grassmann structures and also the 

differences between them. In particular, we find the structure groups of these structures and 

their differential prolongations. The structure group G of the conformal structure CO(p, q) 
is represented in the form SO(p, q) x H, and the structure group of the almost Grassmann 

structure in the form SL(p) x SL(q) x H, where SO(p, q) is the special orthogonal group of 

signature (p, 4); SL(p), SUq) are the special linear groups of order p and q, respectively, and 

H is the group of homotheties. For both structures, the prolonged group G’ is isomorphic to the 

semidirect product G lo T(n), where T(n) is the n-dimensional group of parallel translations 

acting on M, and the p< is the symbol of the semidirect product, but IZ = p + q for the conformal 

structure and y1 = pq for the almost Grassmann structure. 

The almost Grassmann structure defines on the manifold M two fiber bundles E, and Eg. 
For the conformal structure, these fiber bundles arise only if p = q = 2. For the general 
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almost Grassmann structure and the four-dimensional conformal structure, the first nonvanishing 

structure tensor splits into two subtensors, which are the structure tensors of fiber bundles E, 

and Ep. For four-dimensional conformal and almost Grassmann structures the vanishing of any 
of these subtensors leads to integrability of the corresponding fiber bundle. 

1. Conformal structures 

1. It is known that at any point x of a pseudo-Euclidean space Ri of signature (p, q), p + q = n ,, 

there is an isotropic cone C, (p, q) of second order with vertex at the point x. It is also known 

that by compactification of the space Ri one can construct a pseudoconformal space Ct of the 

same signature. The compactification mentioned above is the enlargement of the space R:,’ by 

the point at infinity, y = co, and by the isotropic cone C,. with vertex at this point: 

The space CG is a homogeneous space with the fundamental group 

P”(n+2,q+1)r 
SO(n + 2, q + 1) if n is odd, 
O(n+2,q+ l)/& if y1 is even. 

Applying Darboux mapping, we can realize a pseudoconformal space Ci on a hyperquadric 

Qt in a projective space P”+‘. After reduction to a sum of squares, the left-hand side of an 
equation of this hyperquadric will have p + 1 positive and q + 1 negative squares. Under the 

Darboux mapping, to the isotropic cones of the space C’; there correspond the asymptotic cones 

of the hyperquadric Q:i which are the intersections of the hyperquadric QG with its tangent 

subspaces: 

C,(p, 4) = Q; n TdQ;>, x E Q:;. 

tiote that for q = 0, the cone C, is imaginary, and for its consideration one must complexify 

the tangent space C,, i.e., to enlarge it to the space @T, = T, @I @. 

Consider a family of moving frames in the space CI, each of which is made up of two points 

& = x and A,,+1 of general position and n independent hyperspheres A;, i = 1, . . . . 12, passing 

through these points. Under the Darboux mapping, this frame will pass into a point frame of 

a projective space P”+’ such that its points A0 and A,+, lie on the hyperquadric Qi, and the 

points A;, form a basis of the (n - 1)-dimensional plane of intersection of two n-dimensional 

planes which are tangent to QG at the points A0 and A,+, . If we denote by (. , .) the scalar 

product of points in the space P”+‘, then the frame elements of the frames we have chosen 

satisfy the following analytical conditions: 

(4~ Ad = 0. (&+I 3 .%,+I) = 0, (4, A,) = 0, (&+I, A;) = 0. (1.1) 

In addition, we normalize the points A0 and A,,, by the condition 

(4~ &+I) = -1. (1.2) 
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We will not assume that the hyperspheres Ai are orthogonal and will write their scalar products 

in the form 

(Ai,Aj) =gij, i,j = l,...,n (1.3) 

(cf. [15] and [31]). In the space P+‘, the hyperquadric Qi has the following equation with 

respect to the chosen frame: 

gijXiXj - 2XoXn+1 = 0. (1.4) 

The quadratic form gijX'Xj is of signature (p, q), i.e., its canonical form contains p positive 

and q negative squares. 

We will write the equations of infinitesimal displacement of the moving frames in the form 

dA, = @;A,,, u,v=O,l,..., n+l, (1.5) 

where wi are differential 1 -forms satisfying the structure equations of the space P”+l : 

dw,” = w,” AO;, (1.6) 

which are the integrability conditions of equations (1.5). If we differentiate conditions (l.l)- 

(1.3), we obtain the following equations which the forms w,” satisfy: 

and 

a0 
n+l = &)o 

n+l = 0, 0; + co;++; = 0, 

n+1 
wi - gijWi = 0, Wf - gijOi+, = 0 

(1.7) 

dgij = gik WT + gkjwf. (1.8) 

By equations (1.7), only the forms o.$, ~6, wp and w; are linearly independent. In addition, 

the forms O$ are connected with the fundamental tensor gij by equations (1.8). 

The family of frames we have constructed in the space C; depends on (n + 1)2 parameters but 

this number does not coincide with the number r of parameters on which the group of conformal 

transformations of the space Ci depends. The latter number is equal to (n + 1)2 - in(n + 1) 

where the subtrahend is equal to the number of independent among equations (1.8), i.e., r = 

i(rr + l)(n + 2). 
Thus, the structure equations of the conformal space CG can be written as 

vg=o, 

do=KAw-6A/\, 

d/c = --q A o, (1.9) 

d6’ = (p A o - 8 A 8 + (gw) A (pg-l), 

dp=(DAK--_At!?, 

where g = (gij), Vg = (dgij - gikO$ - gkjwf), o = (J) (where oi = o&), K = ~00, 

0 = (Wfi I,40 = <WY>, d is the operator of exterior differentiation, and A is the symbol of exterior 
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matrix multiplication. Note that in all exterior products of l-forms occurring in equations (1.9) 

multiplication is performed row by column: for example, a detailed writing of second equation 

(1.9) has the following form: 

2. A generalization of a conformal space is a conformal structure CO(p, 4) defined on a 

differentiable manifold M of dimension n. 

Let M be a differentiable manifold of dimension IZ = p + q defined over reals IR. Consider 

the frame bundle consisting of vectorial frames {ei} and the conjugate coframe bundle {o’ } 
consisting of l-forms on M such that 

o’(q) = 6;. 

Let g be a nondegenerate quadratic form of signature (p, q) (where p -t q = n): 

i j 
g=gijOO 7 i, j, k = 1, . . . , n. (1.10) 

The form g defines a Riemannian metric on M, and the tensor gij = gji is its metric tensor. 

The l-form w = {w’ ) is a vectorial form with its values in T,(M). This l-form is defined in the 

first-order frame bundle over M. 

A pair (M, g) is called a Riemannian manifold. 

Two Riemannian metrics g and 2 given on the manifold M are conformally equivalent if 

there exists a function a(x) # 0, x E 44, such that 

g = ag. 

Definition 1.1. A conformal structure on the manifold M is the collection of all conformally 

equivalent Riemannian metrics given on M. 

We will denote such a structure by CO(p, q). Note that on the conformal structure CO(p, q), 

the form (1.10) is relatively invariant, and on the Riemannian manifold (M, g), it is absolutely 

invariant. 

Note also that if (T(X) > 0, then the forms g and g have the same signature, and if D(X) < 0, 

then the form g is of signature (q, p). Thus, the structures CO(p, q) and CO(q, p) are equiv- 

alent: CO(p, q) - CO(q, p). 

The equation g = 0 defines in U”(M) = TX(M) @I @ a cone C, of second order and of 

signature (p, q) which is called the isotropic cone: 

Conversely, it is easy to see that the structure CO(p, q) is deJned on a real manifold 174 by 

ajibration of cones C, of second order and of signature (p, q). Thus, 

CO@, 4) = (M’ u Cx(P, s> I c* c @T,(M)). 
XEM 
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The structure group G of the structure CO(p, q) is locally isomorphic to the subgroup of 
GL(n, R) leaving invariant the cone CX: 

GgSOtp,q)xH, p+q=n, 

where SO(p, q) is the special n-dimensional pseudoorthogonal group of signature (p, q) (the 

connected component of the unity of the pseudoorthogonal group O(p, q)), H is the group of 

homotheties, and E is the symbol of local isomorphism. 

In e7” (AZ), the action of the group G is as follows: 

It follows that the structure CO(p, q) is a G-structure ofjirst order on M with the structure 

group G. 

3. Let us consider some particular cases and examples of CO(p, q)-structures. 

First, if p = n and q = 0, then we have the proper conformal structure CO(n, 0) = CO(n). 

In this case, the cone C,X is imaginary, and structural group G g O(n) x H. If 0 < q < n, 

then we have a pseudoconformal structure. For this structure, the cone C, is real. In particular, 

if p = 1 and q = n - 1, then we obtain a pseudoconformal structure of Lorentzian type, and if 

2 < p < n - 2, the CO(p, q)-structure is called ultrahyperbolic. 

Example 1.2. Since there is an isotropic cone C, of signature (p, q) at any point x of the 

pseudoconformal space Ci defined in Subsection 1, this space carries a CO(p, q)-structure. We 

will call the CO(p, q)-structure associated with the space C; conformaZZyJlat. 

It is obvious that the quadric Qi , which arises if one apply the Darboux mapping to the space 

C:, carries also a conformally flat CO(p, q)-structure defined by the asymptotic cones of Qa 

(C, = Q: n Tx(Qi)) (see Subsection 1). 

Example 1.3. Suppose that n = 4. Then there are three CO(p, q)-structures: CO(4,0)- (or 

CO(4)-), CO(l) 3)- and CO(2, 2)-structures. 

On the CO(2, 2)-structure, the cones C, carry two families of real plane generators, a- and 
B-planes, that form the isotropic distributions E, and ED on M. Thus, G 2 SL(2) x SL(2) x H. 

On the CO( 1, 3)-structure, the cones C, carry a family of real rectilinear generators and two 
families of complex plane generators; Eg = E,; G g SL(2, C) x H g SL(2, C) x H, and the 

groups SL(2, @) and SL(2, c) act concordantly on E, and Eg. Note that in general relativity, 
C, are light cones. 

On the C0(4)-structure, the cones C, are pure imaginary, E, and Eg are self-conjugate: 

E, = E,; Ep = Ep, and G 2 SU(2) x SU(2) x H, where SU(2) is the special two-dimensional 
unitary group. 

4. The l-form w = {w’} is defined in the bundle X’ (M) of frames of first order. In addition 

to this form, one can invariantly define a matrix l-form 6’ = (w)) and a scalar form K in the 
bundle X2(M) of frames of second order, and a covector l-form p = (Oi) in the bundle T’(M) 
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of frames of third order (see [7]). All these forms satisfy the following structure equations: 

vg = 0, 

dK = -cp A w, 

de=IOAo--er\+(gw)r\(~g-‘)+O, 

(1.11) 

where, as in formulas (1.9), Vg = (dgij - giko: - gkjwk), and the 2-forms 0 = (0)) and 

@ = (QL) are the curvature 2-forms. Note that for 0 = CD = 0, the structure equations (I. 11) 

coincide with the structure equations (1.9) of the pseudoconformal space Ci. Thus, the space 

C’(‘l carries the curvature-free CO(p, q)-structure, i.e., the space Cz is conformally~at. 

We will now clarify the geometric meaning for the 1 -forms 19, K, and q. 

First, we note that the first of equations (1.11) is the condition for the cone C, to be invariant. 

As to other equations of (1 .l l), if wi = 0, then they become the structure equations of a 

pseudoconformal space Cy in which also w ’ = 0 being set (i.e., a point A0 is fixed): 

d/c = 0, de = -6’ A 8, dq==Ar\--_A@. (1.12) 

From equations (1.12) it follows that 
( 1) The form K is an invariant form of the group H of homotheties acting in the space T, (M) 
(2) The form 8 is an invariant forms of the special pseudoorthogonal group SO(p, q) leaving 

the points x and y invariant. 
(3) The forms K and 8 are invariant forms of the structural group G of the pseudoconfor- 

ma1 structure CO(p, q) whose transformations leave cone C,x(p, q) invariant. The group G is 

isomorphic to the direct product SO(p, q) x H: 

G Z SO(p. q) x H. (1.13) 

(4) The 1 -forms 8, K, and sp are invariant forms of the group G’ which is a differential prolonga- 

tion of G. The group G’ is the group of motions of the space (Ci), which is the compactification 

of the tangent space r,(M): (Ci)X = T,(M) U C,, and (Ci), is referred to a frame (x. y, a;) 

where a; are hyperspheres passing through the points x and y. 

(5) The covector q is an invariant form of the group of translations T(p + q) of the pseudo-, 

Euclidean space Rt = Cl; \C., whose transformations move the point y . 
Thus, the group G’ is isomorphic to the semidirect product G b< T(p + q), i.e., 

G' 2 G k T(p + q) 2 (SO(p, q) x H) b< T(p + q>, 

and is the group of motions of the space Ri . 

(1.14‘1 

Since the group G’ does not admit further prolongations, a pseudoconformal structure 

CO(p, q) is a G-structure ofjnite type two (see [29] for definition of finite type). 

The structure equations of the CO(p, q)-structure in the form (1.11) can be found in 
[ 15,18,5,7]. Cartan [ 151 called equations (1.11) the structure equations of the normal con 

formal connection associated with the quadratic form g. Note also that while in [ 151 only proper 



184 MA. Akivis, VV Goldberg 

conformal structures were considered, in [ 13,141 the pseudoconformal structures were studied 

as well. 

5. The forms 

C3;. = b;,,Wk A w’, @i = CijkUj A Wk (1.15) 

appearing in the last two equations of (1.11) are called the curvature forms of the CO(p, q)- 

structure. The quantities bi,, are the components of the tensor of conformal curvature (the Weyl 

tensor) b = {b;kl} of the CO(p, q)-structure, and the quantities Cijk together with bi,, constitute 

a homogeneous geometric object (b, c) = {b;,,, cijk}. The tensor bTikr is defined in a third-order 

differential neighborhood of a point x E M. It satisfies all conditions which the curvature tensor 

of a Riemannian manifold satisfies, and in addition, the tensor bfikl is trace-free: 

b;ki = 0 

(see, for example, the book [17]). 

(1.16) 

The geometric object (b, c) is defined in a fourth differential neighborhood of a point x E M. 

If n 3 4, the quantities cijk are expressed linearly in terms of the covariant derivatives of the 

tensor b),, : 

(1.17) 

Thus, if n > 4 and b = 0, then c = 0, and the CO(p, q)-structure is locally flat. Note that if 

n = 3, then b = 0, and the condition c = 0 is the condition for the CO(p, q)-structure to be 

locally flat. 

Since the second equation of (1.11) does not have an exterior quadratic form of type (1.15), 

a CO(p, q)-structure is torsion-free. 

It is proved in [4] (see also [7]) that for the CO(2,2)-structure, the tensor b of conformal 

curvature splits into two subtensors b, and bs: b = b, i b,, and b, and bp are the curvature 

tensors of the fibre bundles E, and Eg (see Subsection 3). Each of the subtensors b, and b, has 

five independent components. 

Since for the CO( 1, 3)-structure, the fiber bundles E, and Eg are complex conjugates, its 

curvature tensor admits two complex conjugate representations b, and bg, b, = ba, which 

themselves are the curvature tensors of the fiber bundles E, and Eg. For the C0(4)-structure, 

we again have the splitting b = b, i b,, and the subtensors b, and bB are self-conjugates: 

b, =b,andbg =b,. 

For p + q = 4, a conformal CO(p, q)-structure for which the tensor b, or b, vanishes is 

called conform&y semiflat. If both these tensors vanish, the structure is called conformallyflat. 

The conditions which the tensors b, and bp satisfy show that only the CO(2, 2)- and CO(4)- 

structures can be conformally semijat, and that the CO( 1, 3)-structure cannot be conformally 

semiflat without being conformallyjat. 

It is easy to see that the conformally flat CO(2,2)-structure is locally isomorphic to the 

structure of the pseudoconformal space Ci. 
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Finally note that for the C0(4)-structure the notion of local semiflatness is connected with 

the notions of self-duality and anti-self-duality introduced in [9]. 

2. Grassmann structures 

1. Let P” be an n-dimensional projective space. The set of m-dimensional subspaces P”’ c P” 

is called the Grassmann manifold, or the Grassmannian, and is denoted by the symbol G (m, n). 

It is well-known that the Grassmannian is a differentiable manifold, and that its dimension is 

equaltop=(m+l)(n-m).Itwillbeconvenientforustosetp=m+1andq=~z-m. 

Thenwehaven = p+q - 1. 

Let a subspace P”’ = x be an element of the Grassmannian G(m, n). With any subspace x, 

we associate a family of projective point frames {A,}, u = 0, 1, . . . , n, such that the vertices 

A,,, CY = 0, 1, . . . , m, of its frames lie in the plane P”‘, andthepointsA,,i=m+l,.... n,lie 

outside P” and together with the points A, make up the frame {A,} of the space P”. 

We will write the equations of infinitesimal displacement of the moving frames we have 

chosen in the form: 

dA,, = @,:‘A,,, u. 21 = 0, . . . ) n. (2.1) 

Since the fundamental group of the space P” is locally isomorphic to the group SL(n + 1 ), the 

forms 0,;’ are connected by the relation 

r9,; = 0. (2.2) 

The structure equations of the space P” have the form 

de,;’ = H,:” A 19~;:. (2.3) 

By (2.3), the exterior differential of the left-hand side of equations (2.1) is identically equal to 0, 

and hence the system of equations (2.1) is completely integrable. 

By (2.1), we have 

dA, = @A, + Q;A;. 

It follows that the l-forms 0: are basis forms of the Grassmannian. These forms are linearly 

independent, and their number is equal to p = (m + 1) (n -m) = pq, i.e., it equals the dimension 

of the Grassmannian G (m, n). We will assume that the integers p and q satisfy the inequalities 

~1 3 2 and q 3 2, since for p = 1, we have m = 0, and the Grassmannian G(0, n) is the 

projective space Pn, and for q = 1, we have m = n - 1, and the Grassmannian G(n - 1, II) 

is isomorphic to the dual projective space (P’)*. 

Let us rename the basis forms by setting 0: = CD:, and find their exterior differentials: 

Define the trace-free forms 

(2.4) 

(2.5) 
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satisfying the conditions 

w,” =o, w; = 0. 

Eliminating the forms @ and 0/ from equations (2.4), we find that 

dw:,=~~r\w;:+w~r\o:+K~wh, 

where K = (l/p) 0; - (l/q) Q,k, or by (2.2), 

K= 

Setting 

and taking the exterior derivatives of equations (2.7) and (2.Q we obtain 

and 

d/c =w” AWL. 

Exterior differentiation of equations (2.9) gives 

(2.6) 

(2.7) 

(2.8) 

(2.9) 

(2.10) 

(2.11) 

dwq=w!Aw~fwrAw~+wqAK. (2.12) 

Finally, exterior differentiation of equations (2.12) leads to identities. 

Thus, the structure equations of the Grassmannian G(m) n) take the form (2.7), (2. lo), (2.1 l), 

and (2.12). This system of differential equations is closed in the sense that its further exterior 

differentiation leads to identities. 

If we fix a subspace x = P” c P”, then we obtain ok = 0, and equations (2.10) and (2.11) 
become 

dn,B = TC,’ A,;, dn;=+n;, dn=O, (2.13) 

where n = K (6)) IT! = cot (a), TC; = wf (6), and 6 is the operator of differentiation with respect 

to the fiber parameters of the second-order frame bundle associated with the Grassmannian 

G(m, n). Moreover, the forms n! and rcj satisfy equations similar to equations (2.6), i.e., 

these forms are trace-free. The forms rr! are invariant forms of the group SL(p) which is 
locally isomorphic to the group of projective transformations of the subspace PM. The forms rcj 

are invariant forms of the group SL(q) which is locally isomorphic to the group of projective 

transformations of the bundle of (m + 1)-dimensional subspaces of the space P” containing Pm. 

The form n is an invariant form of the group H = IR* @ Id of the space P” with center at P” ; 

here R* is the multiplicative group of real numbers. 
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The direct product of these three groups is the structural group G of the Grassmann manifold 

G(m. n): 

G = SL(p) x SL(q) x H. (2.14) 

Finally, the forms np = I$ (6), which by (2.12) satisfy the structure equations 

dn,! = I-C/ A T$ + TC,! A n; + I-C,! A n, (2.15) 

are also fiber forms on the Grassmannian G (m, n) but unlike the forms ni, IT,’ and r, they are 

connected with the third-order frame bundle of the Grassmannian G (m, n). 

The forms nt . IT;, n, and rr,?, satisfying the structure equations (2.13) and (2.15), are 

invariant forms of the group 

G’ = G k T(pq) (2.16) 

arising under the differential prolongation of the structure group G of the Grassmannian 

G(m. n). The group G’ is the group of motions of an (IZ - m - 1)-quasiaffine space 

A:; -firm- I (see [28]) which is a projective space P” with a fixed m-dimensional subspace 

P”’ = Aor\A 1 A. _ . AA,, and the generating element Prz-‘n-r = A,, 1 A. . . A A,, . The dimension 

of the space A:--,,_, coincides with the dimension of the Grassmannian G(n -m - 1, n), and this 

dimension is the same as the dimension of the Grassmannian G (m, n): p = (m + 1) (n -m). The 

forms np are invariant forms of the group T(pq) of parallel translations of the space A::_,,,_, . 

and the group G is the stationary subgroup of its element Pr’-“P’. 

In the index-free notation, the structure equations (2.7) and (2.10)-(2.12) of the Grassmannian 

G ( m. n) can be written as follows: 

dw=KAw-@A&-$jAw, 

(2.17) 

where w = (ok) is the matrix l-form defined in the first-order fiber bundle; K is a scalar l-form; 

0, = (WE) and Qp = (0;) are the matrix l-forms defined in a second-order fiber bundle for 

which 

tr Q, = 0, tr BP = 0; 

cp = (~9) is a matrix l-form defined in a third-order fiber bundle; and Z, = (6:) and Zp = (~5: ) 

are the unit tensors of orders p and q, respectively. 
Along with the Grassmannian G(m, n), in the space P’* one can consider the dual manifold 

G(n - IYZ - 1, n). Its base forms are the forms up, and its geometry is identical to that of the 

Grassmannian G (m, n). 
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2. With the help of Grassmann coordinates, the Grassmannian G(m, n) can be mapped onto a 

smooth algebraic variety fl (m, n) of dimension p = pq embedded into a projective space P N 

of dimension N = (pi”) - 1. 

Supposethatx =A~AA~ A... A A, is a point of the variety CZ (m, n). Then 

dx = tx + o&e:, (2.18) 

where t = 000 + . . . + w: and 

e$=Aor\... A A,_1 A Ai A Aa+, A.. . A A,, 

and the points e: together with the point x determine a basis in the tangent subspace TX (Sz). 

The second differential of the point x satisfies the relation 

where 

e:p = A0 A . . . A Am-1 A Ai A Aa+l A.. . A A,+1 A Aj A AD+, A.. . A A, 

are points of the space PN lying on the variety S2 (m , n). The quadratic forms 

(2.19) 

(2.20) 

are the second fundamental forms of the variety !YJ c P N. 

The equations w$ = 0 determine the cone of asymptotic directions of the variety CJ at a 
point x E St. The equations of this cone can be written as follows: 

rank(wL) = 1. 

In view of (2.21), parametric equations of this cone have the form 

(2.21) 

wb, = tad, a=O,l,...,m; i =m+l,...,n. (2.22) 

If we consider a projectivization of this cone, then ta and s’ can be taken as homogeneous 

coordinates of projective spaces P” and Pn-*-’ . Thus such a projectivization is an embedding 
of the direct product PP-’ x P4-l into a projective space PP-’ of dimension p - 1. Such an 

embedding is called the Segre variety and is denoted by S(p - 1, q - 1). This is the reason that 

the cone of asymptotic directions of the variety Q determined by equations (2.21) is called the 

Segre cone. This cone is denoted by SC,(p, q) since it carries two families of plane generators 
of dimensions p and q. Plane generators from different families of the cone SC,(p, q) have a 
common straight line. It is possible to prove that the cone SC,(p, q) is the intersection of the 

tangent subspace T, (S2) and the variety !Ck 

The differential geometry of Grassmannians was studied in detail in the paper [3]. 
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1. Now we can define the notion of an almost Grassmann structure. 

Definition 3.1. Let M be a differentiable manifold of dimension pq, and let SC(p, q) be 

a differentiable fibration of Segre cones with the base M such that SC,(M) c 7”(M), 

x E M. The pair (M, SC(p, q)) is said to be an almost Grassmann structure and is denoted by 

AG(p - 1, p + q - 1). The manifold M endowed with such a structure is said to be an almost 

Grassmann manifold. 

As was the case for Grassmann structures, the almost Grassmann structure AG(p - 1, p + 

q - 1) is equivalent to the structure AG(q - 1, p + q - 1) since both of these structures are 

generated on the manifold M by a differentiable family of Segre cones SC, (p, q). 

Let us consider some examples. 

Example 3.2. The main example of an almost Grassmann structure is the almost Grassmann 
structure associated with the Grassmannian G(m, n). As we saw, there is a field of Segre cones 

SC,(p, q) = T,(Q) n 52, x E Q, where p = m + 1 and q = n - m, which defines an almost 
Grassmann structure. 

Example 3.3. Consider a pseudoconformal C0(2,2)-structure on a four-dimensional manifold 

M. The isotropic cones C, of this structure carry two families of plane generators. Hence, these 

cones are Segre cones SC, (2,2). Therefore, a pseudoconformal C0(2,2)-structure is an almost 

Grassmann structure AG (1,3). 

If we complexify the four-dimensional tangent subspace T, ( M4) and consider Segre cones 
with complex generators, then conformal CO( 1,3)- and C0(4,0)-structures can also be con- 

sidered as complex almost Grassmann structures of the same type AG( 1, 3). However, in this 

paper, we will consider only real almost Grassmann structures. 

Almost Grassmann structures arise also in the study of multidimensional webs (see [8] 

and [21]). 

Example 3.4. Consider a three-web formed on a manifold M2Y of dimension 2q by three 
fohations h, , u = 1, 2, 3, of codimension q which are in general position (see [l] and [SJ). 

Through any point x E M 2q there pass three leaves 3U belonging to the foliations h,,. In , 

the tangent subspace Tx(M2q), we consider three subspaces T,(3[,) which are tangent to 3U 

at the point x. If we take the projectivization of this configuration with center at the point X, 

then we obtain a projective space P 2q-’ of dimension 2q - 1 containing three subspaces of 

dimension q - 1 which are in general position. These three subspaces determine a Segre variety 

S( I, q - l), and the latter variety is the directrix for a Segre cone SC,V (2, q) c TX (M’*). Thus, 

on M*“, a field of Segre cones arises, and this field determines an almost Grassmann structure 
on M’“. 

The structural group of the web W(3,2, q) is smaller than that of the induced almost Grass- 

mann structure, since transformations of this group must keep invariant the subspaces TX (3L,). 

Thus, the structural group of the three-web is the group GL(q). 
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Example 3.5. Consider a (p + 1)-web W(p + 1, p, q) = (M; hl, . . . , A,+,) formed on a 
differentiable manifold M of dimension pq by p + 1 foliations h, , u = 1, . . . , p + 1, of 

dimension q which are in general position on M (see [19] or [21]). 

As in Example 3.4, the tangent spaces TX (3u) define the cone SC, (p, q) > TX (3u), and the 

field of these cones defines an almost Grassmann structure AG(p - 1, p + q - 1) on M. 

The structural group of the web W(p + 1, p, q) is the same group G = GL(q) as for the 

web W (3,2, q), and this group does depend on p. 

2. The structural group of the almost Grassmann structure is a subgroup of the general linear 

group GL(pq) of transformations of the space T,(M), which leave the cone SC,(p, q) c 

T,(M) invariant. We denote this group by G = GL(p, q). 

To clarify the structure of this group, in the tangent space T,(M), we consider a family of 

frames {ep}, o! = 1, . . . , p; i = p + 1, . . . , p + q, such that for any fixed i, the vectors e: 

belong to a p-dimensional generator e of the Segre cone SC, (p, q), and for any fixed CX, the 

vectors er belong to a q-dimensional generator n of SC, (p, q). In such a frame, the equations 

of the cone SC, (p, q) can be written as follows: 

z:, = to,,+, a = l,...,p, i=p+l,...,p+q, (3.1) 

where zh are the coordinates of a vector z = zkeg c T,(M), and ta and si are parameters on 

which a vector z c SC,(M) depends. 

The family of frames {e”} attached to the cone SC,(p, q) admits a transformation of the 

form 
‘e? = A*A!e! I B 1 I’ (3.2) 

where (AZ) and (Afi) are nonsingular square matrices of orders p and q, respectively. These ma- 

trices are not defined uniquely since they admit a multiplication by reciprocal scalars. However, 

they can be made unique by restricting to unimodular matrices (AZ) or (A/): det(Az) = 1 or 

det(A{) = 1. Thus the structural group of the almost Grassmann structure defined by equations 

(3.2), can be represented in the form 

G = SL(p) x GL(q) Fz GL(p) x SL(q), (3.3) 

where SL(p) and SL(q) are special linear groups of dimension p and q, respectively. Such a rep- 

resentation has been used by Hangan [23,24,25], Goldberg [20] (see also the book [21, Ch. 21, 

and Mikhailov [27]. Unlike this approach, we will assume that both matrices (A;) and (A!) are 

unimodular but the right-hand side of equation (3.2) admits a multiplication by a scalar factor. 
As a result, we obtain a more symmetric representation of the group G: 

G = SL(p) x SL(q) x H, (3.4) 

where H = IF!* 8 Id is the group of homotheties of the TX (M). 

It follows that an almost Grassmann structure AG(m, n) is a G-structure ofjirst order: 

It follows from condition (3.1) that p-dimensional plane generators 6 of the Segre cone 
SC,(p, q) are determined by values of the parameters si, and ta are coordinates of points of 
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a generator e. But a plane generator 6 is not changed if we multiply the parameters si by the 

same number. Thus, the family of plane generators 6 depends on q - 1 parameters. 

Similarly, q-dimensional plane generators q of the Segre cone SC,r(p, q) are determined 

by values of the parameters t,, and si are coordinates of points of a generator 7. But a plane 

generator q is not changed if we multiply the parameters ta by the same number. Thus, the 

family of plane generators r] depends on p - I parameters. 

The p-dimensional subspaces { form a fiber bundle on the manifold M. The base of this 

bundle is the manifold M, and its fiber attached to a point x E M is the set of all p-dimensional 
plane generators 6 of the Segre cone SC, (p, q). The dimension of a fiber is q - I, and it is 

parametrized by means of a projective space P,, dim P, = q - I. We will denote this fiber 
bundle of p-subspaces by I?, = (M, P@). 

In a similar manner, q-dimensional plane generators q of the Segre cone SC., (p, q) form on 

M the fiber bundle E, = (M, Pp) with the base A4 and fibers of dimension p - 1 = dim Pti. 

The fibers are q-dimensional plane generators q of the Segre cone SC, (p, q) . 

Consider the manifold M, = M x P, of dimension pq + q - 1. The fiber bundle E, induces 

OJI M, the distribution Acy of plane elements ccr of dimension q. In a similar manner, on the 

manifold Mp = A4 x Pp the fiber bundle E, induces the distribution Ab of plane elements rlkl 

of dimension p. 

Definition 3.4. An almost Grassmann structure AG(p - 1, p + q - 1) is said to be a-. 

Lsem.iintegrabZe if the distribution A, is integrable on this structure. Similarly, an aimost Grass-- 

mann structure AG(p - 1, p + q - 1) is said to be fi-semiintegrable if the distribution A, is 

integrable on this structure. A structure AG(p - 1, p + q - 1) is called integrable if it is both 

cy- and fi-semiintegrable. 

Integral manifolds ?, of the distribution A0 of an a-semiintegrable almost Grassmann struc- 
ture are of dimension p. They are projected on the original manifold M in the form of a xub- 

manifold V, of the same dimension p, which, at any of its points, is tangent to the p-subspace 

[,! of the fiber bundle Ep. Through each point .u E M, there passes a (q - I)-parameter family 

of submanifolds Vu. 

Similarly, integral manifolds Vj of the distribution A, of a p-semiintegrable almost Grass-, 
mann structure are of dimension q. They are projected on the original manifold M in the form 

of a submanifold V, of the same dimension q, which, at any of its points, is tangent to the q- 

subspace TB of the fiber bundle E,. Through each point x E M, there passes a (p - 1 )-parameter 

family of submanifolds VP. 

If an almost Grassmann structure on M is integrable, then through each point x E M. 

there pass a (q - I)-parameter family of submanifolds Vu and a (p - I)-parameter family of’ 

submanifolds Vp which were described above. 

The Grassmann structure G(m, n) is an integrable almost Grassmann structure AG(m, n) 

since through any point x E fi (m, n), onto which the manifold G(m. n) is mapped bijectively 

under the Grassmann mapping, there pass a (q - I )-parameter family of p-dimensional plane 

generators (which are the submanifolds V,) and a (p - I)-parameter family of q-dimensional 
plane generators (which are the submanifolds Vp). In the projective space P”, to submanifolds 
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V, there corresponds a family of m-dimensional subspaces belonging to a subspace of dimension 

m + 1, and to submanifolds VP there corresponds a family of m-dimensional subspaces passing 

through a subspace of dimension m - 1. 

3. We will now write the structure equations which the forms CO; satisfy. These structure 

equations differ from equations (2.7) only by the fact that they contain an additional term with 

the product of the basis forms: 

do:, = w,B A IS; + 0: A w; + K A w:, + u$o; A CL+, 

where u@.~ = -uiYB 
@ cukj, and as earlier (see conditions (2.6)), we have 

(3.5) 

WY = 0 
Y ’ 

0; = 0. (3.6) 

If we prolong equations (3.5), we can see that the quantities U$ as well as the quantities 

u!; = u:!; and US = ~2: form geometric objects defined in a second-order neighborhood of 

the almost Grassmann structure AG(p - 1, p + q - 1). 

The following lemma can be proved (see [6, Section 7.21): 

Lemma 3.7. By a reduction of third-orderframes of the almost Grassmann structure AG(p - 

1, p + q - l), the geometric objects uf; and uz can be reduced to 0: 

ui,y = 0 t ufiy=o. 

The reduction indicated in Lemma 3.7 can be carried out by means of the fiber forms rc!l 

and rrj: which appear if one finds exterior differentials of the forms oi and CO;. 

If we denote by a:$ the values of the quantities u$ in a reduced third-order frame, then the 

quantities a:;: satisfy the conditions 

az,Y = 0, a’tY = 0 
aik ’ (3.7) 

iBy iyB 
aajk = -a,kj, (3.8) 

and 

V6ai$ + a$, = 0, (3.9) 

where VJa$ = &a$ - a$rz - a L$$ - a$$ + a$xj + az:?r,P + aajknb, 

iso y 

I$ = a$, (6)) IT: = cot (A), IT: = o$ (6). This implies the following theorem. 

Theorem 3.8. The quantities a:::, deJined in a second-order neighborhood by the reduction of 

third-order frames indicated above, form a relative tensor of weight - 1 and satisfy conditions 

(3.7) and (3.8). 

Definition 3.9. The tensor a = {a$} is said to be the first structure tensor, or the torsion 

tensor, of an almost Grassmann manifold AG(p - 1, p + q - 1). 
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After the reduction of third-order frames has been made, the first structure equations (3.5) 

become 

do:, = w; A W; + o! A w; + K A OJ:, + &$I_$ A w”, . (3.10) 

The expressions of the components of the tensor a = {a:$} in the general (not reduced) 

third-order frame was found in [20] (see also [21, Section 2.21). These expressions are: 

(3.11) 

where the alternation is carried out with respect to the pairs of indices (y), (1) or (f), (r), and 

/YO YO 
-U,,k = -u,k, 

If we prolong equations (3.10) and make a reduction of fourth-order frames of the almost 

Grassmann structure AG(P - 1, p + q - l), we will find the following remaining structure 

equations of AG(p - 1, p + q - 1) which the forms ot, uf and K satisfy: 

(3.12) 

where the quantities b{fz and by; are defined in a third-order neighborhood and satisfy the 
conditions 

b 466 
a/m = 0, bkAE _ 0 

klm - ’ (3.13) 

Note that the last conditions in (3.12) and (3.13) are the result of reduction of fourth-order 

frames mentioned above. 

If we prolong equations (3.12) and set wi = 0 in the resulting equations, we find that the 

quantities b{fi and b$fn satisfy the following equations: 

Vsbt;,’ + 2b,p$r - 
P4 

2(P + 4) 
2s,s,z;6 - S,Ya$” + C&$$y lr; = 0, 

) 
(3.14) 

iyS iy6 
VJbjkl + 2bjk,n + 

P4 

2(P + 4) 
2S;a:;; - +z;:” + &zgn,:, = 0, 

where the operator VJ is defined in the same way as in formula (3.9), and 6 is the symbol of 

differentiation with respect to the fiber parameters. It follows from equations (3.14) that the 
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quantities {@~} and {b’yi) do not form tensors or even,homogeneous geometric objects, but 

the quantities {bit, .vJ c&Tk } as well as the quantities {bzi, a$} form linear homogeneous objects. 

They represent two subobjects of the second structure object (or the torsion-curvature object) 

{a$;, b$f, bz!} of the almost Grassmann structure AG(P - 1, p + q - 1). 

Moreover, the prolongation of equations (3.12) leads to the following structure equations: 

dwr-wPr\w;5-w,r\o~+KAWq=c~~Oky~Wljl-a~~,:~~;$, (3.15) 

ffBY where cijk = -c:$~. 

In addition, taking exterior derivatives of the last equation of (3.12) and applying (3.10) and 
MY. (3.15), we find the following condition for the quantities cijk . 

c;;y = 0. 
I 

(3.16) 

Finally, if we prolong equations (3.15), we find that 

where 

Vc;y = dc$ MY I 
- ‘ljk @i - ‘ilk ff%o; - c$L& + c;fkycug + c~$B~ + c$q, 

For 0: = 0, it follows from equation (3.17) that 

V&sky + 3c$‘n - bs;;n” + b;,$; + @;~~a$ + a$+a$,$~f, = 0. (3.18) 

Equations (3.9), (3.13), and (3.18) prove that the quantities {&$I, bf[i, b$, c;p} also form a 

linear homogeneous object which is called the third structure object of the almost Grassmann 

structure AG(m, n). Note that the torsion tensor {a:!:) is defined in a second-order differen- 

tial neighborhood of a point x E 44, the second structure object {a$;, bfL,f, bz{} is defined 

in a third-order differential neighborhood of a point x E M, and the third structure object 

{a:‘$, b,“;;, b$' , cyp} is defined in a fourth-order differential neighborhood of a point x E M. 

The structure equations (3.10), (3.12) and (3.15) can be written in the index-free notation as 

follows: 

d0, + 0, A 0, = ’ ~[-l,tr(Wnw)+pcpr\w]+0,, 
p+q 

de, + ~9~ A 0, = ’ ~[-Z~tr(wAw)+qor\cp]+Og, 
p+q 

(3.19) 

dK =tr(rpAW), 

d~++8,A40+40A88+KA~=--_(a~p)Aw+~, 

where w = (u:) is a matrix 1 -form defined in the first-order frame bundle; K is a scalar 1 -form, 
0, = (w;) and 8~ = (w;) are the matrix l-forms defined in the second-order frame bundle for 
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which 

tr8, = 0, tr 8p = 0; 

cp = (WY) is a matrix l-form defined in a third-order fiber bundle; Z, = (6:) and Z, = (6,‘) 

are the unit tensors of orders p and q, respectively; the 2-form R = (Q;) is the torsion form; 

and the 2-forms 0, = (O(l,), 0~ = (O:), and Q, = (a:) are the cun/ature 2-forms of the 

A G(p - 1, p + q - 1 )-structure. The components of 2-forms Q, 0, , Op and @ are 

(3.20) 

4. The restrictions of equations (3.19) to a fiber frame bundle, i.e., for w = 0, have the form 

dK = 0, 

(3.21) 

From equations (3.21) it follows that 

( 1) The form K is an invariant form of the group H of homotheties acting in the space T, (M). 

(2) The forms Q, and 19p are invariant forms of the special linear groups SL(p) and SL(q), 

respectively. 

(3) The l-forms K, O,, and 0~ are invariant forms of the structural group G of the almost 

Grassmann structure AG(m, n) whose transformations leave cone SC., (p, q) invariant. As 

noted earlier, the group G is isomorphic to the direct product SL(p) x SL(q) x H: 

G Z SL(p) x SL(q) x H. (3.22) 

(1) The 1 -forms K, da, El,, and cp are invariant forms of the group G’ which is a differential 

prolongation of G. The group G’ is isomorphic to the group G k T(pq) whose subgroup T(pq) 

is defined by the invariant forms I$. Thus, 

G’ ^” @L(p) x SL(q) x H) k T(pq). (3.23) 

Since the group G’ does not admit further prolongations, an almosf Grassmann structure 

AG(m, 17) is a G-structure offinite type two. 

In order to describe the group G’ geometrically, we compactify the tangent subspace T, (M) 

by enlarging it by the point at infinity, y = 00, and the Segre cone SCy(p, q) with its vertex at 

this point. Then the manifold TV(M) n SC,.(p, q) is equivalent to the algebraic variety R (p. q). 

Since the point X, at which the variety 5-J (p, q) is tangent to the manifold M, is fixed. the 

geometry defined by the group G’ on s2 (p. q) is equivalent to that of the space obtained as a 

projection of the variety fi (p, q) from the point x onto a flat space of dimension pq. The group 

G’ is the group of motions of this space, its subgroup G is the isotropy group of this space, and 

the subgroup T(pq) is the subgroup of parallel translations. 
The group G’ can be also represented as the group of motions of a projective space P” leaving 

invariant a fixed subspace Ptn = x. The subgroup SL(p) of G’ is locally isoporphic to the 
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group of projective transformations of the subspace P”; the subgroup SL(q) of G’ is locally 

isomorphic to the group of transformations in the bundle of (m + 1)-dimensional subspaces of 

P” passing through x; the subgroup H of G’ is the group of homotheties with its center at X; 

and the subgroup T(pq) of G’ is the group of translations of the subspaces y = Pn+-l which 

are complementary to x = P” in P" . 

5. As it was proved in [20] (see also [21] and [27]), the torsion tensor a = {a$} of an almost 

Grassmann structure AG(p - 1, p + q - 1) satisfying conditions (3.7)-(3.8) decomposes into 

two subtensors: 

a =a, -Lag, (3.24) 

where aa = {a:$, } and ag = {a::?‘}. Note that aL!yk) = aL:y’ and a::?) = a$,. 

It is easy to see that the components of the subtensors aa and ag satisfy the conditions similar 

to conditions (3.8). 

In addition, it is easy to prove that: 

(1) Ifp = 2, then a, = 0. 

(2) Zfq = 2, then ag = 0. 

There are certain dependencies between three structure objects indicated above. Let us set 

b’ = {b$}, b2 = {bzlf} and c = {cy;‘}. It can be proved that 

(1) Zfq > 2, then the components of b2 are expressed in terms of components of the tensor a 

and their PfafJian derivatives, and the components of c are expressed in terms of components 

of the object (a, b2) and their PfafJian derivatives. 

(2) If p > 2, then the components of b’ are expressed in terms of components of the tensor a 

and their Pfaflan derivatives, and the components of c are expressed in terms of components 

of the (a, b’) and their PfafJian derivatives. 

(3) If p > 2 and q > 2, then the components of b and c are expressed in terms of components 

of the tensor a and their PfafJian derivatives. 

However, the tensor a itself is not arbitrary since if we substitute for the components b 

and c their expressions in terms of the tensor a and its Pfaffian derivatives into conditions of 

integrability of the structure equations (3.12) and (3.15), we obtain certain algebraic conditions 
for the components of the tensor a and its covariant derivatives. The latter conditions are 

analogues of the Bianchi equations in the theory of spaces with affine connection. 

The structure object S = {a, b, c} of the almost Grassmann structure AG(p - 1, p+q - 1) is 

complete in the sense that if we prolong the structure equations (3.19) of AG(p - 1, p + q - l), 
then all newly arising objects are expressed in terms of the components of the object S and 
their Pfafhan derivatives. This follows from the fact that the almost Grassmann structure 

AG(p - 1, p + q - 1) is a G-structure ofjinite type two. 

Definition 3.10. An almost Grassmann structure AG(p - 1, p + q - 1) is said to be locally 

Grassmann (or ZocaZZyJEat) if it is locally equivalent to a Grassmann structure. 
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This means that a locally flat almost Grassmann structure AG(p - 1, p + q - 1) admits a 

mapping onto an open domain of the algebraic variety 52 (m , n) of a projective space P N, where 

N= - 1, m=p-I, n=p+q-1, 

under which the Segre cones of the structure A G (p -- 1, p + q - 1) correspond to the asymptotic 

cones of variety R (m, n). 

From the equivalence theorem of 8. Cartan (see [ 121 or [ 1 S]), it follows that in order for an 

almost Grassmann structure AG(p - 1, p + q - 1) to be locally Grassmann, it is necessary 

and sufficient that its structure equations have the form (2.17). Comparing these equations with 

equations (3.19), we see that an almost Grassmann structure AG(p - 1, p + q - 1) is locally 

Grassmann if and only if its complete structure object S = (a, b, c) vanishes. 

However, as was noted above, if p > 2 and q > 2, the components of b are expressed in 

terms of the components of the tensor a and their Pfaffian derivatives, and the components of c 

are expressed in terms of the components of the subobject (a, b) and their Pfaffian derivatives. 

Moreover, it can be proved that the vanishing of the tensor a on a manifold A4 carrying an almost 

Grassmann structure implies the vanishing of the components of b and c. 

This implies the following result. 

Theorem 3.11. For p > 2 and q > 2, an almost Grassmann structure AG(p - 1, p + q - 1) 
is locally Grassmann [f and only if its-first structure tensor a vanishes. 

4. Semiintegrahility of almost Grassmann structures 

1. Now we will prove the following necessary and sufficient conditions for the almost Grass- 

mann structure AG(p - 1, p + q - 1) to be (Y- or B-semiintegrable. 

Theorem 4.1. (1) Ifp > 2 and q 3 2, thenforan almost Grassmann structure AG(p - 1. p + 

q - 1) to be a-semiintegrable, it is necessary and st@cient that the following condition holds: 

a, = b: = bz = 0, 

( 2) Ij’y 3 2 and q > 2, then for an almost Grassmann structure AG(p - 1, p + q - 1) to be 

B-.semiintegrable, it is necessary and suficient that the following condition holds: 

ap = bh = hi = 0. 

Proof. We will prove part ( 1) of theorem. The proof of part (2) is similar. 

Supposethat&, (11 = 1,. . . , p, are basis forms of the subvarieties V, , dim V, = p, indicated 

in Definition 3.6. Then 

Lo; = s’&, a= l,...,p; i=p+l,...,p+q. (4.1) 

For the structure AG(p - 1, p + q - 1) to be a-semiintegrable, it is necessary and sufficient 

that system (4.1) be completely integrable. Taking the exterior derivatives of equations (4.1) by 
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means of structure equations (3.10), we find that 

(ds’ + sjo; - s’w) A 0, + &de, - lN,B A ep> = a;$#ep A 8,. 

It follows from these equations that 

where qt is a l-form that is not expressed in terms of the basis forms f3,. 

For brevity, we set 

yj = ds’ + ,j,> - Si@. (4.4) 

(4.2) 

Then the exterior quadratic equation (4.2) takes the form: 

(S,B& + si$9,B) A 0, = a$sjsk6$ A 8,. 

From (4.5) it follows that for 0, = 0, the l-form @vi + siqt vanishes: 

6,B$ (6) + sip,B(S) = 0. 

(4.5) 

(4.6) 

Contracting equation (4.6) with respect to the indices c! and /!I, we find that 

pi = -&p(8), @J = 8$(8), 

where we set ~(8) = cpo,Y/p. 

(4.7) 

It follows from (4.7) that on the subvariety V,, the l-forms sp’ and qi can be written as 
follows: 

fj = -s’qo + si%$, p,B = & +~‘Yo,. 

Substituting these expressions into equations (4.3) and (4.4), we find that 

df& - mB A 0, = sBy8y A 6$ a (Y 

where sBY = ga@‘], and (Y 
., 

ds’ + sJo; - S’K = -s’cp + s%$. 

Substituting (4.9) and (4.10) into equation (4.2), we obtain 

_ sis,BY _ 8;Bslilvl = a$Yl,jsk_ 

Contracting equation (4.11) with respect to the indices (Y and j3, we find that 

-2s’s;y - ps’y + siy = 0. 

It follows that 

(4.8) 

(4.9) 

(4.10) 

(4.11) 

siy = sisy, 

where we set SY = -2s,“J’/(p - 1). Substituting (4.12) into (4.1 l), we find that 

i[@l j k s’(G,Y# - S,BsY - 2s,By) = 2amjk s s . 

(4.12) 

(4.13) 
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(4.14) 

where $?$ = -szf. Substituting (4.14) into (4.13), we arrive at the equation 

(4.15) 

where the alternation sign in the right-hand side was dropped since a;::;, ilPYl = aLVjk . 
Contracting (4.15) with respect to the indices i and j and taking into’account equations (3.7) 

and (3.8), we obtain 

s”” = 0. aA 

By (4.15) it follows that 

(4.16) 

a iPv 
w(,jI;) = 0. (4.17) 

Thus, we proved that if an almost Grassmann structure AG(p - 1, p + q - 1) is cr- 

semiintegrable, then its torsion tensor satisfies the condition (4.17), i.e., a, = 0. 

Since as was noted earlier, for p = 2, the subtensor aLu = 0, condition (4.17) is identically 

satisfied. Hence while proving sufficiency of this condition for a-semiintegrability, we must 

assume that p > 2. 

Let us return to equations (4.9) and (4.10). Substitute into equation (4.10) the values .Y’@ taken 

from (4.12) and set 

g = q - A+. (4.18) 

In addition, by (4.16), relations (4.14) imply that 

Then equations (4.9) and (4.10) take the form 

d&y - (wi + St@?) A blp = 0 (4.19) 

and 

ds’ + .&II; - S’(K - 5) = 0. (4.20) 

Taking the exterior derivatives of (4.20), we obtain the following exterior quadratic equation: 

s’@ + b~~;.visks$, A 13, = 0, (4.21 i’ 

where 

@ = d? - (’ + l)q,#,,: // 0,. 
Pfq 

Next, taking the exterior derivatives of (4.19), we find that 

(4.22‘1 
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Equation (4.21) shows that the 2-form CD can be written as 

@ = AySsks% kl Y A 8 SY (4.23) 

where the coefficients A$ are symmetric with respect to the lower indices and skew-symmetric 

with respect to the upper indices. Substituting this value of the form @ into equations (4.21) 

and (4.22), we arrive at the conditions: 

(4.24) 

and 

t?$;, + S’BA;;l = 0. a (4.25) 

Contracting equation (4.24) with respect to the indices i and j and equation (4.25) with respect 

to the indices a and p, we obtain 

and 

(4.26) 

2(p - 2)A;; + b;kfi; + b;;; + bz; + b$; = 0. (4.27) 

Note that for p = 2, equation (4.25) becomes an identity, and we shall not obtain equations 

(4.27). 

If we add equations (4.26) and (4.27) and apply the last condition of (3.13), we find that 

A@ = 0 kl * 
(4.28) 

As a result, equations (4.24) and (4.25) take the form 

b;;;; = 0, b[py’] = 0 
a(kl) . 

(4.29) 

By the first conditions of (3.13), conditions (4.29) are equivalent to the conditions 

b;$, = 0, bL%” = 0. (4.30) 

It follows from equations (4.28) and (4.23) that 

do= (p+ ‘)q&,,Y ,.,o 
p+q k y’ 

(4.3 1) 

Finally, taking me exterior derivatives of equations (4.3 1) and applying (4.19), (4.20) and (3.15), 

we obtain the condition 

c’IyBy’ = 0 (Ilk) . 
(4.32) 

This equation will not be trivial only if p > 2. It is easy to check that the last condition follows 

from integrability condition (3.16). 
Thus, the system of Pfaffian equations (4.1), defining integral submanifolds of an a!- 

semiintegrable almost Grassmann structure, together with Pfaffian equations (4.10) and (4.3 1) 
following from (4.1) is completely integrable if and only if conditions (4.17) and (4.30) are 
satisfied. This concludes the proof of part (1) of the theorem. 
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We introduce the following notation: 

b: = {b;&}. bi = {b;!$“}, IffPYl 
Cm = {‘(ijk) 17 

b; = {b;;&,, b; = {b,!$“], cfi = {c[,ay ) 1. 

Note that for p = 2, we have bz = 0 and c, = 0; for 4 = 2. we have bb = 0 and cP = 0; 

for p > 2, we have c, = 0; and for 4 > 2, we have cp = 0. 

By equations (3.14) the quantities indicated above and the subtensors n, and a~ form the 

following geometric objects: 

(a,, b:), (aa, b:), Sa = (a,, b;, b:), 

(aa, $h Cap, $1, S, = Cap, b;, $1, 

which are subobjects of the second structural object and the complete structural object of the 

almost Grassmann structure. 

Now we consider the cases p = 2 and q = 2. For definiteness, we take the case p = 2. 

As we have already seen, for p = 2, the tensor a, as well as the quantities bz and c, vanish: 

a U = bz = c, = 0, and the object b: becomes a tensor. Thus, the vanishing of this tensor is, 

necessary and sufficient for the almost Grassmann structure AG( 1, q + 1) to be a-semiintegrable. 

Hence we have proved the following result. 

Theorem 4.2. (1) If p = 2, then the structure subobject S, consists only of the tensor b;, 

and the vanishing of this tensor is necessary and snficient for the almost Grussmann structure 

A G( 1, q + 1) to be a-semiintegruble. 

(2) If q = 2, then the structure subobject S, consists only of the tensor bi, and the vanishing 

of this tensor is necessary and suficientfor the almost Grassmann structure AG(p - 1, p f 1) 

(Klhich is equivalent to the structure AG( 1, p + 1)) to be ,8-semiintegrable. 

(3) If p = q = 2, then the complete structural object S consists only of the tensors bd, and bi. 

and the vanishing of one of these tensors is necessary and st.&ient for the almost Grassmann 

structure AG( 1, 3) to be CY- and /?-semiintegruble, respectively. 

We will make two more remarks: 

1) The tensors 6: and bg are defined in a third-order differential neighborhood of the almost 

Grassmann structure. 

2) As was indicated earlier, for p = q = 2, the almost Grassmann structure AG( 1, 3) is 

equivalent to the conformal CO(2, 2)-structure. Thus, by results of Subsection 1.5, we have 

the following decomposition of its complete structural object: S = b; i bj. This matches the 

splitting of the tensor of conformal curvature of the CO(2,2)-structure: b = 6, i bB 

If p = 2 or q = 2, the conditions for an almost Grassmann structure to be semiflat or flat are 

connected with a differential neighborhood of third order and cannot be expressed in terms of 

the torsion tensor a. The reason for this is that if q = 2, then, as we noted earlier, the tensor up 

automatically vanishes, and if p = 2, then the same is true for the tensor ucy. 
Finally, if p = q = 2, then for the almost Grassmann structure AG( 1, 3) we have a = 0, and 

the conditions for an AG( 1, 3)-structure to be semiflat or flat are connected with a differential 

neighborhood of third order of the manifold. 
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In fact, if p = q = 2, then the almost Grassmann structure AG(1, 3) is equivalent to the 

C0(2,2)-structure. As equations (1.11) show, the torsion tensor of the latter structure vanishes, 

and the conditions for a CO(2, 2)-structure to be semiintegrable or integrable are expressed in 

terms of the tensor of conformal curvature which is defined in a differential neighborhood of 

third order of the manifold. 

2. The following table presents the similarities and differences between the conformal structures 

CO(p, q) and almost Grassmann structures AG(m, n): 

# Property ~ CWP, 4) AG(m, n> 
1. dimM 

2. Invariant construction 

in T,(M) 

2nd order cone 

CX (P> 9) 

3. Order of G-structure / s=l 

4. Structure group ( G 2 SO(p, q) x H 
I 

5. Prolonged structure group / G’ 2 G tx T(p + q) 

6. Type of G-structure t=2 

7. Existence of torsion torsion-free 

8. Complete structure object 

9. Local space 

10. Locally flat structure C: 

Table 1 

n=p-q, 
p=m+l,q=n-m 

Segre cone 

SCx(P, 4) 

s=l 

G Z SL(p) x SL(q) x H 

G’ Z G k T(p . q) 

t=2 

torsion exists 

Ia, b, cl 

G(m, n), 

G(m, n) 

for all p and q: 

-&(M, SW)) and 

&aK Wq)) 

AGU, 3) 
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