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Partitions of Finite Abelian Groups

OLorF HEDEN

1. INTRODUCTION

A collection of subgroups G,, G,,..., G, of a group G constitute a partition of G if
every non-zero element of G is in one and only one of the groups G,, G,, ..., G,. We
shall give conditions on the existence of partitions that consist of n; groups of order g;
i=1,2,...,k and where q,<¢,<---<gq,. We shall always assume that G is a finite
abelian group.

If a finite abelian group G has a nontrivial partition then G is elementary abelian of
type (p,p,...,p) p a prime, see e.g. [7]. q1, ¢, - . ., g, and the number of elements in G
are powers of the same prime p. If k=2, q,=p", ¢,=p", n>n’, d =g.c.d.(n, n’) and if
the order of the group G is p*" then it is easy to prove that

m=s(p"-1)/(p?-1), n=p"+1-s(p”-1)/(p?-1). BN Y)

for some integer s, see Proposition 7 in Section 3. We shall show, Theorem 2 in Section
3, that if p=2 and d =1 then this condition also is sufficient, i.e. to each integer s with
0<s=<(2"+1)/(2"—1) there is a partition that satisfies (1). Probably, condition (1) is
sufficient for every p and d. In Theorem 1 in Section 3 we shall show that for arbitrary
p, n and n' (n> n’) there is to every integer s with 0<<s<m, m as in Lemma 4 in section
3, a partition which satisfies (1).

In Section 4 we shall show, using a result for mixed perfect codes, that the following
condition

v
m=(g,—1)/(gq,—1) (2)
is necessary. A well-known necessary condition is
n(g—1)+ny(g—1)+ - +tmlg-1)=q-1, (3)

where g denotes the number of elements in G. We shall show in Section 5 that this
condition together with the condition (2) is sufficient if G = GF(8) x GF(2"), n= 6, GF(q)
is the Galois field with g elements, and the partition contains one group of order 2".
However, there is one exception, no partition contains 5 groups of order 2, 3 groups of
order 4, 2" —2 groups of order 8 and one group of order 2".

Other results on the existence of partitions of finite Abelian groups are to be found in
[1], [4] and [6].

2. PRELIMINARIES

If the groups Gy, G, ..., G, constitute a partition of G then each non-zero element
of G is in precisely one of the groups G,, G, ..., G,. Hence

% (G|-1=|cl-1,

where |G;| denotes the number of elements of G;. This necessary condition for existence
of partitions we shall call the packing condition.
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If a finite abelian group G has a nontrivial partition then G is an elementary abelian
group of type (p, p, ..., p), see [7]. One consequence of this is the following proposition
which we frequently will use.

PROPOSITION 1. Suppose that G and G’ are elementary abelian groups of the same type
(p,p,...,p) and suppose that |G|=|G'|. If G has a partition containing the groups
Gy, G, ..., G, then G’ has a partition containing groups G}, G, .. ., G/, where |G| =|G}|
i=1,2,...,n

PrOOF. According to our assumptions on G and G’ there is an isomorphism ¢: G > G'.
Put Gi=¢(G;) fori=1,2,..., n Since ¢ is an isomorphism we deduce that the groups
1, G5, ..., G, constitute a partition of G'.

The finite field with p” elements we shall denote by GF(p"). The additive group of
GF(p") is elementary abelian of type (p, p, ..., p). By a partition of GF(p") we shall
always mean a partition of the additive group of GF(p").

By H x K we denote the set {(h, k)|he H, ke K}. If H and K are additive groups we
denote by {0} x K the set {(0, k)| ke K}.

Let H and K be two elementary abelian groups of type (p, p, ..., p) and suppose that
|K|=p". We shall often construct partitions of H x K by using partitions of H x GF(p")
and Proposition 1. If the additive groups H x {0} and {0} x GF(p") are included in the
partition of H X GF(p") then H x{0} and {0} x K are included in the partition of H x K
that you get from Proposition 1.

Consider S=8§,x8,x- xS, where S,, S,,..., S, are finite nonempty sets. In each
of the sets S;, S,,..., S, one element is denoted by 0. The function

d(.s—',tj=|{ils,~¢t,~,i=1,2,...,n}l, §=(S1,...,S,,)€S, lT=(t1,...,t,,)€S,'

defines a metric in S. d(§, f) is usually called the Hamming distance between § and 7. A
subset C of S is a perfect e-code if to every §€ S there is a unique ¢ C with d(§,¢)<e.
The elements of C are called codewords. If not all the sets S,, S,, ..., S, have the same
number of elements the code may be called a mixed perfect code. The subset

S.(0)={5¢8|d(5,0)=<e}, 0=(0,0,...,0)€S,
is called a e-sphere with centre 0. If C is a perfect e-code then the minimum distance

betwen codewords is 2e+1.

ProrosiTioN 2. If a finite abelian group G has a partition consisting of the groups
G, G,,..., G, then there is a perfect 1-code in G, X G, %+ + + X G,.

ProoF. See Theorem 1 in [4].

Suppose that the number of elements in n; of the sets S;, S, ..., S, areq;, i=1,2,..., m.
We also suppose that ¢, <gq,<---<gq, and that n,+n,+- - - +n,, = n. With the weight
of an element § in S we mean a m-tuple (d,, d,,...,d,) where d; is the number of
non-zero coordinates of § belonging to sets of cardinality g;.

ExAMPLE 1. Let S=8,XS,x- - - x S5 where |S;| =4 and |S;| =2 for i # 1. The element
(a,, a,, a;, a,,0) where a;#0 i=1, 2, 3,4 has the weight (3, 1).
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The weight enumerator of a code is defined to be the polynomial
C(Zy,y...,Z)=Y 2 +...- Z3r, (3)

where we sum over all the codewords ¢ and where (d,, ..., d,) is the weight of ¢

ExXAMPLE 2. Let S be as in Example 1. If C consists of the words (a,, a,, a;, 0, 0),
(0, ay, a3, as,0) and (0,0, a3, a4, as), where a;#0 i=1,2,...,5, then the weight
enumerator of C is Z3Z,+273.

"In [3] we proved that if C is a perfect code then

C(Z,,...,Z) =Aaf[(1+(qf—1)2i)"‘+2 Az f[ (1+(q,-1)Z)" 7 (1-Z)%  (4)

for some numbers A and A; and where we sum over those X = (x,, ..., x,,) which satisfy
a certain equation. If the perfect code is a perfect 1-code then this equation is

1+.§1[(ni—xi)(qi—1)~xi]=0, x; integer, Oosx;snm, i=12,...,m (5)
Since
[S:@|=1+ £ m(g-1),
equation (5) can be written
-‘—21 x¢:=|5,(0), x integer, O<x;<m, i=1,2,..., m (5)

Let P be a subset {iy,..., i,} of {1,2,...,m}. To each m-tuple y=(y;,...,yn) We
denote by jp the p-tuple (y,...,y;). The weight enumerator according to P of a code
we define to be

Cr(Zi,-. s Za)=C(Z,, ..., Z)=T Zin... Z}y (6)

where we sum over all words in the code of weight (d,, ..., d,) where d;=0 if j¢ P.

ExaMpLE 3. Let S and C be as in Example 2 and let P ={1}. Then
Cr(Z, s Zz) = ZZ?

ProposITION 3. Cp(1,1,...,1) is the number of words in C with d;=0 if j& P.

Proor. If we substitute Z; by 1,v=1,2,..., p, then each term in the sum (6) will
equal 1.

ProrosiITION 4. If C is a perfect 1-code then the weight enumerator according to the
subset P={i,,...,p,} of {1,2,..., m} can be written

14

C(Zy,...,Z,)=Ag lel (1+(g;, —1)Z,)"+ X As Iil1 (1+(g, -1 Z)" (1= Z )%
(7

where we sum over those X =(x;, ..., x; ) for which X = yp for some y that satisfies (5).

Proor. If we substitute Z; =0 if i P in the equation (3) for C(Z,,..., Z,) we get
(6). If we perform the same substitution in (4) we get (7).
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PrOPOSITION 5.  If there is a perfect 1-code in S then there are at least m distinct m-tuples
(x1,...,x,) that satisfy (5).

Proor. See Theorem 1 in [3].
The following proposition can be proved in the same was as Theorem 1 in [3].

PROPOSITION 6. Suppose that P is a subset of {1,2,..., m} and that the number of
elements in P is p. If there is a perfect 1-code in S then there are at least p distinct p-tuples
£=(xy,...,%,) with X #0 for which X = yp for some m-tuple y satisfying (5).

ExaMmpLE 4. There will not be a perfect 1-code in S; X - - - X S3o where |Sy| =[S, =|Ss| =
2,|S:|=8if i=4,5,...,39. In this case Equation (5") will be

2x,+8x, =256, x; and x, integers, 0<x,<3, 0=<x,=36.

The only solution of this equation is x, =0, x,=32. Thus by Proposition 5 or 6 and
Proposition 2 GF(256) will not have a partition consisting of 3 groups of order 2 and 36
groups of order 8. This has also been proved by Bu [1]. He used a different method.

3. CONSTRUCTIONS

n

PROPOSITION 7. Suppose that G is a group of order p™"", m=n and p a prime. If G
has a partition which consists of one group of order p™, p™ — x groups of order p" and y
groups of order p™ where n>n’ then, with d =g.c.d.(n’, n),

x=5(p"~1)/(p?=1) and y=s(p"-1)/(p?-1),
for some integers s with 0<s<p™(p?—1)/(p" —1).

Proor. From the packing condition we deduce that

x(p"-1)=y(p”-1).

Since g.c.d.(p"—1,p" —1)=p?~1, see, for example, the proof of 4.10 in [8], (p"—
1)/(p? —1) divides y.

In this section we shall give values of s of which the necessary condition of the
proposition is sufficient.

We say that a group is K'-stable if G is a subgroup of the additive group of a field K|
K' a subfield of K and kge G for each k€ K' and ge G.

LEMMA 1. Let K be a finite field. Suppose that G,, G,, ..., G, are K-stable subgroups
of a K-stable group G and that |G;|=|K| fori=1,2,...,k G:nG;={0} if i#). If K' is
a subfield of K and H a K'-stable subgroup of G satisfying

HcGu---UG, and |HNG|=|K'|, i=1,2,...,k

then there are K'-stable subgroups H=H,, H,,..., H, of G satisfying |H,|=|H| i=
0,1,....1Uio Hi=U)_, G and H,n H;={0} if i #j I=(K|-1)/(K'|-1)-1.

Proofr. Let By, B1,..., B be a system of coset representatives of the multiplicative
group K™* of K' in the multiplicative group K* of K. We put H;={Bh|he H}
i=0,1,...,L Since G is K-stable the groups H,, H,,...,H, are in G. We first
show that the union of the groups H; i=0,1,...,! equals the union of the groups
G i=12,...,k



Finite abelian groups 15

The groups G,, G, ..., G, are K-stable and thus K'-stable. Consequently this is also
truefor HAG;i=1,2,...,k. As|HN G;|=|K'| thereistoeach ii=1,2,...,kan a;€ G,
with H N G;={ka;|ke K'}. Since G; is K-stable we deduce that Bjka;€ G; for each
j=0,1,...,land ke K'. Consider two elements x = B,ka; and x’ = B,k’a; where, to avoid
trivialities, we assume that k and k' are non-zero elements of K'. As By, B1,...,B/is a
system of coset representatives of K'* in K* we conclude that if »# u then x# x'.
Consequently

{B.kailke K'u=0,1,...,}=(+1)(|K'|-1)+1=|K|

and thus, since |G;|=|K|, G; consists precisely of the elements Bka;, k€K', and
j=0,1,..., 1 Hence the groups G;, i=1,2,..., k, are subsets of the union of the groups
H,, H,, ..., H,. Consequently the union of the groups G,, G,, ..., G is a subset of the
union of Hy, H,, ..., H;. On the other hand, as the groups G,, G,, . .., G, are K-stable,
each of the groups H,, H,, ..., H, is a subset of the union of the groups G,, G,, ..., G:.
Hence this is also true for the union of Hy, H,, ..., H,.

It remains to prove that H; » H; = {0} if i # j. Suppose that x € H; n H; where i # j. Then
x = Bika, = B;k'a, where B, B;, k, k', a, and a, are as above. We consider two cases.
Case 1: v# u. Then xe G,n G,, i.e. x=0. Case 2: v= p. Since B; and B; are distinct
coset representatives we deduce that k = k'=0. Consequently x=0.

Let G=K xK where K is a finite field. It is easy to check that the sets K, =
{(k, ak)| ke K}, a € K, are subgroups of K x K which together with the group {0} x K
constitute a partition of K X K. We denote this partition by .

Suppose that K'is a subfield of K and that K is a finite field. The group of automorph-
isms of K over K'is cyclic, see [5, p. 185] Let o denote an element that generates this
group. To each K'-stable subgroup H of K we define a K'-stable subgroup H® of
G=KxK by

H° ={(x, o(x))|xe H}.
LEMMA 2. If G'e Il then either G'~n H° ={0} or |G'n H?|=|K/|.

Proor. Supppose that (x, o(x)) and (y, o(y)) with x#0 and y # 0 are in the same
group K, of the partition IIx of G. Then

o) _ol)_,
X y

Hence o(x)/o(y) =x/y, i.e. o(x/y)=x/y. Since o generate the Galois group of K over
K’ we deduce that x/y belongs to the fixed field of the Galois group, i.e. x/y € K'. Then
x = yk for some k € K'. The number of elements in K, n H” is consequently at most |K|.

If (x,0(x))eK, then, since o(kx)=o(k)o(x)=ko(x), (kx, o(kx))e K, for each
ke K'. Consequently the number of elements in K, n H? is 1 or at least |K'|.

LemMma 3. If H,~ H,={0}, H, and H, K'-stable, K, Ilx and |H{ " K,|>1 then
|HS " K,|=1.

PrOOF. According to the assumption there is x € H,\{0} with o(x)/x=a. If |HS A
K,|>1 then there is y € H,\{0} with o(y)/y = a. As in the proof of Lemma 2 we deduce
that x = ky for some ke K’. As H, is K'-stable we conclude that x € H, which gives a
contradiction.

Since the additive group of every field K has K'-stable subgroups, K’ a subfield of
K, it is possible, by using Lemma 1 and 2, to construct partitions of K x K which consists
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of groups of two or more distinct orders. If we use Lemma 3 and the following lemmas
we get a better result.

LeEmMA 4. Suppose that d divides both n and n', n>n’, and that n=kn'+r where
n'<sr<2n'. Let

{pn—n’+pn—2n’+_ . _+pn—kn'+l’ if r# nr,
m= n n’' H ’
(p"-D/(p" 1), if r=n’,

Then GF(p") has a partition IT which consists of one group of order p” and m —1 GF(p?)-
stable groups H,, H,, ..., H,, each of order p".

ProoOF. Case 1: r=n'. Then n’ divides n and hence GF(p™) is a subfield of GF(p").
In the same way as in the proof of Lemma 2 in [4] we construct a partition of GF(p").
p" is the order of the groups in this partition. From the construction in [4] it follows
that these groups are GF(p™)-stable and thereby also GF(p?)-stable. Case 2: r#n’.
Consider the additive group of GF(p") as a vectorspace over GF(p?). According to the
paragraph after the proof of Lemma 4 in [1], this vector space has a partition II which
consists of one subvectorspace of dimension r/d over GF(p?) and m — 1 subvectorspaces
of dimension n'/d over GF(p“). These vectorspaces are GF(p“)-stable subgroups of
GF(p") and contain p" respectively p" elements.

LeMMA 4. With the same assumptions as in Lemma 4, GF(p") has a partition II' that
consists of m GF(p®)-stable groups H,, H,, ..., H, each of order p" and groups of
order p°.

ProoFr. If r=n' this is trivial by Lemma 4. If r # n’ then r> n’. The vector space of
dimension r/d over GF(p?) in the partition IT of the proof of Lemma 4 has a partition
in one GF(p?)-stable group H,, of order p” and groups of order p“.

THEOREM 1. Suppose that n = kn’+r where n’ <r <2n' and suppose that d divides both
nand n'. Let m be as in Lemma 4. To each integer s with 0< s< m GF(p") x GF(p") has
a partition that besides {0}xGF(p") and GF(p")x{0} consists of p"—1-—
s(p™—1)/(p® —1) groups of order p™ and s(p" —1)/(p® —1) groups of order p".

ProoF. By Lemma 4', GF(p") has m GF(p“)-stable subgroups H,, H,, ..., H, with
H;~ H; = {0} if i #j. Let IIx be defined as in the paragraph before Lemma 2. By Lemma
3, the groups H,, H,,..., H, divides the groups of IIx in m distinct subclasses
Si, Sa, ..., S, which by Lemma 2 satisfies

H{c U K., |H{nK,|=p% K,eS, i=12,...,m
K,€S;
The number of groups in a class S; is (p” —1)/(p? —1). The union of these groups can,
according to Lemma 1, be substituted by (p" —1)/( p? —1) groups of order p™ which in
pair only has the zero in common. If we carry out this substitute in s of the classes
81, 8,,..., S, we get the theorem.

ReMARrk. If r=0then n’ divides n. The situation is then almost trivial. In the partition
Iy of K x K, where K = GF(p"), each group has a partition in (p" —1)/(p"™ — 1) groups
of order p".

Examples indicate that the theorem is true for each integer s with 0<s=<
p"(p?—1)/(p™ —1). We show that this is the case if p=2 and d =1.
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THEOREM 2. Suppose that n=kn'+r where 0<<r<n'. GF(2") x GF(2") has for each
integer s where 0< s < (2" —2")/(2" —1) a partition that besides {0} x GF(2") and GF(2") =
{0} consists of s(2" —1) groups of order 2" and 2" —1—s(2" —1) groups of order 2".

Proor. Let h be any element of GF(2") and let g, denote the map
opx = hx+x?

from GF(2") to GF(2"). As o}, is a homomorphism we conclude that for any subgroup
H of the additive group of GF(2") the subset

H7={(x, 0,,(x))|x € H}

of GF(2")x GF(2") is a group. Consider the partition IT, of GF(2")x GF(2"), defined
in the paragraph following the proof of Lemma 1 in this section, and the subgroups K,,,
a € GF(2"), of this partition. An element (x, a,,(x)), x# 0, of H°» belongs to K,, if and
only if o,(x) = ax, i.e. from the definition of o, @ = h+x. Further

H?n ({0} x GF(2")) ={(0, 0)}.
We conclude that
|[H*nK,|=2  for aeh+(H\{0})
and that
H%c UJ K,.

aeh+(H\{0})

(If h happens to belong to H\{0} then |H*n K,|=2. Below we shall always choose h
such that A does not belong to H\{0}.)

Now we can use Lemma 1 to substitute all the groups K, where a € h+ (H\{0}) by
subgroups with the same order as H and that only have the element (0, 0) in common.
If we choose subgroups H of GF(2") and elements h of GF(2") in such a manner that
the sets h+(H\{0}) mutually are disjoint we can perform many such substitutions.

Let G denote the additive group of GF(2"). As n=kn'+r there are subgroups
H,, H,,..., H, of G, each of order 2", and a subgroup H' of G of order 2" such that

G=H,xH,x---xH xH'
As distinct cosets of H,; are disjoint we conclude that the sets
h+(H\{0Dhe{0}xH,x - xH,xH'

are mutually disjoint. Further all elements of G except the elements of the group
{0} x Hyx - - - x H, x H' belong to the union of these sets. Proceeding in the same way
we consider for i€{1,2,..., k} the subsets

h+(H\{0}) where he{0}x: x{0}x H;,, - xH,xH', isk

of G. These sets are mutually disjoint and the number of such sets equals (2" —2")/(2" - 1).
Hence the theorem follows from Lemma 1.

We now consider partitions of GF(p")x GF(p™), where m > n, that beside the groups
{0} x GF(p™) and GF(p") x {0} contain groups of order p" respectively p", n>n'.

The following lemma will be of great importance in the sequel.

LEMMA 5. Suppose that G=H x K and that the group K has a partition which
consists of the groups K,,K,, ..., K,. If each of the groups Hx K;, i=1,2,...,n, has
a partition IT; that besides H x {0} and {0} X K consists of groups L;,j=1,2,..., m;, then
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the groups H x {0}, {0} x K and the groups L}, i=1,2,...,n, j=1,2,..., m; constitute a
partition I of G.

Proor. We show that G is the union of the groups in I1 That the intersection of two
distinct groups only is the element (0, 0) can be proved in a similar manner.

The elements (h,0) and (0, k) he H, ke K are in the groups H x {0} and {0} x K. If
h#0 and k#0 then (h, k) belongs to one of the groups H x K; and thus to one of the
groups L.

THEOREM 3. Suppose that t=kn+r where k=1 and n<r<2n and suppose that
n=k'n'+r' where n'<r' <2n'. Let d =g.c.d.(n,n’) and put

mt=Pn—n’+pn—2n’+_ . _+pn—kn’+1
m=pt—n+pt—2n+. . _+px—kn+1.

The group GF(p")xGF(p') has for each integer s with Oss<m- m' a partition that
besides {0} x GF(p') and GF(p") x {0} contams p'—1—s(p™—1)/(p? —1) groups of order
p" and s(p"—1)/(p? —1) groups of order p".

ProOF. According to Lemma 4, GF(p*) has a partition that consists of m groups
K, K,,..., K, of order p" and one group K of order p". Each group GF(p")x K,
i=1,2,...,m, has, by Theorem 1 and Proposition 1 in Section 2, for every s’ with
0<s'< m’ a partition that besides {0} x K; and GF(p") x {0} consists of s'(p" —1)/(p? —1)
groups of order p” and p"—1-s'(p” —1)/(p? —1) groups of order p". The group
GF(p") x K has a partition that consists of {0} x K, GF(p") x {0} and groups of order p".
{(We construct this partition in the same way as the partition I is constructed. Let H
be a subgroup of order p” of GF(p"). Put H, ={(h, ah)|he H} a € GF(p"). {0} x GF(p")
and the groups H,a € GF(p") constitute a portion of H X GF(p"). Since |H|=|GF(p")|
and |GF(p")|=|K| we can use Proposition 1 in Section 2.)

By Lemma 5 the theorem is proved.

If n divides t we can do even more.

THEOREM 3'. Suppose that t=kn where k=2 and suppose that n=k'n'+r' where
n'<r'<2n’. Let d =g.c.d.(n, n’) and let m’' be as in Theorem 3. Put

m=(p'-1)/(p"-1).
The group GF(p")x GF(p*) has for each mteger s with 0<s<m m' a partition that
besides {0} x GF(p') and GF(p")x {0} contamsp —1-s(p”—1)/(p* —1) groups of order
p" and s(p"—1)/(p® —1) groups of order p".
The proof is the same as the proof of Theorem 3.

In the two theorems above we considered partitions of GF(p") x GF(p') where t=2n.
The next lemma can be used to construct partitions where n <t <2n.

LEMMA 6. Suppose that G=GF(p")x GF(p') where 2< n=< t and suppose that G has
a partition II that besides {0} x GF(p‘) and GF(p")x {0} consists of groups of order p"
and groups of order p"~'. Let G'= HXGF(p') where H is a subgroup of GF(p") of
order p"~!

The groups G' ~ L Le II constitute a partition II' of G'. II' contains besides H x {0} and
{0} x GF(p') groups of order p"~" and of order p"~>. The number of groups in IT' of order
p" 2 does not depend on the choice of the group H'.

The construction in this lemma is the same as in Lemma 5 of [1]. The proof also will
almost be the same.
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ProorF. Trivially, G' A (GF(p")x{0})=Hx{0} and G'n({0}xGF(p")) =
{0} x GF(p").

Note that if Le IT\(GF(p")x{0}u {0} x GF(p")) then those elements h of GF(p") for
whicn there is k, € GF(p‘) with (h, k,) € L consitute a subgroup of GF(p") with the same
order as L, else L should contain an element (0, k) where k # 0, which contradicts our
assumption on L. We denote this subgroup of GF(p") by L,.

GF(p") is a vectorspace over GF(p) of dimension n. If H is a subspace of GF(p") of
dimension n—1 and L' another subspace of GF(p") then

dimL'nH=dimL or dimL'—-1.

By this and the observation above we conclude that II’ besides H x {0} and {0} x GF(p")
consists of groups of order p"~' or p" %

By the packing condition the number of groups in II is uniquely determined by the
number of groups in IT of order p"~'. On the other hand, the number of groups of II’
of order p" 2 is uniquely determined by the number of groups of II'. Since n>2, IT and
IT' contains the same number of groups. Now the proof of Lemma 6 is complete.

REMARK. If n=2 then the situation is trivial. Every abelian group of order p® and
type (p, p) has a partition that consists of p+1 groups of order p.

From Lemma 6 we can deduce results analogous to those in Theorem 1, 2 and 3. We
give an example that we need in Section 5.

ExampLE. Let G =GF(16)x GF(16). By Theorem 2, G has one partition II; which
consists of GF(16) x {0}, {0} x GF(16), 8 groups of order 16 and 15 groups of order 8. G
has also one partition IT, which consists of GF(16) x {0}, {0} x GF(16), one group of order
16 and 30 groups of order 8.

Let H be a subgroup of GF(16) of order 8 and put G'= H x GF(16). The groups
G'nL, Lell, i=1 or 2 constitutes a partition II; of G'. II contains besides H x {0} and
{0} x GF(16): 9 groups of order 8 and 14 groups of order 4, if i =1; 3 groups of order 8
and 28 groups of order 4, if i=2.

4. SOME NECESSARY CONDITIONS

The set of groups of least order in a partition IT of a group G we shall call the tail of
the partition. The number of groups in the tail we shall call the length of the tail In this
section we show that the tail of a partition has a certain minimal length.

Suppose that the partition II of G consists of n; groups of order ¢;, i=1,2,...,m,
and suppose that g, <g,<- - < g,,.

LemmAa 7.  If a finite abelian group G has a partition II then
m=q,/q.

Proor. There is a perfect 1-code in the direct product of the groups in the partition
I1, Proposition 2 in Section 2. According to Proposition 6 in the same section there is at

least one m-tuple (x,, X5, ..., X,) with x;,#0 and O0<x;,<n,, i=1,2,..., m, satisfying
Nt X2gat T i =[S:(0)] (8)
Since G is a finite abelian group, q; = p" fori=1,2,..., m, where p is a prime. |S,(0)| = p

since |$,(0)| =|G]. Since t,<t,<- - - <t,, < t we deduce from Equation (8) that g, divides
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x,q;. Consequently g,/q, divides x,. Since x; #0 we must have x,>gq,/q, and thus
n=qx/q.

THEOREM 4. If a finite abelian group has a partition II then
n=(q:—1)/(q:—1).

ProOF. Suppose that G has a partition II with n,<(q,—1)/(g,—1). In the direct
product of the groups in the partition there is a perfect 1-code, Proposition 2 in Section
2. If an m-tuple (x,, X,, . . ., X,,,) satisfies Equation (5') in Section 2 then, by the proof of
Lemma 7 ¢,/q, divides x,. Further, from our assumption on n, and by Lemma 7, we
deduce that ¢,/q,<n,<2q,/q,. Now, by Proposition 4 in Section 2, the weight
enumerator according to the subset {1} of {1,2, ..., m} may be written

C(Z)=A(1+(q-1)Z)"+B(1+(q: - 1)Z)" (1= 2Z,)™ 9

where x; = g,/q, and where A and B are constants.
As the minimum distance between codewords is 3 and as the word (0, 0, . . ., 0) belongs
to the code there are no codewords of weight (d,,0,...,0) where d,=1 or 2. Thus

C(Z,)=1+terms of degree=3. (10)

If we calculate the coefficients of 1 and Z, in (9) and use (10) we get two equations for
A and B. These equations have the solution

A=1-n(q,-1)/q, B=n(q,—-1)/q.. (11)

By Proposition 3 in Section 2 we now get that the number of words of weight (d,, 0, ..., 0)
in the code is

C()=Q0-n(q—1)/g)q1" (12)

On the other hand, since the minimum distance between codewords is 3, we can have at
most g1'/{1+ n,(g, — 1)) such words. If n, <(g,—1)/(g;—1) this number if according to
(12) less than C(1), which gives a contradiction.

The inequality in the theorem may not be improved generally. GF(p?), i.e. has a
partition that consists of p>+1 groups H;, i=1,2,..., p°+1, each of order p*>. H; has a
partition consisting of p+1 groups L; i=1,2,...,p+1 each of order p. The groups
Ly,...,Ly+y, Hy,..., H,2,, constitute a partition with n,=(g,—1)/(q,—1).

In [6] Lindstrom proved that if a partition of a finite abelian group consists of one
group of order p° and groups of order p” then a = b. This result follows from Theorem
1 since we never have n; =1.

We need the following result in Section 5.

THEOREM 5. A finite abelian group G never has a partition II with n; groups of order
2,i=1,2,..., m, where n,=5 and n,=3.

ProoF. Suppose that G has such a partition. By Proposition 2 in Section 2, there is
a perfect 1-code in the direct product of the groups in the partition. By Proposition 5 in
Section 2 there is at least m m-tuples satisfying

2x;+4x,+ Y 2'x, =2, x; integer, 0<x;<n, (13)
i=3

where |S,(0)]=2". From this equation we deduce that x,=0 (mod 2) and if x,=0 then
x,=0 (mod 2). Further if (x;, X, .. ., X,,) and (x{, X5, . . ., X},) are two m-tuples satisfying
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(13) and x, = x} then x, = x} (mod 2). Now the weight enumerator according to the subset
{1,2} of {1,2,..., m} can, by Proposition 4 in Section 2, be written

C(Z, U)=AQ+3Z)’Q+U)’+A'(1+32)1-2)*(1+ UY’
+B(1+3Z2%(1- Z)(1+ U’ (1-U)*+B(1-Z)’(1+ U)*(1- U)?
+C(1+3Z2’ 0+ U)Q-U)y*+C'1+32)1-2)* A+ U)(1-U)* (14)

(Z,=U and Z,=Z) for some constants A, A’, B, B’, C and C'. As in the proof of
Theorem 4 we get that

C(Z, U)=1+terms of degree= 3.

Thus the coefficients of Z, U, Z>, U? and ZU in (14) are zero. If we use this we
can calculate the constants A, A’,..., C'. We get that A=1/64, A'=3/64, B=12/64,
B'=28/64, C=-1/64 and C'=21/64. If we use these values of A, A',..., C' and
calculate the coefficient of Z2U? in (14) we get —6 which is impossible.

ExampLE. Consider GF(64) and a partition of GF(64) that consists of groups of
order 2, 4 respectively 8. Let n;, n, and n; be as above. Theorem 4 excludes the following
6 possibilities for (n,, n,, ns)

(1,2,8),(2,4,7),(1,9,5),(2,11,4),(1,16,2) and (2,18,1).

These possibilities are, however, not excluded by the packing condition. Theorem 5, but
not Theorem 4 or packing condition, exclude (n,, n,, n;) = (5, 3, 7). For all the remaining
3-tuples (n,y, n,, n;) that satisfies the packing condition there is a partition as we shall
see in the next section.

5. PArTITIONS OF GF(8) X GF(2") WHERE n>2

THEOREM 6. GF(8) X GF(2") n =6 has a partition that besides GF(8) x {0} and {0} x
GF(2") consists of n; groups of order 2" i=1,2 or 3 if and only if n,, n, and n; satisfy the
following two conditions:

(a) n+3n,+7n;=7-(2"-1);
(b) if n,#3 then n,=0 or n,=3; if n,=3 then n,>35.

That the condition (a) is necessary follows from the packing condition, since the number
of elements in the set GF(8) x GF(2")\(GF(8) x {0} L {0} x GF(2")) is 7 - (2" —1). From
the results of Section 4, as in the example of that section, it follows that condition (b) is
necessary. It remains to prove that the conditions (a) and (b) are sufficient.

Let n,, n, and n, be as in Theorem 6. We shall say that a partition II of H X K where
|H|=8 and |K|=2" n=3 is of type P, if

ny;=2"—-1-14, O0st<2"-1,
, _{7t/3, if t=0(mod 3),
27\ (t-1)/3+1,  if t=1(mod 3),

{7(t—2)/3+3 if t=2(mod3), t+#2,
n2= .
2 if t=2.

LemMA 8. If G=GF(8)x GF(2") n=6 has a partition of type P, fort=0,1,...,2" —1
then for each 3-tuple (n,, ny, n;) that satisfies condition (a) and (b) of Theorem 6 there
is a partition of G that besides GF(8) x {0} and {0} x GF(2") consists of n; groups of order
20 i=1,2, or 3.
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Proor. Let II and II' be partitions of G that contain the same number of groups of
order 8. Suppose that the number of groups in IT of order 2', i=1 or 2, is n; and that
the corresponding numbers of I’ are n}, i=1 or 2, and suppose that n5<n,. Since II
and II' contains the same number of groups of order 8

ny+3n,=nj+3ns.

We deduce that 3 divides ni—n,. From Il we can construct a partition with n5 groups
of order 4 by splitting up (n;—n,)/3 of the groups of order 4 in groups of order 2.

The partitions of type P, are optimal in the sense that there do not exist partitions
which for a given number of groups of order 8 contains more groups of order 4 than
those of type P,. This follows from the results of Section 4.

To show that conditions (a) and (b) of Theorem 1 are sufficient it is, according to
Lemma 8, enough to prove the following theorem.

THeOREM 7. GF(8) X GF(2") n=6 has a partition of type P, for t=0,1,...,2"—1.
We shall prove this theorem by induction. However, we need a couple of lemmas.

LEMMA9. If GF(8) x GF(2"), n=3, has a partition of type P, fort=0(mod 3) t<2" -2
then G has a partition of type P,,,. G always has partitions of types P,, P, and P,.

ProoF. Let II be a partition of type P, t=0 (mod 3). If H is a group of order 8 in
IT then H has a partition consisting of one group of order 4 and 4 groups of order 2. If
we in I substitute H by these groups we get a partition of type P,,,.

In the same way we deduce that GF(8) x GF(2") always has partitions of type P,, P,
and P,.

LemMMmA 10. G = GF(8) x GF(8) has a partition of type P, for t=0,1,2,...,7.

Proofr. From Theorem 2 in Section 3 and Lemma 9 above we deduce that G has a
partition of type P, for t=0, 1, 2, 3, 4, 6 and 7. We now construct a partition of type Ps.
Let £ denote an element of GF(8) that satisfies £>+&+1=0. Then ¢ is a primitive
element of GF(8), i.e. GF(8)=1{0, £%, ¢',..., £°}. Put
H;={(k, £'k)| ke GF(8)}, i=5o0r6.
Hs, Hs, GF(8)x{0} and {0} x GF(8) constitute together with the following groups a

partition of type Ps. In the enumeration below we write i instead of £'; only elements
which are not equal to (0, 0) will be indicated:

{0,2,(1,3),(3,3)), {(0,9),(1,5),3,0) {(1.2),29,E1)
{2,2,3,9,G5, D} {3,3),353),6,2)}, {39),(5,6),0,3)}
{4,6),(5,2),0,0)}, {(5,5),(6,0,1,9} {(5,0),(6,3,11)}
{6,6),(0,1,2,5), {G,6), {@E0), {6y {286} {23

LeEMMA 11. G =GF(8)x GF(16) has a partition of type P, for t=0,1,2,4,5,6,7, 8,
11, 12, 13, 14 and 15.

REMARKs. It is not known to the author of this paper if G has partitions of type P;,
P, and Py,. Probably there is a partition of type Py, and possibly also of type P,.
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ProoOF. From the example of Section 3 and from Lemma 9 it follows that G has
partitions of type P, for t=1, 2, 6, 7, 12 and 13. GF(16) has a partition that consists of
5 groups of order 4. If we use this partition and apply Lemma 5 in Section 3 we get a
partition of type P;s.

Let £ be an element of GF(16) that satisfies £*+¢+1=0. From [2] we deduce that
the set H=1{0, &°, ¢, €%, &%, &°, £'°, %} is a subgroup of GF(16). We shall now construct
partitions of H x GF(16). As H and GF(8) have the same number of elements we get,
according to Proposition 1 in Section 2, from each partition of H x GF(16) a partition
of GF(8) x GF(16). Put H;={(h, ¢'h)|he H}, i=0,1,..., 14. Consider the following 10
subsets of H x GF(16) (we write 7 instead of &'):

M, ={(0,9),(1,10), (3, 13)}, M,={@8,2),(0,11), (2,9},
M;={(1,12),(2,13), (5, D)}, M,={(1,7),(2,11),5,8)},
M;={(2,5),(3,7),(10,13)}, Ms={(2,8),(4,0),(10,2)},

M;={(310),(514), 3,11}, M,;={(5,12),(10,4), (0, 6)},
M;={(10,6),(8,14), (1,8)}, My, ={(10,1),(8,0),(1,4)}.

G;=M; U {(0,0)} is a subgroup of H x GF(16), i= , 10, and G;< Hyu Hgu H,u
Hyu H,,, for i=1,2,...,10. Further GinG;= {(O 0)} 1f 1#] Every element in the set
(H;u Hgu H, U Hyu Hu)\U, , G, constitute together with (0,0) a subgroup of H x
GF(16). These groups of order 2, the groups G,, G,, ..., Gy, the groups H; for i=0
1,2,4,5,8,10,12, 13 and 14, H x {0} and {0} x GF(16) constitute a partition of H X GF(16).
This partition is of type Ps.

We get a partition of type P; in a similar way using the following 17 subsets of
H x GF(16).

N;={(8,5),(0,12), (2, 14)}, N,={(5,9,(2,5),(1,8)},
N,={(5,1),(2,8),(1,10)}, N,={(1,0),8,7),(10,9)},
Ns={(5,14),(2,1),(1, )}, Ne=1{(4,0),(1,14), (0,3)},
N,={(1,12),(8,2), (10, )}, Ny ={(10,6), (3, 13), 2, 0)},
Ny={(4,3),(1,4),(0,7)}, Ny ={(0,14),(10,13), 5, 2)},
={(10,4), (4, 11), (2, 13)}, Ny, ={(4,10),(1,13), (0,9},
Ny3={(0,8),(10,2), 5,3)}, N,,={(10,8),(4,7), 2, 11)},

Ni5={(0,13), (10, 1), (5, 12)}, Ny={(8,6),(5,11), (4, 1)},
N;;={(8,0),(5,8),(4,2)}.
All these sets are namely subsets of 8 of the groups Hy, H,, ..., Hy,.
It remains to construct partitions of type P,, P;; and P,,. Partitions of type P,; and
P,, we get by completing M,, M,,..., My, and Ny, N, ..., N,,, respectively, with the
following 14 sets.

={(0,0),(1,2),4,3)}, L,={(0,8),(1,6),(4,14)},

={1,D,2,1),6D3)} L={110,22),59}

={(2,3),(4,12),(10,10)}, L,={(2,10),(4,5),(10,0)},
L,={(4,4),(5,5),(,8)}, Ly={(3,9), (5,10), (8, 13)},
Ly={(56),(10,11),(0, D},  Lyx={(50),(10,5),(0,10)},
L,,={(10,14),(8,12),(1,5)}, L,=1{(10,3),(3,1),(1,9)},

L,;={(8,9),(0,5),(2,6)}, L,,={(8,3),(0,4), (2, )}
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We leave it to the reader to construct a partition of type P,. We shall not need such
a partition in the future.

In the proofs below we shall use Lemma 5 in Section 3. To avoid repetition we shall
not refer to this lemma every time it will be used.

Note that if we choose partitions of type P, in GF(8)x K;, i=1,2,...,n, and apply
Lemma 5 in Section 3 we will not always get a partition of type P, ...+, . The partition
will be of type P, .,.....,, if and only if at least n—1 of the numbers ¢,, t,,..., 1, are
divisible by 3.

If |K|=4 and |H|=8 then H x K has a partition which besides H x {0} and {0} x K
consists of 7 groups of order 4. We shall say that this partition is of type L.

LeEmMMA 12. G =GF(8) x GF(64) has a partition of type P, for t=0,1,2, ..., 63.

Proor. GF(64) has a partition that consists of 9 groups K, K,, ..., K, each of order
8. By Lemma 10, GF(8) x K; has partitions of type P,, P;, Ps; and P,. If we choose
partitions of type P,, P; or P, in GF(8)x K; for i=1,2,...,9 we get partitions of type
P, in G where t=0(mod 3) and 7= 54. If we choose a partition of type Ps in GF(8) x K,
and partitions of type P,, P; and P, in GF(8) x K; for i=2,3,...,9 we get partitions of
type P, where t=2 (mod 3) and 5= ¢=<53. If we apply Lemma 9 we get partitions of type
P, for the remaining values of ¢t where 0 << 55.

GF(64) has a partition that consists of one group H of order 16 and 16 groups
K, K,,...,Kis each of order 4. We choose a partition of type L in GF(8)x K,
i=1,2,...,16, and partitions of type P, where t=8, 11, 12, 13, 14, 15 in GF(8) x H.
From these partitions we get partitions of types P, of G where t =56, 59, 60, 61, 62, 63.

From Lemma 9 we deduce that all that remains to be done is to-construct a partition
of type Ps;. From Theorem 2 in Section 3 we know that GF(64) has a partition consisting
of 3 groups each of order 8 and 14 groups L,, L,,..., L, each of order 4. In GF(8) x L,,
i=1,2,...,14, we choose partitions of type L. In GF(8)xK;, i=1,2,..., 14, we choose
partitions of type L. In GF(8)x K;, i=1 and 2 we choose partitions of type P and in
GF(8) X K; a partition of type P;. Applying Lemma 5 we get a partition of type Ps,.

LEmMA 13. G =GF(8) x GF(128) has partitions of type P, for t=0,1,2,...,127.

Proor. GF(128) has a partition that consists of one group K of order 16 and 16
groups K, K,, ..., K¢ of order 8. If we choose a partition of type P, in GF(8) x K and
suitable partitions of type P, in GF(8)x K;, i=1,2,...,16, we get, as in the proof of
Lemma 12 partitions of type P, of G for 0= 1¢=<97. If we choose a partition of type P;s
in GF(8) x K and partitions of GF(8)x K;, i=1,2,..., 16, as above we get partitions of
type P, of G for t =15, 16, 18, 19, 20, 21,...,112.

For the remaining values of ¢, we choose a partition of GF(128) that consists of one
group K of order 16, one group K' of order 8 and 35 groups L,, L,,..., Lss each of
order 4. This is a partition of type P,s of G’ x G” where |G'|=8 and |G"| = 16. We choose
partitions of type L in the groups GF(8)x L;, i=1,2, ..., 35, and partitions of GF(8) x K
and GF(8) x K’ according to the following table:

Partition of GF(8) x K of type P, where t = lS 6 6 6 6 7 8 12 12 12 12 13 14 15 15

PanitionofGF(S)xK'oftypeP,wheret=‘3 345 6 6 6 3 4 5 6 6 6 6 17

We then get partitions of type P, where t=113, 114, ...,127.
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LEMMA 14. Suppose that n=n'+2, n'=6. If GF(8)x GF(2") has partitions of type
P, for t=0,1,2,...,2" =1 then G=GF(8)xGF(2") has partitions of type P, for
t=0,1,2,...,2"—1.

Proor. GF(2") has a partition that consists of one group K of order 2"* and 2"*
groups K;, i=1,2,...,2" of order 8. GF(8) x K has a partition of type P,. If we choose
partitions of suitable types P, in GF(8)x K;, i=1,2,...,2" 7, as in the proof of Lemma
12, we get partitions of type P, for t=0,1,2,...,6-2"3+1.

GF(2") has a partition that consists of one group K’ of order 2" and 2" groups L;
i=1,2,...,2" % of order 4. In the groups GF(8)x L;, i=1,2,...,2" % we choose parti-
tions of type L. According to our assumptions, GF(8) X K’ has partitions of type P, for
t=0,1,2,...,2" ?—1. By using Lemma 5 of Section 3, we get partitions of G of type
P fort=3-2""23.2""241,3-2"%+3,3-2""2+4,...,2"—1.

Finally, we have to construct a partition of type P, where t=6-2">+2. Let K and
K, i=1,2,...,2" >, be as above. As n =8 K has a partition which consists of one group
K" of order 2" and 2"7° groups L;, i=1,2,...,2"7°, each of order 4. If we choose a
partition of type P, in GF(8) X K" and partitions of type Lin GF(8)x L;,i=1,2,...,2">,
we get a partition of type P,, t=3-2""> in GF(8) x K. Using this partition and suitable
partitions of type P, of the groups GF(8)x K;, i=1,2,...,2"*, we get partitions of type
P for3-2" +3=<t=<3-2"°+6-2"2+1.6-2">+2 is surely in this interval.

ProoF oF THEOREM 7. According to Lemmas 12 and 13, the theorem is true if n=6
and n=7. By Lemma 14 and induction, the theorem is true for every n=6.

REMARK. By lemma 2 in [6] if a finite abelian group G has a partition that consists
of the groups Gy, G, ..., G, then |G| - |G;|<|G] for every i and j, i # j. Consequently
if G=GF(8)x GF(2") has a partition II that contains one group of order 2" then the
remaining groups in the partition have orders 2, 4 or 8. Thus Theorem 6 gives a necessary
and sufficient condition for existence of partitions of G that contains n, groups of order
2, n, groups of order 4, n;+1 groups of order 8 and one group of order 2"
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