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Abstract

We introduce the family of linear operators

o _ 1 oofx—l
(Af)(x)_m/ot (St f)(x) dt, >0

associated to a certain “admissible bunch” of operators Sy, > 0, acting on L (R™, dm, and investigate the
approximation properties of this family as « — 07. We give some applications to the Riesz and the Bessel
potentials generated by the ordinary (Euclidean) and generalized translations.
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1. Introduction

In this paper, given some “admissible bunch” of linear operators {S;},..(, actingon L ,(R", dm),
we introduce the following family of integral operators:

1 o0
(A*fHx) = %/O NS () de, o> 0.

This family of operators contains (for special choices of “admissible bunch” {S;},. () the Riesz
and the Bessel potentials generated by the ordinary and generalized translation. The classical
Riesz potentials, /* f, and the generalized Riesz potentials, /* f, are defined in terms of Fourier
and Fourier—Bessel transforms by the following formulas:

F(I"f)@) =1xI"*F(f)(x), xeR" 1)
Fy(IEf) ) = X Fy (f) (x),  x e R @

Similarly, the classical Bessel potentials, J* f, and the generalized Bessel potentials, J f, are
defined as

—o/2

FAN) 0= (1+1xP) " F(Hw, xeR: 3)
—o/2

B () 0 =(1+Rk7) T R( @, xeR )

These potentials are known as important technical tools in Fourier and Fourier—Bessel harmonic
analysis (More information about these potentials can be found in [1-3,5,10-12]).

In this paper we investigate the approximation properties of the family A* f, when the parameter
o > 0 tends to zero. The paper is organized as follows. Section 2 contains basic notations,
definitions and auxiliary lemmas. In particular, the notion of the “admissible bunch” of operators
is introduced and some examples are given in the section. The main results of the paper are given
in Section 3. This section is devoted to the investigation of approximation properties of the family
(A% f) (x) as « — OT. The order of approximation of the Lipschitz functions is also studied.
Moreover, some applications to the Riesz and the Bessel potentials generated by the Euclidean and
generalized translations are given. It should also be mentioned that the approximation properties
of the classical Riesz and Bessel potentials have been studied by Kurokawa [7] before.

2. Preliminaries and auxiliary lemmas

Let L, = L, (R", dm) be the space of m-measurable functions such that

1/p
111, = (/R If(x)l”dm(x)> <oo, 1<p<oe,

and let Cyp = Co(R") be the class of all continuous functions on R” vanishing at infinity. We will
assume that the set of all compactly supported continuous functions is dense in L , (R", dm) (e.g.,
this is the case when m is a Borel measure).
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Definition 1. A family {S;},. of linear operators on L , will be called an “admissible bunch” of
type f > 0 if

(a) There exists ¢ = ¢ (f§) independent from ¢ so that

esssup [(S; f) ) <et P f1l, )
xeR"
(b)
sup 15: £1l, << 1l (6)
>

(c) the maximal operator

(S*f) (x) = sup 1(Se f) (x)]
1>

is weak (p, p), i.e.

m {x : (S*f) (x) > ),} < (C ||f||p)/’, V. > 0;

A
(d) lim;, S; f = f in the L -norm. For f € L, N Cy, the convergence is also uniform on R".

If (a) holds for all § > 0, we call {S;},. an “admissible bunch” of infinite type.

Remark 2. The number f in (5) may depend on n and p. The notion “admissible bunch” is
close to the notion “admissible semigroup” defined in [3]. The basic difference between these
two notions is that, the “admissible bunch” does not require to have semigroup property.

Lemma 3 (Duoandikoetxea [4, p. 27]). Let (X, dm) be a measure space and let {T;}.. be a
family of linear operators on L, (X, dm). Denote

(T*f) (x) = sup (T, f) (x)].

If T* is weak (p, q), i.e.,

q

L

s (0= ) < (
then the set

{f 2 f €Ly (X, dm), im (T:f) (x) = f (X),a.e.}
is closed in L, (X, dm).

Remark 4. Owing to Definition 1(c)—(d), and Lemma 3, it follows that if f € L,, 1<p < o0,
then ling) S f) (x) = f (x),ae.
11—

Let us give some examples of “admissible bunches” of operators. The most famous examples
are the classical Riesz—Bochner, Gauss—Weierstrass, Poisson and Metaharmonic integrals. We
consider here the last two examples only, which will be used in the sequel.
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(1) The Poisson integrals are defined as:
POV = [ P S dr. where FIP (1@ = e, )
R)l

(i1) The Metaharmonic integrals are defined as:

M0 = [ M0 f 5= dx ®)

where F [M (-, 1)] (&) = e*tm'

Here F designates the Fourier transform

)@= [ g dr, G =t G ©)

The corresponding kernels in (7) and (8) have the form [12,9] (see also [10,11]):
_T((+1)/2) t

P(x,t)= 2+ D/2 (|x|2 N tz)(”H)/z; (10)
2 Kon (VIRF+72)
M (x,1) (11)

= (27'()<n+1)/2 ( | |2+[2>(n+1)/2 )
X

where K@u+1)2 (+) is the McDonald function. Operators (7) and (8) act on the usual Lebesgue
space L ,(R", dm) with dm (x) = dx = dx; - - - dx,, and constitute “admissible bunches” of type
p= % and f§ = oo, respectively (see e.g. [10, p. 217 and p. 257]).

The “admissible bunches” on L , (R", dm) of different type arise in the Fourier—Bessel harmonic
analysis associated with the singular Laplace—Bessel differential operator

n& 2v 0
AVZZW_FZE’ X, >0, v>0. (12)
k=1 k
Let
R = {x X = (X1, Xn—1, Xn) € R X, > O};
dm(x) = Xy (x)x2"dx, dx =dx;---dx,. (13)

Here v > 0 is a fixed parameter and X’y (x) is the characteristic function of R" , i.e. X} (x) = 1
if x, > 0 and X (x) = 0 if x,, <O. The relevant Fourier—Bessel transform F, associated to the
measure (13) and the operator (12) is defined by

(Fuf) (&) = /R Ty (G 37 dx, (14)

where & - x' = &xy + -+ & Xty Jy (0 = 2T A+ 1) J; (1) /1%, J; (1) is the Bessel
function of the first kind. The Fourier—Bessel harmonic analysis is adopted to the generalized
convolution

(f@8) () = /R FO(Tg) 0y dy, xR (15)
+
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generated by the generalized (Bessel) translation

Tv+1/2) (7
CmIa/2) Jo

(TVf) (x) = f (x’ — ' \Jx2 = 2xpyncos 0+ y,%) sin?’ ! oda

(16)

(seee.g.[1,2,5,6,8,14]). Actually we deal with the usual (Euclidean) translation in x” = (x1, ...,
xp—1) and the generalized translation with respect to x,-variable.

The corresponding generalized Poisson and Metaharmonic integrals, {Ptm f}i>0 and
{Mt(v) f}+=0, which also fall into the scope of Definition 1, are defined as:

@ (PO o= [ PO () 0 dn v e R

F[Pn]@ ="l 150 cerl; (17)
@) (MO0 = [ MY () 043
F[MY 0] @ = VR o0 e, (18)

where F) is the Fourier—Bessel transform defined by (14).

Operators (17) and (18) represent “admissible bunches” of type f = %}v and f = oo,
respectively. The corresponding kernels have the form:

: 2T ((n42v+ 1) /2) t
PV @0 = , 19
(x,1) /2T (v 4 1/2) (|x|2+[2)(n+2v+1)/2 (19)

2—V+3/2; K n+2v+1),2 (V |x|2 + tz)

@n)"2T (v41/2) ( |x|z+,z)("+2”1>/2 '

MY (x,1) = (20)

More information about these integral operators can be found in [1,2,5].
From now on the letters c, cg, ¢, ¢, ... will be used for constants. As usual, we will write
“@ () = O (1) as « — 07 if the function ¢ («) is bounded as oo — O.

Lemma 5. Let the kernels P (x,t), M (x,t), P" (x,1) and MY (x, 1) be defined as in (10),
(11), (19) and (20), respectively. Then, there exists ¢ > 0 such that

(@ M (x,t) <cP(x,t), VYxeR"'1t>0;

) MY (x,1) <cPY (x,1), VxeRL,t>0.

Proof. Taking into account the following well known estimation for the McDonald function
[10, p. 257]

oL ifr >0 .
RS d <err ™, 0<r<o0,y>1/2),
cor™¥ if0<r<i
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we have fory = (n + 1) /2

)
K“"( Il +t> c3t (10)

M (x,t) = cpt (m)y < (|x|2 N t2)("+1)/2 =cP (x,t).
The part (b) is proved analogously. [
We need the following Lipschitz classes
A= {f i f e Lo ®)1f =3 = f Wl ey} @1
Ro={r:rela®).[1f) @ - f W]y, <clyl], (22)

where 0 < A< 1; T is the generalized translation (16); [|gllo, = sup |g (x)|; supremum is taken
over R" in (21), and over R’} in (22), respectively.

Lemma 6. (a) Let S; f be one of the operators Py f and M, f. If f € A, then
IS:f = flloo=0()1* ast— 0. (23)
(b) Let S; f be one of the operators Pt(v)f and ./\/lt(v)f. If fe /N\A, then

IS f = fllo =0 ()t ast — 0. (24)

Proof. We will prove only the case S; f = M;") f,with f € A ;. (The other cases are proved
analogously.)
Since fR'i MY (y,1)y2dy = ™!, we have

DW= r = [ M0 00 ()0 = @ )3
= /m MO 0 (1) ) = £ @) )32 dy + (¢ = 1) £ .
This yields
|mr—7) < fm MO G 0| TV f = fll o v2 dy + (€ = 1) 1 flloo = it + 2.
Further, by Lemma 5(b) and (22) we have

n<a [ PO = fL 5y

+

Vdy = cst’.

< 62/ ! yI* y?
= " +2v+1)/2 n
Ry (|y[2 +£2) T2

Sincee! — 1 =1¢ —{—O(l)t2 ast — 0, it follows that i, = O (1)t ast — 0.
Finally, for 0 < A< 1 we get

HME")f—fHOO=0(1)r’~+0(1)t=0(1)ﬂ ast — 0. O
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Now we introduce a class of integral operators generated by an “admissible bunch” {S;},.
(see Definition 1). Given an “admissible bunch” {S;},. ¢ of type f > 0 and a complex number o
with Re o > 0, we define the following family of integral operators:

(A“f)(x)z# s (S f) (x) dt. (25)
I'(0) Jo

For f € L p(R", dm), 1<p < oo, the expression (25) is well defined a.e. on R” provided
0 < Rea < f. Indeed,

1 1 e’}
(A%f) (x>=m)(f0 +f0 )r“—l (Sif) () di = iy + a.

Denote a = Re a.. By Definition 1(a)—(b)

il <6I|f||,,/0

Therefore (A% f) (x) = i1 + i is finite a.e.

The family of operators (25) contains the Riesz and the Bessel potentials generated by the
ordinary and generalized translation.

The classical Riesz potentials, /* f, and the Bessel potentials, J* f, initially defined in terms
of Fourier transform by (1) and (3), have the following integral representations via the Poisson
and Metaharmonic integrals, respectively:

1 oo
1

1“"ldt <00 and lial, gc||f||p/ 1P ar < .

(I f) (x) = %a) / e (P, f) (x) dt (Stein, Weiss [13]). (26)
0

(J“f)(x)zﬁ /0 1~V (M, f) (x) dt  (Lizorkin [9]). 27)

The analogous representations of the generalized Riesz and Bessel potentials, initially defined
by (2) and (4), respectively, have exactly the same form with the superscript (v) in notation of the
corresponding semigroups (17) and (18):

1 o° y
(L)@ =55 /O (P F) () dr, (28)
o _ 1 % aml Q)
(RN =5 fo (MO F) o dr, (29)

(see [1,2,4]).
Remark 7. It is clear that all these formulas (26)—(29) have the form (25).
3. The approximation properties of the family A* f as « — 0%

Theorem 8. Let f € L, (R", dm), 1< p < o0, and the family of operators {A%},~¢ be defined
by (25). Then

(a) lim,_, o+ (A*f) (x) = f (x) for almost all x € R",
(b) If f € L, N Cy, then convergence is uniform on R".
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Proof. (a) Let x € R" be such a point that lim,_¢ (S;f) (x) = f (x) (see Remark 4). Then
given ¢ > 0 there exists 0; > 0 such that |(S;f) (x) — f (x)] < e¢forall 0 < ¢t < J; and
there exists 9, > O such that (1 —e! ) < gforall 0 < ¢ < J,. Taking the number ¢ as
0 < 0 < min {dy, d7, 1}, we have

0

1
<m 7S ) () — f (o) dt

e )/ S f) () — e f (0] dt

+|1{Ez))| i t“‘l(l—e") dtéﬁfo t“‘ldt+8|lf(§;)| Oét“_ldt
F(O;) A+1f @b = +1)<1+|f<x>|>—0<1>8 sa—> 0% GO
Further,
@ /;O TS ) @) — e f (0)] di
<%/jz“—l (IS5 @+ 1 () de
< rc(la) A, e 1 o] ar

w) <||f||,,/ r‘°‘—/’—1dr+|f<x>|5a—‘/(S ffdz)

FC(I“) <gf”” P f ()67 e 5) —0()o aso— 0. 31

Now by making use of (30) and (31) we have
(A% f) () = f (x)!

1 o0
_ 'F(oc) =1, ) (x) a5 | 2=l F (x) di
“to / (S () = f ()] dik ——

=0 e+O0()a asa— 0.

- ( ) wt“—‘ (St f) (x) —e™" f (x)] dt

The last estimate yields
limsup [(A%f) (x) — f (x)| <ce, c=c(x).
o—0
Since ¢ > 0 is arbitrary we have
lim [(4%f) () = f (0] = 0.

(b) Let now f € L, N Cp. Using the notation || gll,, = sup |g(x)|, we have from (30) and (31)
o

F+1)

”A = flloo<e———~ ( —{—”f”oo)_}_ac—l(”f”patx /f+||f”0050(—1 6)

F'a+1) \p-—
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The last expression leads to limsup,_, ¢ (A% f) — flloo <&(l + || flloo), Y& > 0, and therefore,

limy 0 |A”f = flleo = 0.
The proof of the theorem is completed. [J

Corollary 9. Owing to the formulas (26)—(29), the statement of the Theorem 8 is valid, in par-
ticular, for the operators I*, J*, I and J.

Remark 10. The approximation properties of the families /% f and J*f as « — 0" have been
studied by Kurokawa [7] before.

The next theorem gives an estimation for the order of approximation of the Lipschitz functions
(see (21) and (22)). Below the notation L, , stands for L ,(R", dm) with dm (x) = X (x) x,zlv dx
(see (13)).

Theorem 11. (a) Let f € L,(R", dx)NA;, 1<p < 00,0 < A< 1. Let further A* be any of the
potentials [* and J*, o > 0. Then

|A%f = fll.,=0Ma asa— 0.

(b) Let f € Ly, N Ai’ 1<p < 0,0 < AL Let further A* be any of the generalized
potentials I} and J\', o. > 0. Then

|A%f = fll,=0Ma asa— 07

Proof. We will prove only the statement || If—f HOO = 0O (1) as o — 0. (The other state-
ments of the theorem are proved analogously, using Lemma 6 and the inequality (5).) We have

TS ,
(N 0= = [T pw - £

_ ! /Ooz“—l ((79§”>f)(x)—e—ff(x)) dt
0

I' (2)
1 ! N
-t | (DW= w)
1
—Jrc Ez)) (1 =)
+ / " g (PP @ —e' f ) di (32)
(@) Jo ' '
Further,
(- 1 ) I/ 1l oo Sy
1727 = £l m)f [P = | ar+ = | e di

r(oc)/o e ([P0 ]+ e 1) de =i+ ia + i,

The relation (24) with S; f = P,(V) f leads to

<=2 / wil gy g €L
') Jo F'a+1) o+ 4

=0()a asa— O,
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Since (1 —e ™) =14+ 0(1)t* ast — 0, we have

o (1)
T ()

1
ir = t*dt =0()o asa— 0T,
0

n+2\

Now by making use of the inequality (5) with f = , we have

1 ) ( ||f||,,/ P ar ||f||oof0°oe"dr)
o)

=—"=0()a aso— 0F.
(o)
Finally,

| f = fllo <it+i2+i3=00a asa—0". O

Remark 12. It is interesting to observe that the order of approximation does not depend on the
“Lipschitz degree” A of the function f.

The following theorem constitutes a local behavior of the family (A% f)(x) as « — 0T at a
“Lipschitz point” x¢ of f. Givena 4,0 < A< 1 and x¢p € R", we define (compare with (21))

Ay (o) = [ £ 1 o= ) = f (o)l <ep Iyl iyl <1}

Similarly, for 0 < <1 and xo € R’} we define (compare with (22))

Ry o) ={ £ (17 1) o) = £ o) <ep Iyl VIyI <1 (ve RY),

where T7 is the generalized translation given by (16).

Theorem 13. (a) Let f € L,(R", dx) N A; (x0), 1<p < 00,0 < A< 1. Let further A* be any
of the potentials 1* and J*, oo > 0. Then

(A*f) (x0) — f (x0) =0 (D) aso— 0T,

(b) Let f € Ly N /~\A~(x0), 1<p < 00,0 < A< 1. Let further A* be any of the generalized
potentials I} and JY, o > 0. Then

(A*f) (x0) — f (x0) =0 (D)o aso— OF.

Proof. As in Theorem 11, we will prove only the case of A* = I. The other statements of the
theorem are proved analogously by making use of Lemma 6. Using (32), we have

1 ! y
(1) 60 = 1 G0y = i [ (P 00 = 1 )

f (XO) ltoc—l (1

—t
W) —e ) dt

% a1 ) —t
(P o et o)
=11 + iz +i3.
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Further,

(P2 1) (o) = £ ()| = ‘ /R  POo (17 1) @o) = f o)) 2" dy

y2'dy

<[ poonlre-
y|<

+/ PO (| ( 2 dy
[yI>1

+)f(x°)‘/| PO dy =it R s
y|>

Since f € /~\;_ (x0), we have

19

J1 < e 2 dy< cot”,

t "
, Iyl
/|y|<1 (|y|2 N tz)(n+2»+1)/2 n

By the Holder inequality,

) P, 1/p'
j2 <1, (/ (P 0.0) yn'dy)
[yl>1
—p (n2v+1)2 /v
=3t (/ (Iyl2 + t2> y,f’ dy>
[yl>1

) 1/p'
<CM</ UI”“%*”ﬁ”U> <ost.
yl>1

Similarly,
—(n+2v+1)/2
j3=qﬂ/ (WF+¢ﬂ v dy<eqt.
[y|>1

Therefore

(PP 00 = f oo =0 ast— 0,

Using (33), we get

(A1 y ¢ 1 +
=0(1 0r.
li1] < F()/ F(rx)oc—i—/b (Do aso —

Further, since (1 —e™") =1+ O (1)* as t — 0, we get
lia| gL/It“dt —0()a aso— 0.
(@) Jo
By making use of (5) with f = (n + 2v) /p, we have

i3] < F()<c||f||,,f r“—ﬁ—ldz+|f<xo)|/oooe-’dr)

_om _ N
=T =0M)a asa— 07.

(33)

(34)

(35)

(36)
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Finally, by (34)—(36), it follows that
(I2f) (x0) — f (x0) = O (1) as o — O

The proof is completed. [J

Remark 14. As in Theorem 11, the order of approximation does not depend on the “Lipschitz
degree” 4 of the function f.
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