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InTRODUCTION

Tyndall [1] treats rigorously a continuous linear programming problem
and its dual. Here the problem will be generalized and the proofs shortened.
References to relevant work of Bellman, Wolfe, Lehman, Koopmans, and
Dorfman, Samuelson, and Solow will be found in [1]. A number of interesting
examples and counter examples are also given in [1].

If A(t) is a matrix for 0 < # < T with entries a,(¢) and if p(t) is a scalar
on [0, T] such that every entry

» a;(t) < p(2), te(0, T,
then the notation
AD<pl)  tef0,T]

will be used. The meaning of p(t) << A(¢) is now clear. If A(2) is a matrix
on [0, T'] with the same number of rows and columns as A(t), then

A < )
means
a;(t) < (1)

for all entries. The transpose of 4 will be denoted by 4'. Also

IA|=Z|ai:i|~

2%}

Vectors are regarded as matrices of one column,
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The abbreviation p.w. contin. will be used for piecewise continuous;
that is, continuous except for a finite number of simple discontinuities. In
Theorems 1 and 2

B(t) > 0 is an # X m matrix p.w. contin. on [0, T]

y(t) is an n vector p.w. contin. on [0, T

aft) is an m vector p.w. contin. on [0, T']

K(t, 5) is an n X m matrix p.w. contin. on [0, T] x [0, T]

(By the p.w. contin. of K(%,s) is meant continuous except for possible
simple discontinuities on a finite number of differentiable arcs.)

A bounded measurable m vector 2(t) > 0 on [0, 7] such that

t
Bt)s(t) <y(t) + | K(t,5)a(s)ds, 0<t<T, (1.1)
0
is said to be feasible for the Primal Problem. The Primal Problem is said to be

feasible if there exists a feasible 2(¢).

Remark. If y(t) > O then the Primal Problem is feasible since 2(z) =0
is feasible.
A feasible #(2) is said to be extremal if

fTE(t) Caft)dt > sz(t) “oft) dt (1.2)
0 0

for all feasible 2(2).
The case treated in [1] is where B(2) and K{(z, s) are both constant matrices.

TueoreM 1. Let the Primal Problem (1.1) be feasible. Let there exist a p.w.
contin. vector X(t) = 0, | A(t) | < | and a constant b > 0 such that
N(@)B(t) = b >0. (1.3)
Then there exists an extremal (t).

A bounded measurable n-vector w(t) > 0 on [0, T] such that
T
B'(t)w(t) = «ft) + f K'(s,t)w(s)ds, 0<Lt<T, (14)
i

is said to be feasible for the Dual Problem. The Dual Problem is said to be
feasible if there exists a feasible w(z). (The relationship of the two problems
is shown in (4.21).)

A feasible %(?) is said to be extremal if

[ 800y dr < [ wle)- ey (1.5)

for all feasible w(t).
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THEOREM 2. Let

y(#) =0, K5 =0. (1.6)
Let there exist 8 > 0 such that for each i, §, and t
either  b(t) =0  orelse  byt)=3. (L.7)

Also for each t and j let there exist i; = i;(t) such that

bi(t) = 8. (1.8)
Then the Dual Problem is feasible and there exists an extremal (). (If (1.8)
is satisfied then so is (1.3) by taking A(¢) with all entries equal to 1/2. In case B
is constant (1.7) and (1.8) are implied by the Hypotheses of [1].)

THEOREM 3. If in addition to the hypothesis of Theorem 2, B(t), «ft), ¥(t)
and K(t, s) are all continuous on [0, T'] and [0, T x [0, T, respectively, then

T T
f ROROLES f EORIOL (1.9)

Moreover if 2(t) is feasible for (1.1) and w(t) for (1.4) and if

f " a(t) - ot) dt = j " at) 2y dt, (1.10)

then 2(t) and w(t) are both extremal.

2. PrimMaL PROBLEM

The simplification in the present treatment is effected by treating the con-
tinuous problem directly in Theorems 1 and 2.

GRONWALL’S LEMMA. Let the integrable scalar g(t) = 0 satisfy
t
s<a+a| god, 0<t<T, 2.1)
0
where ¢, = 0, ¢, > 0. Then

2(t) < petet, 0t T (2.2)

Proor. Let
t
G(t) = f £(s) ds.
0
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Then from (2.1)

d

s (et G(t)) < ¢ e,
Hence

G(t) < 2 (et — 1),
Cy

which in (2.1) gives (2.2).

ProoF oF TrHEorEM 1. From (1.1)

X(8) Be) s(6) < X(0) te) + || X(0) Kt 9 36) .

If
) <a [KEL9I<eq (2.3)

then by (1.3)
bla(t)| <o +cf:|z(s)|ds.

By Gronwall’s lemma
ct cT
101 <G () < e () @4
For all feasible 3(¢) let

T
b, f 2(t) - aft) dt =
0
Then there exists a sequence of feasible 24)(¢), j > 1, such that

lim | " 200(t) - a(t)dt — M. (2.5)
By (2.4)

| 20(2) | < L exp (_C_T-) . (2.6)

Hence by weak convergence in L¥0, T'), there exists 3(#) to which a sub-
sequence of z)(f) converges weakly [2, p. 64] as j — co. Calling this weakly
convergent subsequence itself z(7)(t), the weak convergence implies in (2.5)
that

| " 20() - o(t) dt = M @7

0
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and in (1.1) with 2 = z1(¢), that

lirrj;‘)%oup B(t) 29(t) < v(t) + J.: K(t, s) 2'9(s) ds. 2.8)

It remains to discuss the feasibility of 2!%(¢) and to see if 2®(z) > 0.

Levmma 2.1. Let the uniformly bounded sequence of scalar measurable
Junctions { f{(t)}, j = 1, converge weakly on [0, T] to fi(t). Let

lim sup fi(t) = fu(%)- 29)
Then, except on a set of zero measure,
) <fut)y O0<t<T

Proor oF LemMa. Forn > 1 let

fult) = ult) + o 2.10)
on a set E, of [0, T']. From (2.9)
lim [sup £,()] = £u(?)- 2.11)

Using weak convergence, we obtain
|  Jo(t)dt =lim | 0 de <lim [ 0L

Using (2.11) and the dominated convergence theorem of Lebesgue, the
above gives

[ fwa<] nwa

This and (2.10) give m(E,)/n < 0 so that m(E,) = 0. But E,,, D E, so that

m (lim E,) = lim m(E,) =0,

which proves the lemma,

By using the lemma on each entry of 2/)(¢) and by using (2.6) it follows
that 21°(¢) is uniformly bounded from above except possibly on a set of
zero measure where it can be assumed to be zero.
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By using this lemma on each row of the vector B(z) z'/)(¢) in (2.8) it follows
that

B(2) 29(t) < p(t) f : K(t, 5) 29(s) ds (2.12)

except possibly on a set of zero measure, E;. Since the left side of (2.8) is
non-negative, so is the right side. Hence on E, replace 2°(t) by the zero
vector. This will not change the right side of (2.12) or (2.7). Calling the so
modified z{0)(t), 20)(2), (1.1) is satisfied by 2©)(z).

To show 2(¥)(#) = 0 except on a set of zero measure note that if one defines
fi(t) = lim inf fi(¢) in place of (2.9), one finds as in Lemma 2.1 that
Jo(t) = fi(t) except possibly on a set of measure 0. By applying this to each
row of 2©)(#), )(t) > 0 except possibly on a set of zero measure £, , and
hence so is #(t) > 0 except possibly on E,. Take () as 3(¢) off of E,
and as the zero vector on E, and the theorem is proved.

3. DuaL PROBLEM

Let ¢ be as in (2.3) and let | of2) | < ¢, . Let
& (T —1t)
p(t) = 2 exp [‘3—] . (3.1)
Then

Sp(t) = ¢; + chp(s) &, 0<t<T. (3.2)
t

Take w(t) as an n-vector with all entries p(¢). Then () is feasible. Indeed
by (1.8) and (3.2)

B'(t) w(t) = 8p(t) = oft) + j j K'(s, t) w(s) ds. (3.3)

Hence the Dual Problem is feasible.
Since it is desired to minimize

[ w0y a

and since y() = 0, it is advantageous to decrease each positive entry of w(z) if
possible.

LemMa 3.1. Let w(t) be feasible. Then there exists v(t) also feasible and

O< o) <wlth o) < plt). (3.4)
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Proor oF LEmma 3.1. From (1.4)

Y b wilt) = () + 3 | Tk, 1) w(s) d. (3.5)
If
_ ), wi(t) <p(t)
=00, wlt) > e,

then, since K > 0,
L but) w) > w(0) + 5, [ ks, t)0i5) . (3.6)

Let >, =3 + 3" where 3’ extends over the 7 of 3 for which w(#) < p(2)
and X" over those for which e(t) > p(t). It 3" is zero for a given ¢ and j,
w,(t) = v(t) in (3.6) and the lemma is proved. If }” is not zero,

Z byi(t) vi(t) = Z”bij(t) p(2) = 8p(2)

by (1.7). By using the right side of (3.3) the proof of the lemma is complete.
Hence it can be assumed that every feasible w(z) satisfies

0< w(t) < p(t)

and so by (3.1) is uniformly bounded. Weak convergence can now be used
much as in the proof of Theorem 1 to complete the proof that @(t) exists. It
should be noted however that in the analogue to (2.8) here lim inf is treated.
Also on the set of measure 0 on which @(©)(¢), the weak limit, is modified, it
is replaced by w(t) as defined below (3.2).

4. Proor or THEorREM 3. Now B, o, ¥ and K are all continuous. Let
h = T|N for large N. Let

By =B(jh),  am =oAsh),  ye =v(jk), Ky = K(h,jk)
4.1)
Let {(;) be m-vectors and consider the discrete problem

Bwlw <va + Kanlwh
Bl <ye + Kenloh + Kealoh

Bwblon <vw + Y Kw.nlohk (4.2)
F)
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with {(;) > 0 and chosen to maximize

Y Lo raph 4.3)
3
if possible. If
((1)
Z = C(:z) ’
Lon

this is a classical linear programming problem. It is feasible since {(; = 0
is feasible.
Multiplying the jth equation of (4.2) by A(;, = X'(jk),

bllpl<a+hey | lo)
or
b—ch)|ln] <q

G—ch)ln|<e+h ¥ LI, j=2,N.

igi—1

If h < b/(2) is small enough it follows easily by induction and
exp (¢) — 1 > e that

o 1< (F7H) < Frew (). (44)

The classical dual to (4.2), (4.3) is
Bagwq Zaq + ) K@ )oewph
Nzizl
Bonww) 2 aw) + Kwmemwh (4.5)
with w ;) = 0 and w(;) chosen to minimize

Y wg vk (4.6)

if possible. Let

o = %exp [ﬂN—S:])—h] . 4.7)
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Then

¢y -+ ch Z 0, <oyt 2c§1€2 PACIN=i)h/5 Z ¢—icih/s

i<igKN i20

and for small A

) 1 ]
—4cthfd — _—
Le T— e < 3%
so that
2 .
Catch Y 0 <y 5 cett NI < gy (4.8)
IIKN 3

By using (4.8) it follows that if w ;) is taken with all its » entries equal to oy,
then (4.5) is feasible. Also much as in Lemma 3.1 it can always be assumed
for feasible wy; that

2c, [ 4cT ]

Oéw(,-)gc,-é—s—exp 5

4.9)

Since (4.2) and its dual (4.5) are both feasible, it follows from the classical
theory that there exists extremal {(;) and @ ;) such that

Y& aph =Y & yah (4.10)

where by (4.4) and (4.9)

0<{p < 2—;1—84”/” 4.11)
~ 2c, 4cT/5

and hence are uniformly bounded independent of A.
For 1 <j< N let

2t =Ly, (F—Dh<t<jh (4.13)

Then since B, «, ¥ and K are uniformly continuous it follows from (4.11),
(4.13), and the jth row of (4.2) that, given € > 0, for small enough A

B an(t) <0) + < + [ K(t,5) (o) . (4.14)

This is (1.1) with y replaced by y + €. Hence there is an extremal %(t) for
which (4.14) holds with 2, replaced by 2, .

409/16/1-6
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Also
T T
f 2(t) - oft) dt > f 2(t) - oft) dt (4.15)
0 °
since 2,(2) is feasible by (4.14). In place of (2.4)

15(1)) <& + ne exp( ch ) (4.16)

For the given € > 0 and small enough &, (4.13) implies
T 5
[ o) aydt =T Loy o — e
This with (4.15) gives
T N
[IEORIOLERED R ORLTE (“17)

Proceeding similarly with the Dual Problem by defining w,(t) much as in
(4.13), etc., one has with «oft) in (1.4) replaced by a(t) — € an extremal @ ()
such that

T
fo Bt) y()dt <Y By vk +e
By combining this with (4.17) and (4.10),
T T
f Bt) (1) dt < f 5(2) - oft) dt + 2e. (4.18)
0 0

As in (4.15) let () be extremal for (1.1) with y replaced by y + ¢ and
define

T
M(e) = f EIORIOLS

Given > 0, ,(t) is feasible for € > 7 and so it follows that M(e) is mono-
tone nondecreasing. Hence letting € — -+ 0, M(+ 0) exists and

M = M(0) < M(+ 0). (4.19)

On the other hand, by using (4.16), it follows much as in the proof of Theo-
rem 1 that as e — -+ 0, a subsequence ¢;— + 0 can be extracted for which
% (t) converges weakly, except possibly on an easily treated set of measure
zero, to a feasible 2(¢) for ¢ = 0. This shows that M(0) = M(+ 0) and so
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by (4.19), M(0) = M(0 +). Hence given » >0, for sufficiently small e

f :z@(t) cot)dt < | :%(t) - o(t)dt + 7.

A similar argument for the dual problem shows that

| :@E(t) y(tyat > | :ﬂ')(t) y(tydt — .

The two above inequalities in (4.18) give

T T
j @(t) - y(t) dt < f 5(t) - oft) dt + 2¢ + 2
0 0
for any given ¢ > 0 and % > 0. Thus
T T
f a(t) - y(t) dt < j 5(t) - o(t) dt. (4.20)
0 0
On the other hand if 2(z) is feasible for (1.1) and w(z) for (1.4), taking the
scalar product of w(z) with (1.1) and 2(¢) with (1.4) and integrating each on
[0, T] leads easily to
T T
f w(t) - y(t) dt > f 2(t) - oft) dt. (4.21)
0 0

Using (4.21) with w = &%, 2 = # together with (4.20) proves (1.9).
Given (1.10),

T T T
f w(t) - y(t) dt = f 2(t) - oft) dt < f 5(t) - oft) dt,

which with z = % in (4.21) gives

T T
f () (1) d = f EOROLS

This with (1.9) shows w to be extremal. A similar argument applies to 2 and
completes the proof of Theorem 3.
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