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functions are computed by convolving the function with a symmetric kernel of zero mean
and zero first moments of various scales. From the goodness of fit point of view, this
convolution can be viewed as measuring locally the deviations from a linear function
at various scales. The local scales are defined as points where deviation from a linear

Keywords: function reaches a local maximum. In the case of a d-dimensional surface, the analogy
Local scales of the scale functions is to compute local deviations from a d-plane at various scales
Curves and surfaces (this is related to Jones beta number). This analogy is realized through convolving the
Local features (surface) measure with a symmetric kernel of zero mean and zero first moments. We then

Shape analysis
Shape features
Beta number
Multiscale analysis

apply the theory of singular integral operators on d-dimensional surfaces to show useful
properties of local scales. We also show that the defined local scales are consistent in
the sense that the number of local scales are invariant under dilation, and that one can
relate the local scales of the original object with its dilated version via the dilating factor.
In addition, with the assumption that the d-dimensional surface enjoys a certain degree
of smoothness, we prove that our local scales are related to curvatures. Furthermore, this
connection makes apparent that our local scales are intimately related to the change in
deviation from flatness. Computational examples are also presented. In shape analysis, the
local scales and the scale functions on the boundary can be used as local signatures or
descriptors.

© 2012 Elsevier Inc. All rights reserved.

1. Introduction

Given a bounded function f (an image) defined on R", an important task in image analysis is the extraction of local
features and information contained in f. The knowledge of local features is then used for tasks like image matching, texture
segmentation, object recognition, and image and domain decompositions. In an image diffusion approach for extracting local
features in images [27,28,39,29,3] one assumes that one has a multiscale representation {u(x, t)};>o (linear or nonlinear)
of f. In particular in [29], D. Lowe developed the SIFT detector for feature extraction which has proven to be very useful

in computer vision. This detector uses the vector {t%(x, t)} at locations (x,t) which are local maxima and minima of

t%—bt’(x, t). Here u(t) = K¢ * f, where K; is the Gaussian kernel on R". In [30], {u(x, t)} is replaced by a set of shapes {S(x,t)}
that contain x. These methods compute a single meaningful scale at each location x. We refer the readers to [24] and [23]
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for an overview and analysis of local scales in images. See also [43,1,45,23] for different approaches in obtaining the global
scales from the point of view of image decompositions.

Motivated from the theory of function spaces, Jones and the first author propose in [20] a method for extracting a vector
of scales at each location x. This notion of (multi) local scales is further characterized based on the visibility level of the
scales and their separations from other scales. This multiscale analysis of a function f is related to diffusions (linear or
nonlinear), and the theory of wavelets [10] and square functions applied to f. In particular, for each t > 0, define

—nj2,— 2
Gi(x) =t e [
G¢(x) is the Gaussian kernel on R" satisfying fR,, G¢(x)dx =1 for all t > 0, and

¥Ge(x) = (4) T AG(x). (1)

Moreover, the Fourier transform of G¢(x) is given by G (&) = e~"tI€1” [37], and for all integer k > 0,

ak C
H 6 <& 2)
atk L1 (R”) tk
For each t > 0 and x € R", let ¢ (x) = t%Gt(x). Given an image f € L°°(R"), define the scale function of f as
SFx.0) =g+ [0 = [ gulx= ) f ) dy. 3)
Rn
One obtains that
ak Ck
—S < — oo (RN . 4
H ok fHLDQ(]R”) i 1 ey (4)
The following notions of local scales of f are introduced in [20].
Definition 1 (Local scales of functions). Let f € L°°(R"). For each x € R", the local scales of f at x is defined as the set
Tr(x) :={t > 0: [Sf(x,t)| is alocal maximum]}. (5)

By a change of variable, let T = log,(t) for some a > 1 and Sf(x, T) :=Sf(x,a") =Sf(x, t). Denote
Trx) ={teR: t=a" € Tf(x)}.

e For each >0, we say T € T(x) is B-visible if |Sf(x, T)| > B.
e For each § > 0, we say T € T¢(x) is §-separated if | i Sf(x,T)| >34.

at?

The following characterizations of B-visible and §-separated local scales are given in [20]. Let £2 C R" be a bounded
domain. For each x € £2 and § > 0, let
>4 },

Qs.n = {x€2: #15(x) > N}. (6)

32
Ts(x) := {r €Tr(x): ‘WSf(x, T)

and for all N > 0, let

Denote by |E| the Lebesgue measure of the set E C R". The following corollary provides a characterization of |£2;s x| and it
is an application to the John-Nirenberg theorem [17]. It tells us that the Lebesgue measure of the set of points which are
embedded in many scales is small, and decays exponentially as a function of the number of scales.

Corollary 1. Suppose f € L (R") and £2 C R" be bounded. Let §25 y be defined as in (6). Then there exist constants C1 and C, which
depend on || || ~ and |$2| such that

_ 3
|25 n] < Cre” 2N,
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The proof of this corollary essentially uses (4) and the fact that for any integer k > 0, the Littlewood-Paley gi-function
(a vector-valued singular integral) defined as

00 2 1/2
g(Hx) = |:/ T} , xeR"
0

is bounded on L%(R"). lLe.

lek(H) ]2 < Akl Fll 2.

for some constant A, > 0 (see Chapter IV, Section 1 in [37]). This inequality can be easily verified using Fourier analysis
(one can also show the converse inequality using the same techniques).
Another characterization is the following. For x € £2 and 8, § > 0, define

>8},

2ps.N={xe2: #155(x) >N} (7)

PR

£ atk

* f(x)

32

Tg5(X) = {r eTr(): [Sf(x,T)| > B, s3SI D)

and

Corollary 2. Suppose f € L°(R") and £2 C R" be bounded. Let 2g 5 N be defined as in (7). Then there exist constants C1 and C,
which depend on || f ||~ and |$2| such that

[£25.5N| < Cre~CNe
where o = min(g, §).

In this paper, we would like to replace the function f with a d-dimensional surface I C R". We note that multiscale
and geometric analysis on curves and surfaces has been a wide subject of study since the early 1980’s ([7,8,18,33,6], among
others). Methods of denoising and reconstructing parametric curves are proposed by L.-M. Reissell [34] using wavelets,
and recently by M. Feiszli and P. Jones [15] to denoise piecewise smooth curves while preserving singularity. See also
P.L. Rosin [35] for a study of local scales on parametric curves. Our motivation comes from the work of G. David and
S. Semmes [12]. In shape analysis, I" can be viewed as the boundary of a shape and the knowledge of local scales of the
boundary is useful for shape matching and comparison [41,31], among others. Just as in images, the local scales of I" at x
can be used to build distinctive feature detector for I". This paper is an extension of the ideas contained in the preprint by

the first author [22].
We begin by defining different notions of regularity and rectifiability on I" [11].

Definition 2. Let I C R" with Hausdorff dimension d, and p be a non-negative Radon measure in R" restricted to I" (for
instance, take 1 to be #, the d-dimensional Hausdorff measure).

1. We say I" is a d-dimensional Lipschitz graph (with constant C) if there is a d-plane P, and an (n — d)-plane P+
orthogonal to P, and a Lipschitz function A: P — P+ (with Lipschitz norm C) such that

r={p+A(p): peP}.
By a change of coordinate system, we can view P c R? and write I" as
r={(p,A(p): peP}.
2. We say I' is regular if it is closed and if there exists a constant C such that
CT'RY < (I N Br(x)) < CRY, ®)
for all xe I' and 0 < R < diam(I"). Here
Br(x) ={y €R": |x—yll <R},

and diam(I") is the diameter of I'.
3. We say I is CBPLG (Contains Big Pieces of Lipschitz Graphs) if it is regular and if there exist C > 0, and € > 0 so that
for every x e I and 0 < R < diam(I"), there is a d-dimensional Lipschitz graph E (with constant < C) such that

w(I' NBr(x)NE) > €R%.
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The family of kernels that we are using for the case of a d-dimensional surface is the following: Define

X 2
Ko (x) = =427

and ¥ (x) = ta% K¢(x) for all t > 0 and x € R". Let i be the d-dimensional surface measure restricted to I". The scale function
of I' is defined as

SI(X, t) := e * (%) 2=f¢t(X—J’)dM(J’)~ (9)
r

Note that in defining the scale function SI" in (9), we compute local measurements by convolving the measure p with
a symmetric kernel i; of mean zero. We mention that there are other types of local measurements. For instance, in [19,
14], and [25], local deviations of I from a d-plane (known as Jones beta number) are computed. In [40] and [26], local
(multiscale) Menger curvatures are used to quantify the regularity of I". In [44], regularity of I is characterized in terms
of the Wasserstein L2-distance from optimal mass transport. The area (or volume) of an e-neighborhood of I' is used as a
regularization term in [2] for image segmentation as supposed to the length (or area) of I".

Remark 1. Let f be a function defined on R (assume f is Lipschitz). The graph of f is the curve I' = {(x, f(x)): x € R}
embedded in R? with du(x) = /1 + | f/(x)|2 dx. The scale function of f can be rewritten as

a
SF(x.0) = f [k (o, )£ (1) dy.
R

where p(x,y) = |x—y| and k:(p) = t=1/2e=7P%/t For the same kernel ke, the scale function of I" can also be rewritten as

3
SI"(x, t) =/t§[kt(pf(’(, M1+ o[ dy,

R

where pf(x,y) = \/\x— Y12+ 1f(x) — f(¥)|2. The main difference between Sf and SI" is in the choice of the metric p
and py, respectively. Note that for an oscillatory Lipschitz function f, the kernel t%[kt(p £(x, y))] is much more oscillatory

than the kernel t%[kt(p(x, ¥))]. We note that metric of the type oy (nonlocal) has been used recently for image denoising
[5,42,21], and image colorization [16].

Following [20], we define the following notions of local scales on I".

Definition 3 (Local scales on surfaces). Let I' be a d-dimensional surface embedded in R" with p being its surface measure.
For each x € I', the local scales on I' at x is defined as the set

Tr(x):={t > 0: [SI"(x,t)| is a local maximum}. (10)

By a change of variable, let T =log,(t) for some a > 1 and SI"(x, T) :=SI"(x,a") =SI'(x,t). Denote
Trx) :={teR t=d" eTr®}.

e For each 8 >0, we say 7 € Tp(x) is B-visible if |[ST"(x, T)| > B.
e For each § > 0, we say T € T (x) is §-separated if |%SF(X, 7)| > 6.

We wish to extend the results from Corollaries 1 and 2 for local scales on I'. Thus, we are interested in the following
questions.

Question 1. What are sufficient conditions on I" so that for all k > 0,

3k Ck,r

sup|— v x L(x)| < ———, 11

xe]l?' 8tk \/’t M( ) tk ( )
where Cy r depends on k and I'.
Question 2. What are sufficient conditions on I so that the Littlewood-Paley function (still denoted by gy) defined by

0 1/2
, O 2 dr
g (fHx) = t ﬁ‘/ft*f(x) e xel, (12)

0
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is bounded on L%(I", u) for all integer k > 0. In particular, we would like to know whether the following inequality holds,

1/2
[/|gk(f)<x>|2du<x>] <Cllfllzery- (13)
r

Take f to be the characteristic function of I" N B;(x), x € I", then the above condition implies that |l'k%(l/ft * u(x))|2w
is a Carleson measure (see [11] for a definition).

In Section 2, we go over a framework for studying local scales on I using kernel methods. In Section 2.1, we show that
under the assumption that I" is a Lipschitz graph (or I" is CBPLG), we have positive answers for Questions 1 and 2. The
proof for the L2-boundedness of vector-valued singular integral operators on I, of which the bound (13) on gj is a special
case, is outlined in Appendix A. In Section 2.2, we extend the characterizations of local scales of f from Corollaries 1 and 2
to local scales on I'. Some useful properties of local scales are also presented.

In Section 3, to better understand the scale function of I" and its local scales we provide examples, numerical experi-
ments and geometric interpretations. In particular, when I" is a smooth curve in R?, in Theorem 1 we obtain that for all
t > 0 sufficiently small,

SP(2.0 = = (k@) t+ (). (14)

Here k (z) stands for the curvature of I" at point the z. Flat curves have zero curvature and hence this provides a quantitative
restatement of the claim that the scale function measures “curviness” at scale t > 0. Furthermore, this connection makes
apparent that the scale function exactly reflects the change in deviation from flatness. In the case when I" is a smooth
2-dimensional surface in R3, in Theorem 2 we prove that for all ze I”

SP (2.0 = 1o (1)~ @) t+ 0 (1), (15)

where «1(z) and «; stand for the principal curvatures of I" at the point z.
In Section 4 we list a collection of topics of future interest.

2. Local scales on d-dimensional surfaces

Let Pg={x= (X1,...,X%) € R": x; =0,Vi > d} C R" be the d-plane, and for x € R", let ¢(x) = e~"IXI>, We have
/i Pd([)(x) dH4(x) = 1. Note that since ¢ is radially symmetric, we have that for any P which is a rotation of P4 at the

origin, fP ¢ (x) dH%(x) = 1. For each t > 0, define

Ko (x) = t_d/2¢<%>.

Then we have
/ Ke(x)dHe(x)=1, forallt >0,
Py

and, for all k> 1,
ak
— K¢ (x
/‘atk ()
Py

In other words, K; restricted to Py which we can think as R? is the heat kernel on R?. Define y;(x) = t;’—tl(t(x) for xe R"
and t > 0, then it is easy to see that

C

d k
dH"(x) < & (16)

/ Y () dH () =0,
Py

and y; also has zero first moments on Py.
Let I' C R" be a d-dimensional subset, and let i be the d-dimensional surface or Hausdorff measure restricted to I.
Recall the scale function SI" : I x (0, co) — R defined as

SI'(x, ) = Y * L (X) ZZ/l/ft(X—Y)d,u(}/)- (17)
r
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Y
"

Fig. 1. A Lipschitz curve in R? exhibiting a point with vanishing scale function.
For each x € I" and t > 0, we define

KI™(x, t) = K¢ * (%) 3=/I<t(X_Y)dM(Y)- (18)
r

By the property of v, we see that if I" is a d-plane, then SI"(x,t) =0 for all t > 0. Locally, the quantity |SI"(x,t)|
provides a measurement of how well I" can be approximated by a d-plane near x € I" at scale t. If we accept that |SI"(x, t)|
measures the deviation of I" at x from a d-plane at scale t (which we can think of as the time variable), then the local
scales (defined in Definition 3) are the points in time where deviations start to decrease, that is when |SI"(x, t)| is a local
maximum. Thus, as far as local scales are concerned, we are only interested in local changes in deviations from d-planes. In

this respect, we note that there exists I" such that SI"(x,t) =0 for some x € I even though I' is not linear at x.

Example 1. Let I" be a curve in R? consisting of two infinite straight lines emanating from the origin, see Fig. 1. Invoking
the symmetry of v, we deduce that SI"((0, 0),t) =0 for all t > 0. More examples are given in Section 3.

Remark 2. Since v, is radially symmetric, SI"(x,t) transforms properly under Euclidean isometries. In other words, let
T € E(n) be a Euclidean isometry and denote by TI" = {Tx: x € I'}. Then, for all t > 0

S(TI)(Tx,t) =SI'(x,t).
2.1. Smoothness of SI" and L%-boundedness of g

To address Questions 1 and 2, we begin by considering I being a d-dimensional Lipschitz graph. Let I' = {z(r) =
(r, A(r)): r € F} be a Lipschitz graph for some closed subset F in R%. In this situation, we see that the surface measure p
and the d-dimensional Hausdorff measure #¢ restricted to I" are equivalent. Denote by

0z 0z
ary’ orj ’

(19)
and
[Tl =sup|Z' ()] (20)
reF
We have that for a measurable E C I',

w(E) = / XE() dp(x) = / xe(z)|Z @] dr,
r F

and

HIUE) = / xe(z(r) dr.
F
But 1 < ||Z/(n)] < |1zllLip = C. This implies

HI(E) < w(E) < CHY(E).

Thus it is equivalent to consider either du or dH¢ =dr on I' that is a Lipschitz graph. From now on, we assume f to be
either the Hausdorff or surface measure on I". The following proposition addresses Question 1.

Proposition 1. Let I" be a d-dimensional Lipschitz graph. Then, for all x € I', KI" (x, t) and SI"(x, t) are infinitely differentiable in t,
and for all k > 0, we have
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8k
sup| —SI"(x, t)' IIFII*, (21)
xel’ t

where  is the d-dimensional surface measure, and || I ||« is defined in (20) and C depends only on k and d. If 14 is the d-dimensional
Hausdorff measure H, then || I"|| can be removed from (21).

Remark 3. Let P be any closed subset of RY and a Lipschitz function A : P — R"9. The function A can be extended to RY

with the same Lipschitz constant using an extension theorem of Whitney (see Theorem 3 of Chapter VI, Section 2 of A. Stein
[37]). Thus without lost of generality, we may assume that P =R, that is

r={(r.Am):r eRd}.
Before proving Proposition 1, we need the following result, where the proof is given in Appendix B.

Proposition 2. Let I be as in Proposition 1 with F = R%. For all k > 0, let

k
L[ X =Y en?
Yerx—y)=t T— | € e, (22)

forallx=(r, A(r)),y = (s, A(s)) € I". Then

/ Yek(x — y)ds < Cy, (23)

where Cy is a constant that depends only on k and d. Here ds = dH%(y).

2i|1/2

The following is another estimate for f]Rd Yrk(x — y)ds.

Remark 4. Denote by

d
|A] o = IV Al = Sup|:2
reRd 1

oA
81’,‘ (T)

42 2 [ Ir=si?] a2
Rd Rd
where
Ak=/(n||5||2)]<€_”“5||2ds.

Rd
Note that the first estimate (23) does not depend on | A’||;~, while the second estimate (24) does. Thus we see that if
|A’|| L is large then (23) is a better estimate than (24).

Proof of Proposition 1. From Remark 2, we may assume P = R%, and PL =R"? and without loss of generality, we may
also assume

r={(r.Am):re Rd},
where ||AllLip < 0o. Fix x € I'. Observe that for all y e I',

k+1

1
1/ft(x V=g 2 cilix=y),

i=0

where ¢ ;(x — y) is defined in (22), and c; are constants that depend only on d and k. Using the notation x = (r, A(r)) and
= (s, A(s)), we have

tk

ok ok
[ [ te=|du < [ | Znlea0) ~ 5. a0) i as
r Rd

k+1

I« *
<L > A/xvt, L AM) ~ (5. A®)) ds < 1]

k+1

ZI ilCi (25)
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where the last inequality follows from (23). Using standard arguments involving the Dominated Convergence Theorem, we
have

8/{ ak
WSF(x, t)=/ﬁwt(><—y)du(y), (26)
r
which shows that
o < ‘ d <G
ﬁSF(X, )| < ﬁwwx—y) ny) < WIIFII*,
r

where Cj, is a new constant that depends only on d and k. Since x € I' is arbitrary, we have that (21) holds. O
Remark 5. Note that as a consequence of the Dominated Convergence Theorem, we have that for all x€ I" and ¢ > 0,

oKI"
SF(X, t) = tT(X, t)

Let z: RY — R" be a continuous function (not necessarily Lipschitz or differentiable), and suppose
r={zr:re Rd}.

For x = z(r), let the measure in w in this case be the d-dimensional Hausdorff measure restricted to I, then
ST (X, t) = e * u(x) = / Ve (2(r) — z(s)) ds.
Rd
Then as a consequence to Proposition 1, we have
k

P tk

C
SI"(x, r)l < t—,f (27)

where Cy does not depend on I". Note that in this case, we get the same bound as in (21) but the quantity || I"|, is removed.
Thus by restricting to a d-dimensional Hausdorff measure, the condition on I" can be weakened. Note that this is the worst
possible bound and it does not take into account the regularity of I". When I" is smooth, the bound can be strengthen as
in (14).

Next, we would like to address Question 2, in particular, condition (13). To this end, we follow [11]. The following lemma
is the vector-valued version of the result from [11] (Part II, Section 6, Example 6.7), and it is a general case of (13).

Lemma 1. Let 0 < d < n be integers, and let k(x) be a C* function, defined on R" \ {0}, with values in some Hilbert space H, and such

that
|Vik@) |, < C@lxI™ forall j >0, (28)
and for all M > 0,
sup H / k(p6)|p|t! de <C forallg e S"1. (29)
0<e<M H
e<|p|<M

Let A :RY — R" pe q Lipschitz function. Then the kernel

K((r,s)) =k(r—s, A(r) — A(s))
defines a bounded singular integral operator from L2(R%, p) to L2(RY, H, 10).
The proof of this lemma in the scalar case is outlined in [11] in a series of exercises. For completeness, we will sketch

the proof of this lemma in Appendix A, which is similar to the proof of the L2-boundedness of the Cauchy integral operator
on Lipschitz graphs for the vector-valued case.

Remark 6. Lemma 1 can be extended to I" being CBPLG. This extension can be done by following the proof of Corollary 3.6
from [11] for the vector-valued case.
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For a kernel k that is radially symmetric and decays exponentially as ||x|| — oo, an equivalent condition to (29) is the
following

d
sup /r*‘”%(@/ﬁ)%” <C forallg e S"™ . (30)
H

€>0
{r>e

Here, the normalization r—9k(6/r) is replaced by r=4/2k(6//7).
Using Lemma 1, we would like to show that (13) holds.

Corollary 3. Let I" = {x = (r, A(r)), r € R%} be a d-dimensional Lipschitz graph, for some Lipschitz function A : RY — R"~9_ Then the
Littlewood-Paley function g defined in (12) is bounded on L2(I", w). In particular,

1/2
[/!gkm(x)\zdu(x)] Ck[f|f(x)|2dﬂ(x):| : (31)
]Rd

R4

1/2

Proof. We will first prove the claim for go. We have

00 it 1/2 ) ) 2 4t 1/2
20(HX) = |:/|¢fr*f(x)|2 T:| = [/‘f&Kr*f(X) T:| .
0 0

We follow Chapter IV, Section 1.3 from [37] by considering 7 to be the L? space on (0, oc) with the measure tdt, i.e.

= {fi 1£113 3=/|f(f)|2tdt<oo}.
0

Let k(x) = "Kt (x). We will show that k(x) satisfies the hypothesis of Lemma 1: That is

[ V7k@o,, < CiIxI~7 forall j>o, (32)
and
d
sup / r’d/zk(e/\/F)Tr H <C forallg e S" . (33)
€>0 H
{r>€}

Condition (32) clearly holds for it is a direct computation of the integral

e¢]
|Vik|2, = / |Vikeo| e dt.
0

First we note that for all x #0,

o0
2
2 a4 wIXIP mim?
||’<(X)||H=/’t ar2 1<_§+ Ao
oo
2 2 7TX2
[t—d 1( 7T|ItX|| ) =T
0

o0

2 2\ d+1 d 112 28 2 o
=) () (g ]

0

T d 1\°
= (27 ||x||2)_d/t‘j’_1 (—5 + 51) e "dr.
0

tdt
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Let

00 9 1/2
C(0)=|:(27r d/rd 1[d + 1z2] _tdrj| ,
0

which is finite. Then we have
[k, < COIxI~.
For j >0, let

d 2 7TX2
kj(x)zr_d/2_1<_§_j+ 7T||;‘|| )e‘%.

We observe that ith partial derivative of k is

21
I k(x) = <—T>X1’k1 ),

and
2 , 27 2 277 x|
| VK@) | = || (35, ko). ... 8k ()| :[T||x||1<1(x)] = (IxI1%)~ [ kl()}
But,
o0
2 2 2 2
H 7 [IX]| kq (x) = (27 Ix11%) dftd<___1+ T> e dr < Cl
0
Therefore,

| VK@), < Crllxl =1,
for some constant C1. Now the general case follows, since
. - 27[
O ke(x) =a) " <—Tx,'k1 (x)).

Next, we would like to show here condition (33). Since the kernel k(x) is symmetric, it suffices to show the uniform
bound

sup
€>0

/ r*d/zkw/ﬁ)?

{r>€}

<C forallg e s™ 1, (34)
H

where C does not depend on 6. For each € > 0, we have

T
T>6 r>€
012 2 ?
:f‘ / —d/2-1;-d/2-1 [_(d/2)+n||tr|| }eﬂ%dr‘ Ldr
0 {r>e}

o0

= t—d/2—1/31<r(0/ﬁ)dr

€

o.¢]
lei= H
/|t—"/2 e~ Prdr = (02 "/rd—1e—2’dr=cdn—d,
0

2

o0
tdt=/|t‘d/2‘1l<e(6/«/f)|2tdt

where Cq = [;°r%"Te=2"dr < oo with 1 < d < n. Thus (34) holds with C = [C4r ~9]1/2.
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To show (31) for general g, it suffices to show that the function h;(f) defined by

1/2
2 dr
t

is bounded on L2(I", w), for all i > 1. In this case, the Hilbert space A in consideration is the L? space on (0, co) with the

measure t2~1dt and the kernel is given by k(x) = % o

hi ()00 = U’t'@mm)
0

2.2. Properties of local scales

For the remainder of the paper, when not specified we assume that I" C R" is a regular d-dimensional Lipschitz graph
with p being the d-dimensional surface or Hausdorff measure restricted to I" satisfying (8) such that for all integer k > 0,

k Ck,r

0
sup|—SI'(x,t)| < ——, 35
sl )' = (35)

xel”

for some constant Ci , that depends only on k and I". We will also assume that the Littlewood-Paley function gy is
bounded in L2(I", ), i.e.

leeH] 2y = |:f/oo
ro

Next, we would like to discuss some properties and characterizations of local scales on I'. For § > 0, let dsI" denote the
dilated version of I", that is

24t
t

ak w[

tk
otk

1/2
% F () du(X)} <INz (36)

dsI" ={6x: xeI'}.
Definition 4 (Dilating consistency property). We say the set of local scales T (x) satisfies the dilating consistency property if
Tayr (x) = {8°t: t € Tp(8x)}, for some s € R.

Remark 7. The dilating consistency property of local scales also implies that the number (cardinality) of local scales is
invariant under dilation. In other words, we do not introduce or remove local scales as a result of dilating (zoom-in or
zoom-out) I.

In the following proposition (see proof in Appendix C), we see that the local scales on I" (defined in Definition 3) satisfy
the dilating consistency property.

Proposition 3. Let u be the d-dimensional surface (or Hausdorff) measure on a Lipschitz graph I". Then for all § > 0,
Ta,r(x) = |8%t: t € Tr(8%)). (37)
We are now ready to state the characterizations of local scales on I'. For each § > 0 and z € I', denote by

>6’,

2
Ts(2) == {'C eTr(2): ’8—251“(2, T)
aT

and
yn:={zel: #T5(2) > N},

for all N > 0. Then the same result as in Corollary 1 also holds for I".

Corollary 4. Let I" be a d-dimensional Lipschitz graph in R"™. Then there exist constants C1 and C, (depending on I") such that for all
balls Br(x), x € I, we have

1(Ts,n N BR) < (I N BR) - Cre~ G0N,
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See Appendix D for the proof of Corollary 4. For x € I" and 8, § > 0, define
>4 },

Tpsn:={xel: #155(x) > N}. (38)

82
Tp,5(x) 1= {r eTr(x): |SI'(x,7)| > B, ‘ﬁsr(x, T)

and

A similar result to Corollary 2 also holds for I".

Corollary 5. Assume I is as in Corollary 4. Then there exist constants C1 and C, which depend on I' such that for all balls Bg(x),
xel,

(1(Tg.5.n N BR) < ju(I" N Bg) - Cre~ N

where o = min(g, §).

As in [20], we can also define the nontangential control of SI"(x, t), as a tool for lifting the visibility of local scales, by

S*I'(x,t):= sup |SF(y,t)|e—7THX—Y||2/t.
lx—yll <L

The nontangential local scales can be defined as before using S*I"(x, t).

Definition 5 (Nontangential local scales). The nontangential local scales of I' at x is defined as the set
TF.(x) := {t € (0, 00): $*I"(x, t) is a local maximum}.

It can be shown in this case that the nontangential local scales T}.(x) also satisfy the dilating consistency property with
s=2,ie. forall § >0,

Tj (0 = {8t te T1(6x)}. (39)

The proof is the replica of the proof of (37), and therefore we omit it.
Remark 8. From Remark 6, we note that these results can be extended to I" being CBPLG.

3. Geometric interpretations and examples

Through the following examples and mathematical statements, we argue that the local maxima of |SI"(x,-)| do pro-
vide meaningful scale information of I"; and when I" is smooth, SI" is related to the local curvature, which provides a
quantitative way of measuring local curviness of I".

In Section 3.1 we first study the scale function of cones such as the one depicted in Fig. 1: this cone is in fact a planar
Lipschitz curve. We explicitly compute its scale function, and its local scales in Section 3.1.1, and then generalize these
computations to cones in higher dimensional Euclidean spaces in Section 3.1.2, with Proposition 4 summarizing our most
general construction of cones. In these cone-like examples we are able to identify zero-dimensional subsets (the vertices of
the cones) where the scale function identically vanishes. We also give an example of a 3-dimensional cone in R* where the
scale function vanishes at all points on the cone, not just the vertices. In Section 3.1.3 we look into another class of non-flat
shapes, surfaces in this case, that contain points for which the scale function vanishes identically, but in this case these
points form a subset of dimension equal to 1. All the examples in Section 3.1 share the feature that they are curves/surfaces
which are non-flat, yet they contain points for which the scale function vanishes identically. Thus, the geometric objects
constructed there would be examples of geometric shapes for which our construction of local scales would not be able to
unequivocally detect their planarity or lack thereof, at all points.

In Section 3.2 we restrict our attention to smooth planar curves. The purpose of that section is to connect the scale
function to differential invariants of the underlying curve. Our most general result in this respect is Theorem 1 in which we
make explicit a connection between the scale function of a smooth curve and its curvature. This result implies in particular
that for smooth curves, the scale function exactly measures deviation of the curve from being contained in a line. Notice that all
examples constructed in Section 3.1 are Lipschitz but in fact are non-smooth.

Section 3.3 deals with the case of surfaces; there we follow the same path as in Section 3.2 and first study the case of
spheres of a certain radius, and then go on to prove a general result, Theorem 2 that connects the scale function with the
principal curvatures of the surface under study.
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3.1. Local scales of cones and cylinders

3.1.1. Conesin R?
Consider the Lipschitz curve from Fig. 1:

r={(xIxl), xeR} c R% (40)
Let ;o be the length measure on I', then we have for any x € R and t > 0,
22
e~ "t |x|(V2V/t — 27 |x))
SI((x. 1x]).t) = — T . (41)

Indeed, assume that x > 0. Then

27120 2K 0 ((x, %), t) = [ e T 000 g

/
/

o0
o= E(=0++9?) gg 1 / o271/t g
0

0 oo
:e—27rx2/t / e—Znsz/tdS+/e—2nu2/t du
—00 —X
0 o0 X
=e—27rx2/t / e—Znsz/tdS+/e—2nu2/tdu+/e—27ru2/tdu.
—00 0 0

Since [°_ e=27/tds = [ e=27'/t g5 — ¢1/223/2 we find that

X

1
I(F((x,x),t) = E(ezm@/rJrlJrzyztuz/e2n52/tds>
0

e u’ du).

Now, (41) is found by a direct application of Remark 5. By direct differentiation one finds that for all x>0, and t > 0

x(2/t)1/2
1

_ - (e—anz/t +14
2

0

ST (X, %),0) _ oyt x(V203/% — 427 \/tx? — Arrtx + 87 2X3)
at B 4t3 ’

Solving, for t > 0 s.t. the RHS of the above expression vanishes yields that the local scales at (x, x) are given by

Tr(xx)={x*-Cr}.

where

8 1 3371 (8 13+16
Cr=571(1+n+v1+2n+4n2cos<§tan_l( v3n @+ 7 (13 +167)) ))):91.9502.

—4+7(154+ 8w (3 +4m))

However, for x =0 one sees from (41) that SI"((0,0),t) =0 for all t > 0, as claimed in Example 1. This means that the
scale function fails to detect that I" is not affine at (0, 0) at any scale. This is consistent with the fact that {0} is the only

local scale of I at x=0.
For a general cone I" = {(x, «|x|), x € R} C R?, one can also show that

Tr((x,x)={x* Ca},

where Cy, < Cq,, Whenever a1 < ay.
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3.1.2. Cones in R4+1

Consider, for some constant c, the cone I" = {(s, c||s||): s € R?} c R%*+1, Let 1 be the d-dimensional Hausdorff measure
(i.e. du =ds). We claim that SI"(0,t) =0 for all ¢t > 0.

Indeed, let x= (s, c||s||) € I", s € RY, we have

2
_ w42 )s1?) |
L _

K¢ (x) = t4/2 = (1 + Cz)id/z (t(l + Cz)il)id/zeit(wcz)’1 .

Let t' =t(1+c2) !, then

0 n—d/2,, 0
Wt(X)Zf&Kt(X)Z(l‘FC ) t/wkt’(s),
where

ke (s) =t ~42e= ISP/ g e R, (42)

which is the heat kernel on RY. This implies

_ B
SF(0,0) = / Yo ds = (14 ) / k(9 ds =0,
Re RA
for all t’ > 0, and hence for all t > 0.

Remark 9. It is possible to generalize the construction to a certain degree. We do this by first noting that for all 6 € S4-1
and t > 0,

o0

3
/ tgkt(r@)rd_l dr=0. (43)
0

Then, the more general result holds.

Proposition 4. Let A : S! ¢ RY — R be continuous. Define A : R — R by

As) = { Isl AGgzp) s € RU\{0),
0 s=0,

and let I' = {(s, ﬁ(s)) e R+ s € R}, Then SI"(0, t) = O for all t > 0. Here the reference measure is the d-dimensional Hausdorff
measure.

Proof. We have

/wt((s,ﬁ(s)))dsz /7¢t((re,2(r9)))rd1drd9.

sd-1 0

Then for each 6 € S9=1, we have by (43)

/ e ((r0, Aa))rt " dr = (1+ A@©)?) / r’%kﬂ(r)rd—1 dr=0.
0 0

Here t’ = t(1 + A(0)2)~!. Thus, SI"(0,t) =0 for all ¢t > 0, and of course I" is far from the graph of any linear function
at 0. O

Remark 10. We borrow the following convention from [13]. A positive Borel measure p is d-uniform if

M(Br(x)) = a)drd, for all x € supp(u), and r > 0,

where wyq is the Lesbegue measure of the Euclidean unit ball in RY. Kevin Vixie pointed out to the authors that the following
3-dimensional cone

I={xeR: xj=x5 +x3 +x3}
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in R* is 3-uniform with respect to the 3-dimensional Hausdorff measure #> [13]. In other words, for all xe I" and r > 0,

"3 (IF'NBRx. 1) = wsr3, (44)

which implies that SI"(x,t) =0 for all xe I" and t > 0.
When I is a d-dimensional surface embedded in R4t with d < 3, using Theorem 6.12 from [13] on p. 59, one can show
that the scale function vanishes for all points on I" if and only if the measure w is flat.

3.1.3. Cylinders
Another family of examples stems from constructions of surfaces from a given curve. Let I ¢ R? be a Lipschitz curve
with (0, 0) € I'. Then, consider the cylindric surface with section I" given by

I'=r xRcCR3.

Let (x(s), y(s), 0), s € J be an arc length parametrization of I", then one can parametrize I’ by (x(s), y(s), z) with s € J and
z € R. Furthermore, the area element on I"’ is given by dsdz. Then, since

/ / e T RO g g7 — / e~ +HON/E g / 2N
JR J "
—¢12 /e—zr(xz(S)erZ(S))/t ds,
]

one finds that the convolution of the Gaussian kernel K; (with n =2) with the surface measure u of I'’ at point (0, 0, 0)
is

I(I"/((O, 0,0), t) = K¢ % 0 (0,0,0) = t—1/2 / e—rr(xZ(s)erZ(s))/t ds
J
=K¢xur =KI((0,0,0),t)

where the K; in the right hand side has normalization factor corresponding to n = 1. By applying Remark 5 we find
SI’((0,0,0),t) =SI'((0,0,0),0).

Proposition 5. Let I' C R?2 c R? be a Lipschitz curve. Then, for any (x, y, z) such that (x, y, 0) € I', one has that

S(I' x R)((x,y,2),t) =SI'((x, y,0),t)
forallt > 0.

This is a geometric version of the property of scales for functions: if one adds a linear function h to f then S(f+h) =Sf.

Remark 11. Using this result it is possible to construct an example of a Lipschitz surface I’ in R> s.t. the set

Iy:={xerI": SI'(x,t)=0forallt >0}
has codimension 1. Indeed, let I'" = I" x R where I' is the curve described in (40). Then, the scale function is identically

zero at all points on the line where the two planes meet, see Fig. 2.

3.2. The scale function and curvature of smooth curves

One would expect the scale function of I" to be related to differential invariants of I for t > 0 small. This is made
precise by the results that follow.

We start by considering the case of a circle in the plane; we first compute its scale function in terms of Bessel functions,
and then, by means of a Taylor expansion, we show how the radius of the circle (and hence its curvature) is connected to
the scale function up to first order in t.

Proposition 6. Fix R > 0 and let I" C R? be a circle of radius R. Then, forallt > 0andx € I,

_mR 3 5, (27TR? 27 R? 5. (27TR?
SI'(x,t)y=e~ "t mRt 4 Rl —— | —tlo| —— | — 47 R*h (= : (45)

where Iy and 17 are the modified Bessel functions of order 0 and 1, respectively.
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Fig. 2. A Lipschitz surface with a subset of codimension one where the scale function vanishes identically.
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Fig. 3. Scale function for a circle of radius R for different values of R (see legend on the bottom-left). The horizontal axis is given in logarithmic scale. Here,
/u is the surface measure.

Proof. Fix the parametrization of I" given by I = {C(9), 6 € [0, 27r]} where C(#) = (R(cos(9) — 1), Rsin(0)) for 6 € [0, 27 ].
Hence, since ||C(0)]|2 = 2R%(1 — cos(0)) and ||C’(9)|| = R, it follows that for x = (0, 0) we have

27
-1/2 _ 2R ﬂcos(e)
Kr((0,0),t)=Rt™"/%e™ "7 [ et do
0
T
2 2
— 2Rt 125 [l/eznrR“’S(g) d0i|. (46)
T

0

Recall the modified Bessel function: I,,(u) = % fér et <0s? cos(nd) do. This implies

&2 (27 R?
KI'((0,0),t) = 2w Rt~ 1/2e= ¢ 10( : )

Now invoking Remark 5 and using the fact that % =11(p) for all p > 0 we find the claim. O

Fig. 3 shows a plot of the scale function of a circle of radius R for different values of R and for t € [0, 1], where p is the

surface measure. Note that the value of SI"(x,t) at local maxima t is invariant under dilation, which agrees with (67).
By invoking standard expansions of Ip(u) and I; (u) for large u one finds:

Corollary 6. Fix R > 0 and let I' C R? be a circle of radius R. Then, for 0 < t < R? one has

SI'(x,t) = +O(t2), forallxeT.

167 R2
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Proof. One has [46] that for large u > 0, Ip(u) = \/‘23;_”(1 + o+ # + O(u]—3)) and I; (u) = «/;j'r_u 1- g8 - 12185u2 + 0(;_3))_

2R jnto (45) yields the claim. O

Direct substitution of these expansions with u = =%

Hence, the interpretation is indeed, that as R increases,! the scale function tends to zero. This result can be generalized
to smooth curves.

3.2.1. The general case
In a fashion similar to Corollary 6 we now prove the following theorem for any smooth planar curve:

Theorem 1 (Scale function of a smooth curve). Let I' be any smooth simple planar curve which is bounded and let x € I'. Then, for all
t > 0 sufficiently small,

1 2 2
SI'(z,t)=—— - (k(2)) t+ O (t*).
(0= (k@)’t+0(?)
Here k (z) stands for the curvature of I' at point z. Here, the reference measure is the length measure on the curve.
Remark 12.

e The theorem above makes apparent that the scale function exactly reflects the change in deviation from flatness.
e Note that as opposed to (21), the theorem above suggests that a better bound than (21) is possible when I" is smooth
and not just merely Lipschitz.

We need this standard lemma whose proof we omit.

Lemma 2. For each n € N there exist a polynomial p, such that

o0

/ e/ X < p pa(t/p)e PN,
P
forallp>0andt > 0.

Proof of Theorem 1. Without loss of generality one can assume that z coincides with the origin, that the normal to the
curve at z is the vertical direction (y), and that the tangent to the curve is the horizontal coordinate (x). Let x denote the
curvature of I" at z and let D > 0 be large enough s.t. I' C B(z, D).

Below for p > 0 by O (w?) we denote continuous functions of w that vanish faster than any power of w order 0 < ¢ < p
as w— 0.

Fix t small. We will compute

50 :=S70.0:= [ V(@ du@
r
for the length measure w on I'. For a given R > 0 write

S(t) = / ve(llgl) dp(@) + / ve(lql) die ().

I'NB(0,R) I"\B(0,R)

Notice that v;(r) = t‘l/zk(rz/t)(”T'2 — 1) where for 1 > 0 we write k(1) = e~"". Thus,

21
t/ft(uqn)du(q)‘@—”z / e—”"q'lz/f(@+§)au<q>

I'\B(O,R) I'\B(0,R)
2
< t*]/zefﬂRz/t(g + %)M(F)-

For y € (0,1/2) and R =t”, the RHS vanishes faster than t2ast— 0.

1 And therefore the curvature, which is equal to 1/R, decreases.
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When R > 0 is small enough [4] one can write I" N B(0, R) = {P(x) := (x, y(x)), x € Ig} for some open interval Igx C
(=R, R) where for each x € I,

y(x) = %xz + 0 (R%).

In particular, one can write

/ ve(lg1) i (dg) = / we([Peo]) [P0 dx.
IR

I'mB(0,R)

Notice that for x € Ig, one has |[P(x)[|? = x* + 3x2x* + O(R®) and ||P'(x)|| = 1+ 3x2x* + O(R?). This can be seen as
expanding

200 = [P0 =1 4422 1 0 (RY) = g0 + g O+ EL22 4 0 (R?).

Furthermore, if one writes Iz = (x~(R), xT(R)) then one can see that xt(R) =R — 0(R?) and x~(R) = —R + O(R?) are the
solutions to the equation ||P(x)||> = R? for R small.
Write the Taylor expansion of order one of k around a given point 7 with increment v — n:

k(v) = k() +K (v —n) + 0 (v —nl?).

In particular, letting n = x2/t and v = || P(x)||?/t one finds that for all x € Ig

2 2 /(2 K* K 3
k(| P@)|/t) =k(x*/t) + K (x 57 +o(R),
and therefore

ve(|P@])[P'@ ] = Qe + 0 (R),
where
7'[)(2
e” 1T (X2 % + 2) (22 (k2K + 4)x8 — 2t (3x%K 2 + 8)x2 + 8t2)
32t5/2
Notice that Q:(x) is well defined for all x € R. In particular, one can compute explicitly

Qr(x) :=—

OoQ d—K—2t+Ot2)
/ (W dx= 7ot 0().

Applying Lemma 2 we bound the error

xT(R)

[e%s) X~ (R) [e%s)
th(x)dx— / Q0 dx| < f 1Qe(o| dx+ / Qe (0| dx
—0o0 x~(R) —0o0 X+(R)

< t—S/Ze—n(R2+o(R4))/t(R + O(RB))U(t/(R + O(R3))),

for some polynomial U. Hence, for R =t¥ with y € (0, 1/2), the RHS vanishes faster than t2. Now,

K2 ,
’S(t)— ﬁt‘ < ‘S(t)—/wt(HP(x)”)HP ()] dx
IR

+‘fwt(UP(x)H)UP/(x>H dx—/@(x)dx
Ir IR

K2
dx — —t
—l—‘/Qr(X) X 167 ’
R

+‘/Qt(X)dX—/Qt(X)dx
Ir R

<O0(t*) + 0(R*) + 0(t?) + O(?).

Finally notice that with R=t" and y € (3/4,1/2), O0(R*) = 0(t?) and we are done. O
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Remark 13. A smooth planar curve is flat if and only if it has zero curvature at all points, and hence Theorem 1 provides
a bit more evidence for the claim that the scale function measures “curviness” at scale t > 0. In other words, what this
proposition says is that the claim that the scale function measures local deviation from a line/plane is true in the category
of smooth curves.

3.3. The scale function and curvature of surfaces

Interestingly, the scale function for a sphere is easy to compute explicitly.

Proposition 7. For each R > 0 let I" denote a sphere of radius R in R3. Then, forallt > 0 and allx e T",

4T R? _ axg?
SI'(x,t) = — e "t .

Proof. Write the parametrization

r={P®,¢), 60,7, p €[0,2r]},

where P (0, ¢) = R(sinf cos ¢, sinf sing, 1 + cos#), for which P(0, ¢) = (0, 0, 0), all . Note that the area element is dA =
R?sinfddde and that ||P(6, )| =2R%*(1 4 cos ). Thus

T2
I(F((O, 07 0)’ t) = th,‘l // e*””P(G.(p)HZ/t sin6 do d(p

00
w2

_ R2t—1//e—27rR2(1+c056)/t sin6 do dg
00

b s
_ zﬂRZt—le—ZnRz/tfe—Zchosé/t sind do
0

_4nR?
=1—¢e T
Now, we obtain the claim by observing that, by Remark 5,

s[‘((o, 0,0), t) — tw.
at

The interpretation is again that as R goes to oo, the scale function for a fixed t vanishes, thus reflecting the fact that
the sphere is becoming flatter. Another way of stating this is that in order to see the curvature of the sphere of radius R, t
needs to be large enough. Note that since the measure w is the surface measure, the minimum value of the scale function
remains constant at —e~!, independent of R which coincides with (67) (this follows also from the explicit computation of
the local scales below). Plots of the scale function for a few values of R are shown in Fig. 4.

This is a case in which one can also explicitly compute the local scales. We omit the easy proof of the following result.

Corollary 7. For a sphere of radius R in R3 the set of local scales is singleton with element 47 R2.

3.3.1. The general case
We obtain a theorem analogous to Theorem 1 but now in the context of surfaces in R3.

Theorem 2. Let I C R? be a smooth open surface. Then, for all g € I' and t > 0 sufficiently small,

1
SI(q.t) = — (k1 — k)2t + 0(£3/?),
@q,t) 167 (k1 —K2) (%)
where k1 and k are the principal curvatures of I" at the q. Here, the reference measure is the area measure on the surface.

Remark 14. Theorem 2 above can be interpreted as expressing the fact that for small ¢, at umbilic points of I'", up to first order
the scale function does not see the curviness of I'. A further point is that in analogy with Theorem 1 one would expect
K1t+K2

that up to first order the mean curvature of I" at g, given by H(q) = =52, would be the dominating term in SI"(q,t).
This is not the case, and in fact one can show that irrespective of the kernel used (as long as it is isotropic) the squared
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Fig. 4. Scale function for a sphere of radius R, for different values of R, which corresponds to a dilation (see legend on the bottom-left). The horizontal axis
is given in logarithmic scale. Here p is the surface measure.

difference of the principal curvatures will be the dominating term. In general, it is not possible to independently recover the
two principal curvatures by observing the scale function as a function of t. This is not surprising since the scale function

depends on only one parameter (t). Note that in the case of a circle, one can recover its radius (and hence curvature) by
lime_.o 2. However, in the case of a sphere (in R?), we see that lim;_.o agfkr =0 for all k> 0. Even so, from Corollary 7

one can recover the radius of a sphere by looking at its local scales. See Section 4 for a discussion on non-isotropic kernels.

Proof of Theorem 2. The proof is similar to that of Theorem 1 and here we indicate the main differences only. Firstly, one
can always assume that g coincides with the origin of R? and one can rotate the axes so that the normal to I" at q coincides
with the z direction, and the principal curvature directions coincide with the x and y axes. Then, inside B(0, R) one can
write

r={P(p,¢)=(pcos¢, psing,z(p,9)), p [0, p(¢)),d € 0,271}
where p(¢) =R+ 0(R?), and
e
z(p, p) = 7(/(1 cos® ¢ + k2 sin® ¢) + O (R?).
Furthermore, ||P(p, ¢)||2 = p2 + %4(/(1 cos? ¢ + K sin® $)2 + O(R®) and the area element is
3
dA = (p + %(K% cos? ¢ + k3 sin? ) + O (p5)> dpdg.

As in the proof of Theorem 1 we write

27 p(9)
[ wtatyan@= [ [ aw.odpds+o®),
I'NB(0,R) 00

where

_ 7p* (k1 cos?(§) + sin® ($)x2)>

np? 1
Qe(p, ¢)i=e ¢ (1 ) : (E(cosz(fi))/qz +sin®(¢)k3)p> + ,0).

At
By direct integration one finds that
27 400 ( )2
K1 —K2 2
,p)dpdp = ———t+ 0 (t).
| [ ate.wrdpas =120k 0(?)
0 0

The rest of the proof follows similar lines to those used in the proof of Theorem 1. O
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Fig. 5. In this figure, we show the scale function SI"(x, t) for different points x’s on the boundary of the apple silhouette from the MPEG7 Shape 1-B
database. The horizontal axis given in each plot is in logarithmic scale 7. Points x =7 and 8 have the same scale functions, which from their perspective
look like the scale functions of a circle. Note that the two largest local maxima are the same. The scale functions of points x =2, 3, and 4 are shifted
version of one another. The first local scale corresponds to the deviations of the apple from its leaf.

3.4. A computational example with planar curves

We present a numerical computation of a planar curve, which is the boundary of a binary image I from the MPEG7
Shape 1-B database. We estimate the scale function as follows:

e We apply the Matlab function bwboundaries to I to obtain a polygonal curve representing the boundary of the
object.

e Using this polygonal curve we estimate the length element w at each point on the curve by centered differences. Notice
that this step effectively constructs a (polygonal) parametrization of the boundary.

e We then perform numerical integration to obtain an estimate of the scale function for each value t =a” for a = 1.05
and a range of values t = 20, ..., 450. Images are discretized with Ax=Ay =1.

We approximate the measures discretely by their empirical counterparts »_; §x,«;, where x; are points on the curve, and
o are non-negative weights attached to each of those points. In the case that we wish to approximate the length measure,
we use the polygonal approximation to properly estimate the «;. We also consider another case, which we call singular
measure, where we use «; =1 for all i. The latter is the preferred option in practical applications. Note that when I" is
the boundary of some set £2, then the length measure w is the norm of the distributional derivative ||Du|, where u = x .
Results of carrying out these computations appear in Figs. 5 and 6.

In Fig. 6, u is the length measure. Notice how points x and x' on the curve I" belonging to similar areas have similar
scale functions SI'(x,-) and SI"(x,-). For example, points 7 and 8 have very similar scale functions. Notice as well how
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Fig. 6. As in Fig. 5, we show the scale function SI"(x, t) for different points x’s on the boundary of the apple silhouette from the MPEG7 Shape 1-B database.
But now p is a singular measure on the boundary I" of the apple.

points that are near a feature, such as point 4, have a scale function that is significantly different from the scale function of
a point such as 7, which lies in the middle of a rather smooth chord. By the same token, points 1, 2, 3, 4, and 5 all have
scale functions that exhibit features very different from each other and also very different from those of points 7 and 8.
These observations, can be used to devise shape matching methods in which one would match a point x in curve (shape)
X to a point y in curve (shape) Y whenever their corresponding scale functions are similar, i.e. ||SX(x,-) —SY (y,-)| is small
for some suitable norm || - |.

Fig. 6 is the same as in Fig. 5 but now p is a singular measure on the curve. Here, we do not find significant differ-
ences between the scale functions using the length and the singular measure. In practice, the singular measure is easier to
compute.

In Fig. 7, we show the first (logarithmic) B-visible local scale t; where 8 = 0.25. In (a), u is the length measure
computed as in Fig. 5. In (b), the measure w is the singular measure on the curve. Note that most points on the apple have
similar local scale 71, and points near corners have smaller local scale 7;. This aligns with the cone example (Section 3.1.1),
which shows that the local scale of a point x (near a corner) with distance d(x) from the corner is of order d(x)2.

3.4.1. Local scales and oscillations
Let A C RT be a finite set of frequencies, and for each A € A, let A; : R — R be given by Aj(s) =sin(A7s), s € R. Let
I, ={P;(s) := (s, A,(s)): s€R}. Then for any fixed r € R we have

oo

S ((r, An(n), t) = / Ve (Pa(s) — Pa(r)y/1+ Al (s)?ds.

—0o0
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Fig. 7. In this figure, we show the first (logarithmic) g-visible local scale 71 = log, t; where g =0.25. In (a), u is the length measure computed as in Fig. 5.
In (b), the measure u is the singular measure on the curve corresponding to the outline of the apple.
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Fig. 8. Scale function for the curves I, = {(s,sin(Ars)): s € R} for A € {0.1,0.2,0.5,1, 2,5} (see legend on the top-right). The horizontal axis is given in
logarithmic scale. These curves were obtained by numerical integration.

Fig. 8 shows plots of ST ((0,0),t) for different values of A. We haven’t been able to obtain an explicit formula for the
scale function. Nevertheless, this computational example provides evidence that strongly suggests that oscillatory behavior
on geometric objects may as well be captured by using the constructions of local scales that we describe in this paper.

4. Discussion

Next, we would like to make some remarks about other possible notions of local scales and future interests:

1. The kernel v dictates the type of local scales we see. In our case, ¥ = t% is symmetric and has zero mean and zero
. N Kk . . .
first moments. In particular, by considering ¥ = t"%, we see that if f is a surface which can be represented by a

polynomial of degree < 2k, then ¥ * f = 0. In other words, the resulting scale function would be insensitive to surfaces
that arise from linear combinations of such polynomials.

2. Let I be a connected and bounded d-dimensional subset in R", and suppose that it can be parametrized as I" =
{(f1(0), ..., fa@®): T €[0,119}, where f; is continuous for each i. For each i, define
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ui(r,t) = Ke x fi(r) = / Ke(r —s) fi(s)ds,
Rd

where K (r) = t=4/2e=7IrI*/t For each t > 0, let

re ={(wo,....usr,0), refo, 1%}

We can think of I'(t) as the diffused version of I" at scale t. Note that each u;(r,t) depends on the parametrization
of fj, which could be problematic for surfaces (d-dimensional surfaces with d > 2). However, given a parametrization,
this method provides a tool for obtaining a diffused d-dimensional I"(t). Define SI"(r,t) by

(0K dK;
SF(r, t) = H (ty *f](r), 7t¥ * fn(r)> ”

For each r € RY, as before, the local scales of I' can be defined as the local maxima of SI"(r,t). This approach is
considered by L.-M. Reissell in [34] and by P.L. Rosin [35] to represent curves in a multiscale fashion using wavelets.
Note that u;(r,t) can be viewed as a heat diffusion with the initial condition given by fi(r). One can also use nonlinear
diffusions for u;(r, t).

3. Note that in principle one could define a more sophisticated notion of local scale based on non-isotropic kernels. Assume
that one has a notion of scale of objects in R? that depends on a choice of v € Ri, denoted by S, I"(x, t) for x € I". The
condition that the scale function is well behaved under rigid isometries is now that

STv(TI)(Tx,t) =S, I"(x,t),

where T € E(n). One example of such a notion is that coming from using a non-isotropic heat kernel.

4. We note that the definition of KI'(y,t) can be defined for y ¢ I (in particular near I'). Hence, the eigenvalues and
eigenvectors of the Hessian matrix H(KI")(x, t), for x € I", can be used to obtain the local features of I" at x at multiple
scales.

5. As a future interest, we would like to use KI" and SI" for variational problems involving constraints on the regularity
of I'.
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Appendix A. Proof of Lemma 1

The proof of Lemma 1 is a collection of known results from [37,38,32] for the case of scalar valued functions. For the
purpose of completeness, we (re)present and adapt these results to the case of vector-valued functions.

We follow Chapter VII, Section 3.2 in [38] with the following set up for vector-valued functions. Let H be a Hilbert space.
Denote by S(R") the space of scalar-valued test functions defined on R", and by S(R", ) the space of H-valued distri-
butions defined on R". Fix a positive integer M > 0, the set of normalized bump function consists of smooth functions ¢,
supported on the unit ball, that satisfy

[a%p(0| <1, 0< ol <M. (47)
Denote by B(xp, R) the ball of center xy and radius R. Define

R.Xo _ X — Xo
é (X)—¢>< R )

The functions ¢®-* are called the normalized bump functions for the ball B(xg, R).
Let K(x,y) be an #-valued kernel, defined for x, y € R" with x # y, that satisfies the following conditions: For some y,
0 <y <1, we have

|KGe )], < Clix =yl

/ ”x_x/”y . 7
|Kx y) = K (X, p)]|5, < CW, if [x— x| <lx—yll/2, and
ly —y'1”

[ K@ y) = K(x )], <C if [y —y'|| <llx—yl/2. (48)

llx =yl
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Let T:S — &’ be a continuous mapping and assume that associated to T is the kernel K satisfying condition (48). That
is, if f € S has compact support, then for a point x outside of the support of f, Tf(x) agrees with

Tf(x)= [ K, y)f(y)dy. (49)
Rn
We say T is restrictedly bounded if the distribution T (¢®*0) belongs to L%(R", %) and
R, 2
IT(¢ XO)HLZ(R“,H) <CRY (50)

holds with some constant C independent of R, xo and ¢. Denote by T* the adjoint operator defined as

(Tf,g)=(f,T*g), whenever f,geS.

Similarly, we say T* is restrictedly bounded if

”T*(d’R’XO)HLZ(R",H) < CRY? (51)

holds with some constant C independent of R, xo and ¢. Note that the kernel associated to T* is the adjoint kernel
K*(x,y) = K(y,X).

We will need the following theorem, which is the vector-valued version of Theorem 3 in Chapter VII, Section 3.2 in [38].
The proof, which we omit, is an exact replica of Stein’s proof given in [38].

Theorem 3. Suppose T is a continuous linear mapping from S(R") to S’ (R", H) associated to a kernel K satisfying (48) and (49).
Then T extends to a bounded linear operator from L%(R") to L2(R™, H) if and only if both T and T* are restrictedly bounded in the
sense of (50) and (51).

For 0 < € < N, define

e n() = / K(x,y)dy, and
e<|x—=yll<N
I¥ NG = / K(y.xdy.
e<|x—=y|l<N
The following theorem is the vector-valued version of Theorem 4 in Chapter VII, Section 3.4 in [38]. Again, the proof, which

we omit, is an exact replica of Stein’s proof given in [38].

Theorem 4. Suppose K satisfies (48). Then there exists a bounded linear operator T : L(R") — L2(R", H) so that (49) holds if and
only if

”IG,N(X)H;dxg CN", foralle, N, and xo, (52)
IXo—xlI<N

with a same condition for I;N(x).

Before proving Lemma 1, we wish to establish the following preliminary results, restricting to the 1-dimensional case.
Let k: R\ {0} = H such that for some constant Cp,

[k@)],, < ColxI™'. K0, < ColxI 2. (53)
The kernel K that we consider is given by K(x, y) =k(x — y).

Remark 15. Let k be a kernel satisfying (53), and define K(x, y) =k(x — y), for x # y. Then K satisfies condition (48) with
y =1. Indeed, suppose |x — x| < |x — y|/2. Then we have

K06 = K. ) |3y = [kx = ) =k = y) = [K @ e
where z is between x — y and X' — y. Since |x — x| < |x — y|/2, we have |z| > |x — y|/2. Now, using (53), we have

|x — x| |x — x|
XX 0 .
|z|2 Ix—yl?

[l(x = y) = k(X' = y) ][5, < Co
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Similarly, we have

_ /
K x, y) — K(x, y’)||;_[ <4COH, whenever |y — y'| < |x— y|/2.

Remark 16. Let k be a kernel satisfying (53). Then

kG|, < Colx|™!, andforall |y| >0, / [k(x = y) = k®)||,, dx < 2Co. (54)

X1 >2]y|

Indeed, we have k(x — y) — k(x) = —k’(2)y, for some z = z(x, y) between x and x — y.

f||k(x—y)—k(x)Hde: / K@y, dx<lyl / Colz| ™2 dx.

[xI=21yl xI=2]yl xI=21yl

But we have either |x| < |z| or |x — y| < |z|. In the first case,

Iyl / ColzI™2dx < |yl / Colx|~%dx = Co.
|x]>2]y| [x]>2]y]

In the latter,

|yl / ColzI™2dx < |y| / Colx — y|™2dx < |y| / Colx| ™% dx =2Co.

[X|=2]yl [xI>21yl X|=1yl

Proposition 8. Let k be a 1-dimensional kernel satisfying (53) and

sup / k(x)dx| < Co, foralle,N >D0. (55)
0O<e<N H
e<|x|<N
Then the operator T defined by
Tf(x) =/k(X— nNfydy (56)
R

is bounded from L2(R) to L%(R, H).

Proof. An obvious proof is to use Remark 15 and invoke Theorem 4. However, we will follow Chapter II, Section 3.3 in [37],
and show directly that

sgp1|l2(s>||ﬂ < CGo, (57)
for constant C > 0. Therefore, for all f € L%(R),
ITf 220 = 1TF iz ) < [st;le%(s>\|H]||f||Lz(R> <CColfllzy-

By Remark 16, we may assume k also satisfies (54). For each € > 0, define the truncated kernel k¢ as

kx) if |x| > €,

k =
«® {o if [x] < €.

We will show that for all € > 0,
sgpufce(s)HH < CCo.

where C is independent on €. Thus, we obtain (57) by taking the taking the supremum over €.
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First, consider € = 1. We see that ki also satisfies (54)-(55) with Cg replaced by some new constant CCg. Next, write

k1) = lim / €27 e () dx
R—>o0

[x|<R
= / e* Xk (x)dx + lim / e?T Xk (x) dx
R—o0
[xI<1/1€] 1/16I<IxI<R
=11+ 1.

We have by (55)

M1l < H / [e27% — 1]k (0 dx| + H k(%) dx
H H

[X|<1/1€] [xI<1/18]

< / [[e¥™ — 1]k ()|, dx + Co
X|<1/1€]

<C / |x&k1 ()], dx + Co = CIE] / |xk1 (%) 5, dx + Co

[X|<1/18] [X|<1/18]
< CCplé| f dx + Co = CCo.

X|<1/1€]
To estimate I, choose z = z(§) so that e27iZ = —1 (that is z = %% and |z| = ZL) This implies

1
/k] (X)ezﬂxé dx = E /[[{1 (x) —ky(x — z)]eZJTXE dx,
R R
which shows

1. 2 1 i
I, = 5 Rango / [k1(x0) — k1 (x — 2)]e*™ dx — 3 / k1 ()X X dx
1/1E1<IXI<R
=+ ]2

The last integral is taken over the set of x contained in ﬁ < |x| < & Thus

1/151<x+zl.1xI<1/1§]

1 .
I J2ll% = H 5 / k1 (x)e*™ ™5 dx

1/15I< Ix+2l. IxI<1/18]

1
<3 [ o |, dx
H
o <K<

1 1 1
21 SIS 7 Ty] SXS \‘y

= Co[log(1/1yl) —log(1/(21y1))] = Colog(2).

As for J1, we have

1 1
il < 5 / ||k1<x)—k1(x—z)||ﬂax=§ / [k1(0) — k1 (x = 2) |, dx

1/1EI< x| 2Jz|< x|
< CCy.

Thus, ||I2]3 < (2 + C)Co = CCp. Combining the bounds for I; and I, we have
[k1®)],, < CCo.

These constants do not depend on &. Now, for any € > 0, we note that the kernel k’(x) = €k(ex) also satisfy the same
conditions as k with the same bounds. Thus Fourier transform of the truncated kernel k) (x) = k'(X) x(1,00)(X) is bounded
in H by CCo. However, we note that €'k (e “'x) = k¢ (x), and

ke (§) =K} (€8).
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Therefore,

lke@®],, = ki €&, < CCo,

where C does not depend on & and €. O

Proposition 9. Let k : R \ {0} — H satisfying (55) and for all positive integer j,

H —k(x) <CGlx~. (58)

Let A bea Llpschltz function defined on R. Then the kernel
AX) — AY)
X—=y
defines a bounded operator Ta from L2(R) to L%(R, H) with |Ta|l < CoC||A || o-

Kx,y) =k(x— y)[

Proof. We have the kernel K(x, y) =k(x — y)[M] satisfies (48) with y =1 with the constant CoC||A’| co-

Using Theorem 3, we will show that Tx satlsﬁes (50) with the constant CoC||A’|. Indeed, let s: R\ {0} - H be defined
such that its Fourier transform satisfies

&
N 1 A
5(8) = m/k(y)dy-
—&

Then we have s'(x) = k(TX) Now, since §(0) =0 and ||s'(x)||y < CoClx|~2, we have ||s(x)|l2y < CoC|x|~'. This shows that the
kernel s satisfies (53), and hence (by an abuse of notation) the kernel s(x, y) =s(x — y) satisfies (48) with y =1.
Note that by (57), we have supg.p [[k(§)[l% < CoC, and therefore,

CoC
59
5@l < (59)
Let S be the operator associated to the distributional kernel s, then (59) implies S is a bounded operator from L2(R) to
LR, H).
Denote
[S. Alg(x) := / s(x— ) (AX) — A())g(y)dy. (60)

R

Let R0 be some normalized bump function on B(xo, R) = [Xo — R, Xo + R]. By an integration by parts, we have
TagR* (x) = / S (x = M(AX — AW)e" (y)dy
R

= / sx— A (NP (y)dy
R

d
- f s(x— y)(ARx) — A(y))a(¢“‘°)(y>dy
R

d
S(A'R*) (x) - IS, A]<a(¢>R”‘°))(X)-

In the first term using the fact that S is bounded from L2(R) to L%(R, ), we have
[S(A)®" ] 2 30 < CoC[| 4] [67 [ 2 < CCof AT RY2. (61)
As for the second term, we have for all x # y,

[sx = y)(AG) = AW) |5, <CColA'|
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This implies

d R,x,
lis.a1( 5 (0% ) o

d
= Hf sx—y) (A — AW)) (a(qﬁ’x‘)))(y) dyH
R

H H
Xo—R d
<CoClA|, / &(qu*"O) dy
Xo—R
Xo—R
<cocla], [ ray=2coc]4.
Xo—R
This implies
d
[S,A](— PR ) < CoC| A’|| RV,
s or)| <Al

Thus,

Xi / Xi d X
740" Ly < IS8 g+ 15 1 2 67))

< CoC |4 LR

L2(R,H)

for some constant C. This shows T4 satisfies (50). The same holds for Tj. Therefore, by Theorem 3, T4 is a bounded
operator from L%(R) to L%(R, ) with the operator norm ||T4|| bounded by CoC||A'|leo. O

By an inductive step, one obtains the following general result.

Proposition 10. Let k be as in Proposition 9, and A be a Lipschitz function defined on R. Then the kernel K(x,y) =
k(x — y)[%?(y)]m defines a bounded operator T am from L?(R) to L2(R, H) with || Tam|| < CoC™||A"|I ™.

AX)—

 AR-A®Y)
Proposition 11. Let k be as in Proposition 9. The kernel K (x, y) = k(x — y)e' *» : defines a bounded linear operator from L2(R) to
L2(R, ) with the operator norm bounded above by CoC(1 + || A’ [loo)°.

The proof of this proposition, which we omit, is an exact replica of proof in the case when k is the Cauchy kernel using
the rising sun lemma [33]. See for instance [32, pp. 100-106], where | -| is replaced by || - ||y where appropriate.

Proof of Lemma 1. Let T be the operator with the corresponding kernel K (r,s) =k(r —s, A(r) — A(s)), that is

Tf(r):/K(r,s)f(s)ds:/k(r—s,A(r)—A(s))f(s)ds.
Rd Rd

Here, we assume that w is the Hausdorff measure (the result for surface measure w is an easy consequence of the Hausdorff
measure). Using the method of rotation (see [32]), we write the above integral in polar coordinates centered at r ¢ RY and
letting s =r + 6, for # € S¢~1. We then have

oo
=10 =5 / / K1 +70)f(r+ yO)ly [ dy do. (62)
§d—1 —00
We will show that the operator Ty defined by
o
Tof(r) = / Kr,r+y0) fr+yolyl*dy

—0o0

o0

_ / k(y0, A — AGr+y0) Fr+y0)ly " dy

—0o0
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is bounded from L2(RY) to L2(RY, 7). Since 6 € RY is fixed (by a rotation if necessary) we may assume 6 = (0, ...

Write r = (’, u), where ’ € R%~! and u € R. Then, writing 1’ = (', 0),

2
ITo F1132 ga 20, 2/ f |To f(r' +u6) |, dr' du.
R Rd-1
Using Fubini’s theorem, the integral over du is calculated as

2

du
H

/||T9f(r’+u9)||§_[du:/”/K(r/—kue,r/—i—(u—i—y)e)f(r/+(u+y)9)|y|d’1dy
R R OR

2

:f”/K(r’+u9,r’+y0)f(r’+y@)ly—uld’ldy du.
H
Let
Ty f(u) :/K(r’+u9,r’+y6’)|y —uld_1f(r’+y9)dy
R
= /k((u — )8, A(r' +ub) — A(r' +y0))ly —ul* f(r +y8)dy.
R
Claim 1.
/HTgf(r/—i—ue)H;du:/HTr/,g(u)H?{du <c/\f(r/+ye)yzdy.
R R R

Thus, by integrating over dr’, we obtain

1T F122 ga 40 = / /||T9f(r/+u0)||§{dudr/<C//|f(r/+)/9)|2d)/df/=C||f||fz(Rd)~

Rd—l R ]Rd—l R
Therefore,
1 Cay
ITF 2 gey = 5 / 1T f 2 gy @0 < =~ 1f 12 ga)-
sd—1

and hence Lemma 1 holds. O

Proof of Claim 1. Since 1’ and @ are fixed, denote

Aw) =A(r' +ub),

Fay=f(r' +us),
K(u.2) =k(uo.2), 7 eR",
K, v)=k(u—v, A(u)—A(v)) and

Tfw =Trof).
Then we have

Tf(u):/f((u,v)f(v)lu—v|d’1dv:/l~<(u—V,A(u)—;\(v))f(v)|u—v|d’1 dv.
R R

Let z= (u, z') € R"t@™=d Next, define
$(u,2) =k(u,Z) /" and S(u,0) =3(u,z),

,
where o = £ e R"¢.

,0,1).
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Let M = ||A||o. Next, we replace s(u, @) outside of the ball ||| < M by extending 5(u, @) to be an infinitely differen-
tiable periodic function of period 4M.
We note that §(u, -) is C* in both u and «. For each a = %/ with [Ja|| < M, let

x=(u6,7)eR".
We then have
[, e[, = lur™"(u. 2) |5, = i ko, < Colul™ Ix =
= Colul®™ " (jul? + |2[|*) % < Colul™".
Inductively, one can also show that for any fixed || < M,
3 _
‘ ﬁs(u,a)

Note also,

< Colul ™.

H

S, o) = k(o ul®! =k<ullyllﬁ>luld’l,

where y = (6, @) € R". Let 6, = - € S"~1. Then by (29), we have
= sup

[Tyl
[ S(u, o) du f k(I yllu6n) Ju?" du
H  O<e<N

e<|u|<N €<|u|<N

sup
O<e<N

H

< lyll~4Co < Co,
H

= sup
0<e<N

Iy~ / k(u6h)|u|®1du

llyll<ful<Nlyl

since ||y|| > 1. Thus, for each fixed «, S(u, @) is a 1-dimensional C* kernel satisfying (55) and (58).
Since s(u, ) is C* in o, we write s(u, @) as
Swoa)= Y spjue’™,
jEZ"_d

_
where § = 5.

Claim 2. For each j € Z"¢, sj1 is a 1-dimensional kernel satisfying (55) and (58) with the constant Co(j) decays rapidly, that is for
any N > 0, there exists C(N) such that Co(j) = CoC(N)||j||~N.

This implies

Su— v A — A —5(u— v AW =AW _ i AW=Am
S(u—v, A A(v))_s<u " >—j§dsm(u)e )

Aw-Aw)

8j5=""" Then from Proposition 11, we have

Let T(j) be the singular integral with the distributional kernel s;jj(u)e

= . . CoC(N
1Tl < CoD(1 + 81l A'] )" = ﬁj”(N)

(1+suil A )’
This implies

- CoC(N
ITi< 32 ﬁju(N)OHHJHHA’Hw)S<oo,
jeZ"*d

if N is large enough. In other words, there exists C > 0 such that

/\yrr,ﬂ(u)u?ﬂdu:/”mu)uidu <c/\f(u,;\(u))|2du
R R R
= C/|f(r’ +u6, A(r’ +u9))\2du.
R

This proves Claim 1. O



432 T. Le, E. Mémoli / Appl. Comput. Harmon. Anal. 33 (2012) 401-437

Proof of Claim 2. Let
l / / Z/ / n
a:(m,...,an_d):E(z],.‘.,zn_d)za, and x=(u6,7)eR",

with ||a|| < M. We have for any 1<m<n—d,

L TR L B
aams(u,oz)_ Bzgs(u’z)dam _uaz;ns(u,z).

But since k satisfies (28), we have

O k(uo.2) (~d=172

< Colu| ™2
0zm

- 3 /
az;ns(u,z)

< Colul® " (lu? + |Z[%)
H

This implies,

9 ., i
ES(U’O[)HH = |u| Es(u,z) ‘7—1 < Colu|™t.
Inductively, one can show that
8¢ < ——1
Wa?ﬁs(u,a) N < Colu| .
We have
%ﬁ(u, ) = j;ds[ W8 jm)e’®,
and
) Ny _ 1 9 - —idar-j d - -1
st @) 8jm)]| 4, = HW / G S e da y < Hms(u,a) ) < Colu|™",

[-2M,2M
which implies
Co
18 jml
Inductively, we also have

Is@) ], < lul~".

C
s, < ——lu=

18 jm
Note also,
sup / s;jjw)(i8jm)dul| = sup / ;d / iE(u,a)ei‘”'“ do du
0<e<N % O<e<N (4M)"— dam H
e<|u|<N e<|u|<N [—2M,2M]—d
1 9 _ o

= sup |——— / —[ / s(u, @) du]e“sf'“ dozH .

0<e<N| (4M)"~ dam H

[—2M 2M]"—d e<[u|<N

Let G(a) = fé<|u|<N§(u,(x) du, which is C* in «, and ||G()||% < Co. Then

o 9 s
sup / siiiw)(i8jm)dul| = sup |——— / —G(a)e ™ daH
0<e<N Ul " H  O<e<N (4M)"7d oo H
e<|ul<N [—2M,2M]n—d
0
= sup —GH =CoCq < 00,
0<e<N|l 00m H

which simply using the fact that G(«) is C* in «. This implies,

CoC
/ s;jj(w)du 0-1

sup S .
2y 16jml
e<|u|<N

O<e<N

(63)
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Inductively, by applying V&V to s(u, ) for any N > 0, we see that there exists a positive Cy such that

()

CoC
<0 N|u|—l—l

”s[jJ (u)”’H = “]”N and (64)
CoC
sup / s dull < 0, IIVV (65)
O<e<N H ”J”
e<|u|<N
Thus, sjj(u) is a 1-dimensional kernel satisfying (55) and (58) with the constant Co(j) = i‘jﬁ,’d for any N. This proves

Claim 2. O
Appendix B. Proof of Proposition 2

Let x=(r, A(r)) and y = (s, A(s)) in I". By a translation, we may assume x = (r, A(r)) = 0. We have

2 2k
Rd Rd
[l
[l e
sd-1

2\ qk+951
A(Vtvo 7,2, AWEYE) 2
S Tl e
In the last inequality, we use

sd-1 0
2
2@-1) ¢ ,,2@-1) (1 + H )
14 Y NG
Let p=k+ (d — 1)/2. The function g(y) = (nyz)Pe*”Vz. for y >0, achieves its maximum when y = {/p/m, and

pPe P = sup{(nyz)pe_””z}.
>0

=

Rd

2\ 7k
_ 2, AWES) 2
) TSP HI A2

We have that g increases on [0, ./p/7 ] and decreases on [/p/m, co], and fooo g(y)dy =Cp < oo, where Cp depends only
on p. Let

A 2] 2 AWEYO) 2
. 9)_[ <y +H (x/_V)H ﬂ ~m (AL
we have
Pe=P ifO<y <D/
G(y,0)<{pe o<y <o/,
gly) ify>./p/m.

This implies,

/fG(y 9)dyd9_/[ / G(y,0)dy + / G(y,@)dy}d@
sd-1 0

Sd1y<\/g }/2\/;

</[ f pPe Pdy + / g(y)dy]cw
sd-1 y<\/§ )/2\/;

o0

<Oy [p”e”vp/n +/g(y)dy} =64[pPe P\/p/m +Cp] <0

0
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Here, wg = o1 1d0. Let C g = 6g[pPe~P/p/m + Cp), then

/ Ve kX —y)ds < Cpq.
]Rd

Appendix C. Proof of Proposition 3

Let I" = {(r, A(r));r € RY}. For § > 0, we have dsI" = {(6r,8A()): r € RY}. We first prove the case where s the
d-dimensional Hausdorff measure restricted to I". Recall that for x = (r, A(r)), we have

KI(x. t):/l(t(x—y)du(y):/t*d/ze*”[”H““”A(r)*f‘(”“2]/fds,
r Rd

2
where K;(y) =t~ %/2e™7 I

By Remark 3, we may assume x = 0. We have
K(dsIM)(0,t) = / K:(y)dp(y) = / t—d/Ze—nSZ[||s\\2+||A(s)||2]/t ds
dsI” Rd
=ft—d/ze—”["5”2+“A<5>“21/<f5‘2>ds
Rd
—sd / (£572) V2T USPHAGIPYE ™) g — 5~4K1 (0, t572).
Rd

Let

t}(0) = argmax-o {

0
t—KI'0,¢t)|¢.
o))
We will show that t&:r(o) = 82t}.(0) (the same techniques apply to local maxima). Indeed, let p =t3~2, we have

3 9 3 dp 3
t—K(dsI)(0,t) =t—[8 9K (0, p)] =6 %t| —KI' (0, p) | = =8 9p—KI'(0, p).
5 K@ 1)©.0 Bt[ 0, p)] [ap ( p)]dt P35y (0, p)

This implies

d
t—K(dsI")(0,t
5 K@ 1)(0,6)

0
th -(0)= argmaxbo{ } =arg maxt>o{ p—KI'(0, p)‘ }
8 ap

This shows that the maximum occurs at p* =t}.(0), but p* = ‘Zt;;F(O). Therefore,
t) (0 = 8265(0).

Note that in this case
S(ds 1) (0, 8%t) =879SI°(0,t) for all t € T (0). (66)

Now suppose w is the d-dimensional surface measure on I". Let

r={z(n=(r,An): re Rd}.

Then from the definition of ||Z/(r)|| in (19), we have
[@2' 0] =32 ®].

Thus,
K(ds")(0,t) =KI'(0,t572).

Following the same techniques as above, we also have
t5. (0) =8>t/ (0).

Note that in this case,

S(dsI)(0,8%t) =SI'(0,t) forallt e Tr(0). (67)
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Appendix D. Proof of Corollary 4

In providing the characterizations of local scales on I", we rely on the John-Nirenberg theorem for functions in BMO(I").
We note that the function space BMO(X) is well defined for X being the space of homogeneous type introduced by
Coifman-Weiss [9]. As noted in [9], the John-Nirenberg theorem [17] can be extended to functions in BMO(X). See [36] for
a proof of this extension. We recall the definition of spaces of homogeneous type.

Definition 6. Let X be a topological space endowed with a Borel measure @ and a quasi-metric d satisfying: (a) d(x, y) =
d(y,x) for all x, y € X, (b) d(x, y) > 0 if and only if x # y, (c) there exists a constant K such that d(x, y) < K(d(x, z) +d(y, 2))
for all x, y, z € X. For each x € X and r > 0, define

Br(x)={yeX:dx,y) <r}.

Suppose the measure w satisfies: (a) w(Br(x)) > 0 for all r > 0, and (b) there exists a constant ¢ such that p(Br(x)) <
ci(Brj2(x)) for all r > 0 and x € X. Then (X, d, ) is called a space of homogeneous type.

The function space BMO(X) can be defined as usual.

Definition 7. Let f € L,loc(X), where X is a space of homogeneous type. We say f € BMO(X) whenever

[ fllemo =su

1
fﬁﬁ!“w_“wM”<w

where fp = ﬁ fB f(x)du(x). The supremum is taken over all balls B C X. Equipped with the norm | - ||gmo, BMO(X) is a
Banach space of functions modulo constants.

The classical John-Nirenberg theorem for functions in BMO(R") can be extended to BMO(X).

Theorem 5 (John-Nirenberg theorem [9,36]). Suppose f € BMO(X), with X being the space of homogeneous type. Then

1. Forany1 < p < oo, f € LP (X), and

loc

1
14(B) /'f(")‘f3|pd“(") < Cpll fIgmo-
B
Define
1 b 1/p
I/ ”BMop=sgp[m Bf |f () ~ fal d,u(x)] .

Then | - lsmo and | - llemo,, are equivalent norms on BMO.
2. There exist positive constants c1 and c; so that, for each o > 0 and every ball B,

m({xeB: |f(0 — fa] > a}) < pu(B) - crem /I Iawo, (68)

Remark 17. Suppose I' is regular (Lipschitz = regular) with pu being the d-dimensional Hausdorff or surface measure
satisfying (8). Endow I" with the Euclidean metric. Then I" being regular implies that (I",d, n) is the space of homogeneous
type, and hence (68) holds for f € BMO(I").

Proof of Corollary 4. The proof can be carried out in the exact same manner as in [20]. For completeness, we show the
steps here. By a change of variable, T =log,(t), let SI"(x, T) :=SI"(x,a"). Then by Proposition 1, we have

2

d
FSF(x, T) =P x w(x),

where @; = (ln(a))z[tz%wt +t2-¥;). Define the square function (of %SF)

(o8} oo 2 2
5 > dt d
ST = [|®xux|"—=In@ [ |-—=SI'x 1) dr.
t 97?2
0 —00
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Then by Corollary 3, we have that for all balls B C R",

/ S2r®)du) < Crixsl?g .
I'NnB

which shows that S2I" € BMO(I") with the BMO-norm bounded by Cr. Let C be a constant such that

33
——=SI'(,7)

at3 <G

Lee(r)

sup
TeR

For each x € I's y and 1; € T5(x). Let € =4§/(2C) and I; = (1; — €, T; + €), then we have

82
—SI'(x, T
’azz * 1)

and I; N7 (x) = {t;} and the {I;} are disjoint. We have

)
> 3 forall T €I,

2
dt

2

2
Z a
d‘[ > /‘FSF(X, T)

o0
32
S°I' (x) =In(a) / ‘—Zsr(x, T)
it
—00 r,'e’ﬁ;(x)li

> (8/2)|1i1(#75(0)) > CN&,
for some new constant C. This implies
MsnC{xel: ST (x)>CN&*} c {xe I |S*I'(x) — S| > CN&® — Sr},

where Sp = ﬁ [ SPrx) du(x).

If CN83 > Sp, then by the John-Nirenberg inequality (68), there exist positive constants (7 and C) independent of I"
such that

ch(CNS3-Sp)

n({xe I NBg: |S*I(x) — Sr| > CN&® — Sr}) <IN Bg|Cre 1570 (69)

On the other hand, if CN§3 < Sr, then (69) still holds with C; >1. Let

césr )
G = Cﬁem and Cp = i
82T ||Bmo
then
I’L(I—:S,N)<M(FHBR).C16_C2(S3N. O
References

[1] J.E. Aujol, G. Gilboa, T. Chan, S. Osher, Structure-texture image decomposition—modeling, algorithms, and parameter selection, Int. J. Comput. Vis. 67 (1)
(2006) 111-136.
[2] M. Barchiesi, S.H. Kang, T.M. Le, M. Morini, M. Ponsiglione, A variational model for infinite perimeter segmentations based on Lipschitz level set
functions: denoising while keeping finely oscillatory boundaries, Multiscale Model. Simul. 8 (5) (2010) 1715-1741.
[3] T. Brox, J. Weickert, A TV flow based local scale measure for texture discrimination, in: European Conf. on Comput. Vis., vol. 3022, 2004, pp. 578-590.
[4] J.W. Bruce, PJ. Giblin, Curves and Singularities: A Geometrical Introduction to Singularity Theory, Cambridge Univ. Press, 1992.
[5] A. Buades, B. Coll, J.M. Morel, A non-local algorithm for image denoising, in: IEEE Computer Society Conference on Computer Vision and Pattern
Recognition, vol. 2, 2005, pp. 60-65.
[6] M. Christ, J.L. Journé, Polynomial growth estimates for multilinear singular integral operators, Acta Math. 159 (1) (1987) 51-80.
[7] R. Coifman, Y. Meyer, Fourier analysis of multilinear convolutions, Calderon’s theorem, and analysis on Lipschitz curves, Euclidean harmonic analysis,
1980, pp. 104-122.
[8] R.R. Coifman, A. McIntosh, Y. Meyer, L'intégrale de Cauchy définit un opérateur borné sur L 2 pour les courbes lipschitziennes, Ann. of Math. 116 (2)
(1982) 361-387.
[9] RR. Coifman, G. Weiss, Extensions of Hardy spaces and their use in analysis, Bull. Amer. Math. Soc. (N.S.) 83 (4) (1977) 569.
[10] 1. Daubechies, Ten Lectures on Wavelets, Society for Industrial Mathematics, 1992.
[11] G. David, Wavelets and Singular Integrals on Curves and Surfaces, Springer, 1991.
[12] G. David, S. Semmes, Harmonic analysis and the geometry of subsets of R", Publ. Mat. 35 (1) (1991) 237-249.
[13] C. De Lellis, Rectifiable Sets, Densities and Tangent Measures, European Mathematical Society, 2008.
[14] X. Fang, The Cauchy Integral of Calderon and Analytic Capacity, Yale University, 1990.
[15] M. Feiszli, PW. Jones, Curve denoising by multiscale singularity detection and geometric shrinkage, Appl. Comput. Harmon. Anal. 31 (3) (2011) 392-
409.
[16] M. Ha Quang, S.H. Kang, TM. Le, Image and video colorization using vector-valued reproducing kernel Hilbert spaces, J. Math. Imaging Vision 37 (1)
(May 2010) 1-17.



T. Le, E. Mémoli / Appl. Comput. Harmon. Anal. 33 (2012) 401-437 437

[17] E John, L. Nirenberg, On functions of bounded mean oscillation, Comm. Pure Appl. Math. 14 (3) (1961) 415-426.

[18] P.W. Jones, Lipschitz and bi-Lipschitz functions, Rev. Mat. Iberoam. 4 (1) (1988) 115.

[19] P.W. Jones, Rectifiable sets and the traveling salesman problem, Invent. Math. 102 (1) (1990) 1-15.

[20] PW. Jones, T.M. Le, Local scales and multiscale image decompositions, Appl. Comput. Harmon. Anal. 26 (3) (2009) 371-394.

[21] S. Kindermann, S. Osher, P. Jones, Deblurring and denoising of images by nonlocal functionals, Multiscale Model. Simul. 4 (4) (2005) 1091-1115.

[22] T.M. Le, Local scales on curves and surfaces, preprint, arXiv:1009.4145, 2010.

[23] T.M. Le, L. Rogers, Detecting stable global scales in images via non-smooth K-functionals, UCLA CAM report 10-63, 2010.

[24] T.M. Le, Y. Wang, Local scales in images via nonlinear diffusions, preprint, 2010.

[25] G. Lerman, Quantifying curvelike structures of measures by using L2 Jones quantities, Comm. Pure Appl. Math. 56 (9) (2003) 1294-1365.

[26] G. Lerman, ].T. Whitehouse, High-dimensional Menger-type curvatures—part II: d-separation and a menagerie of curvatures, Constr. Approx. 30 (3)
(2009) 325-360.

[27] T. Lindeberg, Detecting salient blob-like image structures and their scales with a scale-space primal sketch: a method for focus-of-attention, Int. J.
Comput. Vis. 11 (3) (1993) 283-318.

[28] T. Lindeberg, Feature detection with automatic scale selection, Int. J. Comput. Vis. 30 (2) (1998) 79-116.

[29] D.G. Lowe, Distinctive image features from scale-invariant keypoints, Int. ]J. Comput. Vis. 60 (2) (2004) 91-110.

[30] B. Luo, J.F. Aujol, Y. Gousseau, S. Ladjal, H. Maitre, Characteristic scale in satellite images, in: ICASSP 2006, vol. 2, 2006, pp. 809-812.

[31] Facundo Mémoli, A spectral notion of Gromov-Wasserstein distance and related methods, Appl. Comput. Harmon. Anal. 30 (3) (2010) 363-401.

[32] Y. Meyer, R. Coifman, Wavelets: Calderon-Zygmund and Multilinear Operators, Cambridge Univ. Press, 1997.

[33] T. Murai, Boundedness of singular integral operators of Calderdn type. VI, Nagoya Math. J. 102 (1986) 127-133.

[34] L.-M. Reissell, Wavelet multiresolution representation of curves and surfaces, Graph. Models Image Proc. 58 (3) (1996) 198-217.

[35] P.L. Rosin, Determining local natural scales of curves, Pattern Recogn. Lett. 19 (1) (1998) 63-75.

[36] L. Ruilin, Y. Lo, BMO functions in spaces of homogeneous type, Scientia Sinica (Series A) 27 (1984) 695-708.

[37] E.M. Stein, Singularity Integrals and Differentiability Properties of Functions, Princeton Univ. Press, 1970.

[38] E.M. Stein, T.S. Murphy, Harmonic analysis: real-variable methods, orthogonality, and oscillatory integrals, Princeton Univ. Press, 1993.

[39] D. Strong, T. Chan, Edge-preserving and scale-dependent properties of total variation regularization, Inverse Problems 19 (2003) S165-S187.

[40] P. Strzelecki, H. von der Mosel, Integral Menger curvature for surfaces, Adv. Math. 226 (31) (2011) 2233-2304.

[41] Jian Sun, Maks Ovsjanikov, Leonidas Guibas, A concise and provably informative multi-scale signature based on heat diffusion, in: SGP, 2009.

[42] A. Szlam, M. Maggioni, D. Coifman, Regularization on graphs with function-adapted diffusion processes, ]. Mach. Learn. Res. 9 (2008) 1711-1739.

[43] E. Tadmor, S. Nezzar, L. Vese, A multiscale image representation using hierarchical (BV, L?) decompositions, Multiscale Model. Simul. 2 (2004) 554
579.

[44] X. Tolsa, Mass transport and uniform rectifiability, preprint, arXiv:1103.1543, 2011.

[45] KR. Vixie, K. Clawson, TJ. Asaki, G. Sandine, S.P. Morgan, B. Price, Multiscale flat norm signatures for shapes and images, Appl. Math. Sci. 4 (14) (2010)
667-680.

[46] G.N. Watson, A Treatise on the Theory of Bessel Functions, Cambridge Univ. Press, 1995.



	Local scales on curves and surfaces
	1 Introduction
	2 Local scales on d-dimensional surfaces
	2.1 Smoothness of SΓ and L2-boundedness of gk
	2.2 Properties of local scales

	3 Geometric interpretations and examples
	3.1 Local scales of cones and cylinders
	3.1.1 Cones in R2
	3.1.2 Cones in Rd+1
	3.1.3 Cylinders

	3.2 The scale function and curvature of smooth curves
	3.2.1 The general case

	3.3 The scale function and curvature of surfaces
	3.3.1 The general case

	3.4 A computational example with planar curves
	3.4.1 Local scales and oscillations


	4 Discussion
	Acknowledgments
	Appendix A Proof of Lemma 1
	Appendix B Proof of Proposition 2
	Appendix C Proof of Proposition 3
	Appendix D Proof of Corollary 4
	References


