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1. INTRODUCTION

In this paper we study a model for the population transition probabilities
for a branching process composed of particles moving in a finite interval
with absorbing boundary. In general the proposed model does not have the
Markov property since we assume the branching properties for each particle
depend on its age and position. To establish this dependence we propose the
following structure.

The process is generated by one particle initially at x in a bounded interval
I with interior I, . The boundary I' is an absorbing barrier for which a(x, ?)
is the probability of absorption at I" by time ¢ and a(x) = lim,_, a(x, ) is
the probability of ultimate absorption for a particle initially at x. Conse-
quently we assume

(a) a(x, 1) is nonnegative and continuous for ¥ in fand 0 < # < ©
and satisfies a(x, t) =1 for ¥ in I and 0 < ¢ < o0, (b) for
each x in I, a(x, ) is nondecreasing as ¢ increases, and
(c) a(x) = lim,, a(, ) is continuous in I and satisfies a(x) = 1 in

I'and a(x) == 1 in I,. (L.1)

The life span of a particle and its motion are so related that k(x, y; #) dydt is
the conditional probability density function for the position y of a particle
with life span ¢, provided it is initially at x and its motion is restricted to I, .
We assume

k(x, y; t) is nonnegative and continuous forx, yinl, 0 <t < o© (1.2a)
and

k(x, y, t) = O for either x and/or y in T, 0<t << o0 (1.2b)
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At any time ¢ a particle with initial position x has either been absorbed at I
with probability a(x, #), ended its life in /, with probability J}f; k(x, v; s} dsdy
or is moving about in J, with probability b(x, ¢). Consequently we assume

b(x, t) is nonnegative and continuous with lim b(x, t) =0 for xin I,

100

0<t <o (1.3)
and

t
lza(x,t)+b(x,t)+flfk(x,y;s)dsdy for xinl 0<t<w,
0

1 =a(x) + LJ’:O k(x, y, s) dsdy for  xinl. (1.4)

A particle ending its life at an age ¢ at the point x is transformed with the
conditional probability A,(x, t) into k particles, £ =0, 1, 2, -+, with identical
independent properties. It is convenient to define

h(x, t; 2) = 2 hy(x, t) 2F and wix, t) = 2 Rl (x, 1) (1.5)

and to assume

each /;(x, t) is nonnegative and continuous and

dohxt)y=1 for xinl,, 0<t<oo (1.6a)
=0
and
p(x, t) is positive and continuous for  xinly,
0 <t < o0. (1.6b)

In the simplest case the process can be considered as a collection of inde-
pendent particles each with a random position x,, at time #, described by
an ordinary Brownian motion in / with absorbing boundary I" and a random
life span [ described by a density function g. That is, let p(x, y; ) be the fun-
damental solution to

7 o*
ZP =gzt P& =pxLi1)=0 p(x,y;0) =35y —x)

for 0 < &, y <L and 0 < # and let g(2), 0 < ¢, be a nonnegative continuous
function. Then

Kooy ) =2 3080, b 0) = (| pw 30 ) [ gte) ar
and . °
a(x, t) = 1 — b(x, t)—ff p(x, v t) dydt.
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A quantity of interest for this model is the random number N (x) of par-
ticles at time # in the interior I generated by one particle initially at the point
x. By considering N (x) as a regenerative process with respect to the random
age and position of the initial particle when transformed, we have the gene-
rating function E(sV+)} characterized as a solution to the following func-
tional equation:

t
fle 15 3) = al, 1) + 2b(x, 1) + [ [ ALy, sif(p, ¢ — 53 2)] kv, 35 5) dsdy
Mo
(1.7)
forxin I, 0 <{tand | 2| < 1.
The existence of a regular solution to this system is given by the following
theorem of H. E. Conner [1].

Ex1sTENCE THEOREM. Assume the given funmctions a(x,t), b(x,t), and
k(x,y; t) satisfy (1.1) through (1.4) and the functions h(x, t; 2) and u(x, £),
defined by (1.5), satisfy (1.6). Assume the given functions are further restricted
to satisfy

fw max {k(x, y; t) | %, yin 1} dt < o0, J-oomax{a(x, t)fxinl}dt < oo,
0 0
fomax{,u(y, B k(x,y;t) | %, yinl}dt < 0. (1.8)
0

With these assumptions there exists a unigue solution f(x, t;2) to (1.7),
continuous and bounded in magnitude by 1 for x in I, 0 <t and | 2| < 1.
Furthermore f(x, t; 2) can be represented in | 3| << | by

flx, t;2) = ifn(x, t) 27, ii;fn(x, =1 (1.9)

where each f,(x, t) is a nonnegative function continuous and bounded by 1 for x
mland0 < t.

The processes defined by (1.7) are a synthesis of age-dependent and posi-
tion-dependent processes. A systematic study of the mathematical theory for
position-dependent (neutron) branching processes and age-dependent
branching processes is developed in, “The Theory of Branching Processes,”
by T. E. Harris [2]. The book has a comprehensive bibliography of papers
in this field. For age-dependent processes we refer to the papers by R. Bellman
and T. E. Harris [3], D. G. Kendall [4], N. Levinson [5], and W. A. O’N.
Waugh [6]. For position-dependent processes we refer to the papers by
B. A. Sevastyanov [7], H. E. Conner [8], J. E. Moyal [9], and S. R. Adke
and J. Moyal [10].
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2. SUMMARY OF RESULTS

For the remaining work, we assume the functions a(x, ¢), b(x, #), k(x, v; t),
and A(x, t; x) satisfy the conditions of the existence theorem stated in the
introduction and we let f(x, #; 2) be the unique solution to (1.7), satisfying
(1.9). A formal differentiation of (1.7) with respect to & suggests the mean
population size (8/0z2) f(, ; 1) is a solution to the following integral equation

m(x, t) = b(x, t) - JIJ‘: m(y, t — s) u(y, 5) k(x, y; s) dsdy
m(x,0) =b(x,0) xinl, 0<t< 0. 2.1)

To proceed we wish to define the expected population size m(x, #) by the
expression

m(x, t) = ikfk(x, 1) xinl, O0<t<w (2.2)

k=1

where the f,(x, t) are those in the representation (1.9). The validity of this
definition and the desired characterization are given by

THEOREM 1. (i) There exists a positive constant "Ny for which
220:1 kfi(x, 8) < 26N, x in I and O <t << 0; so that m(x, t) can be defined
by (2.2).

(ii) For any T >0,

1 —fx )
Tgrlrl P — = m(x, t)

uniformly for x inl and 0 <t < T, and

(iii) m(x, t) is a unique continuous solution to (2.1) for xinI and 0 < t < c0.

The probability of ultimate extinction
folx) = ltij;lfo(xv t)

can be characterized as the minimum nonnegative continuous solution to
Uf = f where U is the Urysohn operator defined by

Uf(x) = a@) + [ 1 by, 5 70 kw3 5) | dy

for f(x) continuous and bounded in modulus by 1 on I. Assumptions (1.4)
and (1.6) show I(x) = 1 also satisfies Uf = f. A n.a.s.c. for f; = [ is given by
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the spectral properties of the derivative operator Ef = (¢/9¢) Uf evaluated
at ¢ =1,

£fe) = [ 1wl K 3,9 ds| 9) . @3)

This equation defines a linear integral operator transforming the class of
functions continuous on [ into the subclass of functions vanishing on I"
and the subclass of nonnegative functions into itself. These properties are
sufficient to assert the existence of a positive characteristic number P of
minimum modulus, the Perron root.

In an ordinary branching process with extinction probability f, the popu-
lation size N, tends to zero with probability f; and increases without bound
with probability 1 — f, as t — co. When f;; < 1, this increase can be counter-
balanced by considering the normalized variable N, /m(t), where m(¢) is the
expected population size. However, in the present model fy(x) is dependent
on the absorption at the boundaries in addition to the interior absorption
brought about by the branching mechanism. This gives the possible existence
of interior points x for which fy(x) = 1 even though f, % [ when P < I.
These points are completely determined by the absorption function a(x)
provided the process satisfies

For any x such that a(x) < 1,

Yy ( (O
o< j [ e 0kwytdildy all  p <pinl  (24)
v 0
For processes satisfying (2.4) we have

Anas.c.for f,#£1 is P <1 (2.5)

where P is the Perron root for (2.3). A direct consequence of (2.4) and the
strict monotonicity of A(y, s; 7) in 7, 0 <{ 7 < 1, is the following property
of fy(x) for a process with f, # [

Sfolx) =1 iffxisin A ={x!a(x) =1} (2.6)

Another result is the degeneration on the absorption set 4 of the integral
equations (1.7) and (2.1) into

f(x, t; 2) = a(x, t) + 2b(x, 1)
m(x, t) = b(x, 1) for  xin A. 2.7)
In particular the mean population size at time ¢, m(x, £), has very different

behavior for x in 4 and x not in 4 and is no longer a suitable normalization
function.
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The behavior of m(x, t) as t — a0 is developed from its characterization
as a solution to (2.1). The interpretation of (2.1) as a vector-valued renewal
equation suggests there is some real p such that lim,,,. e~** m(x, t) = m(x, p)
exists and is positive for x not in 4. If so, then multiplying (2.1) by e~ and
letting ¢ — oo formally gives

pOC

m(x,p) = [ mly.p)} [

e u(y, 5) k(x, v; s) dst dy.

This shows the limit m(x, p), when it exists, is a characteristic function and 1
is a characteristic number for the indicated kernel. To show the existence
of the number p, we examine the spectral properties of the family of kernels

defined by
E(x, y; 2) = ' e ulx, 1) k(x,y; ) dt, x,yinl, (2.8)
b ]

with parameter 2, Re[2] = 0.
The first result is

LevmmMa 2.1.  Assume the extinction probability fi(x), is not identically I,
the absorption set A, (2.6), is at most denumerable and

w(x, 1) k(x, x; ) =0 all  t=0 iff  xisin A

Then there exists a single positive number p such that | is a characteristic number
for the kernel E(x, y; 0),0 =0, iff o =p.

The processes for which Lemma 2.1 is valid are henceforth called self-
generating processes. The behavior of m(x, #) for a self-generating process is
given by

THEOREM 2. Let p be as determined in Lemma 2.1. Suppose b(x,t) and
w(y, t) k(x, y; t) satisfy the restriction

jw [e-7* max {u(y, t) k(x, 3, £) | x, y in I}]2 dt < oo,
[ oot max {b(x, ) | x in I)}2 dt < oo, (2.9)
0

then there exists ]
lim e=*t m(x, t) = m(x) (2.10)
=X

uniformly for x in I. The limit m(x) is determined up to a multiplicative constant
as a continuous solution to

m(x) = Hf:’ e#* u(y, t) k(x, y; t) dt | m(y) dy. @.11)
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In addition
mix)=0 iff x isin A={x]a(x)=1} (2.12)

Let G(x, t; u) be the family of distribution functions defined by

Glx, t;u) = D, fulw, 1), 0<ua, (2.13)

k<u

with parameters x in 7 and ¢ >> 0. We proceed to establish for each x in
I-4 the weak convergence of G(x, #; e** u) to a proper distribution G(x; )
as £ — o0 and to determine the dependence on x.

The Laplace-Stieltjes transform of G(x, ¢; e=** u) is given by

Yz, t; 2) = ka(x, t) exp [— ke ?tz], xinl, t >0, Re{z] = 0.
k=0

(2.14)
Consequently it satisfies the integral equation
Y(x, t; 2) = a(x, t) + exp [— e*t2] b(x, t)
t
+ f H hy, s; Py, t —s; e772)] k(x, y; 5) ds; dy.
o (2.15)

The correspondence relation between distribution functions on a half-line
and their L.-S. transforms allows us to concentrate our attention on the
transforms y(x, ¢; 2) as 1 — co. Letting ¢ — o0 in (2.15) gives an auxiliary
equation to be satisfied by the limit transform y(x; 2),

(x; 2) = a(x) - u f:h[y, iy, eo2 Rx, y; ) dsl dy (216

for x in I and Re [2] > 0. This equation has the improper solution ¢ = 1
and we are faced with an existence and uniqueness problem for proper
solutions to (2.16). The convergence properties of uniformly bounded
sequences of analytic functions and the law of permancy of functional equa-
tions suggests we first consider (2.16) restricted to 2 = ¢ > 0.

TraeoreM 3. Assume the conditions for Theorems 1 and 2 are satisfied.
Let o) be a twice-continuously differentiable function defined for 0 < o << 0
and satisfying

«0) =0, a'(6)=0 and f talo) do 2.17)

0 [
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and

1 - h[x, t; e] ’

mlx, t) — | < o) B(x, t),

g
where P(x, 1)/u(x, t) is uniformly bounded for x in I and O < t. (This implies we
can replace B(x, t) by u(x, t).) Then there exists a continuous solution (x, o)
to (2.16) for x in I and 0 < v and satisfying

(i) 0 <y(x,0) <1forxinland 0 < o, and

(i) #(x, 0) = 1 for xinI and Y(x, o) = | for xin A and 0 < o. In addition
W(x, o) is uniquely determined within the class of continuous solutions to (2.16),
satisfying (1) and (ii), by the additional property: for each x in I

1 — §(x, 0)

(ii1) gli{)% = m(x),

and uniformly for x in closed subsets of I-A.

The nature of the condition (2.17) and its relation to a second moment
requirement is thoroughly discussed in a paper of N. Levinson [5].

The behavior of ¥(x, ¢; 2), (2.14), as t — o is now developed. The func-
tional relations which ¥(x, #; 2) and the iterative solution ¢(x, o), Theorem 3,
satisfy are used to develop a functional inequality for

Ax, 1, 0) = HE:50) —dlxio) (2.18)

m(x)
This inequality is exploited to show 4(x, ; ¢) =0 as ¢ — 0 and to obtain

TuEoREM 4. Assume the conditions for Theorem 3 are satisfied.
Let (x, o) be the solution to (2.16) found in Theorem 3 and let Y(x, t; o) be
defined by (2.14). Then for each xinl and 0 < o

lim (s, £ @) = 4(x, o)

and uniformly for x in closed subsets of I-A and 0 < 0 < gy < 0.
Using standard techniques in the theory of Laplace-Stieltjes transforms
of distribution functions, we extend the last result to

THEOREM 5. Assume the conditions for Theorem 3 are satisfied. Then for
each x in I the distributions G(x, t; ="' u) converge weakly as t — o0 to a
distribution U(x, u), 0 < u << o0, with the following properties. Its transform

D(x, z) = J.w e¥* dU(x, u)
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satisfies

(1) 0<|Px,2)|<lxinl Re(z) >

(i) DP(x,0) =1 x in I and for x in the absorption set A = {a(x) =1}
D(x, 2) = 1, Re(2) =0,
(iff) lim L2 9)
-0+ g

= m(x) (2.19)
for x in I and uniformly for x in closed subsets of I-A, and

0, 2) = o) = [ }["hy, 55 05 o i ys5) s dy  (220)

for xinl and Re (z) =0

3. ProorFor THEOREM 1

To begin we list some properties for A(x, ¢; 2) which follow directly from
its definition (1.5), assumption (1.6), and an application of the mean value
theorem:

(l) 0 < h(x, t; 7'1) < h(xy t; 72))

(i1) <ihlx, t;2) | < h(x, t;]21),
i) 0 ‘ = h(x, 1 z)' u(x, 1)
() 1A, 1.5) — B, t50) | < pla ) |5 —w] (3.1)

forxin, 0 <t [2]andjw | < 1and O <7y <7y 1.
A useful estimate for which we have repeated use is the following

LemMma 3.1. Suppose r(x,t) is a continuous function for x in I and
0 <t < oo satisfying

r(x, t) < | A(x, t) | + J'J: r(y,t —s) | B(x,y;s) | dsdy,

xinl, 0<t<w
where

@) |Ax )| < KforxinlandQ<tand
(i) [, [ max{| B(x, y;s) || xin1}dsdy < oo,
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then there is a positive constant A, , independent of K, for which
r(x, 1) < 2Ke™t  for  xinl  and 0 <&
To prove this. 1
R(T,A) = max {e*r(x, t) | xin[,0 <t < T},

defined and finite for 7" and A positive. Then

R(T,\) < K + U e max {| B(x,y;s)  xinl} dsdy] R(T, A).

Choosing A, so that the convergent integral in brackets is < & shows
R(T, X)) < 2K. This implies r(x, 1) < 2Ke"*.
Since f(x, t; 2) satisfies (1.7) and (1.4) is assumed, we can write

N

_f(x_t"l_) =b(x, 1) + | ftlﬁh[y’sl;fiy;;t_S;n)]k(x,y;s)dsdy (3.2)

for x in I, 0 < ¢ and 0 <y < 1. The definitions for A(x, ¢; z) and u(x, 1),
(1.5), and the inequality (1 — x*)/k(1 — x) <1, valid for 0 <x <1 and
k=1,2,3, -, imply

| —h(x, 50) .. T, I
,lL(x, t) — ——1—1‘—)\—-"‘ = Lkhk(x, t) ll - m—J >V (3.3)

k=1

for x in I, 0 < # and 0 << A < 1. Substituting (3.3) with A = f(y, ¢ — s; )
into (3.2) gives

1——_{-(:0—7%—’7—) < blx, 1) + U:l_f_f(ly—’_’%ﬁ;—@”(y, $) k(x, y; 5) dsdy  (3.4)

for xinI, 0 < tand 0 < n < 1. The application of Lemma 3.1, with K =1,
to (3.4) gives the existence of some Ay > 0 for which

0<1=SE 5D opn (3.5)
11—

for xin I, 0 <z and 0 <{ 5 < 1. Since

1 — x* '
lim = 1,

x-1— k(l — x)

>
30
(¥8)

[y
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letting 5 — 1 — in the inequality

< L—n* _1—flx1tn)
gkfk(x,n g <1

and using (3.5) shows for 0 <{ ¢ the partial sums Z,Icv:l kf(x, t) are bounded
uniformly in x by 2¢**. Therefore m(x, ), as defined by (2.2), exists and satis-
fies for some A, >0

m(x, 1) < 2e’ot xin I, 0<t<w (3.6)

In the same way we show for positive N the validity of

m(x, t) — 2 Rfi(x, 1) < 11m 1nf——-—f£c’7]t—n)
< 11rrilsl1p —f(—xl) < mix, t),

for x in J and 0 < ¢. Letting N — o0 and using (3.6) establishes

lim 1 “f(x’ £ m)

lim 7 = m(x, t) 3.7

forxinJand 0 < ¢ < o0.

The determination of uniform convergence requires more information
about the function (1 — f(x, #; 7))/(1 — ). To establish this we use the trian-
gle inequality

*1_f(xl,tl;'q)_l—f(xz)tz;n)'
I —n I —n

< ‘f(xz » ta; "71) :{7(9‘1 » ta3 1) l + ‘f(xl » ay ”ll) :{}(xl » ;) (3.8)

to replace differences on oblique lines by differences on sections.
We also require the following inequality

1 —hly, s; f(y, t — s;m)] dgtt—s)
02 =5 5y, o, 69)

which is a direct result of the estimates (3.1) and (3.5).
Setting

'x,t’ x,,,t,
Af(x, , %5, 153 7) :f( 1) ts ’71)_{;( 2 "7)

Ab(xy , %y, 1) = b(xy, 1) — by, 1)

409/13/2-6
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and

Ak(xy , x5, v;8) = k(xy, v; ) — k(xy, ¥, 5)
and using (3.4) and (3.9), we have the inequality

Af (g, xy, ty ) L < [ Ab(xy, xg, 1)
o by
+2 J f et y(y, 5y | dk(xy , %y, v55) | dsdy.  (3.10)
i
For each T > 0and 0 < ¢, t, < T, the continuity properties of b(x, ¢} and
u(y, t) k(x, y; t) for x and y in I and 0 << ¢ < T imply the existence of a

positive 8;(¢, T), 0 < ¢, T, for which the r.h.s. of (3.10) is uniformly small;
so that

f(x2,t2y’7) ‘—f(xl)tz,”)) <_€_
1—19q =2

| % — %y | < 8y(e, T). (3.11)

for 0t < 1T,

Setting

x,t; —' .X',t;
Af(xlatlytz;n) :f( 1 2 "71)—{'( 1 1 7)),

Ab(xy , by, ty) = by, £1) — b(%y, 1)

and again using (3.4) and (3.9), we have the inequality
- by
| Afen sty i) | < by, 1)+ [ [Tty ) K 3 5) didy

b
+ [ [Tt — st = sm) | Wy, 5) Rl s 3, ) ddy.
o

Taking the maximum with respect to x, over I of the r.h.s. of the previous
inequality and applying Lemma 3.1 gives the existence of a positive A such
that

| Afery, 1y, 15 m) | < 2K(T, 1y, 1) 7
where

K(T, 1, , t,) = max iAb(xl by 1)

t2
+ f j erolta~8) y(y, 0) k(xy , y,5) dsdy | %, in 1 ;.
I

For each T'>>0 and 0 < # <#, < T, the previously stated continuity
properties of b(x, #) and u(y, ) k(x, y, t) are sufficient to assert K(T\ t, , 2,)
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is continuous in 0 < 4, < ¢, < T and K(T, t, , 1;) = 0. Consequently there
exists 8y(¢, T), 0 < ¢, T, for which K(T, t, , t,) < (e*7/4) e for t, — ; < 8y;
so that,

Sy, ta5m) — floey s 45 m) < £
1—n 2

0ty <t, <T, t,—1 <Byle, T). (3.12)

for xinl,

The estimates (3.11) and (3.12) combine with (3.8) to show for each T >0
(1 — f(=, 2, 9))/(1 — =) is continuous for x in I and 0 <{ ¢ < T uniformly in
0y <l

This is sufficient to assert

1 _f(x) t; 77)
1

m(x,t) = lim —

71—~

is continuous for x in I and 0 <{ ¢t < 7. Therefore by the Moore-Osgood
theorem on iterated limits, we have for each T > 0,

Hmt¥¥%ﬂ:mmﬂ (3.13)

n-1—

uniformly for xin / and 0 ¢ << T,

Let
1 — h(x, t;
I(x, t;m) = p(x, 1) — —ﬁ—ﬂ

forxinZ,0 <tand 0 < 5 < 1.
Then we have, for 0 <9, <7, < 1,

T(x, t,m) — D(x, t;75) = D khg(x, 1) [kl(lw—n:;l;) - kl(i_—n;’:)] '

This implies I'(x,t;n) is a decreasing function on 0 <{% <1 since
(1 — x*)[k(1 — x) is increasing for 0 <{ x <C 1. An argument similar to that
used to develop (3.7) shows lim, ,; I'(x,#;7) =0 for x in I and 0 < ¢
Moreover the convergence is uniform since I'(x, £; ) is decreasing in 7;

so that we can assert the existence of a positive 8(e, T), 0 < ¢, T, for which

0<an—l:§%?ﬁ<e (3.14)

when xin 7, 0 ¢t <{ Tand 1 — X < §(¢;T"). This and the uniform conver-



278 CONNER

gence as 9~ 1 — of f(x, £; 1) to | for x in T and O < ¢ < T imply for each
>0

1 — Afx, s; f(x, t — s371)]

77lirlrl T fw. t —57) == u(x, 1) uniformly for xin/,
and
0<<s<t T (3.15)

Rewritting (3.2) in the form

Lofnbm) g t)Tff 1 — Ay 5 f(y,t — s, )]

11— 1 —f(y,t —s,7)
x L TO L =5 ) dody
l—n
and letting n — 1 —, we use the uniform convergence established in (3.13)

and (3.15) to show m(x, ) is a solution to (2.1) and Lemma 3.1 to show it is
unique in the class of continuous solutions for x in / and 0 < 2.

4. PROOF FOR THEOREM 2

The functions B(x, 2) and E(x, y, 2) defined by

B(x, z) — f°° e+t b(x, 1) dt @)

and (2.8) exist, are continuous for x, y in I and Re [2] > 0 and are analytic
in 3, Re[2] > 0, for fixed #, ¥ in I. This is a direct result of the assumption
(2.9). By Theorem 1, m(x, t) is a solution to (2.1), and satisfies m(x, ) < 2¢’o!
for some positive Ay, (3.6). Therefore

M(x,%,8) = | Y ette-otm(x, 1) dt, 8 >0, (4.2)
0

exists and is continuous in (x, 2) and analytic in 2z for fixed » in I and
Re [2] > (+ Ay — 3). Since m(x, f) is nonnegative, the abscissa of conver-
gence o(x, 8) is a singularity for M(x, 2, 8) as an analytic function of z with
fixed x and 8.

Multiplying (2.1) by e~*%* and integrating with respect to # shows

M(x, z,8) = B(x, 5 + 8) = f B35+ ) My, s 8 dy. (43)
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The assumptions of Lemma 2.1 and condition (1.8) are sufficient to con-
clude for each o > 0 the kernel E(x, y; o) has a positive char. number P(o)
with the following properties

(i) P(o) has algebraic multiplicity 1 and P(o) < | A{o) | for any
char. number A;(o) = P(o) associated with K(x, y; o),
(ii) the char. function ¢(x, o) associated with P(c), uniquely
determined up to a multiplicaiive constant, is nonnegative and
can be zero only for those x in the exceptional set A given in
the assumptions. 4.9

Since E(x, y; o) is continuous in (x, y), the statements in (4.4) also apply
to the transposed kernel E(y, x, o). These properties, extensions of the
Perron-Frobenius theory for nonnegative matrices to compact integral
operators with nonegative kernels, are developed in the monograph by
M. G. Krein and M. A. Rutman [11, Chapter 6].

The dependence of P(s) on ¢ is given by

LevMa 4.1.  When conditions for Lemma 2.1 are satisfied, P(o) is a con-
tinuous, strictly increasing function of o on 0 < o < co.

Proor. For each 2, Re [z] == 0, let d(A; 2) be the Fredholm determinant
for the kernel E(x, y; 2). The characteristic numbers of E(x, y; 2) are the
zeros in A of d(A; 2). Condition (1.8) is sufficient for us to assert d(A, 2) is

(i) continuous in (A, 2) on | A| < o0 and Re [2] >0,
(ii) entire in A for fixed 2 on Re (2) > 0 and
(iii) analytic in 2 on Re (&) > 0 for fixed finite A. (4.5)

Since the char. number P(o) can be identified as the zero of d(A; o) of least
modulus, Roche’s theorem can be applied to show P(o) is continuous for
0<o <0

Let P(o;) and ¢(x, a;), ($(x, 0;)), be the positive characteristic pair des-
cribed in (4.4) for E(x, y;0,), (E(y,%;0y)), t =1, 2, when 0 < 0y < o,.
The strictly decreasing behavior of max {E(x, y; 0 | %, yinl} for 0 <o < o
and the fact that ¢(x, o) ((x, 6)) can be zero only on the exceptional set 4
imply

fIP(az) ;J.1K(x7 ¥5 01) $(y, 09) dy

b, o) dx > [ $x, 03) i, o) dx > 0.

However the left-side of the above inequality is evaluated to be

P(o,)
P(o)) f,‘i’(y» o5) Yy, ay) dy.
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Therefore P(ay)/P(c,) > 1 or P(ay) <X P(o,) for 0 <{ ay < 0, , completing the

proof for Lemma 4.1.

Since E(¢) = max{E(x, y;0) |0 < x,y <L} — 0 as ¢ — co, the inequa-
lity 1 < P(o) E(c) shows that P(¢) — oo as 6 — co. The assumption f,, 5 1
is equivalent to P(0) < I, (2.5). Since P(o) is continuous and strictly in-
creasing, this shows the existence of a single positive number p for which
P(p) =1 and proves Lemma 2.1.

In addition since P(o) is the zero of minimum modulus for the Fredholm
determinant 4(2; o) for the kernel E(x, y; ¢), we can state

d(1,0) £0 for p<o<o and d(l,p)=0. (4.6)

This result is now extended to all the kernels E(x, y; 2), Re [2] = 0.

Lemma 4.2,  Assume the conditions of Lemma 2.1 are satisfied. Let p be the
unique real number for which P(p) = 1. Then we have:

(1) If M=) is a char. number for E(x, y; 2) and Re [3] > pthen 1 < | XN2)|.
(i) When n 5= 0, 1 is not a char. number for E(x, y; p + in).

ProoF. Suppose for some z, Re[z] =0 >p, g(», 2) is a continuous
solution to

8(x,x) = N2) [ E(x,3:9)500,2) dy.
Since | E(x, y; 2) | < E(x, ; o),
lg(x, 2) | < | A=) | LE(x,y; o) | gy, 2) | dy, xinI.

Multiplying this inequality by the unique solution #(x, o) associated with
P(o) for the transposed kernel E(y, x; o), (4.4), and integrating over I gives

0.< [ 1853) | s, 0) de < SN[ gt ) s, o) d.

Therefore | X(z) | = P(0) > P(p) = 1, proving part (i).
Part (ii) is proved by contradiction. Suppose for some % 7 0, the continuous
function g¢(x, ), 0 << x <L, satisfies

g =[ Ewyip+ieimd, sinl (4
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Taking absolute values and using | E(x, y; p + i) | < E(x,y; p) shows
lglxm) | < ’ fIE(x,y; p+ ) g(ysm) dy
<[ 1B yip +in)| g5 |y

<[ Byip)lglim |y, winl (438)

Multiplying the last inequality by the unique solution {x, p) associated with
P(p) == 1 for the transposed kernel and integrating gives, after a little mani-
pulation,

[ #e) [ B, vi0) 19,70 Ly — gz || dx = 0.

Since )(x, p) is positive outside the countable exceptional set A4, and the
term in brackets is nonnegative, it follows that

g | = | K.yip) g0 | dy,  winl (49
The resulting equalities in (4.8) show
|gGsim) | = [ | K(e.yip+n) | 1gyim) |y, winl.  (410)

Since P(p) = 1 is simple, (4.9) implies | g(x; %) | is a constant multiple of
the char. function ¢(x, p) associated with the char. number 1 for the kernel
E(x, y; p). Substituting this into (4.9) and (4.10) and using the positivity
properties of ¢(x; p) shows

| E(x, y; p + ) | = E(x, y; p)-

In particular for all x in .
. | " gint got u(x, 1) k(x, x; 1) dt'l = " oot u(a, t) k(x, x; 1) dt.
0 0

"This is only valid if for all x in I u(x, ¢) k(x, x; ¢) is identically zero for ¢ > 0,
contradicting the assumption (2.9). Therefore (4.7) cannot have continuous
solutions and 1 is not a char. number for the kernel E(x, y; p + 3), n %0,
completing the proof.
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We now develop a representation for d(A; 2) in a bicircular neighborhood
of A == P(p) = | and 2 = p.

LevMa 4.3, Assume the conditions of Lemma 2.1 ave satisfied. Then there
exists a 8, > O and two functions d,(A, 2} and w(z) such that

d(A; 2) = (A — w(2)) dy(A; 2)
dy(A, z) # 0, w(p) =1 [A—1] <8, |z —p| <8, (4.11)

where dy(), 2) and w(z) are analytic separately in A and z and (8/9z) w(p) > 0.

Proor. The simplicity of P(o) i1s equivalent to A = P(c) being a simple
zero for d(}; o). The Weierstrass preparation theorem can be applied to
obtain the representation {4.11), Saks and Zygmund [12]. The vanishing of
d(}; 2) on this bicircular set is equivalent to A = (). This and the conti-
nuity properties of P(c) imply P(c) = w(o) locally at & = p. Since P(o) is
strictly increasing we have (8/9z) w(p) > 0, completing the proof.

Lemmas 4.2 and 4.3 determine a subset of parameter values

Q={z—p| < URelz] >ptUiz=p tmn£0} (412)

for which the corresponding kernels E(x, y; g) do not have 1 as a char.
number. Therefore for each (2 + p) in £2 the equation

J6) = Bl = +p) = [ Ewys a4 o) f3)dy
has a unique continuous solution R(x; 2) given by

| D(x,y; 1,2+ p) B(y; 2 + p) &y

Mm@=3m2+”+ﬂf%IHL (4.13)

where d(A, 5 + p) and D(x, y; A, & + p) are the Fredholm determinant and
kernel for E(x, y; 2 - p). The condition (2.9) is sufficient to assert D(x, y; A, 2)
is

(i) continuous for x, yin/, | A| < 0 and Re [2] = 0,

(i) entire in A with fixed x, y and z for ¥, y in / and Re [2] == 0,

(iii) analytic in 2, Re [2] > 0, with fixed x, y and A for x, y in /
[ A} < co. (4.14)

Properties (4.14) for D(x, y; A, 2) and (4.5) for d(}; ) are sufficient for R(x; ),
defined by (4.13), to be continuous for x in I and z in £ and analytic for z in £,
(4.12), with fixed x in I.
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The function M(x; 2, p), defined by (4.2) with § = p, satisfies (4.3) and
consequently (4.13) for Re [z] sufficiently large. Therefore the unicity of
solutions to (4.3) shows R(x, g) = M(x; 2, p), x in I, and Re [z] sufficiently
large. For each x in 7, R(x, 2) is an analytic extension of M(x, z; p) to the set £2.
As previously remarked, in a comment following (4.2), for each x in I the
absicissa of convergence for the transform M(x; 2, p) is also a point of sin-
gularity for it as a function of z. Therefore M(x; 2, p) exists for x in I and
(5 — p) in 2 and, being equal to R(x, ) on this set, satisfies (4.13) for x in I
and (2 — p) in 2.

LevmMa 4.4. When the conditions of Lemma 2.1 are satisfied, the function
R(x; 2), defined by (4.13), has for each x in I a simple pole at = = 0 with
residue R(x). R(x) is continuous, nonzero for x not in the exceptional set A,
(2.8), and satisfies

R@x) = [ By p) RO)dy,  winl.
I
Proor. By using (4.11) and restricting to 0 <| 2| <8, (4.13) can be

written

sR(w,5) = [ T a5 4 gy
X [ Dlw.ys Lz +p) Blysa +p)dy +2B(xia +p).  (415)

Letting | 2 | — 0 gives the pointwise existence of
R(x) =lim 2R(», 3), «xinl (4.16)
2-0

and

R(x) = — [@'(p) &(1; p)] LD(x,y; 1,p) B(y;p)dy,  xinl. (4.17)

Some properties of the functions appearing in the r.h.s. of (4.15) and (4.17)
are listed in (4.1) and (4.11). These are sufficient to assert R(x) is continuous
for x in 7 and 2R(x, z) is continuous for x in J, uniformly for z sufficiently
near g = (. Applying the Moore-Osgood theorem on iterated limits, the
limit in (4.16) is uniform for x in I. Therefore letting 2 — 0 in

2R(x; 2) = 2B(x; = 4+ p) + fz E(x,y; z 4+ p) 2R(y; 2) dy,
the uniform convergence in (4.16) shows

R(x) = J-IE(x, y;p) R(¥)dy, xinl (4.18)
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Since P(p) =1 is simple and R(x) is continuous on I, (4.18) implies R(x) is
some constant multiple of the char. function ¢(x, p). Consequently R(x)
1s nonzero for x not in the exceptional subset 4. This completes the proof
for Lemma 4.4.

The boundary behavior on z ==&, — o0 <5 < w0, of M{x; 2, p) can
now be described using the previous work. In particular
R(x)

P(x; 2) = R{x, 2) — 2 1R(x) — Blx; & + p) + oy

is analytic on the line Re [2] = 0. Also, Condition (2.9) implies the existence
of a positive N(8), 0 << 8 < 1, such that, setting L = length of I,

. . . 8
| El(p + i) = max{| E(x,y;p + ) | | %, yin]} <5

when | 5 | > N(8). Therefore when restricted to |y | = N(8), R(x, p + in)
can be represented by an absolutely uniformly convergent Neumann expan-
sion. In particular we have for | 5 | = N(8)

14| (p + #n) = max{|(x,p + tn) [xin]}

<clm+621E\(P+in)'IBl(P+")) (4.19)

where
¢y == pmax{| R(x) | xinT}, ¢ =1L 28"—1
and

| B|{p + i) = max{| B(y,p + ) || yinl}.

Therefore using first Schwartz’s inequality and then the Hausdorff-Young
inequality for Laplace transforms with p = ¢ = 3, (4.19) implies the exis-
tence of positive constants ¢; , ¢, such that

[ gl rmdn<cf e ikp@d
Inl =N (8) 0
00 d.,]
~20t | b | (t) dt —_——
+C4Joe 1) +clf|n|>ma)|"l”P+"l|
(4.20)
where

| k| () = max {k(x,y;£) | x,yinI} and |b|(f) = max{b(x,¢)|xinl}.
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Since | ¢ | () is continuous in 7, {(4.20) and assumption (2.9) are sufficient
for the absolute integrability of ¢(x, i) on — 00 << 7 < co, uniformly for
xin I.

Therefore when the Laplace inversion is made, the integrability of (x, i)
uniformly in x gives

2% f: e (x, in) dy = e~ m(x, t) — R(x) — e=*'[b(x, ) + R(x)]

for x in I and 0 < #. Also the r.h.s. goes to zero uniformly in x as £ — co.
This last statement is verified by using the integrability properties of (x, in)
to reduce the problem to an application of the Rieman-Lebesgue theorem,
uniformly in x. Since e~"{b(x, {) + R(x)] — oo uniformly in x as ¢ — oo,
e~ m(x, t) > R(x) uniformly in x as 7-» 00. Moreover, R(x) is positive
except for x in the exceptional subset 4, where it is zero. Summarizing, when
the conditions of Lemma 2.1 and Theorem 2 are satisfied

lim e=** m(x,t) = R(x)  uniformly for  xin/
>0

where p is a positive constant, determined uniquely by P(p) = 1, and R(x)
is a nonnegative continuous solution to (4.18). R(x) is uniquely determined
by (4.17) and is zero iff x is in 4. This completes the proof for Theorem 2,
with m(x) = R(x).

Proor For THEOREM 3

The sequence {{,(x, o)} is defined by the formula
ol 0) = emtee
i) = ae) + [ 1"y, si (o, ) kw33 ) dsf dy (5.1

forxinZand 0 < o.
A direct induction using the properties of k(x, #; 2), (3.1), and (1.4) shows
for each n ¢, (x, o) is continuous on its domain and satisfies

(i) 0<hix o) <1,
(ii) #(x,0) =1 forxin I and y(x,0) =1 forxin A and 0 < o (5.2)

where 4 = {x | a(x) = 1}.
Using (5.1) and (1.4) to represent 1 — y,(x, o), a direct induction shows

L, 0) < [ = a0, ) 0 9) K, 33.) dsdy < om(s)  (3)

foreinl;,0 <ocandn=1,2,3, .
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Again using (5.1) and (1.4) to represent | — y4(x, o) and (2.11) to represent
m(x), we have

LMy, exp (— m(y) o))
ePom(y) |

< m(y) e k(x, y; 5) dsdy

m(x) —

forxin/and 0 < o.
Using (2.17) to estimate the integrand, we have

i) — LD [ [ ol m(y) o) mty) e i) K33 ) iy

Since ofo) is nondecreasing and
0 << e m(y) < M = max {m(x) | xin I},

we have
() — %l(“) < o(Mo)m(x), xinl and 0<o.

This and the inequality

__ g-m(z)o
i m{x) — L= eme? < oM

o2

show
| (%, o) — o, 0) | < om(x) (o), xinl and 0<o. (5.4)

The function (o) = o(Mo) -+ Mo, o > 0, satisfies the conditions (2.17).
We have, using (5.1),
e, @) = o, ) = [ [ (b, 5 (3, €7 0)] = B33 daly, €2 )

X k(x, y; 5) dsdy.
This, (3.1) (iv) and (5.4), show

(443, 0) — (2, 0) | S [ [ ouler oy m(y) e (3, ) K, 33 ) dody - (59)

for x in I and 0 < 0. When « is in the exceptional set 4, defined in (2.6},
both sides degenerate to zero.

For x not in A m(x) is positive and there exists a single positive S(x) such
that

J1 m) e ) b, 3 5) dyds = o).
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Substituting this into (5.5) and using the convexity of oy(¢) gives
Stx)

lo,0) — (w0 | <0 )oulo) [ [ () e ) s, 33 ) s
0

oo [ [ m) e s 9) K, s <) dyas|

< om(®) [} oy(0) + on(oe5)]

" [1;92—,)51%) ]'

< om(x) o [
xinl-4 and 0<o.

For € > 0 let I(€) be that closed subset of I-4 where m(x) > e. Then there
exists some positive S(¢) for which S(e) < S(x) and

(s, 0) = y(x,0) | < o [m(s) o (o 15

for xin I(e).

We continue by induction. Assuming

| l/’n—l(xv 0) — ¢'n—2(x’ O‘) | < Um(x) R [o'l"_2(e, P)]r

) — [T

the same arguments give
(a0 — sl ) | < [ [ sl €770) ool e 0)|
* 1(y, 5) k(x, y; 5) dsdy

<o [ aloeninie plmy) e uly,
X k(x, y; s) dsdy

< om(x) glol* e, p)], xinl-A and 0 <o.

where

This and the previous inequality show

3 s 0) ) | <o) D albe
x in I(e) and 0<o. (5.6)

Since «; is nondecreasing,

i a[oli(e, p)] < J°° aolt(e, p)) dt, xinl(e) and 0 <o. (5.7)

j=n+1
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Choosing 8(e) so that e=°¢) == [(e, p) and setting u = ge=2(€)%, (5.6) and (5.7)
imply for fixed /() and arbitrary positive p

‘ oM a8 {e)n ol
() — (¥, 0) | < S( 3 XI( )

YATSL Y

du, xinl(e) and 0 <o,
(5.8)

14

where M = max {m(x) | x in/}. By assumption (2.17), the r.h.s, tends to
Zero as n — 0.

Estimates (5.2) and (5.8) show ¢,(x, o) converges boundedly for each x in I
and 0 <{ ¢ and for each I(€) and positive o, converges uniformly for x in I(e)
and 0 < ¢ < 6, to a limit (x, o). Consequently ¢)(x, o) is continuous for x
in I-4 and 0 < ¢ and satisfies properties (i) and (ii) of the theorem. Letting
n— oo in (5.3) shows

1 —(x,0) <om(x), xinl and 0<o. (5.9)

This shows (x, ¢) is continuous for x in A and 0 <{ o; and so, Y(x, o) is
continuous for x in I and 0 < . Letting n — oo in (5.1) and applying the
dominated convergence theorem shows y(x, o) is a solution to (2.16).

To verify property (iii) we choose 8,(¢), 0 < ¢, so that

i m(x) _ 1 — i—om(m) ;_
) = L2 | = 4 g, 0) — ot )

xinl and O<o<n

Setting # = 0 and letting p — oo in (5.8) gives the existence of a o,(¢), 0 < ¢,
such that for any I(g;), 0 < ¢,

[ 0) = ol o) | < g [ 5 < 5

for x in I(e;) and O << o <C oy(€). This and the previous inequality show

.1 —d(x,0) .
3503- — = m{x)  xinf (5.10)
and uniformly for x in closed subsets of I-A4.

The verification of uniqueness is the final step. Suppose i;(x, o) and

Pu(x, o) are two solutions to (2.16) with the listed properties. The difference

A(x, o) = (%, 0) — tha(x, 0)

om(x)
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satisfies

mlx) f ,f :0 Ay, e 0) m(y) e p(y, 5) k(x, y; 5) dsdy (5.11)

A(x, 0) <

for x in I-4 and 0 < o.
Let

A(r, €) = sup{d(x, 0} | xin (), 0 < o < 7}.
It is finite, by (5.9), and is nondecreasing in 7. This and (5.11) show
A, < sup | [ [ der, ) m) e u(y, ) o339 didy | win )

The function enclosed in brackets is continuous for x in I(e) and therefore
assumes its maximum value at some point £ in I(¢). Applying a previous
argument, we have

1 5@ . _
A5, Sy | | A M) ey, 5) ke, 3 5 dedy

L * —pS(X) —p8 G A
o U o A 7, m(y) ey, ) (S, 3 5) dsdy
< 3d(r,e) + 34e™ P re),  0<T

Therefore for each I(€), 0 < ¢, there is some positive S(e) such that

A, &) <AeOr e,  0<r. (5.12)
Since
A2, 0) < s | mls) — T | gy — LB,
we have
A9 <+ [sup3|m(x) _1;‘%—(’&‘—’2 |%ink(e),0 <o <r|]

+%[sup3‘m(x)_1M1|xin1(e),o<a<f

]

Since iy(x, o) and y,(x, o) each satisfy (5.10), this implies for each I(e)
4(0 4, ¢) = 0. The iteration of (5.12) shows A(7) < A(e=™5® 7, ¢) for
n =1,2, -, Therefore for each I(e), A(r, €) < 4(0 +, €) = 0. This and
property (ii) shows ¢;(x, ) = (x, o) for x in I and 0 << o.
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6. Proor ror THEOREM 4

Let 4(x, ¢, 6) be defined by (2.18) for x in I-4, 0 < ¢ and 0 < #. The
continuity of §i(x, ¢; o), ¥(x, ¢} and m(x) imply 4(x, ¢, o) is continuous on its

A . | ) PV gy
AaoIndiIii. 1JCINCe

e *tm(x, t)

H(x, t) = , xinl — A and 0<zt (6.1)

By Theorem 3, II(x, ) is continuous on its domain and lim,,, [T(x, #) = 1
uniformly for x in /-A4. In particular I1(x, ¢) < ¢ for some ¢ > 0. The defi-
nition (2.14) for ¢(x, ¢; o) and (2.2) for m(x, ) show

II(x, 1) — I—deha) _G%Zi;)t; o)

— exp (— ke ?! a)]

— et () zékfk(x, nli- ! i >0 (62)

for x in I-4, 0 << ¢ and 0 < ¢ since m(x), fi(x, 2) and 1 — (1 — e~?)/¢ are
positive on this set. This and inequality (5.9) show

1 ; l/"(‘x’ t; 0)

om(x)

A(x, t; 0) < <Hx, )+ 1<e+ 1

+ll—¢z(x,o)

om(x)

(6.3)

so that A(x, ¢; o) is bounded on its domain.
The functional equations (2.15) and (2.16), inequality (3.1) (i) for A(x, t, ),
inequality (5.9) for 1 — (x, o), and a(x) — a(x, t) < b(x, t) are used to show

3
A(x, 1, 0) < ﬁ Lfod(y, t— 53 e o) m(y) e u(, s) k(x, y; 5) dsdy

+ m—zx)_ fIJm: m(y) e w(y, s) k(x, y; 5) dsdy

1 1l —exp(—erta)
Sl J e ©4

Let A_(x, #; 7) = sup {4(x, t; 6) | 0 < o < 7}. Then it is continuous for x in
I-A4,0 < 7 and 0 < ¢ and it is nondecreasing in 7 for fixed x, %.
We again let I(€) = {x | m(x) = €}, 0 < e. We apply a previous argument,
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see development for (5.12), to show the existence of some # in I(¢) such that
for ¢ > S(x) the first term J(x, ¢, o) in (6.4) satisfies

Jeot o) < %%55 f If : (ﬁ)"-(y, t — s, 7y m(y) e p(y, s) k(%, y; s) dsdy

s [ [ Bt = 559 1) miy) e (9, ) RS, 33 ) dsdy
m(®) J 1) s@ (65)
for x in I(€), 0 < o < 7 and S(%) < ¢
The function A(t, 7, ) = sup {d(x, ¢, 7) | xinI(e)} is continuous for
0 < 7, ¢ and is nondecreasing in 7 for fixed # Denote the terms on the
r.h.s. of (6.5) by ], and J, respectively. The properties for 4(¢, 7, €) imply

. ) 1 S(x) s _
() J 57 < e [ [ A — 57, ) mly) e w3, 9) s, 33 5) dsdy

¢
(i) Ju#t ) < e [ [ At =5 ree5,ym(y) e u(y,5) k(& y3s)dsdy
m(E) I 1 s (6.6)
for & in I(¢), 0 < 7 and S(%) < . '
The function A(r, €) = lim,,, sup 4(¢, 7, €) is finite by the uniform
boundedness of A(x, ¢, ¢), (6.3). From (6.6) (i) we obtain

A(=, €

m(%) f J :m m(y) e u(y, s) k(%, y; 5) dsdy = § (7, )

6.7)

lir? sup [1(%,t, 7y <

for £ in I(e), and 0 < +. Using (6.3) to extend (6.6) (ii).

t/2
&, 1,7) < mlj) | 1 f i A0 =5, 5D ) m(5) e () K, 5) ddy
c+1

m(¥)

_'_

¢
jlft/f) m(y) e uw(y, §) k(%, y; s) dsdy

for & in I{¢), 0 < = and S(x) < ¢/2. This shows

A—(e“’s"?) T, e)

hrgl%soup Jo(®, 7, 1) < pE)

[ m)eouly,s) k& y;5) dsdy
1Y 8(x)
Y E (6:8)

for # in I(e) and 0 < 7. The estimates (6.4) through (6.8) show for every
I(€) there exists S(e) such that

lintl sup 4(x, t, 0) < Af(-r, €) < Ai(e"PS(‘) T, €) (6.9)

forxin I{e) and 0 < o < 7.

409/13/2~7
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We proceed to show A(0 +, €) = 0. An application of (2.10) and (5.10)
to the inequality

Adlx, 8,7y < |1 — _I_J(LE)

om(x)

+ Mx, t) — 1]

M(x, 1) — I —(x, t,0) l

* “om(x) |

reduces our work to considering

8(x, 1, 0) = I(x, 1) — 1_}%;3) _

If we use (2.1) to represent m(x, ) and (2.15) to represent J(x, ¢, o), we can
show 8(x, ¢, o) satisfies

5, 1, °>::n%x—)f,f:3”<y’f—5>"l — (y,t — s, 7 0) m(y) o5

e om(y)

X k(x, y; s) dsdy

ol

e om(y)

L —hly,s5,4(y, t — 5,6 0]

m(y) e~?® k(x, y; s) dsdy

e om(3)
i b(x 1) 1 —exp(— e *ta)
e [1-—22 ] (6.10)

forxin1-4,0 < oand 0 < ¢
For each I(€) the function

u, 7€) =sup {8(x, £, 0) [ xinI(e), 0 <o < 7,0 <t <1}

is finite and nondecreasing in 7 and #. Designate the first and second terms
in (6.10) by J; and J, and let £ and S(&) be so chosen as in the development
for (5.12) and (6.5). Then for each I(e), we can show by considering separa-
tely ¢t < S(%) and ¢ = S(#)

H<—s 7 ) e uly, 5) b, y; 5) dsd
v, 1) < s 8w ) [ [ 7 ) e s, ) b3, 33.) dsdy
oy 8 ) [ 7 o) e s, ) W, 3 5)dedy
m(®) Y s@ ’ 7

<Lo(u, 7, €) + 8(u, e 1, ¢) (6.11)

for x in I(e), 0 <t << u.
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Denote the first factor in the integrand of the second term J, by Jy; . It
can be written

h[y,s ¥, —s, )
— P>y, t —s57n

The first factor can be estimated using (6.2) and the uniform boundedness of
II(x, t). The second factor can be estimated using the function «(s) given
in (2.17), under the provisions of the following lemma.

1 —d(y,t —s;7)
nm(y)

JZl(y! L s, "7) - :u'(y’ S) -

LEMMmA 6.1. When <7y <1 then
0 < plx, 1) — 1__1_”(_’5_775”_) <o[2(1 — ) ul, t) for xinI and 0 <t

Consequently there exists positive 7, ¢; , and ¢, such that

Ja(¥, 2,5, m) < eofcyr]
foryinI-4, 0 <s <tand 0 < 7 < 74; and so,
Jalx, 0, 8) < eqofcy7] (6.12)
forxinl-4,0 <o <<mand 0 <

Since 1 — (1 — e )/n < min (1, ) for positive n there is a positive T,
such that the third term J; in 6.10 satisfies

Jalx, t50) <ep(t) 7,  c(€) = max ( ) | x in I(e) (6.13)

forxinI(e), 0 <o <r<rpand 0
Taking sup. of (6.10) over x in I(¢), 0 < o< 7and 0 < ¢ < u, the esti-
mates (6.11)-(6.13) show for each I(e) there exists a posmve S(e) such that

8(u, 7, €) < 8(u, 57, €) + 2c,afcyr] + 2e5(e)

for x in I(€), 0 < u and 0 <7 < min (ry, 7). If this is iterated we obtain
for each N (N =1,2,3, ),

N N
S(u, T, €) < 8(u, eNeSt), ) 4 2¢, Ea[cze"ﬂ’s“’ 7] + 2¢4(e) Ee"‘ﬂs“’ 7.
k=0

=0
(6.14)
Theorem 1 shows

lim 1—dxto) II(x, t)

a0+ am(x)
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uniformly for x in I{e) and 0 < ¢ <C u. Therefore for each positive «,

8(0 -, ) = 0; and so, letting N — o0 in (6.14) gives

8(x, 0,1) < 8(u, 7, €) < 2¢, E afeg e 1054 7] o Deale) Tl — eSO
k=0
for xinI{e), 0 < 0 << v <L 7gand 0 < ¢ <C u. As previously shown, (5.7), the
assumed properties for o) are sufficient to show

1 o ofu)
pS(e) JO u du

which tends to zero with 7. This shows 4(0 -+, ¢) = 0.
An iteration of (6.9) gives for each N, N = 1,2, 3, -+, and I(e)

s

Ol[CQ p—hpS(e) T] \<\
P

Il
=

lir? sup d(x, o, 1) < A(e VoS 7, ¢).

Letting N —> oo shows for each I(¢) and positive 7

lim sup Az, , ) <A@ +,¢) =0

for x in I(e) and 0 < o < 7. Since {x, 0, #) = (x, 0) = 1 for x in [ and
(x, 0, t) = P(x, 0) = 1 for x in A and 0 < 6, we have for each x in [ and
0<o

lim 4(x, 0, 1) = $(, o)

and uniformly for x in closed subsets of -4 and 0 < o < 0y < 0.

We give a proof for Lemma 6.1. As shown by the work preceding (3.14),
the function u(x, t) — (1 — A{x, #; 1))/(1 — 7) is nonnegative for 0 <7 < 1.
Setting 0 = — log 1, we have by (2.17)

1 —h(x, t;57) < sy 1) — 1 — hfx, t; e7]

~

Oéf‘(‘x’t)_ 1___7] P

— of — log 7] p(x, 1)
Since — logn < 2[1 — 7] for § <7 < | and since o(0) is 2 nondecreasing
function of o, of—logn] < of2(1 —7)] for 3 <n < 1. This and the
previous inequality complete the proof.

7. Proor FOR THEOREM 5

Let U(x, t; u) = G(x, t; e=*?) where G(x, t; u) is defined by (2.13). The
L.-S. transform of U(x, £; ) is (x, t; 2), (2.14), and satisfies (2.15). If for

some x in I U(x, t; u) does not converge weakly to a limit distribution there
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exists, by application of the selection principle, two weakly convergent
subsequences with distinct limit distributions and limit transforms 1)(x, 2)
and $®(x, z). Theorem 4 shows ¢ (x, o) = $®(x, o) for 0 < ¢, implying
YD = o® since each is analytic for Re (2) > 0. This contradiction implies
the existence of a family of distribution functions U(x; u), 0 < u <C o0,
with parameter x in J such that U(x, t; #) converge weakly to U(x, %) for
each x in I. The continuity theorem for L.-S. transforms shows this is equi-
valent to

lim (x, 1; 3) = foo e dU(x, u) = D(x, 2).
fansvel 0—

Theorem 5 shows P(x, o) = (x, o) so that D(x, o) satisfies the functional
equation (2.20) and has the property (2.19). Since | i(x, 2) | < 1, the r.hs.
of (2.20) is continuous in ¥ and z and analytic in z with Re (2) > 0 for fixed
x in I. Therefore by the law of permanancy of functional equations (x, 2)
satisfies (2.20) for Re (2) > O and x in /.
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