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Abstract

Let I be a finite or infinite index set,X be a topological space and(Yi , {ϕNi
})i∈I be a family

of finitely continuous topological spaces (in short,FC-space). For eachi ∈ I , let Ai :X → 2Yi be
a set-valued mapping. Some existence theorems of maximal elements for the family{Ai}i∈I are
established under noncompact setting ofFC-spaces. As applications, some equilibrium existe
theorems for generalized games with fuzzy constraint correspondences are proved in nonc
FC-spaces. These theorems improve, unify and generalize many important results in recent lit
 2004 Elsevier Inc. All rights reserved.

Keywords:Maximal element; Generalized game; Fuzzy constraint; Equilibrium;FC-space

1. Introduction and preliminaries

It is well known that many existence theorems of maximal elements for set-valued
pings have been established in topological vector spaces,H -spaces andG-convex space
by many authors. Their important applications to mathematical economies and gene
games have been studied extensively by many authors. For existence results of m
elements of various classes of set-valued mappings and their applications to mathe
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economies, generalized games and other branches of mathematics, the reader ma
[3,5–12,16–25,27,33–45] and the references therein.

Let X be a nonempty set. We denote by 2X and〈X〉 the family of all subsets ofX and
the family of all nonempty finite subsets ofX respectively. Let∆n be the standardn-di-
mensional simplex with verticese0, e1, . . . , en. If J is a nonempty subset of{0,1, . . . , n},
we denote by∆J the convex hull of the vertices{ej : j ∈ J }.

The following notions was introduced by Ding in [13,14].
Let X and Y be topological spaces. A subsetA of X is said to be compactly ope

(respectively, compactly closed) if for each nonempty compact subsetK of X, A ∩ K is
open (respectively, closed) inK . The compact interior and the compact closure ofA are
defined by

cintA =
⋃

{B ⊂ X: B ⊂ A andB is compactly open inX}, and

cclA =
⋂

{B ⊂ X: A ⊂ B andB is compactly closed}.
Clearly, we haveX \ cintA = ccl(X \A) andX \ cclA = cint(X \A). For any compac

subsetK of X, we have cintA ∩ K = intK(A ∩ K) and cclA ∩ K = clK(A ∩ K).
A set-valued mappingT :X → 2Y is said to be transfer compactly open-valued if

x ∈ X and for each compact subsetK of Y , y ∈ T (x) ∩ K implies that there existsx′ ∈ X

such thaty ∈ intK(T (x′) ∩ K).
The following notion of a finitely continuous topological space (in short,FC-space) was

introduced by Ding in [15].

Definition 1.1. (Y, {ϕN }) is said to be aFC-space ifY is a topological space and for ea
N = {y0, . . . , yn} ∈ 〈Y 〉 where some elements inN may be same, there exists a continuo
mappingϕN :∆n → Y . A subsetD of (Y, {ϕN }) is said to be aFC-subspace ofY if for
eachN = {y0, . . . , yn} ∈ 〈Y 〉 and for each{yi0, . . . , yik } ⊂ N ∩ D, ϕN(∆k) ⊂ D where
∆k = co({eij : j = 0, . . . , k}).

Clearly, eachFC-subspaceD of a FC-space(Y, {ϕN }) is also aFC-space.
The following notion of generalized convex (in short,G-convex) spaces was introduc

by Park and Kim in [31] and Park in [30].

Definition 1.2. (Y,Γ ) is said to be aG-convex space ifY is a topological space an
Γ : 〈Y 〉 → 2Y \ {∅} such that for eachN = {y0, . . . , yn} ∈ 〈Y 〉, there exists a continuou
mappingϕN :∆n → Γ (N) satisfying that for eachB = {yi0, . . . , yik } ⊂ N , ϕN(∆k) ⊂
Γ (B) where∆k = co{eij : j = 0, . . . , k}. A subsetD of Y is said to beG-convex if for any
N ∈ 〈D〉, Γ (N) ⊂ D.

It is clear that the class ofG-convex spaces is a true subclass ofFC-spaces. We emphas
that FC-space is a topological space without any convexity structure. Major examp
FC-space is convex subsets of topological vector spaces, Lassonde’s convex spaces
C-spaces (orH -spaces) due to Horvath in [24],G-convex space due to Park and Kim

[30,31] and many topological spaces with abstract convexity structure, see [30,31].
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Let X be a topological space and(Y, {ϕN }) be aFC-space. The classB(Y,X) of bet-
ter admissible mappings was introduced as follows:F ∈ B(Y,X) ⇔ F :Y → 2X is a
upper semicontinuous set-valued mapping with compact values such that for anN =
{y0, . . . , yn} ∈ 〈Y 〉 and any continuous mappingψ :F(ϕN(∆n)) → ∆n, the composition
mappingψ ◦ F |ϕN (∆n) ◦ ϕN :∆n → 2∆n has a fixed point.

If (Y, {ϕN }) be aG-convex space, the classB(Y,X) was introduced by Park in [28
If Y is a nonempty convex subset of a vector spaceE, the classB(Y,X) is introduced
and studied by Park in [29]. The classB(Y,X) of better admissible set-valued mappin
includes many important classes of set-valued mappings, for example,Uk

c (Y,X) in [31],
KKM(Y,X) in [4] andA(Y,X) in [2] and so on as proper subclasses, see [28].

Lemma 1.1. Let I be any index set. For eachi ∈ I , let (Yi, {ϕNi
}) be a FC-space. Le

Y = ∏
i∈I Yi andϕN = ∏

i∈I ϕNi
. Then(Y, {ϕN }) is also a FC-space.

Proof. Let Y be equipped with the product topology and fori ∈ I , let πi :Y → Yi be the
projective mapping fromY to Yi . For any givenN = {y0, . . . , yn} ∈ 〈Y 〉, let Ni = πi(N) =
{πi(y0), . . . , πi(yn)} ∈ 〈Yi〉. SinceYi is a FC-space, there exists a continuous mapp
ϕNi

:∆n → Yi . Define a mappingϕN :∆n → Y by

ϕN(α) =
∏
i∈I

ϕNi
(α), ∀α ∈ ∆n.

ThenϕN is continuous and hence(Y, {ϕN }) is also aFC-space. �
By the definition ofFC-subspace of aFC-space and Lemma 1.1, we can prove tha

for eachi ∈ I , Di is aFC-subspace ofFC-space(Yi, {ϕNi
}), thenD = ∏

i∈I Di is also a
FC-subspace of theFC-space(Y, {ϕN }) defined in Lemma 1.1.

Lemma 1.2 [13]. LetX andY be topological spaces,T :X → 2Y be a set-valued mappin
with nonempty values. Then the following conditions are equivalent:

(1) T has the compactly local intersection property,
(2) for each compact subsetK of X and for eachy ∈ Y , there exists an open subsetOy of

X (which may be empty) such thatOy ∩ K ⊂ T −1(y) andK = ⋃
y∈Y (Oy ∩ K),

(3) for each compact subsetK of X, there exists a set-valued mappingF :X → 2Y such
that for eachy ∈ Y , F−1(y) is open or empty inX, andF−1(y) ∩ K ⊂ T −1(y) for
eachy ∈ Y andK = ⋃

y∈Y (F−1(y) ∩ K),

(4) for each compact subsetK of X and for eachx ∈ K , there existsx ∈ cintT −1(y)∩K ,
i.e.,

K =
⋃
y∈Y

(
cintT −1(y) ∩ K

) =
⋃
y∈Y

(
T −1(y) ∩ K

)
,

−1 X
(5) T :Y → 2 is transfer compactly open-valued onY .
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2. Existence of maximal elements

In this section, we shall show several existence theorems of maximal elements
set-valued mapping and for a family of set-valued mappings involving a better admi
set-valued mapping.

Theorem 2.1. Let X be a topological space,(Y, {ϕN }) be a FC-space,F ∈ B(Y,X) and
A :X → 2Y such that,

(i) for eachN = {y0, . . . , yn} ∈ 〈Y 〉 and for each{yi0, . . . , yik } ⊂ N ,

F
(
ϕN(∆k)

) ∩
(

k⋂
j=0

cintA−1(yij )

)
= ∅,

(ii) A−1 :Y → 2X is transfer compactly open-valued,
(iii) there exists a nonempty setY0 ⊂ Y and for eachN = {y0, . . . , yn} ∈ 〈Y 〉, there exists a

compact FC-subspaceLN ofY containingY0∪N such thatK = ⋂
y∈Y0

(cintA−1(y))c

is empty or compact inX where(cintA−1(y))c denotes the complement ofcintA−1(y).

Then there exists a pointx̂ ∈ X such thatA(x̂) = ∅.

Proof. Suppose the conclusion is false, thenA(x) = ∅ for eachx ∈ X. If K is empty, then
we have

X = X
∖ ⋂

y∈Y0

(
cintA−1(y)

)c =
⋃
y∈Y0

cintA−1(y). (1)

If K is nonempty and compact, by (ii) and Lemma 1.2, we have

K =
⋃
y∈Y

(
cintA−1(y) ∩ K

)
.

SinceK is compact, there existsN = {y0, . . . , yn} ∈ 〈Y 〉 such that

K =
n⋃

i=0

(
cintA−1(yi) ∩ K

) ⊂
n⋃

i=0

cintA−1(yi).

It follows that

X
∖ ⋃

y∈Y0

cintA−1(y) =
⋂
y∈Y0

(
cintA−1(x)

)c = K ⊂
⋃
y∈N

cintA−1(y).

Hence we obtain

X =
⋃

y∈Y0∪N

cintA−1(y). (2)

Therefore, in both cases, there existsN = {y0, . . . , yn} ∈ 〈Y 〉 such that (2) holds. By con

dition (iii), there exists a compactFC-subspaceLN of Y containingY0 ∪ N . SinceF is
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upper semicontinuous with compact values andLN is compact, it follows from Propos
tion 3.1.11 of Aubin and Ekeland in [1] thatF(LN) is compact inX. By (2), we have

F(LN) =
⋃

y∈LN

(
cintA−1(y) ∩ F(LN)

)
. (3)

Hence there exists a finite setM = {z0, . . . , zm} ∈ 〈LN 〉 ⊂ 〈Y 〉 such that

F(LN) =
m⋃

i=0

(
cintA−1(zi) ∩ F(LN)

)
. (4)

SinceLN is aFC-subspace ofY , we have

ϕM(∆r) ⊂ LN, ∀{zi0, . . . , zir } ⊂ M, (5)

where∆r = co({eij : j = 0, . . . , r}).
Let {ψi}mi=0 is the continuous partition of unity subordinated to the open cove

{cintA−1(zi) ∩ F(LN)}mi=0. Then for eachi ∈ {0,1, . . . ,m} andx ∈ F(LN),

ψi(x) = 0 ⇔ x ∈ cintA−1(zi) ∩ F(LN) ⊂ cintA−1(zi). (6)

Define a mappingψ :F(LN) → ∆m by

ψ(x) =
m∑

i=0

ψi(x)ei, ∀x ∈ F(LN). (7)

Henceψ is continuous and

ψ(x) =
∑

j∈J (x)

ψj (x)ej ∈ ∆J(x), ∀x ∈ F(LN), (8)

whereJ (x) = {j ∈ {0,1, . . . ,m}: ψj (x) = 0}. Note thatM ⊂ LN andLN is FC-subspace
of Y , we haveF(ϕM(∆m)) ⊂ F(LN). SinceF ∈ B(Y,X), it follows from (5) and (7)
that the functionψ ◦ F |ϕM(∆m) ◦ ϕM :∆m → ∆m has a fixed pointz ∈ ∆m, i.e., z ∈ ψ ◦
F |ϕM(∆m) ◦ ϕM(z). Hence there exists̄x ∈ F |ϕM(∆m) ◦ ϕM(z) such that

z = ψ(x̄) =
∑

j∈J (x̄)

ψj (x̄)ej ∈ ∆J(x̄),

whereJ (x̄) = {j ∈ {0, . . . ,m}: ψj(x̄) = 0}. It follows from (i) that

x̄ ∈ F |ϕM(∆M) ◦ ϕM(z) ⊂ F
(
ϕM(∆J(x̄))

) ⊂
⋃

j∈J (x̄)

(
X \ cintA−1(zj )

)
.

Therefore there existsj0 ∈ J (x̄) such thatx̄ /∈ cintA−1(zj0). On the other hand, by th
definition ofJ (x̄), we haveψj0(x̄) = 0. It follows from (6) thatx̄ ∈ cintA−1(zj0) which is
a contradiction. Hence there must existsx̂ ∈ X such thatA(x̂) = ∅. �
Remark 2.1. Theorem 2.1 generalizes Theorem 2.1 of Ding in [11] fromG-convex space

to FC-space without any convexity structure.
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Theorem 2.2. Let X be a topological space,K be a nonempty compact subset ofX,
(Y, {ϕN }) be a FC-space,F ∈ B(Y,X) andA :X → 2Y such that,

(i) for eachN = {y0, . . . , yn} ∈ 〈Y 〉 and for each{yi0, . . . , yik } ⊂ N ,

F
(
ϕN(∆k)

) ∩
(

k⋂
j=0

cintA−1(yij )

)
= ∅,

(ii) A−1 :Y → 2X is transfer compactly open-valued,
(iii) for eachN ∈ 〈Y 〉, there exists a compact FC-subspaceLN of Y containingN such

that

F(LN) \ K ⊂
⋃

y∈LN

cintA−1(y).

Then there exists a pointx̂ ∈ K such thatA(x̂) = ∅.

Proof. Suppose the conclusion is false, thenA(x) = ∅ for eachx ∈ X. By (ii) and Lem-
ma 1.2, we have

K =
⋃
y∈Y

(
cintA−1(y) ∩ K

)
.

SinceK is compact, there existsN = {y0, . . . , yn} ∈ 〈Y 〉 such that

K =
n⋃

i=0

(
cintA−1(yi) ∩ K

)
.

By (iii) and F ∈ B(Y,X), there exists a compactFC-subspaceLN of Y containingN and
F(LN) is compact inX and hence we have

F(LN) =
⋃

y∈LN

(
cintA−1(y) ∩ F(LN)

)
.

By using similar argument as in the proof of Theorem 2.1, we can show that there
x̂ ∈ X such thatA(x̂) = ∅. The condition (iii) implies that̂x must be inK . �
Remark 2.2. Theorem 2.2 generalizes Theorem 2.2 of Ding in [11] fromG-convex space
to FC-space without any convexity structure.

Corollary 2.1. Let (X, {ϕN }) be a FC-space andK be a nonempty compact subset ofX.
LetF ∈ B(X,X) andA :X → 2X be such that

(i) for eachN = {x0, . . . , xn} ∈ 〈X〉 and for each{xi0, . . . , xik } ⊂ N ,

F
(
ϕN(∆k)

) ∩
(

k⋂
cintA−1(xij )

)
= ∅,
j=0
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(ii) A−1 :X → 2X is transfer compactly open-valued,
(iii) for eachN ∈ 〈X〉 there exists a compact FC-subspaceLN of X containingN such

that

F(LN) \ K ⊂
⋃

y∈LN

cintA−1(y).

ThenA has a maximal elementx̂ ∈ K , i.e.,A(x̂) = ∅.

Proof. The conclusion of Corollary 2.1 follows from Theorem 2.2 withX = (Y, {ϕN }). �
If F is the identity mapping in Corollary 2.1, then we have obtain the following res

Corollary 2.2. Let (X, {ϕN }) be a FC-space andK be a nonempty compact subset ofX.
LetA :X → 2X be such that

(i) for eachN = {x0, . . . , xn} ∈ 〈X〉 and for each{xi0, . . . , xik } ⊂ N ,

ϕN(∆k) ∩
(

k⋂
j=0

cintA−1(xij )

)
= ∅,

(ii) A−1 :X → 2X is transfer compactly open-valued,
(iii) for eachN ∈ 〈X〉 there exists a compact FC-subspaceLN of X containingN such

that

LN \ K ⊂
⋃

y∈LN

cintA−1(y).

ThenA has a maximal elementx̂ ∈ K , i.e.,A(x̂) = ∅.

Remark 2.3. We note that the coercive condition (iii) of Theorem 2.1 and the coercive
dition (iii) of Theorem 2.2 are not equivalent. Hence they are different results. Corolla
generalizes Corollary 2.1 of Ding in [11] fromG-convex space toFC-space. Corollar
ies 2.1 and 2.2, in turn, generalizes Theorem 2.1 of Shen in [32], Theorem 1 of Din
Tan in [19], Theorem 1 of Ding et al. in [17], Theorem 2 of Tulcea in [40], Theorem
of Toussaint in [39], Theorem 5.1 of Yannelis and Prabhakar in [42] and Corollary
Borglin and Keiding in [3] in many aspects.

Theorem 2.3. Let X be a topological space andI be an any index set. For eachi ∈ I , let
(Yi, {ϕNi

}) be a FC-space and letY = ∏
i∈I Yi such that(Y, {ϕN }) is a FC-space define

as in Lemma1.1. LetF ∈ B(Y,X) and for eachi ∈ I , Ai :X → 2Yi such that,

(i) for eachN = {y0, . . . , yn} ∈ 〈Y 〉 and for each{yi0, . . . , yik } ⊂ N ,

F
(
ϕN(∆k)

) ∩
(

k⋂
cintA−1

i

(
πi(yij )

)) = ∅,
j=0



36 X.P. Ding / J. Math. Anal. Appl. 305 (2005) 29–42

ere
whereπi is the projection fromY to Yi ,
(ii) A−1

i :Yi → 2X is transfer compactly open-valued,
(iii) for eachx ∈ X, I (x) = {i ∈ I : Ai(x) = ∅} is finite,
(iv) there exists a nonempty setY0 ⊂ Y and for eachN = {y0, . . . , yn} ∈ 〈Y 〉, there exists

a compact FC-subspaceLN of Y containingY0 ∪ N such that

K =
⋂
y∈Y0

ccl
{
x ∈ X: ∃i ∈ I (x), πi(y) /∈ Ai(x)

}

is empty or compact inX.

Then there existŝx ∈ X such thatAi(x̂) = ∅ for eachi ∈ I .

Proof. DefineA :X → 2Y by

A(x) =
{ ⋂

i∈I (x) π
−1
i (Ai(x)), if I (x) = ∅,

∅, if I (x) = ∅.

Then for eachx ∈ X, A(x) = ∅ if and only if I (x) = ∅. Let x ∈ X with A(x) = ∅, then
there exists ani0 ∈ I (x) such thatAi0(x) = ∅. For eachy ∈ Y , we have

A−1(y) = {
x ∈ X: y ∈ A(x)

} =
{
x ∈ X: y ∈

⋂
i∈I (x)

π−1
i

(
Ai(x)

)}

= {
x ∈ X: πi(y) ∈ Ai(x), ∀i ∈ I (x)

}
⊂ {

x ∈ X: x ∈ A−1
i0

(
πi(y)

)} = A−1
i0

(
πi(y)

)
.

For eachN = {y0, . . . , yn} ∈ 〈Y 〉 and for each{yi0, . . . , yik } ⊂ N , if u ∈ ⋂k
j=0 cintA−1(yij ),

thenu ∈ ⋂k
j=0 cintA−1

i0
(πi(yij )). By (i), u /∈ F(ϕN(∆k)). It follows that

F
(
ϕN(∆k)

) ∩
(

k⋂
j=0

cintA−1(yij )

)
= ∅.

The condition (i) of Theorem 2.1 is satisfied.
For any compact subsetD of X, if x ∈ A−1(y) ∩ D, then for eachi ∈ I (x), x ∈

A−1
i (πi(y)) ∩ D. By (ii), eachA−1

i is transfer compactly open-valued and hence th
existsȳi ∈ Yi such thatx ∈ intD(A−1

i (ȳi ) ∩ D). Note thatI (x) is finite by (iii), we have

x ∈
⋂

i∈I (x)

intD
(
A−1

i (ȳi ) ∩ D
) ⊂ intD

( ⋂
i∈I (x)

(
A−1

i (ȳi ) ∩ D
))

.

Let ȳ = ∏
i∈I (x) ȳi ⊗ ∏

j∈I\I (x)(yj ) whereyj ∈ Yj is an any fixed element for eachj ∈
I \ I (x). Hence there exists̄y ∈ Y such that

x ∈ intD

( ⋂
A−1

i

(
πi(ȳ)

) ∩ D

)
= intD

(
A−1(ȳ) ∩ D

)
.

i∈I (x)
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HenceA−1 is transfer compactly open-valued, the condition (ii) of Theorem 2.1 is satis
By the definition ofA, for eachy ∈ Y we have

A−1(y) = {
x ∈ X: πi(y) ∈ Ai(x), ∀i ∈ I (x)

}
.

It follows from (iv) that

K =
⋂
y∈Y0

(
cintA−1(y)

)c =
⋂
y∈Y0

ccl
{
x ∈ X: ∃i ∈ I (x), πi(y) /∈ Ai(x)

}
is empty or compact and hence the condition (iii) of Theorem 2.1 is satisfied. By T
rem 2.1, there existŝx ∈ X such thatA(x̂) = ∅ which impliesI (x̂) = ∅, i.e.,Ai(x̂) = ∅ for
all i ∈ I . This completes the proof.�

Let X = Y = ∏
i∈I Yi andF be an identity mapping onY , then, by Theorem 2.3, w

have the following result.

Corollary 2.3. Let I be an any index set. For eachi ∈ I , let (Xi, {ϕNi
}) be a FC-space

and letX = ∏
i∈I Xi such that(X, {ϕN }) is a FC-space defined as in Lemma1.1. For each

i ∈ I , let Ai :X → 2Xi such that

(i) for eachN = {x0, . . . , xn} ∈ 〈X〉 and for each{xi0, . . . , xik } ⊂ N ,

ϕN(∆k) ∩
(

k⋂
j=0

cintA−1
i

(
πi(xij )

)) = ∅,

(ii) A−1
i :Xi → 2X is transfer compactly open-valued,

(iii) for eachx ∈ X, I (x) = {i ∈ I : Ai(x) = ∅} is finite,
(iv) there exists a nonempty setX0 ⊂ X and for eachN = {x0, . . . , xn} ∈ 〈X〉, there exists

a compact FC-subspaceLN of X containingX0 ∪ N such thatK = ⋂
y∈X0

{x ∈ X:
∃i ∈ I (x), πi(y) /∈ Ai(x)} is empty or compact.

Then there existŝx ∈ X such thatAi(x̂) = ∅ for eachi ∈ I .

Theorem 2.4. Let X be a topological space andI be an any index set. For eachi ∈ I , let
(Yi, {ϕNi

}) be a FC-space and letY = ∏
i∈I Yi such that(Y, {ϕN }) is a FC-space define

as in Lemma1.1. LetF ∈ B(Y,X) and for eachi ∈ I , Ai :X → 2Yi such that

(i) for eachN = {y0, . . . , yn} ∈ 〈Y 〉 and for each{yi0, . . . , yik } ⊂ N ,

F
(
ϕN(∆k)

) ∩
(

k⋂
j=0

cintA−1
i

(
πi(yij )

)) = ∅,

(ii) A−1
i :Yi → 2X is transfer compactly open-valued,

(iii) for eachx ∈ X, I (x) = {i ∈ I : Ai(x) = ∅} is finite,
(iv) there exists a compact subsetK of X and for eachi ∈ I andNi ∈ 〈Yi〉, there exists a

nonempty compact FC-subspaceLNi
of Yi containingNi such that for eachx ∈ X \

K , there existsy ∈ LN = ∏
i∈I LNi

such that for eachi ∈ I (x), x ∈ cintA−1
i (πi(y)).
Then there existŝx ∈ K such thatAi(x̂) = ∅ for eachi ∈ I .
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Proof. DefineA :X → 2Y by

A(x) =
{ ⋂

i∈I (x) π
−1
i (Ai(x)), if I (x) = ∅,

∅, if I (x) = ∅.

Then for eachx ∈ X, A(x) = ∅ if and only if I (x) = ∅. By the conditions (i)–(iii) and
the proof of Theorem 2.3, the conditions (i) and (ii) of Theorem 2.2 are satisfied
eachN ∈ 〈Y 〉 andi ∈ I , let Ni = πi(N). By (iv), there exists compactFC-subspaceLNi

containingNi . Let LN = ∏
i∈I LNi

, thenLN is a compactFC-subspace ofY and

LN =
∏
i∈I

LNi
⊃

∏
i∈I

πi(N) ⊃ N.

By (iv) again, we have

F(LN) \ K ⊂ X \ K ⊂
⋃

y∈LN

( ⋂
i∈I (x)

cintA−1
i

(
πi(y)

))

⊂
⋃

y∈LN

cint

( ⋂
i∈I (x)

A−1
i

(
πi(y)

)) =
⋃

y∈LN

cintA−1(y).

The condition (iii) of Theorem 2.2 is satisfied. By Theorem 2.2, there existsx̂ ∈ K such
that A(x̂) = ∅ which impliesI (x̂) = ∅, i.e., Ai(x̂) = ∅ for all i ∈ I . This completes the
proof. �

Let X = Y = ∏
i∈I Yi andF be the identity mapping onY , then, by Theorem 2.4, w

have the following result.

Corollary 2.4. Let I be an any index set. For eachi ∈ I , let (Xi, {ϕNi
}) be a FC-space

and letX = ∏
i∈I Xi such that(X, {ϕN }) is a FC-space defined as in Lemma1.1. For each

i ∈ I , let Ai :X → 2Xi such that

(i) for eachN = {x0, . . . , xn} ∈ 〈X〉 and for each{xi0, . . . , xik } ⊂ N ,

ϕN(∆k) ∩
(

k⋂
j=0

cintA−1
i

(
πi(xij )

)) = ∅,

(ii) A−1
i :Xi → 2X is transfer compactly open-valued,

(iii) for eachx ∈ X, I (x) = {i ∈ I : Ai(x) = ∅} is finite,
(iv) there exists a compact subsetK of X and for eachi ∈ I andNi ∈ 〈Xi〉, there exists a

nonempty compact FC-subspaceLNi
of Xi containingNi such that for eachx ∈ X \

K , there existsx ∈ LN = ∏
i∈I LNi

such that for eachi ∈ I (x), x ∈ cintA−1
i (πi(x)).

Then there existŝx ∈ K such thatAi(x̂) = ∅ for eachi ∈ I .

Corollary 2.5. Let I be an any index set. For eachi ∈ I , let (Xi, {ϕNi
}) be a FC-space

and letX = ∏
i∈I Xi such that(X, {ϕN }) is a FC-space defined as in Lemma1.1. For each
i ∈ I , let Ai :X → 2Xi such that
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(i) for eachx ∈ X, Ai(x) is a FC-subspace ofXi ,
(ii) for eachx ∈ X, xi = πi(x) /∈ Ai(x) andA−1

i :Xi → 2X is transfer compactly open
valued,

(iii) for eachx ∈ X, I (x) = {i ∈ I : Ai(x) = ∅} is finite,
(iv) there exists a compact subsetK of X and for eachi ∈ I andNi ∈ 〈Xi〉, there exists a

nonempty compact FC-subspaceLNi
of Xi containingNi such that for eachx ∈ X \

K , there existsy ∈ LN = ∏
i∈I LNi

such that for eachi ∈ I (x), x ∈ cintA−1
i (πi(y)).

Then there existŝx ∈ K such thatAi(x̂) = ∅ for eachi ∈ I .

Proof. It is sufficient to show that the conditions (i) andπi(x) /∈ Ai(x) for eachx ∈ X im-
ply the condition (i) of Corollary 2.4 holds. Suppose that the condition (i) of Corollary
does not hold, then there existN = {x0, . . . , xn} ∈ 〈X〉 and{xi0, . . . , xik } ⊂ N such that

ϕN(∆k) ∩
(

k⋂
j=0

cintA−1(πi(xij )
)) = ∅.

Hence there existŝx ∈ ϕN(∆k) such thatx̂ ∈ cintA−1
i (πi(xij )) ⊂ A−1

i (πi(xij )) for all
j = 0, . . . , k. It follow that {πi(xij ): j = 0, . . . , k} ⊂ Ai(x̂). SinceAi(x̂) is aFC-subspace
of Yi , we have

x̂i = πi(x̂) ∈ πi

(
ϕN(∆k)

) = ϕNi
(∆k) ⊂ Ai(x̂)

which contradicts the condition that for eachx ∈ X, xi = πi(x) /∈ Ai(x). Hence the condi
tion (i) of Corollary 2.4 hold. The conclusion follows from Corollary 2.4.�
Remark 2.4. Corollary 2.5 generalizes Theorem 4.1 of Lin, Yu, Ansari and Lai in [27] fr
convex subsets of topological vector space toFC-spaces without any convexity structure

3. Equilibria of generalized games

In this section, by using the maximal element theorems obtained in the above s
we will establish a new existence theorems for equilibrium points of generalized g
with fuzzy constraint correspondences inFC-spaces.

Because of the fuzziness of consumers’ behavior or market situations, in a real m
any preference of a real agent would be unstable. Therefore Kim and Tan [25] intro
the following model of generalized games with fuzzy constraint correspondences.

Let I be a finite or infinite set of agents. For eachi ∈ I , let Xi be a strategy set (o
commodity space) ofith agent. A generalized gameΓ = (Xi,Ai,Fi,Pi)i∈I is defined
as a family of ordered quadruples(Xi,Ai,Fi,Pi), whereAi :X = ∏

i∈I Xi → 2Xi is a
constraint correspondence such thatAi(x) is the state attainable forith agent;Fi :X → 2Xi

is a fuzzy constraint correspondence such thatFi(x) is the unstable state forith agent, and
Pi :X × X → 2Xi is a preference correspondence such thatPi(x, y) is the state preferenc
of ith agent at(x, y). An equilibrium for generalized gameΓ is a point(x̂, ŷ) ∈ X × X
such that for eachi ∈ I , x̂i = πi(x̂) ∈ Ai(x̂), ŷi = πi(ŷ) ∈ Fi(ŷ), andAi(x̂)∩Pi(x̂, ŷ) = ∅.
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.

If for each i ∈ I , Fi(x) = Xi andPi(x, y) = Pi(x) for all (x, y) ∈ X × X, then the
above definition of a generalized gameΓ and an equilibrium point ofΓ coincide with the
usual definition of a generalized game in [3,5,7–10,16–21,23,25,32–45].

Theorem 3.1. LetΓ = ((Xi, {ϕNi
}),Ai,Fi,Pi)i∈I be a generalized game andK be a non-

empty compact subset ofX = ∏
i∈I Xi such that for eachi ∈ I , the following conditions

are satisfied:

(i) for eachx ∈ X, Ai(x), Fi(x) are nonempty FC-subspaces ofXi ,
(ii) for eachyi ∈ Xi , A−1

i (yi), F−1
i (yi), andP −1

i (yi) are compactly open,
(iii) for all (x, y) ∈ X × X, Pi(x, y) is a FC-subspace ofXi andxi = πi(x) /∈ Pi(x, y),
(iv) the setWi = {(x, y) ∈ X ×X: πi(x) ∈ Ai(x) andπi(y) ∈ Fi(x)} is compactly closed
(v) for each(x, y) ∈ X × X, the setI (x, y) = {i ∈ I : Ai(x) ∩ Pi(x, y) = ∅} is finite,

(vi) for eachNi,Mi ∈ 〈Xi〉, there exist compact FC-subspacesLNi
andLMi

of 〈Xi〉 con-
taining Ni and Mi respectively, such that for each(x, y) ∈ X × X \ K × K , there
exists(u, v) ∈ LN × LM , whereLN = ∏

i∈I LNi
andLM = ∏

i∈I LMi
, such that for

eachi ∈ I (x, y), πi(u) ∈ Ai(x) ∩ Pi(x, y) andπi(v) ∈ Fi(x).

Then there exists(x̂, ŷ) ∈ K ×K such that for eachi ∈ I , x̂i = πi(x̂) ∈ Ai(x̂), ŷi = πi(ŷ) ∈
Fi(ŷ), andAi(x̂) ∩ Pi(x̂, ŷ) = ∅, i.e., (x̂, ŷ) is an equilibrium point ofΓ .

Proof. By Lemma 1.1,(X ×X, {ϕN }) is also aFC-space whereX ×X = ∏
i∈I (Xi ×Xi).

For eachi ∈ I , defineGi :X × X → 2Xi×Xi by

Gi(x, y) =
{

[Ai(x) ∩ Pi(x, y)] × Fi(x), if (x, y) ∈ Wi,

Ai(x) × Fi(x), if (x, y) /∈ Wi.

Then, by (i) and (iii), for eachi ∈ I and for each(x, y) ∈ X × X, Gi(x, y) is aFC-space
of Xi and so the condition (i) of Corollary 2.5 is satisfied. By (iii) and the definition ofWi ,
we have(xi, yi) = (πi(x),πi(y)) /∈ Gi(x, y) for eachi ∈ I and for any(x, y) ∈ X × X.
For eachi ∈ I and for any(ui, vi) ∈ Xi × Xi , we have

G−1
i (ui, vi) = [

P −1
i (ui) ∩ (

A−1
i (ui) × X

) ∩ (
F−1

i (vi) × X
)]

∪ [(
(X × X) \ Wi

) ∩ (
A−1

i (ui) × X
) ∩ (

F−1(vi) × X
)]

.

By the conditions (ii) and (iv),G−1
i (ui, vi) is compactly open-valued and henceG−1

i it
transfer compactly open-valued onXi ×Xi . The condition (ii) of Corollary 2.5 is satisfied
The condition (v) implies that the condition (iii) of Corollary 2.5 holds. Note thatG−1

i is
compactly open-valued, from condition (vi), we have

(X × X) \ (K × K) ⊂
⋃{

G−1
i

(
πi(u),πi(v)

)
: (u, v) ∈ LN × LM

}
=

⋃{
cintG−1

i

(
πi(u),πi(v)

)
: (u, v) ∈ LN × LM

}
and so the condition (iv) of Corollary 2.5 is satisfied. By Corollary 2.5, there exists(x̂, ŷ) ∈
X × X such thatGi(x̂, ŷ) = ∅ for all i ∈ I . If (x̂, ŷ) /∈ Wj for somej ∈ I , then either

Ai(x̂) = ∅ or Fi(x̂) = ∅ which contradicts the fact thatAi(x) andFi(x) are both nonempty
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for eachx ∈ X and for anyi ∈ I . Therefore we have(x̂, ŷ) ∈ Wi for all i ∈ I , and hence
for eachi ∈ I , x̂i = πi(x̂) ∈ Ai(x̂), ŷi = πi(ŷ) ∈ Fi(x̂) andAi(x̂) ∩ Pi(x̂, ŷ) = ∅. This
completes the proof. �
Remark 3.1. Theorem 3.1 generalizes Theorem 5.1 of Lin, Yu, Ansari and Lai [27] f
convex subsets of topological vector spaces toFC-spaces without any convexity structu
under much weaker assumptions.
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