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Analytical Description of the Activation of Multi-State Receptors by
Continuous Neurotransmitter Signals at Brain Synapses

Vladimir V. Uteshev and Peter S. Pennefather
Faculty of Pharmacy, University of Toronto, Toronto, Ontario M5S 2S2, Canada

ABSTRACT Chemical synaptic transmission is a fundamental component of interneuronal communications in the central
nervous system (CNS). Discharge of a presynaptic vesicle containing a few thousand molecules (a quantum) of neurotrans-
mitter into the synaptic cleft generates a transmitter concentration signal that drives postsynaptic ion-channel receptors.
These receptors exhibit multiple states, with state transition kinetics dependent on neurotransmitter concentration. Here, a
novel and simple analytical approach for describing gating of multi-state receptors by signals with complex continuous time
courses is used to describe the generation of glutamate-mediated quantal postsynaptic responses at brain synapses. The
neurotransmitter signal, experienced by multi-state N-methyl-D-aspartate (NMDA)- and L-a-amino-3-hydroxy-5-methyl-4-
isoxazolepropionate (AMPA)-type glutamate receptors at specific points in a synaptic cleft, is approximated by a series of
step functions of different intensity and duration and used to drive a Markovian, multi-state kinetic scheme that describes
receptor gating. Occupancy vectors at any point in time can be computed iteratively from the occupancy vectors at the times
of steps in transmitter concentration. Multi-state kinetic schemes for both the low-affinity AMPA subtype of glutamate
receptor and for the high-affinity NMDA subtype are considered, and expected NMDA and AMPA components of synaptic
currents are calculated. The amplitude of quantal responses mediated by postsynaptic receptor clusters having specific
spatial distributions relative to foci of quantal neurotransmitter release is then calculated and related to the displacement
between the center of the postsynaptic receptor cluster and the focus of synaptic vesicle discharge. Using this approach we
show that the spatial relation between the focus of release and the center of the postsynaptic receptor cluster affects synaptic
efficacy. We also show how variation in this relation contributes to variation in synaptic current amplitudes.

INTRODUCTION

Receptor-mediated signal transduction is a key component
of many physiological processes. Biological receptors typ-
ically can exist in any one of a number of distinct kinetic
states with some or all of the transition rate constants
between these multiple states modulated by the signal in-
tensity. In the case of neurotransmitter receptor-ion-chan-
nels, the signal is the neurotransmitter concentration. The
channel component can either be conducting or nonconduct-
ing, and the receptor component can either be resting, acti-
vated, or desensitized with receptor binding sites for neuro-
transmitter either occupied or free. Although the mechanics of
signal transduction mediated by many types of receptors are
becoming well understood, a challenge remains to predict how
given receptors will respond to complex signal waveforms
such as occur in real biological systems.

Receptor-mediated gating of ion-channels generally can
be discussed in terms of Markovian kinetics (e.g., for a
given receptor-channel in a given kinetic state, distribution
of the probabilities of transitions to other states of the
kinetic scheme does not depend on the receptor-channel
prehistory). Analytical formalisms that describe and predict
responses of multi-state kinetic schemes to step changes in
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signal intensity are commonly used to define the pharma-
codynamics of receptor-channel systems (for review, see
Colquhoun and Hawkes, 1995). These formalisms allow the
results of a variety of experimental protocols, designed to
accentuate specific state transitions, to be used to select a
kinetic scheme that best describes the pharmacodynamics of
a particular system. This approach is an important feature of
the current biophysical exploration of ion-channel dynamics
(see Sakmann and Neher, 1995).

Here we take that approach one step further by develop-
ing a strategy for estimating how continuous physiological
signals of any shape, as opposed to a single-step function,
will drive multi-state receptors in the generation of physi-
ological responses. Our strategy has been to expand and
generalize an analytical formalism introduced previously to
describe interactions between a three-state kinetic receptor
system and phasic activation (Uteshev and Pennefather,
1996a). The actual time course of a complex physiological
signal is approximated by a sequence of step functions with
adjustable intensities and durations. Occupancy vectors at
any point in time can be computed iteratively from the
occupancy vectors at the times of steps in transmitter con-
centration. Therefore, the response of the receptor system to
the entire continuous signal can be approximated by a
sequence of responses of the system to a defined series of
step functions.
We illustrate the approach by analyzing the generation of

postsynaptic quantal responses at synapses between neurons
in the brain, and explore how synaptic structure might
influence synaptic efficacy. A number of previous studies
have used various types of numerical integrations and sim-
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ulations strategies to model how quantal synaptic responses
are generated following the discharge of a transmitter-con-
taining vesicle (Wathey et al., 1979; Land et al., 1981;
Bartol et al., 1991; Khanin et al., 1994; Van der Kloot,
1995; Holmes, 1995; Stiles et al., 1996). Although these
numerical approaches delivered a satisfying precision to the
results, they do not directly establish relationships between
synaptic structure and different subprocesses contributing to
synaptic transmission such as vesicular release, diffusion in
the synaptic cleft, uptake, postsynaptic receptor binding and
activation; nor do they permit a formal generalization of
principles and further analytical development. In contrast,
these goals can be achieved once an analytical formulation
is established.
Our present approach is novel in that we have developed

a generalized analytical formalism for producing a mathe-
matical description of the dynamics of synaptic transmis-
sion including all its major steps. Using classical diffusion
theory, we first define a continuous signal that represents
the time course of neurotransmitter concentration in a syn-
aptic cleft of a specific geometry, as it is seen by receptors
at different locations on the postsynaptic membrane relative
to focus of the discharge of a single quantum of neurotrans-
mitter into the synaptic cleft (see Appendix, Note 3; Ute-
shev and Pennefather, 1996b). We then replace the expected
continuous signal by a sequence of step functions of vari-
able duration, where the concentration is set at a constant
level corresponding to the actual concentration at the mid-
point of each step. Hence, for each jth step we can unam-
biguously determine occupancy vectors, pj(t), representing
probabilities of occupancies of each of the multiple kinetic
states of the receptor during that step. Time t runs within
each step between 0 and the duration of the step. Once the
relation between pj(t) and receptor displacement is known,
then the mean occupancy vector for receptors in a postsyn-
aptic receptor cluster of specified dimensions and distance
from the focus of release can be calculated.

Using this approach we show that the spatial relation
between the focus of release and the center of the postsyn-
aptic receptor cluster affects synaptic efficacy. We also
show how variation in this relation contributes to variation
in synaptic current amplitudes. Multi-state kinetic schemes
for both the low-affinity L-a-amino-3-hydroxy-5-methyl-4-
isoxazolepropionate (AMPA) subtype of glutamate receptor
(see Jonas et al., 1993), and for the high-affinity N-methyl-
D-aspartate (NMDA) subtype (see Lester and Jahr, 1992)
are considered, and expected NMDA and AMPA compo-
nents of synaptic currents are calculated. We show that for
the AMPA component, "off-center" release has a significant
effect on peak amplitude despite the small displacements
expected within the dimensions of a CNS synapse. The
NMDA component of synaptic currents is shown to be less
sensitive to displacement than the AMPA component. The
approach is also extended to predicting the response of
postsynaptic receptors to trains of quantal release events
where events within the train can exhibit different displace-
ments from spatially localized receptors. We show that
AMPA receptor desensitization can lead to interactions be-

tween quantal events occurring as far away as 0.4 ,um, a
distance large enough to represent an adjacent synapse.

MATHEMATICAL FORMALISM

Interaction between continuous signals and
multi-state receptors

Consider a complex signal that may in fact consist of
several identical subsignals following each other in a train,
such as in the case during repeated synaptic stimulation. In
our formulation we determine a continuous time course of
the complex signal as a sequence of several, for example J,
step functions of different durations. Therefore, the status of
the receptor at any particular time of stimulation is fully
determined by the occupancy vector pj(t), where the sub-
script j refers to the jth step function. At the transitions
between the adjacent (j - 1)th and jth step functions, we
define pj-1(tj-y) = pj(O), where tj-l is the duration of the
(j - 1)th step. The occupancy vectors for thejth step can be
determined in terms of a matrix-exponential function

pj(t) = pj(O)eQJt = pj- (tj- )eQjt (1)
where pj(O), pj(tj), and pj(t) are occupancy vectors at the
beginning, at the end, and at arbitrary time t (t E [0, tj])
during the jth step, respectively; Qj is a matrix introduced
previously by Colquhoun and Hawkes, (1977) (see Appen-
dix, Note 1).
We have used this approach to determine how the distri-

bution of multi-state receptors on the postsynaptic mem-
brane relative to the point of release of the contents of a
synaptic vesicle affects the time course of miniature or
unitary evoked postsynaptic currents (uePSCs). We first
discretize the concentration function and then determine the
probability of finding a receptor in a particular state at a
particular time as a function of displacement from the point
of vesicular discharge into the cleft. Repeated application of
Eq. 1 gives the jth vector occupancy as a function of time
within the jth step (t E [0, tj])

where

(2)pj(t) = pI(0)IEj-eQit

j-1 )

1;- I = rI eQmtmV
m=l

(2')

Here we have specified the following definition: B0=
(I2= eQmtm)def=E; where E is either a 7 X 7 or 5 X 5
identity matrix for AMPA and NMDA kinetic schemes,
respectively (Fig. 1 B). It can be shown (see, for example,
Colquhoun and Hawkes, 1995) that the steady-state vector
occupancy can be calculated as

Pss = e(SST) (3)
where ( ..)- 1 is an inverse matrix, S is a defined modifi-
cation of the Qss matrix, ST is a matrix transposed to the S
matrix, and e = (1, 1, ..., 1) is a unity vector-row (see

1128 Biophysical Journal



Continuous Agonist Signals and Multi-State Receptor Kinetics

vesicle

presynaptic pore---->!I;---........Ui. ..

2

. *>::e *@ transmitter

.:----------. ...

postsynaptic

B AMPA
k2l k32 j43

Cl< = C2 < F C3 =-= 04
k12[A] k23[A] C[34

aC25 P52k X36 4 f63 a474 I74
k65 k76

D5 t D6t- D7
k56[A] k67[A]

NMDA
k2l k32 P43

C1±=7 C2 <±= C3 = >'04
k12[AJ k23[A] if 34

a35 (53

D5
FIGURE 1 Models of synaptic transmission and postsynaptic gating. (A)
A schematic representation of a CNS synapse considered in this descrip-
tion. A presynaptic vesicle (-17 nm in radius) will release neurotransmit-
ter molecules into the synaptic cleft (-20 nm in width) by diffusion
through a fusion pore (-1 nm in diameter) that spans the synaptic vesicle
and presynaptic terminal membrane bilayers (10 nm in length). The overall
postsynaptic receptor response will reflect the interaction between a con-
tinuous intrasynaptic signal (concentration) and postsynaptic receptors of a
particular kinetic scheme [see (B)]. (B) Two kinetic schemes for AMPA
and NMDA receptors that were considered in the present study. The
validity of the kinetic schemes was tested experimentally elsewhere [see
Jonas et al., 1993 (AMPA), and Lester and Jahr, 1992 (NMDA)]. Kinetic
constants for interstate transitions were as follows: AMPA receptors: k,2 =
4.59 * 103 mM -ms-'; k2l = 4.26 ms -'; k23 = 2.84 * 104 mM- ms - 1;
k32 = 3.26 ms - ; a25 = 2.89 ms- 1; 1532 = 3.92 * 10-2 ms- ; a34 = 4.25
ms-; I43 = 0.9 ms -; a36 = 0.17 ms -';3 = 7.27 * 10-4 ms-1; a47 =
1.77 * 10-2 ms-1; 374 = 4 10-3 ms- ; k56= 1.27 * 103 mM-' ms-';
k65 = 4.57. 10-2 ms-'; k67 = 1.68- 10-2 ms-'; k76 = 0.l9ms-1;
NMDA receptors-k12 = 104 MM-1 ms- ; k2, = 4.7 - 10-3 ms-'; k23 =
0.5 * 104 mM- ms- ; k32 = 9.4 * 10-3 ms- '; a34 8.4 * 10-3 ms- '; 43 =
1.8 * 10-3 ms-I; a35 = 46.5 * 10-3 ms- 1; 1353 = 91.6 * 10-3 ms-1.

Appendix, Note 1). If we assume that stimulation began
from steady-state conditions, and therefore pl(0) = Pss,
then combining Eq. 3 with Eqs. 2-2' we obtain the final
result for the time dependence of the vector occupancy
within the jth step

pj(t) = e(SST)- Bj-eQjt (4)

where time t E [0, tj]. The entire vector-curve, therefore,
can be built by joining the end of the response to thejth step
function to the beginning of the (j + 1)th response, for all
jE [1,J].

Synaptic parameters

The processes and structures involved in synaptic transmis-
sion are well defined. In response to a presynaptic signal
(typically an action potential-induced influx of Ca2+ ions)
at a nerve terminal active zone, a small packet or quantum
of neurotransmitter molecules (typically 1000-5000 mole-
cules) contained in a synaptic vesicle is discharged into a
synaptic cleft. Loss of neurotransmitter, due to diffusion
within and out of the cleft and to uptake, begins simulta-
neously with its appearance in the cleft so that receptors
eventually return to their resting state. In our study we
consider and compare responses of fast (AMPA) and slow
(NMDA) glutamate receptors. Both kinds of postsynaptic
receptors have been described previously using kinetic
schemes containing seven states for low-affinity AMPA
receptors (Jonas et al., 1993), and five states for high-
affinity NMDA (Lester and Jahr, 1992) (Fig. 1 B).

Fig. 1 A shows a schematic picture of synaptic transmis-
sion. A detailed justification of all parameters and assump-
tions used here is presented elsewhere (Uteshev and Pen-
nefather, 1996b). The postsynaptic membrane is
characterized in electron micrographs by a halo of electron-
dense material referred to as the postsynaptic density (PSD).
This region is roughly circular, with a diameter of -0.4 Am.
There is evidence that postsynaptic receptors are organized
into clusters (PRCs) restricted to the PSD region (see Ute-
shev and Pennefather, 1996b, for discussion). The opposing
presynaptic membrane is also characterized by a halo of
electron-dense material that is thought to delimit the active
zone region capable of supporting evoked release of neuro-
transmitter. There is a high degree of overlap of the dimen-
sions of the PSD and the active zone. For our calculations
we have defined an idealized synapse as a circular region of
close apposition between pre and postsynaptic neurons. The
diameter of this region is set at 0.4 ,Am, and the synaptic
cleft separating the two neurons is given a width of 20 nm.
After initiation of synaptic transmission, a synaptic vesicle
(radius 17 nm) forms a 1 nm-wide fusion pore with the
presynaptic membrane through which the vesicular contents
of -5000 molecules are discharged into the synaptic cleft
over a period of a few hundred microseconds. This process
of release can be approximated by an exponentially declin-
ing point source with a time constant of 0.2 ms. The trans-
mitter is allowed to diffuse with a diffusion coefficient of
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0.3 pum2/ms in a two-dimensional plane with a thickness of
20 nm. For simplicity, uptake is considered to be homoge-
neous and nonsaturable with a time constant of 1 ms- 1. This
is equivalent to assigning a finite and exponentially distrib-
uted lifetime to each transmitter molecule that enters the
synaptic cleft. Because of an excess of neurotransmitter
molecules in the synaptic cleft (-5000) over available
postsynaptic receptors (-100) we assume that depletion of
neurotransmitter concentration in the cleft because of recep-
tor binding is absent. These parameters and assumptions
allow us to calculate the time course of glutamate concen-
tration in the synaptic cleft at any distance from the point of
release. Our analytical discretization approach then allows
us to calculate the response of AMPA and NMDA multi-
state receptors to this signal at any point in time or space
within the synaptic cleft.

RESULTS

Responses to the release of a single quantum
of neurotransmitter

Fig. 2 shows results of our analysis for a single receptor
positioned either 0.04 ,um (top row, Fig. 2) or 0.2 ,um

(bottom row, Fig. 2) from the foci of transmitter release. The
expected transmitter signal was calculated as described in
the Appendix (Note 2; see also Uteshev and Pennefather,
1996b) and found to be different at these two points, rising
more slowly and reaching a smaller maximum value at the
larger displacement (bottom row, Fig. 2). Using the kinetic
schemes described in Fig. 1 B for AMPA and NMDA
receptors and our discretization method, we find that effi-
cacy of activation of the AMPA receptor is reduced with
increasing displacement distance from foci of transmitter
release. This arises because there is a gradient of transmitter
concentration within the cleft that has a peak at the focus of
release (see Uteshev and Pennefather, 1996b). This gradi-
ent, however, makes little difference for activation of the
NMDA receptor.

Both NMDA and AMPA receptors appear to be clustered
within the region of the postsynaptic density (for discussion,
see Uteshev and Pennefather, 1996b) and the overall re-
sponse of a PRC will be the sum of responses of all
functional receptors of the PRC. Once a shape and size of
the PRC is assumed, the overall response can be calculated
from the function relating state probability of a single re-
ceptor to the displacement of that receptor from the focus of
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FIGURE 2 Responses of a single receptor placed at different locations on the postsynaptic membrane relative to the focus of presynaptic release. The

top row (A-C) corresponds to a single receptor located at 0.04 ,gm from the point of projection of the focus of release onto the postsynaptic membrane.
The bottom row corresponds to a single receptor located at 0.2 Axm from the point of projection. (A) Concentration time course experienced by postsynaptic
receptor at different distances from the focus of release. A continuous intrasynaptic signal that is the time course of neurotransmitter concentration in the

synaptic cleft is approximated by a series of step functions with different durations and intensities (see text). Calculation of the intrasynaptic concentration

time course has been described previously (Uteshev and Pennefather, 1996b, and as is outlined in Note 2). Duration of the steps are: 0.02 ms during the
first 0.52 ms of the signal and 0.05 ms during the remaining interval. Within each step concentration of neurotransmitter in the vicinity of the receptor is

constant. (B) Responses of a single AMPA receptor to a continuous intrasynaptic signal. Two examples of responses of a single AMPA receptor described

by the scheme shown in Fig. 1 B. The time dependence of occupancy of the state C, is indicated by "resting"; time dependence of occupancy of the state

04 is marked by "open." With a 0.2-,um displacement between the receptor and the point of projection of the transmitter onto postsynaptic membrane
discharge occupancy of open state reaches - 15% at the peak. If, however, the release occurs within 0.04 ,um of the receptor, the peak open state probability
is -40%. (C) Responses of a single NMDA receptor to the continuous intrasynaptic signal. A paradigm similar to that used in (B) is employed for a single
NMDA receptor, whose affinity is -20X higher than for the AMPA receptor. The kinetic scheme shown in Fig. 1 B is used with "resting" and "open"
time courses corresponding to the probability that the receptor is in states C1 and 04, respectively.
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release. For our analysis we assume a
PRC and that the density of recept
function of the radius of the PRC. Fc
the dimensions of the active zone (e.g
a 0.4 ,um diameter), our calculations
presynaptic vesicle is discharged over
PRC (and in this case also at the cenl
just under 30% of AMPA receptors v
peak of the uePSC (Fig. 3, A and B)
release site by 0.2 ,um to the edge of t]
efficacy to about one-half this valu
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[km from the release site (i.e., a distan

80,
L-

0

YO c

o-,-
* 0

P G 401

0 2

0

time

0 0.2 0.4

displacem(

B 30

240

30
time

circular shape for the an adjacent synapse) there is little signal produced by this
tors in PRC is not a release event. Thus, as we have pointed out elsewhere
)r a PRC that matches (Uteshev and Pennefather, 1996b), the noninstantaneous
., concentric and with release and low affinity of AMPA receptors combine to
predict that even if a focus the response of the PRC associated with a particular
the exact center of the active zone to the quantum of transmitter released from that
ter of the active zone) active zone. With PRCs made up of NMDA receptors,
vill be activated at the which have a higher affinity for glutamate than AMPA
i. Displacement of the receptors, this focusing effect is much less pronounced, and
he active zone reduces responses as much as one-third the optimal are expected
e (Fig. 3, A and B). with displacements of 1 ,um (the largest displacement con-
located more than 0.4 sidered in Fig. 3). Hence, more NMDA receptor-mediated
ce that could represent cross talk between adjacent synapses is expected than

AMPA receptor-mediated response cross talk.
Fig. 3 also shows that reducing the size of the PRC

increases the sensitivity of the response to displacement of
the center of the receptor cluster from the focus of release.
Central synapses should contain -100 AMPA receptors,
and if these were tightly packed at a density of 2200/4m2,
they would form a cluster with a diameter of 0.24 ,im (see
Uteshev and Pennefather, 1996b). The response expected
for a PRC of this size and a centered release is indicated by

5 10 a triangle in Fig. 3, A and B. The response is intermediatems between that expected for a single receptor and a larger

PRC. Hence, our description suggests that efficacy and
variability of unitary responses mediated by AMPA recep-
tors will be dependent on the relative sizes and disposition

B * of the active zone and the PRC. These considerations are
0 . 6 0 . 8 1 less important for NMDA-mediated responses. Uteshev and
ent, ,um Pennefather (1996b) have argued that part of the large

coefficient of variation ofAMPA receptor mediated uePSCs
is due to variation in the point of release of quanta within
the active zone, resulting in variation in the displacement
between the center of the PRC and the point of release.
Thus, our analysis makes the prediction that the NMDA
receptor-mediated component of uePSCs recorded at a uni-
tary synapse should be less variable in amplitude than the

60 AMPA-mediated component.
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The case of a train of quantal events

01.2 0 lli We have also used our description to consider the case
0 0 2 0 4 0 6 1 where there is a train of quantal discharges into a synaptic

displacement, gm cleft. The question we wished to consider was the degree to
which the resulting series of postsynaptic responses are

Responses from a postsynaptic receptor cluster and a single independent of one another. We analyzed the response of a

mparison. Response-displacement functions for responses from single postsynaptic AMPA receptor to the neurotransmitter
(A) and NMDA (B) PRCs, 0.4 ,um in diameter (open circles) signal that it should experience following a train of quantal
receptors (closed squares). The triangle indicates the peak discharges. A specific train consisting of three synaptic
pected for a circular PRC with a smaller diameter of 0.24 sm. discharges displaced by either 0.04 pm, 0.2 pim, or 0.4 jim
f the PRCs are calculated in terms of percent activated recep-
responses of single receptors are calculated in terms of the from the receptor, and a fourth release event occurring at
of opening. The insets show examples of simulated responses 0.04 ,um from the focus of release, was considered (see
k (A) and NMDA (B) circular PRCs (0.4 ,um in diameter) Appendix, Note 3). Although this particular sequence of
y 0.04 ,um (the largest trace in each figure) or 0.2 ,um (the events is unlikely to occur given our expectation that release
ce in each figure) from the point of projection of the focus of is equally likely from any position in the active zone, it
ipostsynaptic membrane. Displacement is calculated from the nevertheless illustrates how timing and spatial dispersion of
{C. NMDA responses demonstrate less sensitivity to displace- theertheess lease how il uend the intersion of
en the focus of release and the center of the PRC than did the successive release events influence the interaction be-

ptors. tween synaptic responses in the train.
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When all release events occur near the postsynaptic
AMPA receptor, desensitization leads to a pronounced and
progressive attenuation of successive responses with >70%
depression of the fourth response (Fig. 4 A). When the
conditioning release events occur at a more distant point
(0.2 ,um in Fig. 4 B), and the test release occurs at a point
close to the receptor (0.04 ,um), the responses to this fourth
release are still reduced by 50% rather than 70%. Thus,
there may be an advantage for quantal release events to
occur randomly within an active zone, since this will lead to
less accumulation of desensitization with repeated activa-
tion than if the vesicles were always discharged at the same
point. When the receptor is displaced 0.4 ,um from the point
of discharge of the conditioning release events, a distance
which could conceivably correspond to an adjacent synaptic
unit, the response to a proximal release event is still reduced
by 34% (Fig. 4 C) due to AMPA receptor desensitization.
This is despite the expected lack of direct responsiveness to
quantal events occurring at 0.4 ,um away from receptors
(Fig. 3 A). Thus, our calculations suggest the possibility of
desensitization cross talk between synapses during trains of
synaptic activity, but only if these synapses are very close to
each other and if there are no diffusion barriers separating
those adjacent synapses.
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DISCUSSION

The method of analytical discretization of
continuous signals
A system of differential equations that describes the kinetics
of postsynaptic multi-state ion receptor-channels during
presynaptic release can be written as follows

dt = p(t)Q[C(t)] (5)

with initial conditions p(t = 0) = Pss. Here, the Q matrix
exhibits dependence of the transmitter concentration in the
synaptic cleft (C) which is, in turn, time-dependent [C =
C(t)]. In general, systems like Eq. 5 do not have analytical
solutions. Numerical methods exist, though, that can ap-
proximate Eq. 5 by a system of algebraic equations p(t +
lit) - p(t) = p(t)Q(t)At, and the system can be solved (see
Wathey et al., 1979; Land et al., 1981; Ortega and Poole,
1981; Holmes, 1995). Various methods of numerical simu-
lations such as the Monte Carlo method are also available
that permit numerical modeling of the processes occurring
during synaptic transmission, and predict the outcome (Ru-
binstein, 1981; Bartol et al., 1991; Van der Kloot, 1995;
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FIGURE 4 Responses of a single AMPA receptor to a continuous signal containing a train of release events at different distances relative to the receptor.
Three different paradigms are considered: (A) All release events occur at the same focus proximal to the receptor (within 0.04 ,um); (B) Three release events
occur at a distant point (0.2 ,um away) that could be within the same synaptic region, while the fourth release occurs at the proximal point (0.04 ,im away);
(C) Three release events occur at a distant point (0.4 ,um), which is far enough away to originate in the active zone of a neighboring synapse, while the
fourth release occurs at the proximal point (0.04 ,um away). Open (state 04, top row) and desensitized (a sum of states D5 + D6 + D7, bottom row) states
are considered (see notations in Fig. 1 B). Comparing the amplitudes of the first response in (A) with the amplitude of the fourth response in (C), one can
see how distant release events, possibly from a neighboring synapse, can modify the synaptic efficacy of a receptor response to a release event in its
immediate vicinity.
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Khanin et al., 1994; Stiles et al., 1996). However, these
numerical integrations and simulations techniques require
specific knowledge of numerical mathematics and skills in
computer programming. Without such knowledge and
skills, these techniques cannot be accepted as straightfor-
ward. In contrast, we present here a simple analytical
method of approximating a system of differential equations
containing time-dependent Q matrices (Eq. 5) by a series of
systems of differential equations with constant but different
Q matrices. Our straightforward method uses discretization
of continuous complex signals as a tool, reducing, therefore,
the problem of interactions between multi-state systems and
continuous signals to the well-characterized problem of
interactions between these systems and specific step func-
tions. Our method of discretization allows a general analyt-
ical description of this problem in standard terms of vector
occupancy and Q matrices. Therefore, in addition to useful
specific applications, this method permits further develop-
ment of theoretical formalisms describing the behavior of
multi-state kinetic systems at a greater level of detail. More-
over, our formalism is readily interpreted by high-level
computer languages, such as Mathematica, making it pos-
sible to solve any particular problem regarding interactions
between multi-state receptors and continuous signals with-
out any specialized knowledge of numerical mathematics or
extensive computer programing experience.

Implications of results

An important goal of any mathematical description of a
physiological response is to assist in exploration of the
physiological significance of details of proposed dynamic
schemes describing subprocesses involved in the generation
of that response. By comparing observed and theoretical
responses, we can infer how properties of the subprocesses
are reflected in the overall response, and begin to test
hypotheses of how those subprocesses might be shaped and
modulated. In the case discussed here we have examined
how the properties of neurotransmitter discharge into and
diffusion within the synaptic cleft, as well as details of
kinetic schemes describing gating of multi-state ionotropic
glutamate receptors, influence the generation of an inte-
grated physiological response, namely a unitary quantal
synaptic current. Diffusion out of the synaptic vesicle and
within the cleft can be inferred from fundamental principles
and from observed structural dimensions of the cleft and of
synaptic vesicles (Khanin et al., 1994; Van der Kloot, 1995;
Holmes, 1995). Kinetic gating schemes can be inferred from
a variety of studies of the response of glutamate receptors to
rapid application of known concentrations of glutamate
(Lester and Jahr, 1992; Jonas et al., 1993). However, it is
not obvious how these processes come together to generate
a synaptic current, and a precise description is required.
Although numerical approaches have been used to look at
this problem in the past, we believe that our analytical
approach provides more insight into the origin and accuracy
of the results of the analysis.

The generalized description presented here confirms our
earlier conclusion, based on a simplified two-state receptor
gating scheme, that "off-center" release will increase the
variability of the AMPA component of uePSCs, and that the
low affinity of AMPA receptors minimizes response cross
talk between adjacent synapses (see Uteshev and Pennefa-
ther, 1996b). The NMDA component, however, was found
to be relatively insensitive to the "off-center" release effect,
and PRCs as far away as 1 ,um from the focus of a vesicular
discharge could give a respectable response. This may ac-
count in part for the observation made on multi-quantal
ePSCs that the AMPA component was more variable than
the NMDA component (Kullmann, 1994). Our results sup-
port the suggestion by Kullmann et al. (1996) that extrasyn-
aptic glutamate spill-over can explain the observation that
under certain conditions evoked excitatory PSCs will have
only an NMDA component before inducing long-term po-
tentiation (LTP), but exhibit both AMPA and NMDA com-
ponents after LTP has been induced. Our description sug-
gests that glutamate diffusing from nearby synapses on
dendrites of adjacent neurons could activate NMDA recep-
tors at synapses on the recorded neuron without activating
AMPA receptors at those same synapses. After an LTP
induced enhancement of release probability at previously
silent synapses, both NMDA and AMPA responses will
now be observed. Our results also predict that diffusion
between synapses leading to either a spill-over NMDA
response or to AMPA receptor desensitization cross talk
may account in part for observed cooperative effects in
synaptic plasticity.

APPENDIX

Note 1

The Qi matrix for the n-state kinetic scheme corresponding to the jth step
function can be written as follows

... k,i

n

h= 1,(h* 1)

n

h= I,(h*2)

k2m

n

h= 1,(h:#m)

n

. . - I 4h
h= ,(h*n)

(Al)

The elements on the main diagonal (r,,,,) of the Qi matrix are negative
sums of rate constants characterizing transitions from the mth state to all
other states h, i.e., rmm=-: (hm)kJ,h; every remaining element (rmh)
standing not on the main diagonal is a rate constant characterizing transi-
tion from the state m to the state h for the jth step, i.e., rmh = k,mh. In the
case when the interval between neighboring stimuli in a train is large
compared to time constants of the slowest transitions between kinetic
states, the Qi matrices corresponding to subsequent stimuli might not differ
significantly. In general, however, this will not be the case because of the
buildup of neurotransmitter concentration in the cleft during repetitive
stimulation. Note that the determinant of the Qi matrix is always zero,
reflecting the fact that new states with zero kinetic rate constants can be

Uteshev and Pennefather 1133

k1l2 ... Pi



1134 Biophysical Journal Volume 72 March 1997

always incorporated into any kinetic scheme without distortion. Therefore,
a straightforward method of finding steady-state solutions pss
(dpjdt = 0 = ps5Q, where Qss is a Q matrix corresponding to the steady-
state concentration of neurotransmitter in the cleft) does not lead anywhere.
However, one can show that the steady-state solutions can be presented in
a form of Eq. 3 (see, for example, Colquhoun and Hawkes, 1995).

Note 2

Here we present calculations of the time course of neurotransmitter con-
centration in the synaptic cleft during a train of continuous neurotransmit-
ter releases occurring at different moments at different points of the
presynaptic active zone (see also Uteshev and Pennefather, 1996b). The
following assumptions have been made: 1) noninstantaneous (exponential)
source of release; 2) two-dimensional diffusion in the cleft; 3) homoge-
neous nonsaturable uptake; and 4) binding of neurotransmitter molecules to
postsynaptic receptors does not affect neurotransmitter concentration in the
cleft. With a continuous source of neurotransmitters that represents a train
of signals, concentration of molecules in the cleft at different times can be
found as a convolution of the source 4D(t)=7:!=, 4)i(t)=7..=, qi[0
(t-tj)-O(t-tj+,j)e-Oi(t-t0 with the fundamental solution of the diffusion
equation (i.e., the solution for instantaneous sources, each ith of which
(i E [1, I]) is displaced by a radius-vector r1), W(r, ri, t) =
(4rrDht)-e(rrI) /4Dt. Therefore, the time course of concentration from
the entire source (all I continuous sources) can be found explicitly as a sum

C(r, t)= (%(r, ri,t)*(Dj(t))
i=l

= (4-0Dh)1 -qieQ E( -ti)

- O(T -ti+,)]e-(-i24(-) )(t )) (A2)

where 0(t) is a Heaviside function; h = 0.02 Am is the width of the cleft;
D = 0.3 tLm2/ms is the diffusion coefficient; qi and 4, (in ms-') are
amplitude and time constants of the exponential release source (see for
values Uteshev and Pennefather, 1996b); t (in ms) is time counted from the
beginning of transmission, ti (in ms) is time from the beginning of stimu-
lation to the beginning of the ith stimulus (t, = 0); T is a variable of
integration.

Note 3

Responses from the entire PRC have been calculated in two steps. We have
first calculated the time course of transmitter concentration on the postsyn-
aptic membrane at different distances (between 0 ,pm and 1 ,um with the
step of 0.04 pum) from the focus of release. Then, a PRC of diameter 0.4
,um was placed at different displacements from the focus of release: 0 pm,
0.04 ,pm, . 1,um, and responses from different areas of PRC were

approximated as described previously (see Uteshev and Pennefather,
1996b, Appendix B).
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