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Abstract

In this paper we investigate the motion of a rigid ball surrounded by an incompressible perfect fluid
occupying RY . We prove the existence, uniqueness, and persistence of the regularity for the solutions of
this fluid-structure interaction problem.
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1. Introduction

We consider a homogeneous rigid body occupying a ball B(r) C RN (N > 2) of radius one
and which is surrounded by a homogeneous incompressible perfect fluid. We denote by £2(¢) =
RN \ B(r) the domain occupied by the fluid, and write merely B = B(0) = {x; |x| < 1} and
2 = 2(0) = {x; |x| > 1}. The equations modeling the dynamics of the system read

3
8—”;+(u-V)u+vp=g, in 2(t) x [0, T, (1.1)

divu =0, in () x [0, T, (1.2)
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u-n=(h+rxx—n)-n, ond2() x[0,T], (1.3)
Iim u(x,t) =ueso, (1.4)
|x]—00

mh = f pndo + fu, [0, T], (1.5)

A1)
Jr' = / (x —h) x pndo + Ty, in[0,T], (1.6)

I2(t)

ux,0)=alx), xes2, (1.7)
h(0)=0eR", h'(0)=beRV. (1.8)

In the above equations, u (respectively p) is the velocity field (respectively the pressure) of
the fluid, g is the external force field applied to the fluid (assumed for simplicity to be defined
on RY x [0, To)), frb (respectively T,;) stands for the external force (respectively the external
torque) applied to the rigid body, m (respectively J) is the mass (respectively the inertia matrix)
of the ball, & denotes the position of the center of the ball, assumed to be 0 at t =0, r is the
angular velocity of the ball, n is the unit outward normal vector to 92, and u, is a given
constant vector. As x —h = —n on 0£2(¢), (1.3) reduces to

u-n="hn-n, (1.9

whereas (1.6) simplifies into Jr’ = Ty. It follows that the dynamics of r, which has no influence
on the dynamics of u and /, may be ignored.

As in most of fluid-structure interaction problems, one of the main difficulties in proving
the wellposedness of (1.1)—(1.8) comes from the fact that the domain occupied by the fluid is
variable and not a priori known. If in the last decade a large number of papers have been devoted
to the wellposedness of fluid-structure interaction problems involving a viscous fluid (that is,
governed by Navier—Stokes equations), the motion of a rigid body in a (not potential) Eulerian
flow has been investigated only in a few papers. In [11], the existence and uniqueness of a (global)
classical solution of (1.1)—(1.8) was established when N = 2. A result in the same vein was
obtained in [12] for a body of arbitrary form, again for N = 2. The aim of this paper is to extend
the results of [11] to a space of arbitrary dimension N (N € {2, 3} in practice), and to any order of
smoothness. We shall for instance establish the existence of C° smooth (global) solutions when
N = 2. Moreover, the fluid considered here will have a (not necessary null) limit at infinity, and
will undergo the action of a force. It is clear that a suitable wellposedness theory is required if we
have in mind to prove control results in the spirit of those in [5]. Notice that another application
concerns inverse problems. In [4], is was proved that a moving ball surrounded by a potential
fluid occupying a bounded domain in R? can be detected thanks to a measurement at some time
of the velocity of the fluid on some part of the boundary of the domain.

In this paper, the wellposedness of (1.1)—(1.8) is tackled in a direct way, without proving a
similar result for Navier—Stokes equations as in [11,12]. This results in a direct and shorter proof.
The method of proof combines the study of a variant of Leray projector designed to eliminate
the pressure and to take into account the dynamics of the solid, to the classical approach for the
wellposedness of Euler equations due to R. Temam [13,14], T. Kato [7], and Kato, Lai [8], which
is based upon certain a priori estimates and a Galerkin method. For the sake of shortness, we
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shall derive the existence of smooth solutions from an abstract result given in [8], although a
direct proof as in [13] could certainly be done.
To state the results, we introduce the usual solution v, = Voo (y) of the system

curlvee =0, in 2,
divvee =0, in £2,
Voo -n =0, onads2,

Iim veo(y) = too-
[yl=00

Simple calculations give

Voo () = u (IyPPttoo — N (tog - y)Y)- (1.10)

MRS
Notice that veo(-) — UUso € WP (£2) for all s > 0 and all p € (1, +o0]. In order to write the
equations of the fluid in a fixed domain, we perform a change of coordinates. For any y € £2 =
£2(0) and any t € [0, T], we set v(y,t) = u(y + h(t),t) — voo(¥), g(y, 1) = p(y + h(1),1),
fQ,t)=g(y+h(),1),and I(t) =h'(t).

Then, the functions (v, g, /) satisfy the following system:

3

a—:+(voo+v—l)-V(voo+v)+Vq=f, in 2 x [0, T]. (1.11)
divv=0, 1in£ x[0,T], (1.12)
v-n=I[-n, ondf2 x[0,T], (1.13)
lim v(y,#) =0, (1.14)

[yl—00
ml’:/qnda-i—frb, in [0, T], (1.15)

082

v(y,0) =a(y) —vee(y), yes2, (1.16)
1(0) = b. (1.17)

For the sake of shortness, if H denotes any space of real-valued functio/r\ls, we write v € H
when each component v; of v belongs to H. For any s > 1, we denote by H*(§2) the homoge-
neous Sobolev space

H' (@) ={q e L},(2)| Vg e B (@)},

loc

where ¢ € L? (£2) means that ¢ € L?(§2 N By) for all open balls By C RV with By N £2 # .

loc
Throughout the paper, s will denote the number

so=[N/2] +2.

so that H~1(£2) € L®°(£2) for each s > s¢. (s is assumed to be an integer.) The main result in
this paper is the following one.
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Theorem 1.1. Let s > 50, oo € RV, a € voo + H* (2), where v is given by (1.10), b € RV, fe
C([0, Tol; H*(£2)), and frp € C(][ 0, Tp)). Assume that diva = 0 and (a —b) -n|,, = 0. Then there
exist a time T < To and a solution (v, q,1) of (1.11)-(1.17) such that v € C([0, T]; H*(£2)),
q € C(0,T]; ﬁs(Q)) and | € CY([0, TT; RN). Such a solution is unique up to an arbitrary
function of t which may be added to q. Furthermore, T does not depend on s.

Remark 1.2. (1) It follows from (1.11) that v € C'([0, T]; H*~1(£2)).

(2) Theorem 1.1 can be extended to the case when the external force field f has a nonzero limit
at infinity (e.g. if f stands for the gravity force). Let foo(¢) := lim|y| o0 f(y, ) and f(y, t) =
FO, 1) = foo(). If f € C([0, Tol; H*(£2)) and (f),c},i) is the solution of (1.11)~(1.17) corre-
sponding to a, b, f and frb = frb + fag(foo(t) . y)l’ldO', then (v, 6171) = (ﬁ,q + foo(t) . )’71)
solves (1.11)—(1.17) with the forcing terms f, f;5 in (1.11) and (1.15), respectively.

(3) It is sufficient to prove Theorem 1.1 with f,;, = 0. Indeed, 1ntr0ducmg a function drp €
C([0, Tol; H*+'(2)) with [, g (y, ndo = fu(t) and setting § = q(y, 1) + g (y, 1), f =
f + Vgp, then (1.11) and (1.15) hold with (g, f, 0) substituted to (q, f, fr»). We shall assume
thereafter that f,, =0.

Finally, the existence of global smooth solutions can be asserted when N = 2.

Corollary 1.3. Assume that N = 2 and that s, Ty, U, a, b, f and f. are as in Theorem 1.1, with
curla € LP(82) and curl f € L' (0, Ty; LP(2)) for some p € [1,2). Then we can pick T = Ty in
Theorem 1.1.

We stress that Corollary 1.3 does not follow from [11], since there is a gap between the
regularity of the solutions provided in [11] (namely, v € C'(£2) N H'(£2)) and the minimal
regularity required in Theorem 1.1 (v € H3(£2)). To prove Corollary 1.3, we use the well-known
fact (see e.g. [2]) that a solution remains smooth as long as its vorticity is uniformly bounded.

If we compare the results in this paper with the ones in [9-12], we notice that no weighted
Sobolev space is involved here. This follows from the crucial observation that Vv can be esti-
mated in function of the vorticity w = curlv in the same usual Sobolev space H*(§2), without
incorporating any weight.

The paper is outlined as follows. Section 2 provides some background on Kato-Lai theory.
Section 3 is concerned with the proof of Theorem 1.1. It begins with the study of the projector
which has to be substituted to Leray projector in order to take into account the motion of the rigid
ball. Then we apply Kato-Lai theory to a certain abstract system, and we check that the solution
provided by that theory is indeed a solution of the original fluid-structure interaction problem.
Section 3 is concerned with the proof of Corollary 1.3. It contains the proof of several a priori
estimates relating the velocity to the vorticity in an exterior domain.

2. Proof of Theorem 1.1
2.1. Kato-Lai theory
In this section we review briefly Kato—Lai theory and introduce some notations. The reader is

referred to [8] for more details. Let V, H, X be three real separable Banach spaces. We say that
the family {V, H, X} is an admissible triplet if the following conditions hold.
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(i) V C H C X, the inclusions being dense and continuous.

1
(ii) H is a Hilbert space, with inner product (.,.) and norm || - ||z = (.,.) .
(iii) There is a continuous, nondegenerate bilinear form on V x X, denoted by (.,.), such that

(v,u) =(v,u)y forallveVandu e H. 2.1

Recall that the bilinear form (v, u) is continuous and nondegenerate when

|(v,u)| < Cllvllvllullx for some constant C > 0; (2.2)
(v,u) =0 forall u € X implies v =0; 2.3)
(v,uy =0 forall ve V implies u =0. 2.4)

Amap A: [0, T]x H— X is said to be sequentially weakly continuous if A(t,, v,) — A(t, v)
in X whenever t, — t and v, — v in H. We denote by C, ([0, T']; H) the space of sequentially
weakly continuous functions from [0, 7] to H, and by C 5)([0, T]; X) the space of the functions
u € W0, T; X) such that du/dt € C, ([0, T], X).

We are concerned with the Cauchy problem

d
d—’;+A(z,v)=o, £>0,  v(0)=nuo. 2.5)

The Kato—Lai existence result for abstract evolution equations is as follows.

Theorem 2.1. (See [8, Theorem A].) Let {V, H, X} be an admissible triplet. Let A be a sequen-
tially weakly continuous map from [0, T| x H into X such that

(v, A, v)) = —B(Ivl%) fortel0,T], veV, (2.6)

where B(r) = 0 is a continuous nondecreasing function of r > 0. Then for any uy € H there is a
time T >0, T < Ty, and a solution v of (2.5) in the class

ve Cy(l0,TT; H) N C,y ([0, TT; X). 2.7)
Moreover, one has
o], <v@), telo,Tl, 2.8)
where v solves the ODE y'(t) =2B(y (1)), y (0) = ||v0||%1.
3. Proof of Theorem 1.1

In this section, we put system (1.11)—(1.17) (with f;, = 0) in the form (2.5) in order to apply
Theorem 2.1.
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Pick s > 59 and define the (uniform) density of the ball as p = m/|B|, where |B| stands for
the Lebesgue measure of the ball B. Let X = L?(R") be endowed with the scalar product

(u,v)X:/u(x)v(x)dx—i—p/u(x)v(x)dx.

Q2 B
We introduce the (closed) subspace

X.={ueX; divi =0 on RY and u = const on B}.

For any u € X,, we denote by /, the unique vector in RY such that u(x) =1, a.e. on B. Let
H={ueX;upeH(2)}=H(2)® L?(B) be endowed with the scalar product

(i, u2) g = (U, V)gs2) + p1, u2)12p)-
Finally, following Kato—Lai, we define V as the space of functions v € H such that v|;; belongs
to D(S)V, where S is the nonnegative selfadjoint operator S : D(S) C L2(2) — L?(R) defined
by
(Sf. 8120y =(f,@us2) VfeD(OS), Vge H (2).

Recall that S is the elliptic operator Sf = Zlalgs(—l)“"'az"‘ with Neumann boundary condi-
tions, and that D(S) C H?(£2). V is endowed with the scalar product

(v, v2)v = (v1, U2)1—125(_Q) + p(vr, UZ)LZ(B)‘
To emphasize the dependence in s, at some places we shall write X, Hy, Vy instead of X, H, V.

Clearly, X, H and V are Hilbert spaces, and the inclusions in V C H C X are continuous and
dense. Introduce the bilinear formon V x X

(v,u) = ( > (—1)“82%,14) + p(v. 1) 2

jal<s L2
Notice that
(v,u)=(v,u)y forallveV, ueH.
Clearly, the conditions (2.2) and (2.3) are satisfied. (2.4) follows from the self-adjointness of S.
3.1. Determination of the projector
Let P denote the orthogonal projection from the space X = L?(R"), endowed with the scalar

product (.,.)x,onto X,,and Q = 1— P.To prove that P(H) C H, we need to compute explicitly
P (u) for any u € X. This is done in the following proposition.
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Proposition 3.1.

(i) Pickanyu € X. Then

u—Ve inS2,

P = {l in B,

where ¢(x) = @, (x) + (- x)(N — D)~ x|~V @, is the unique solution in ﬁl(Q) of the
elliptic problem

dou

{ Agp, =divu in $2,
on

=u-n on 0S2,
and

= (i ) (foeaes o)
_||—|-m /ux x—l—/(punx.
B

0B

(i) P maps H; into Hg continuously for any s > 1.

Proof. (i) We write X, = X; N X, where X| :={u € X; u = constin B} and X, :={u €
X; divu = 0in RV}. Obviously Xi- + X5 C X;-. Clearly

Xli:{vex; v=0in £2 and /v(x)dx:O}.

We claim that
Xy ={v=10Voo + 15Ves; po € H(22), pp € H'(B) with po — ppp =0 on 82},
where 1 and 1 denote the characteristic functions of £2 and B, respectively. Indeed, if v € X L

then by a classical result (see e.g. [15]) there exist two functions ¢ € ﬁl(ﬂ) and g € H'(B)
such that v = Vgg in £2 and v = Vgp in B. Pickany u € X, N Hl(RN). Then we have

0=(@,v)x
=fu~V¢gdx+p/u~V¢de
Q B
:/(pgu~nd0+p/<p3u-ndo
082 dB
=/(<P:2—,0¢B)M~nd0~
082

This yields ¢ — pop =0 on 952. The other inclusion is obvious.
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We aim to construct two functions u1, ur € X satisfying

u=ui~+uy, 3.1
divu; =0 in £2, (3.2)
uy-n=I[-n onads2, (3.3)

ui =/ in B, (3'4)

uy =Vego inf2, 3.5

up=Veg+v inB (3.6)

for some vector [ € RY, some functions Yo € ﬁl(Q), ¢ € HY(B) with v —pep=00n0ds2,
and some function v € L?(B) with fB v(x)dx = 0. With such a pair (u1, u) at hand, it is clear
that P(u) = uy, for uj € X, and up € X;-.

We first determine the function ¢ . From (3.1)—(3.3) and (3.5), we infer that ¢, has to solve

Ago =divu in 2, 3.7)
9

%2 —wn—1-n onag. (3.8)
on

We seek ¢y, in the form ¢ = ¢, — ¢, where @, and ¢; solve respectively

Ag, =divu in $2, (3.9
9
P  —w.n onog, (3.10)
on
Ag =0 ing, 3.11)
9
S _lon onag. (3.12)
on

Clearly, for a very general function u € L2(R"), the trace u - n on 352 does not make sense.
However, we may define a generalized solution of (3.9)~(3.10) by using a variational formulation.
Scaling in (3.9) by § € H'(£2) and integrating by parts, we arrive to

/chu-VdeszVde forall 0 € H'(£2). (3.13)
2 2
According to Riesz representation theorem, for any u € LZ(RV) there exists a unique function

ou € H'(£2) satisfying (3.13).
Simple computations show that the function

o) =———— (3.14)

is the unique solution of Q.ll)—(3.12) in the class ﬁl(ﬂ). Thus ¢ = ¢, — ¢; is the unique
solution of (3.7)—(3.8) in H!(£2).
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The function u; is defined as

u(x) — Voo (x) ifxe 2,

3.15
[ if x € B. ( )

up(x) = {

From (3.7)—(3.8), we infer that divu; =0 in RY and that u; -n=1-n on 852, hence u; € X,.
Since o5 € H% (9£2), we may pick a function ¢ € H'(B) such that

PP =¢o ondf2=098B. (3.16)

Letv: B — RY be defined by v(x) =u(x) —I—Vep(x) forany x € B. The value of / is imposed
by the constraint [, v(x)dx =0, i.e.,

/u(x)dx—l|B|—/V<dex=O.

B B

Note that, by (3.14)~(3.16),

/V(pgdx:/gognda

B B

:—p‘1</(pund0—f¢)1ndo)

082 082
~1 |0B|
=— do— ————1}).
P (/“’” ’ N(N—l))
982
Therefore
9B - B
l:(|B|+W|_1)> </u(x)dx+p 1/(pund0>. (3.17)
B 082

Notice that, for u sufficiently small at infinity, |, a0 Pundo = /, o Udx, as it can be seen by letting
0 = x; in (3.13).

Let us proceed to the proof of (ii). Pick any u € H; (s > 1), and consider P (1) = u; where u
is defined in (3.15). Clearly, P (1) € X, and to prove that P(u) € H*(§2), it is sufficient to show
that Vo, € H*(£2). Observe that ¢, is defined up to an additive constant. To fix that constant we
may impose the condition

/ @u(x)dx =0. (3.18)
I<|x|<2

Introduce first a cutoff function p; € C (R¥:; [0, 1]) such that

pix)=1 for|x|<2 and p;(x)=0 for|x|>3. (3.19)



C. Rosier, L. Rosier / Journal of Functional Analysis 256 (2009) 1618—1641

The function ¢1(x) = p1(x)¢@,(x) solves the system

Agr = (divu)p1 +2Vp1 - Vo, + Apr1g, forl < |x| <4,

9
X _yn forlx|=1,
on
9
TV _ 0 for x| = 4.
on

1(x)dx =0.

1<|x|<2

From (3.9) and classical (interior) elliptic regularity, we have that

||</’u||Hs+1({%<|x‘<%}) < C(” divu”HS*l(Q) + ||(Pu||L2({%<|x‘<%}))

< C(Idivullgs-1ig) + lull2(2))-

1627

(3.20)

(3.21)

(3.22)

(3.23)

By (boundary) elliptic regularity applied to the system (3.20)—(3.22), we obtain that ¢ €

HH ({1 < |x| < 4)) with
lotll gs+1 (1< pxj<ap) S (Il divull gs-1(0y + lull g2y + llu - ”||H
This implies that ¢, € H T ({1 < |x| < 2}) with

N@ull prs+1 (1<) <2p) S ol divullgs-100) + lullp2o) + llu .n”H“%(DQ)

Next, we introduce a function p; € C> (RN [0, 1]) such that
p2(x)=0 for|x|<5/4 and py(x)=1 for|x|>3/2.
Then the function ¢, (x) = p2(x)¢, (x) belongs to H! (RN and it solves
Agy = fr:=(divu)po2 +2V 02 - Vo, + Apr ¢y

Notice that f> € H*~1(R") with

I f2ll -1 vy < C(IHdivaell -1 () + lloull s (1 <jx <2))

NN

C(Idivall s gy + lull 2oy + llu ~n||HS7%(39))

by virtue of (3.24). Using Fourier transform we obtain
(lA@2ll gs—1 vy + IVl L2 N))

<C
< C(||f2||Hsf1(RN) Flleull 21 <ixj<2p + ||V<Pu||L2(_Q))
<C

)

Vo2l s wry

(Nl -ty + Il 2oy + Nl oy

sf% (39))

)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)
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by (3.27), (3.18) and (3.13). We conclude that Vo, € H*(£2), with

IV@ullms2) < CIdivaull s () + lull 2 (o) + llu -l (3.29)

S‘%(a:z))'
The proof of Proposition 3.1 is complete. O
3.2. Definition of the map A(t, v)
Foru € L2 (£2), ve H and ¢ € [0, Ty], we set F(u,v) = (u - V)v = u(Vv) (where Vv =
(59)7) and
A(t,v) =10 F (Voo + PV — Ilpy, Voo + V)

— Q[1eF(vos + Pv — Ipy, voo + Pv)] = P[la f(1)] (3.30)

where P:X — X and Q = — P: X — X are the projectors from X to X, and to X;-, respec-
tively, and 1, denotes the characteristic function of the set £2.

We first check that A(¢, v) € X for v € H, and that A(¢,v) € H for v € V. We focus on the
first term in the right-hand side of (3.30), the second one being similar and the last one causing
no trouble. Assume first that v € H only. Then Pv € H, hence the function

F(voo + PV —1lpy, Voo + V) = (Voo + Pv—1Ipy) V(voo +v)

WS (Q)+H' (2)+RN  eHs-1(2)

belongs to HS~Y(82), for H*~1(£2) c L°°(£2). This proves in particular that 1o F(veo +
Pv — lpy, Voo + v) € X. The same argument, with H%(£2) substituted to H*(£2), gives that
1o F (Voo + Pv—Ipy, Voo +v) € H for v € V. The weak continuity of the map A from [0, Tp] x H
to X = L*>(R") is clear. Indeed, P[1o f] € C([0, T]; H) and if v, — v in H, then Pv, and Vv,
converge weakly in H*~!(£2), hence locally uniformly, towards Pv and Vv, respectively. There-
fore

(Voo + Py — Ipy,) - V(oo + V) = (Voo + PV —Ipy) - V(Vso +v)  inD'(2),

and the weak convergence in Lz(.Q) also holds.
It remains to check that the condition (2.6) is satisfied. Pick any pair (¢, v) € [0, Tp] x V. Then
[{v. A ) = [(v. A 0)
<|(PUaf1v) |+ [(1e F(vos + Pv = Ipy, vs0), ) |
+ (12 F(voo + Pv —1py, v),v) |
+[(Q[1e F (voo + Pv = Ipy, Voo + PV)], v) |
=Ll + 12| + | I3] + [14].

Clearly,

L] < Cllfllieeo,r:H502)IVIIE- (3.31)



C. Rosier, L. Rosier / Journal of Functional Analysis 256 (2009) 1618—1641 1629

On the other hand
|| < || F(veo + P —Ipy, voo)||Hs(_Q)||v||Hf(9)
<C(1+ vlla)lvlia. (3.32)

To estimate /3 and I4 we introduce the notations w = voo + Pv and [ =[p,. Then

|| =|(F(w—1,v),v) > [(w —1)- Vu;]8%; dx|.  (3.33)

lal<s, 1IN §

HS(.Q)| =

Any integral term in the right-hand side of (3.33) may be written as a sum of terms of the form
f[a"” (w—1)-Vo*© vi]a%i dx (3.34)
2

with ||| + |az| = || =: s’ < 5. We first note that the integral term in (3.34) vanishes when

ar =, since div(w — 1) =01in £ and (w —[) - n =0 on 9£2. We may therefore assume that

laa| < 5" — 1, hence |ay| > 1. By combining a classical estimate (see e.g. [1]) to an extension
argument, we infer that for any 0 € N

1071 1) (0% 8) | 1200, < CUIflam @ I8llqe) + I flle@ gl unie) — (3:35)

for all functions f, g € H° (£2) N L°°(£§2) and all multi-indices 8;, B2 with |81]| + |B2] = o. This
gives

[0 w = 1) - Vo201 | 2 ) < (1YWl s @ IV Vo) + IV Lo V0 o1 ))-
We conclude that
|I3|<C(1+||U||HS0)||U||%1 (3.36)

where we recall that H, denotes the space H for s = 5.
Let us estimate |/4]. Using still the notations w = vy, + Pv, [ =[p,, we have that

14l < | @12 Fw =1, w)]| o o Iy + C [ Fw = L w)| 20 01205

Noticing that [[w]| (@) < C(1 + [v]| ). we infer that

2
|Fw—1, w)HLz(Q)Ilvlle(B) <SC(1+1vlim,) Ivla, -
On the other hand, Q[1o F(w — [, w)] ;2 = V¢, where ¢ solves the problem

Ap = div[(w -1 Vw] in £2,

8_¢= (w—=10)-Vw|-n—L-n ond
on
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for some vector L € RY with
ILI<ClgFw—Lw)|y <CO+lvla,).

According to (3.29) and (3.14), we have that

IVl @) < C([|w—=1)- Vw||L2(.Q) + ||div[(w —1)-Vu] “HH(.Q)

+|[w=0-vw]-n| +ILJ).

Using the fact that w — [ is divergence-free, we obtain that

Xﬁ%(aﬂ)

XN: ow; dw;
ij=1 ax]' 8x,'
N

||div[(w -1 Vw]

” Hs=1(2) —
HS—I(Q)

3w,‘

8wj
<C —
i,j=1

<C(1+ ol ) (1+ vl g). (3.37)

ij Hs=1(2) Bx,- LX(£2)

To estimate the boundary term, we proceed as in [3]. Let 6 (x) = (|x |2 —1)/2 for x € £2, so that
Vé =—nondf2.From (w—1)-V§ =0 on d§2 we obtain upon differentiation (w—1)-V[(w —1)-
Vé] = 0. Thus

N N 2
ow; 046
3w =S = 3wy — ) (wj — 1)

o ax; et 0x;0x;
and
[lw=0-vwlnl, o <Clw=tl, ol =lixoe)
<SC(L+ 1w, (14 vlm). (3.38)
We conclude that
[14] S C(1+ vl ) (14 lvlla) lvlla- (3.39)

Gathering together (3.31), (3.32), (3.36) and (3.39), we infer that
[+ 1)+ 3]+ 1 < Cllvlla (T + vlla) (1 + IIUIIHVO)' (3.40)
The condition (2.6) is therefore satisfied with B(r) = C/r(1 +7r).
According to Theorem 2.1, for any vg € H and any f € C([0, Tp], H*(£2)) there exist a time

T < Ty and a solution

ve Cu(l0,TT; H) N C,y ([0, TT; X) (3.41)
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of the Cauchy problem

v+ A(t,v) =0, >0, (3.42)
v(0) = vg. (3.43)
3.3. Solution of the system (1.11)—(1.17)
Let oo, @ and b be as in the statement of Theorem 1.1, and set

a(x) —vee(x) ifx e 2,

vox) = {b if x € B.

Let v be the solution of (3.42)—(3.43) emanating from the initial state vg. We check that it gives
a solution to (1.11)—(1.17). We begin with the

Claim 1. v(r) e H,:= HN X, forallt € [0, T].

Proof. Notice first that v(0) = vg € H,. Applying Q to each term in (3.42) and taking the inner
product with Qu(¢) in X yields

0= 2 0v |} +(ev. oA, v)
—EE QU X+ QU,Q , U X-
On the other hand
(Qu. QA(1,v)), = (Qu. Q[12 F (oo + P — Ipy, Voo + V)
—IQF(UOO+PU—ZPU,UOO+PU)])X

=/ Qv [(voo + Pv —Ipy) - V(Q)]dx
2
=0

since div[veo + Pv —Ipy] =0in £2 and (voo + Pv —Ipy) -n =0 on 9§2. We infer that ||Qv||2 =
||Qv(0)||§( =0,ie.,v()e X, forallr €[0,T]. O

Since Pv(t) = v(¢) for all ¢, (3.42) may be rewritten
v+ P[laF(voo +v =1, voo +v) — 1o f] =0, (3.44)
where /() = l,,(;). The regularity of v depicted in (3.41) can be slightly improved by adapting an

argument in [8]. First, we claim that the solution of (3.44)—(3.43) is unique in the class (3.41).
Indeed, if v; and vy are two solutions, then we have for a.e. ¢

d
Ellvl — )} ==2(v1 —v2. 1e[F(vi — I} —v2 412, v + v1)]) y < Cllvy — v2ll%-
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(We used the fact that v; () € X fortr € [0, T] and i =1, 2.) An application of Gronwall lemma
yields v; = v,. On the other hand, the solution of (3.44) is strongly continuous in H at t =0,
since v(f) — vp in H as t — 0 and limsup,_,, ||v(t)||%i <limpoy(t) = ||v0||%1. This implies
that v is right-continuous at any ¢, by uniqueness. As the equation is time-reversible, v is contin-
uous from [0, T] to H. Therefore, using (3.44), we infer that

vE C([O, TI; HS) N Cl([O, TI; Hs_l). (3.45)
Claim 2. (v, ) solves (1.11)—(1.17).

Proof. Taking the inner product in X of (3.44) with a test function ¢ € X, (hence P¢ = ¢) gives

ml/-l¢+-/(v/+(voo+v—l)-V(voo—i—v)—f) ~¢dx =0. (3.46)
2

Pick first as a test function ¢ (x) = 1o (x)¥ (x), where i is any function in CS"(.Q)N satisfying
div ¥ = 0. Then (3.46) yields f_Q(v’ 4+ (Voo + v —1) - V(vo + V) — f) - ¥dx = 0. It follows
then that there exists a function g € C([0, T']; H*(£2)) such that

V4 (Weo+v—10) Vo +v)+Vg=f in2 x[0,T]. (3.47)

Thus (1.11) is fulfilled. (1.12) and (1.13) follow from the fact that v(#) € X, for each ¢. Taking
the scalar product in L?(£2) of (3.47) with ¢ € X, and comparing with (3.46), we obtain after
some integration by part

—ml/~l¢+l¢~/qnda:O.
982

(1.15) (with f,;, = 0) follows at once, by arbitrariness of /5. The uniqueness of (v, g, /) may be
obtained as in [11] by energy estimates. Finally, the persistence follows from the a priori estimate

(v A ) [ <+ o], )1+ o],
which prevents any blow-up in H; whereas the solution exists in Hy,. O
4. Proof of Corollary 1.3

By virtue of the persistence of the regularity stated in Theorem 1.1, it is sufficient to prove the
result for s = so = 3. We shall establish several a priori estimates which will be used thereafter
to show that the H2(£2) norm of the vorticity does not blow up in finite time.

We introduce a few additional notations. For any y = (y1, y2) € R2, we set yL = (—y2,y1).
n still denotes the unit outward vector to 952, and T = —n" on 3£2. For any vector field
v = (v, v2), curlv = dvy/dy; — dv1 /Dy, divv = dvy/dy; + dva/dy;. Finally, for any scalar
function v, curl = —(Vy)+ = (3 /8y, —0v/dy1).

Let us begin with an estimate related to the conservation of the kinetic energy of the system
fluid 4 rigid in the absence of any forcing term.
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Lemma 4.1. Let E(t) = %(mll(t)|2 + f_Q [v(y, 1)|*>dy). Then there exists a constant C = C (u1so)
such that for all t € [0, Ty] it holds

t

E(t) <e (E(O) + c/e—cf(1 + ||f(s)||i2(m)ds>. 4.1)

0

Proof. Scaling in (1.11) by v, using (1.15) and the fact that div(veo + v — 1) =0 in £2 and
(Voo + v —1)-n=0o0n 052, we arrive to

dE

= [rvar= [lexsv-n- vl vay

ko) 2

2
SC(E+1+ ”f(t)”LZ(.Q))
where C is a constant depending only on vs. (4.1) follows at once. O

Assume given a velocity field v € C(2) satisfying the system

divv=0 1in £2, (4.2)
curlv=w in £2, 4.3)
v-n=I[-n onds2, 4.4)
lylli_l)noo v(y) =0, 4.5)
/v~tdo=k, (4.6)

9082

where [ € R? and A € R (the circulation) are given.
We aim to prove the following estimates.

(1) Velocity versus vorticity. For any s € N* any p € [1, 2), and any smooth solution v of (4.2)—
(4.6),

lvlizeec@) + IIVVllms2) < C(lloliLre) + ol as@) + 11+ [A]). 4.7)

Furthermore, for any g € (1, +00)

IVVllLa2) < C(llwlia) + 11+ |A]), 4.8)

> 1070] o) < Cllollyraay + 11+ 121). (4.9)
I<]e|<2

(2) Uniform bound of the gradient of the velocity. For any v € H>(§2) satisfying (4.2)—(4.6)
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IVvllzoo(2y < C(1+ lollz2@) + vz
+ (L+In" ol g3 ) llollizoe@) + 11+ [A]). (4.10)

where Int r =Inrifr > 1, InTr=0ifr < 1.

(4.8), which has been established in [11], is given here for the sake of completeness. It will
not been used thereafter. (4.10) is a variant of a classical estimate from [2].

Proposition 4.2. Let s > 1, p € [1, 2) and
X={veCQ); Vve H'(2),curlv e LP(2)}.

Then for any w € H*($2) N LP(£2), any | € R? and any A € R, there exists a unique v € X
fulfilling (4.2)—(4.6), and (4.7) is satisfied. If. in addition, € W'4(82), then (4.9) holds. Finally,
if ve H3(82), then (4.10) holds.

Proof. The uniqueness comes from [9, Lemma 2.14], which asserts that the only v € C (£2)
fulfilling (4.2)—-(4.6) with w =0 and (/, A) = (0, 0) is v = 0. Let us now prove the existence of v.
Pick any w € H*(£2) N LP(£2) with a compact support in £ (say (y) =0 for |y| > R) and any
(I, 1) € R3. Let A be an extension operator, bounded from H*(£2) to H*(R?) and from L4 (£2)
to L4(R?) for any g € [1, +o0] (see e.g. [6]), and let | = A(w). Then

o1l s @2y < Cllollas @) loillLrrey < ClloliLr@)- (4.11)

(Here and in what follows, C denotes a constant which may vary from line to line, but which is
independent of the support of w.) Set

1 1 [ (-2t

Vi) =—5= [ Inly —zlo1(x)dz and vi(y) =curll Y1 (y) = 5= | ———Fwi1(2)dz.

27 2 ly —z|
R2 R2

Notice first that —A v = w;, which yields |£|2y (£) = @ (§) and

§jk o~

30,09 0) = —
05307 = L

8%)1 for j,ke{l,2}, la|<s

As V9%vy is a 2 x 2 matrix with 9;0;0% as coefficients, and |.$§j$k|/|§|2 const, we infer
that

VUil gs g2y < Cllotll s ey < Cllollas2)- (4.12)

Obviously, divv; =0 and curl vi = w1 on R2. We claim that vy € LOO(RZ) and that vi(y) — 0
as |y| — oo. Indeed, splitting the integral term defining v; into two parts, corresponding to
|y —z| < 1and |y —z| > 1, we arrive to
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1

1/p Sy 1/p'
loi()] < C((/rlpdr> Nl p g2y + (/rlp dr) Ilelle(Rz))

0 1

< C(lolgg) + lwlir@) < 0o

where p’ = p/(p — 1) > 2. On the other hand, vi(y) tends to 0 as |y| tends to infinity when
w(y) =0 for |y| > R, and that property is preserved (by density) for any w € H*(§£2) N L?(£2).
In order to satisfy the conditions (4.4) and (4.6), we modify v; by using the functions ¢, (with
u=v1) and ¢;(y) = —|y|_2(l - y) fulfilling (3.9)—(3.10) and (3.11)—(3.12), respectively. Since
vy is not expected to belong to L?(R?), an additional work is needed to justify the existence of
¢, together with some estimates about it.

Lemma 4.3. Let u € L°°(82) be such that Vu € H5(£2) (s > 1) with divu =0 in 2 and fa.(z u-
ndo = 0. Then there exists a unique solution ¢, € Hs+2 (82) of (3.9)—(3.10). Furthermore

IVoull sty < Cllu - nll < C(lullzece) + I Vullms2))- (4.13)

ol
HT2(382)

Furthermore, for any q € (1, 4-00), we have for some constant C

Y 190l ooy S Cllu-nlwevwaoey € 30 [8%u] o) @14)
2<lal<3 1<lal<2

Proof. The variational formulation of (3.9)—(3.10) when divu = 0 reads

/V¢M~V9dx=f(u~n)0da Vo e H'(2). 4.15)
2 982

Clearly, (4.15) has a unique solution ¢, € ! (£2). Using again the condition (3.18), we obtain
along the same lines as for Proposition 3.1

l0ull frs+2 (1< <2y < Cllu - nfl < C(llulle@) + IVl as@))- (4.16)

1
HT200)

Consider now the function ¢;(x) := pa(x)¢, (x) where the function p; is a cutoff function ful-
filling (3.25). Then

Apry = fr:=2Vpr - Vo, + Ap2¢,.

Since (by construction) Vg, € L2(£2), hence Vg € L2(R?), it follows from (3.28) and (4.16)
that

V@2l st gey < C(llu - n] + l@ull 21 <pxy <2y + 1Vl 12(2))

1
H1209)

< C(llullzoce) + 1Vull gs(2))-
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Thus ¢, € Hs+2 (Rz). Set wy := curl . Then w, is given by the Biot—Savart law

1
w0 = 5 / Sl )|2 £G)dy.

As Vw, (respectively Vo, wy) is obtained from f> (respectively 9; f2) via a singular integral of
Calderon—Zygmund type, we infer that for any ¢ € (1, +00) and i = 1, 2 the following estimates
hold:

||Vw2||Lq(R2) < C||f2||Lq(R2) Clleullwr. 4 ({1<|x|<2})
<

||Vaiw2||Lq(R2) C||8f2||Lq(]R2) C||(Pu||w2q({1<|x\<2}) (4.17)

Proceeding as above, one can prove that

l@ullwsai<ixj<2p < Cllu-nll Q,Lq(am (4.18)

On the other hand, using the fact that f goUn do =0, one easily obtain

o
el otgo <€ Do 0% ul oy <2y (4.19)
1<lol<2

(4.14) follows from (4.17)—(4.19). This completes the proof of Lemma 4.3. O

Setting
1 yL
v(y) = v1(y) — Vo, (») + Ve (y) + —(A - / vy - rdo)—2
2m Iyl
982
=:v1(y) +v2(y) + v3(y) +v4(y)

we see that (4.2)—(4.6) are satisfied. (4.7) has already been established for vy, and follows from
Lemma 4.3 (applied with u = vy) for vy. On the other hand, (4.7) trivially holds true for vs
and v4, since by Stokes’ formula
= ‘ / wy(x)dx
B

'/v1~td0
02

Let us turn to the proof of (4.9). It is true for vy since v; is obtained from w; via the Biot—Savart
law. (Notice that Vil 1qR2) < CllVollLe(2) may be imposed as well.) (4.9) is true for v,
according to Lemma 4.3, and it is clearly satisfied for vz and vg4.

It remains to prove (4.10). Assume given a field v € H 3(92) satisfying (4.2)—(4.6). Replacing
v by

< Clollps)-
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we may assume that / = (0, 0) and that A = 0. To extend v to R?, we proceed in a different way
than above in order to be able to control ||v]| y3g2) by [[v]l53(p). Using (4.4) with [ = (0, 0),

we can deduce as in [11] the existence of a stream function ¥ € C?(2) satisfying curl y =
—(Vy)+ =v (hence —AY = w) and ¥ =0 on 3£2. Extend ¥ to R? by setting

V(. 0)=—h(r)y(r'.0)

where (7,60) denote polar coordinates and & € C®(R™; R_*) is a cutoff function such that
h(r)=0ifr <1/3,and h(r) = 1 if r >2/3. Then ¥ € C2(£2) N W>>®(B,(0)) with

AY(r,0) = —|:(h”(r) +0' @y Yy (rte) - 2h/(r)r_2%(r_1,9)
+h(r)r_4AW(r_1,9)i| (4.20)
for0 <r < 1,6 €[0,2m). This yields
1AV LrBy < C(||1ﬂ||wl,p({%<|y|<3}) + llwllLr@))-
Set

v(y) =curly(y) forye B.

Then v € W (R2) N H3(£2), therefore v may be expressed in terms of the vorticity w(y) =
— Ay (y) through the Biot—Savart law,

N
/(y O (@) dz.

Pick a cutoff function &, € C*®(RR?, [0, 1]) such that hy(y) =1 for |y| < p, hp(y) =0 for
|yl > 2p, and |Vh,| < C/p, where p € (0,1/6] is a number to be chosen later on. Set
K (z) =z /(27|z|?). Split v into

v(y) = /hp(y —Z)K(y—z)w(z)dz+/[1 —hp(y —2)|K(y —2)w(z)dz
R2 R2
=:v1(y) + v2(y).

Then

dy, vy = / dy; [ho(y —2)K(y — 2)]|w(2)dz + / Ay, [hp(y — 2K (y —2)|w(2)dz

|zl <1 lz|>1

= / hp(y—Z)K(y—Z)3z_,w(z)dz+2fhp(y—z)K(y—z)w(z)Zjdo(z)
|z]#1 982
=11 +2D,
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where we have integrated by parts in the first two integral terms and noticed that wjyp = —wj32
by (4.20). The function z,(y — - )K(y —-) isin LP?(R?) for any 1 < p < 2. Taking p =4/3 and
using Holder inequality and (4.20), we obtain

h< c(/rl—é‘ dr) (/ |Vw|4>
0 R2

< C\//E(HVU)”L“(Q) + ||Va)||L4(3))
g CN/E(HVO)”L“(.Q) + ”l/f||W2=4({%<|y|<3}))

On the other hand, identifying R2 with C, we have that

. i y—é i 1
K(y—e?)y=— = — —,
(y € ) 27 |y—e’6|2 27‘[)_1—6719
hence
: th ( iG)
= ! oy —e ioy ..
12_—Zfﬁw(e )C](Q)de,

where w(e'?) stands for lim, _, |+ w(re'?), and ¢;(0) = cos@ if j = 1, sinf if j = 2. Using the
fact that w € H2(.Q), hence wpq € H3/2(8.Q), we can integrate by parts in /. This gives

2

1 9 ) 4 »
h=-3- /Log(y =) 5oy =€) (e)c;©)e ™ db
0

(Log denoting a determination of the logarithm defined on y — S'), hence

+ ||w||L2(B.Q)>
L2(3%2)

<C(d=Inp)lwllrew) +v/Plvilge)- (4.22)

2p
_ dw
|| <c<p 1/(1 +|Inr|) drlol =) +J5(H£
0

Let us estimate Vv,. We write

Vyvy = f Vy[(1=ho(y =) K(y — D) ]w(2) dz
p<ly—2I<3

+ / Vy[(1=Rp(y —2))K(y — 2)]o(2) dz
ly—zl>%

=13+ I4.
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For I3, using the fact that [V [K (y —2)]| < C/y _Z|2 and [Vy[h,(y =21 < (C/p) xp<|y—z1<2p>
we obtain

1/3

2p
|13] <C(/r‘2rdr+/r_1p_lrdr) lollLooz1>2/3)
P

P
<CA —Inp)|lw|lLe(2)- (4.23)

For I4 we notice that 2, (y — z) =0, since 2p < % < |y —z|. Since VK is L? for |y —z| > % we
obtain that

|l < Clloll 22y < C(I0ll 2@y + 1V 13 <1y <3p)- (4.24)
Combining (4.21)—(4.23) to (4.24), we arrive to
IVulieo(2) < C(VPlvligs) + (1 —Inp)llollew) + ol 2 + 1Vl 12e)- 4.25)

To derive (4.10), it is sufficient to pick in (4.25) p = 1/6if ||v] g3y < 1 and p = %||v|| 2 f

;I3<SZ) i
vl 3¢y = 1. The proof of Proposition 4.2 is complete. O

To complete the proof of Corollary 1.3, we investigate the dynamics of the (scalar) vorticity
w = curlv = 0dvy/dy; — dvy1/dy2. Applying the curl operator in (1.11), (1.16) results in

ow
ot
w(0) = wg := curla. 4.27)

4+ (Voo +v—1)- Vo =curl f, (4.26)

Aslong as v(r) € H3(2) c C1(2), w is given by
'

w(y,1) = wo(Uo. () +/Cuﬂf(Us,t(y),S)dS (4.28)
0

where Us ;(y) is the flow associated with the velocity v, 4+ v — [; that is, the solution to the
Cauchy problem

ad
35 Ust ) = Voo (Us,t (1) + v(Us,e (9), 5) = 1(s),

Uni(y) =y.
It follows from (4.28) and the invariance of the Lebesgue measure by the flow that

t

|0 Lo < lleollLoe) +/ leurl .9 g ds (4.29)
0

for all ¢ € [0, Tp], and all g € [p, oo]. Recall that wg € HZ(.Q) C L®°(2).
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We now derive an energy estimate for (4.26)—(4.27) involving ||Vv|| (). Pick a multi-index
a with |a| < 2 and apply 8% = 3/*/3y* to (4.26). This gives

wr+ (Weo +v—0D-Vw=F+F (4.30)
where w = 9%w, F| = 0%curl f and F) = (Voo + v — 1) - VO%w — 3% ((Vso + v — [) - Vw). Ob-

viously, F» =0 if & = (0,0). If || = 1, then F> = —3%(vso + v) - Ve is estimated in L?(£2)
by

C(1+IVvll=@) Vol 2
Cl

n(e + ol g2go)) 10l 1 @) 4.31)

IF2ll 22y <

<
<

where we used the invariance of the circulation, (4.1), (4.7), (4.10), and (4.29). Assume finally
that |o| = 2. By Leibniz’ rule, we obtain

Fr=—0%oo + V) - Voo + Z Ca; 3% (Voo + V) - VO =: —F21 +F22
a1 top=a,0;7#(0,0)

where ¢,, denotes some coefficient. Then

” le ||L2(Q) < “aa(voo +v) ||L4(_Q)I|Va)||L4(_Q)

1 1
< C(l + ||Vw||L4(Q))||w||zoc(Q)||60||;{z(9)

<C(L+ ol 2 g) (4.32)

by Holder inequality, Gagliardo—Nirenberg inequality, (4.9) and (4.29). On the other hand, for
any pair of multi-indices (o1, o) with o] + @y = ¢ and |e1| = 1, we have that

|89 (Voo +0) - V8% 0| 2

<9 (voo + v) ”LOO(.Q) Haaz“’”m(m
<C(1+ (1+ 10" ol ol o) + 1ol ) ol 2 o)

by virtue of (4.7) and (4.10). Gathering together (4.32), and (4.33), we conclude that
IF2llp22) < Cln(e + ”w”HZ(Q))”w”HZ(_Q)' (4.34)

Scaling in (4.30) by w = 3%w and summing over « for |a| < 2, we infer from (4.31)—(4.34) that

d
Tl g SCIn(e+ 0l q) (e + ol q)
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which gives

ol gy < exp(Ine + lwoll7 q))e)-

Therefore, using (4.1) and (4.7), we arrive to

oI350y < C(1+exp[In(e + llwol72 g))e']).
The proof of Corollary 1.3 is complete.
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