NORTH-HOLLAND
Nonnegative Solutions of Algebraic Riccati Equations

H. Langer

Institut fiir Analysis, Technische Mathematik und Versicherungsmathematik
Technische Universitdt Wien

Wiedner Hauptstrasse 8-10

A-1040 Wien, Austria

and

A. C. M. Ran and D. Temme
Faculteit Wiskunde en Informatica
Vrije Universiteit

De Boelelaan 1081a

1081 HV Amsterdam, The Netherlands

Submitted by Peter Lancaster

ABSTRACT

Nonnegative Hermitian solutions of various types of continuous and discrete
algebraic Riccati equations are studied. The Hamiltonian is considered with respect to
two different indefinite scalar products. For the set of nonnegative solutions the order
structure and the topology of the set and the stability of solutions is treated. For
general Hermitian solutions a method to compute the inertia is given. Although
most attention is payed to the classical types arising from LQ optimal control theory,
the case where the quadratic term has an indefinite coefficient is studied as well.
© Elsevier Science Inc., 1997

1. INTRODUCTION AND PRELIMINARIES

In this paper we consider Riccati equations of the type
XBJB*X — XA — A*X - C*C =0 (1.1)
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where A and X are n X n matrices, B is an n X m matrix, C isan k X n
matrix, and finally, | is-an invertible m X m Hermitian matrix. We are
particularly interested in Hermitian nonnegative solutions of (1.1), which play
a role in many applications. We mention the theory of H”-control, where the
solution of the so-called standard problem is given in terms of nonnegative
solutions of two Riccati equations of the type (1.1) (see, e.g., [7]), inner-outer
factorization of rational matrix-valued functions, where in particular also the
case C =0 is of interest (see, e.g., [5, 14]), and finally, the theory of
LQ-optimal control, where the case | = I is of prime importance. The latter
case has been extensively studied; we refer to [12, 15, 20, 27] and the
references given there. The discrete-time counterpart of the theory of
nonnegative solutions of algebraic Riccati equations is less developed.

Our approach relies heavily on notions and results from the theory of
indefinite inner product spaces. In this paper the standard Hilbert-space
inner product on C" (or on C*") will be denoted by {x, y), for vectors x,
yeCr (x, y € C2"). If G = G* is an n X n invertible matrix, then the
number (Cx, y) is defined to be the G-inner product of the vectors «x,
y € C". A vector x is called G-neutral (G-negative, G-positive, G-nonnega-
tive, G-nonpositive) if {Gx, x) =0 (<0, >0, > 0, < 0). In general the
G-inner product is indefinite in the sense that such G-neutral and G-negative
vectors exist. A subspace .# is called G-neutral (G-nonnegative, G-nonposi-
tive) if all vectors x € .# are G-neutral (G-nonnegative, G-nonpositive). It is
a general fact (see [10, Theorem 1.1.3]) that the maximal possible dimension
of a G-nonnegative (G-nonpositive) subspace equals the number of positive
eigenvalues of G (the number of negative eigenvalues of G, respectively).
The maximal possible dimension of a G-neutral subspace equals the minimal
of these two number of positive and negative eigenvalues of G; see [10,
Theorem 1.1.5]. A G-nonnegative subspace of maximal possible dimension is
called a maximal G-nonnegative subspace, and analogously maximal G-non-
positive subspaces. and maximal G-neutral subspaces are defined. If

{x,,..., x,} is a basis of some subspace .#, then the matrix
(Gxy,xy?) = (Gx,,x;)
(Gxy, x,) - (Gx,,x,)
is called the Gram matrix of G with respect to the basis {x,,..., x,} of .#.

For more background information in this area, see [2], [10], or [13].
In connection with the Riccati-equation (1.1), we shall consider the
associated Hamiltonian

H= (_é‘*c ‘_IZE*). (1.2)
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Introduce also the matrices

o S |

Observe that
JJH= —H*], (1.3)

i.e., the matrix iH is self-adjoint in the indefinite inner product defined on
C?" by the invertible Hermitian matrix iJ,. Also observe that

s = (790 ). (14)

For the particular case | = I this says that iH is dissipative in the indefinite
inner product defined on C2" by the invertible Hermitian matrix —J,, i.e.,
(1/2i) [J,GGH) ~ (iH)*],] < 0. For matrices which are self-adjoint or dissi-
pative in an indefinite inner product there exist subspaces that are at the
same time invariant with respect to the self-adjoint or dissipative matrix, and
maximal nonnegative, maximal nonpositive, or neutral with respect to the
indefinite inner product (see, e.g., [13]). For a constructive approach and a
parametrization of all such subspaces, see [10], [19], and [21] for the self-ad-
joint case, and [25] for the dissipative case.

That these invariant subspaces are of importance is seen by the following
observations. Let X be an n X n matrix, and form the subspace

H = Im()l() (1.3)

of C*". Then X is a solution of (1.1) (not necessarily Hermitian) if and only if
the subspace .# is H-invariant. Furthermore, X is Hermitian if and only if
the subspace .# is [ -neutral, and as dim .# = n, this can be rephrased as
J\# =#* . Replacing, if necessary, the matrix A by A + al for a € iR
large enough, we may assume that H is invertible. Then the statement
J\# =4~ is equivalent to (J,H).# =.# * . In [17] the latter property is
used to give a parametrization of all Hermitian solutions for the case | = I
and (A, B) controllable. (However, there the term C*C is replaced by an
arbitrary Hermitian matrix.) It is proved there that every n-dimensional
Jy-neutral H-invariant subspace .# necessarily is of the form (1.5) for some
Hermitian solution X of the Riccati equation.
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Finally, the matrix X is in addition also nonnegative if and only if the
subspace .# is J,-nonnegative. Indeed, for x in C* we have

<]2()I()x, ()I()x>= 2(Xx, x). (1.6)

It is this simple observation which will play a major role in our analysis. With
our choice of J, and J, any maximal J,-nonnegative (J,-nonpositive, J,-neu-
tral) subspace has dimension n.

The above considerations are summarized in the following proposition.

PROPOSITION 1.1.  If X is a nonnegative Hermitian solution of (1.1), then
the subspace # in (1.5) is H-invariant, satisfies |\ M =# * (i.e., MA is
maximal |, -neutral), and is maximal J,-nonnegative. Conversely, if X is an
n X n matrix and the subspace A from (1.5) is H-invariant, J,-neutral, and
Jo-nonnegative, then X is a nonnegative Hermitian solution of (1.1).

In conclusion, if we are interested in nonnegative solutions of Riccati
equation, then we are interested in n-dimensional subspaces of C2" that are
H-invariant, J,-neutral, and J,-nonnegative.

In the note, the open left and right complex half planes will be denoted
by C,; and C,, respectively. For any n X n matrix D and any set § C C the
notation

H(D,S) = span{Ker(D - /\)"IA e o(D) U S}

is used for the corresponding spectral subspace. A pair of matrices (A, B),
where A is n X n and B is n X m, is called controllable if

Im(B AB - A""1B) =C".

For a pair of matrices (C, A), where C is k X n and A is n Xn, the
subspace 7 is the maximal A-invariant subspace contained in Ker C. The
subspace 7 contains the subspaces 75 = Z'NH(A,C,), 7,=7N
H(A,iR), 7. =7NHA,C), and 7 =7 NH(A,C, UiR). If 7= {0},
then the pair (C, A) is called observable. Consequently, the pair (C, A)is
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observable if and only if

Ker : = {0}.

cAn !

Throughout the paper the projection P:C2?" — C" given by P = (I 0) will
be used together with the corresponding canonical embedding of C" into
C*" given by P* = (I 0)T.

The paper consists, besides this introduction, of seven sections. In Section
2 the general case is considered. Here, only the Hermitian solution which is
stabilizing for the pair (A, —BJB*) is studied, i.e., the solution X = X* for
which A — BJB*X has all its eigenvalues in the open left half plane. The
question of nonnegativity of the stabilizing solution is reduced to the same
question for a Riccati equation in fewer dimensions. The third section deals
with the case C = 0. Here again, only the stabilizing solution is considered.
This particular case allows a very explicit criterion for nonnegativity of the
stabilizing solution in terms of certain Jordan chains of the matrix A. The rest
of the paper treats the case | = I. It is assumed that the pair (A, B) is
controllable. The full set of nonnegative solutions is considered. In Section 4
a parametrization of the set is given and relations with parametrizations that
exist in the literature are discussed. In Section 5 applications are given to
topics like isolatedness, order structure, and stability. In Section 6 the inertia
of Hermitian solutions of (1.1) with | = I is studied. Finally, in Sections 7
and 8, the discrete-time counterpart of the results of the Sections 4, 5, and 6
will be discussed.

Almost all of the results about algebraic Riccati equations in the existing
literature that we refer to in this paper can be found in the recent book [16].

2. THE STABILIZING SOLUTION
Consider the Riceati equation
XBJB*X — XA -~ A*X — C*C = 0. (2.1)

We shall consider throughout this section the Hermitian solution which is
stabilizing for the pair (A, —BJB*), if it exists, and we shall denote this
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solution by X. So A — BJB*X is a matrix which has all its eigenvalues in C,.
Let H and # be as in (1.2) and (1.5). As H| . is similar to A — BJB*X, it
follows that

o(Hl,) cC,. (2.2)

The question whether X is nonnegative or not is reduced to a smaller Riccati
equation where the corresponding stabilizing solution is invertible.

In this and the following section the orthogonal projection along 7,
onto 7+ is denoted by . That is, m= (0 I) with respect to C" =
7. 07>, and m* =(0 I)' is the corresponding canonical embedding
of 7 into &".

THEOREM 2.1. The equation (2.1) has a Hermitian solution X that is
stabilizing for the pair (A, —BJB*) if and only if the equation

TBIB*m* + wAT*S + SwA*n* — SwC*Cnw*S =0 (2.3)

has an invertible Hermitian solution S acting on the space 7> which is
stabilizing for the pair (— wA*m, wC*Cw*). In that case

X = (8 _2_1) (2.4)

with respect to the decomposition C" = 7, @ 7" . Moreover, the stabiliz-
ing solution X is nonnegative if and only if S is negative definite.

Proof. Assume that X is a Hermitian stabilizing solution of (2.1). Due to
(2.2), the n-dimensional subspace .# is contained in #(H, C,). From (1.3) it
follows that H and —H* are similar; hence o (H) is symmetric with respect
to iR. Hence # =%(H,C;). Observe that the subspace P*Z is a sub-
space of R(H, C,). Hence P*7_ C.# and

7. C Ker X. (2.5)

Choose a subspace Z such that # = P*7_ +7. As A& is J-neutral, we

have for all x € 7. and k € % that {J,P*x,k) = 0,50 (0 DF 7 *.
We now show that Ker X C 77 . Indeed, assume Xx = 0. Then

0=<{(XBJB*X — XA — A*X — C*C)x,x) = —(C*Cx, x),
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and hence x € Ker C. But then
0= (XB]B*X - XA - A*X - C*C)x = —XAx.

Thus, Ker X is A-invariant and contained in Ker C. Moreover, if Xx = 0
then HP*x = P*Ax. Hence H|p+ger x is similar to Alge, x. The former has
all its eigenvalues in the open left half plane, because X is the stabilizing
solution. Thus we obtain that Ker X < 77 .

Together with (2.5) this implies

7. = Ker X. (2.6)

It follows that .# does not contain nonzero vectors of the form P*x, and
consequently that dim(0 D% = dim .Z. As dim .# = n, we have dim % =
dim 7+, s0 (0 1) = 7~ . Hence there is an S, : 7~ = C" such that

- S(z/

7=

|7
Let $: 7 *—> 7> be defined by S = 7S, and let

T = ( _”:S)%;L .

kis

Then %7 also complements P*Z"_ in .#. Note that, from #' C.# and (1.5),
the operator S must be invertible.

Next, we show that S is a solution of (2.3). This is a consequence of the
H-invariance of .#. Indeed, for y € 7% we have

H —m*Sy\ [ —Aw*Sy — B]B*m*y\ [« N — r*Sa
Ty B C*Cm*Sy — A*n*y | |0 *z )

T
for some x € Z_ and z € 7_* . Hence
—TAT*Sy — wB]B*r*y =7wx — 7w*Sz = —Sz = —Sww¥:s
= =STC*Cn*Sy + SwA*m*y,

and S is a solution of (2.3).
From

I

/=Im(x

) = P*7. @% = P*7. ealm( . )Wg
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it follows directly that with respect to the decomposition C" = 7, &7 _*
the matrix X can be written as in (2.4).
Observe that

—mA*T* + wC*Cw*S = S~ (wBJB*n* + wA®*S)
= S~ Y(mAm* + 7B[B*x*S71)S,

and that with respect to the decomposition &" = 7, ® 7" the matrix
A — BJB*X can be written as

Aly, *
A — BJB*X =
0  wAm* + wBJB*m*S™!

From this one sees that $ is stabilizing for the pair (— wA*7*, #C*C7*).

Conversely, if S is an invertible Hermitian stabilizing solution of (2.3), a
direct computation shows that X from (2.4) is Hermitian and stabilizing and
solves (2.1).

The last statement in the theorem follows immediately form (2.4). [ ]

It is easily seen that also the pair (— wA*7*, wC*) is stabilizable. Thus,
the results of [11] are applicable to Equation (2.3).

In the special case when wBJB*mr* > 0, necessary and sufficient condi-
tions for the existence of a negative definite solution to (2.3) are given in, e.g.,
[20]. However, we can show that in this case the stabilizing solution of (2.3) is
automatically negative definite. Indeed, because of the stabilizability of
(—mA*nr*, wC*) it follows from [26, Theorem 2.1] that the stabilizing
solution S of (2.3) is nonpositive. By construction S is invertible, and so S is
negative definite in case wBJB*m* > 0. Note that the nonnegativity of
wBJB*m* is a sufficient condition for negativity of the stabilizing solution,
but by no means a necessary condition (as we shall see for a special case in
the next section).

3. THE CASE C =0

In the study of inner-outer factorization of stable rational matrix functions
the following Riccati equation plays a role:

XBJB*X — XA — A*X = 0. (3.1)
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In particular, nonnegativity of the stabilizing solution is equivalent to exis-
tence of an inner-outer factorization of a certain rational matrix function (see
[5, 14)).

Throughout this section we assume the existence of a Hermitian solution
X of (3.1), which is stabilizing for the pair (A, —BJB*). The Hamiltonian
corresponding to (3.1) is given by

(s ).

Existence of a stabilizing solution implies o(H) N iR = &. Clearly, as
C = 0, the latter is also equivalent to o(A) N iR = .

Applying Theorem 2.1 in this situation, we see that (3.1) has a nonnega-
tive stabilizing solution if and only if the solution S of

TAT*S + STA*r* = —7wB]B*n* (3.2)

which is stabilizing for the pair (— 7w A*7*, 0) is negative definite. Assuming
that the stabilizing solution X exists, it follows that all eigenvalues of mA*7*
are in the right half plane. Hence all eigenvalues of wA7* = (7A*r*)* are
also in the right half plane. It follows that o(7rA7*) N o(—7A*r) = .
Thus (3.2) has a unique solution. We conclude that the stabilizing solution X
of (3.1) is nonnegative if and only if the unique solution § of (3.2) is negative
definite.
Recall from the previous section that we can write

—_ %
) — P ea( :*S)%g.

Also, S: 7' - #* . Fix any basis in #_, say x,,..., x
7., say yy,..., Y, . Then

Xy xm) _W*Syl _Tr*syn—m
0/ Vo )\ 7y 7 Ty

and any basis in

m?
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is a basis of .#. The Gram matrix of J, with respect to the basis of # is
given by

0 0
0 (_2<Syi’ yj>)i,j=l

As X is nonnegative if and only if S is negative definite, we see that X is
nonnegative if and only if the matrix ({Sy;, Y ))Z;j’l is negative definite. We
shall compute this matrix for a particular choice of the basis in 7" . In fact,

we have, using [3, Theorem A.1.1, Appendix], the following result.

THEOREM 3.1. Lety, € 7. ,i=1,....,s, k=1,...,r, bea Jordan
basis for — wA*mw*. More precisely, assume

—wA T g = My Yo (yox = 0).

Then

izl v—1 <7TB]B*7T*yi—'rk7 _1/‘_,,1>
Syeyp = L L (-0 ("5 7) e
(A + X&)

=0 v=0

. (3.3)

fork,l=1,...,rii=1...,s,andj=1,...,5,.

Here it is not assumed that the numbers A,,..., A, are different. Ob-
serve, however, that A, is in the open left half plane, and therefore always
different from — A,

Proof. Let G = —wA*r* and let ' = wBJB*r*. We want to solve
SG - (-GS =T. (34)

We have o(G) € C, and o(—G*) € C,. Write the vectors y,; according to
some orthonormal basis of 7 . Let T be the matrix of size dim 7" with
these vectors as columns. Equation (3.4) translates to

T*STT 'GT — (—T*G*T~*)T*ST = T*I'T.
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The matrix T~'GT consists of a diagonal of Jordan blocks

Ao ]

Ay
-1 — —
(TTCT )i = M, + ], = 1

A
of size s, X's, for k =1,...,r. Consider T*ST and T*I'T with the cor-

responding block structure. For k,l =1,...,r the kith block (T*ST),
satisfies

(T*ST)H(/\IISI +]s,) - (_)\—kl.&‘k _]81)(T*ST)kl = (T*FT)H
Let D, = diag(—1,1,...,(=1)**). Then
D(T*ST) (ML, + J,,) = (= AL, + JT)D(T*ST) g = D(T*IT ).

According to [3, Theorem A.1.1, Appendix], the entries (D (T*ST),));; of
Dk(T*ST)kl Satisfy »
i-1 =1

(D(T*ST)i)iy = X 2 (DAT*TT))ier;o (=17

=0 v=0
(vE e ) T

Hence the entries ((T*ST)y,),; of (T*ST),, satisty
i-1 j-1

(T*$T))y= L L ((T*TT))imrj (=D

=0 v=0
v T v e
x ( : )()\l + %) .
This translates immediately to the equality (3.3). |

Now it is possible to compute, in terms of the data from the matrices A
and B, whether the stabilizing Hermitian solution of (3.1) will be nonnegative
or not.
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COROLLARY 3.2. The Hermitian solution X of (3.1) that stabilizes the
pair (A, —BJB*) is nonnegative if and only if the matrix

=1 J-] (BIB*T*y, i ;1)

v—1 + i—rk> Yj—vl
(z L 077 i
=0 v=0

()‘/\ + A ik, jl

with the indices ik and jl running through the set

{(X1D),...,(sy D,(12),00,(852),...,(1 ), (s, M)}

is negative definite.

4. THE CASE =1

In this section we consider the problem of existence and parametrization
of nonnegative solutions of the algebraic Riccati equation

XBB*X — XA — A*X — C*C = 0. (4.1)
Throughout this section we shall assume that (A, B) is controllable, i.e.,
Im(B AB .- A"_IB) =C"

The controllability guarantees the existence of a Hermitian solution X, such
that A — BB*X, has all its eigenvalues in the closed left half plane. This
solution is unique, it is nonnegative, and it is the maximal Hermitian solution,
ie, X,= X for any other Hermitian solution X of (4.1). See, e.g., [26,
Theorem 2.1]. The uniqueness is from [17, Theorem 3]. The pair (C, A) is
called observable if

C

CA
Ker : = {0} .

CAn—l

If (A, B) is controllable and (C, A) is observable, then there is just one
nonnegative solution. See, e.g., [17, Section 2].
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From Section 1 we recall the following observations. Let

[ A — BB*
H“(—C*c — A*

then iH is if,-self-adjoint and — J,-dissipative. In such a case it is well known
that #(H,C,) and #(H,C,) are ] -neutral subspaces; see [2, Theorem
11.3.3]. Recall that there is a one-one correspondence between Hermitian
solutions and n-dimensional J,-neutral H-invariant subspaces. If (A, B) is
controllable, then for every H-invariant subspace .#, C.#(H, C,) there exists
a unique n-dimensional [ -neutral H-invariant subspace .# such that .# N
H(H,C,) =", (combine [10, Corollary 11.4.7] with [19, Theorem 1]). This
gives a full description of all n-dimensional H-invariant | -neutral subspaces.
There is also a description of n-dimensional H-invariant J,-nonnegative
subspaces (see [25]). If the equation (4.1) has a Hermitian solution, then it is
shown in [17, Theorem 1] that H has only even partial multiplicities at its
purely imaginary eigenvalues (if any). Let .#;, be the H-invariant subspace
spanned by the vectors that are in the first half of Jordan chains of H
corresponding to purely imaginary eigenvalues of H. Then any H-invariant
maximal ], -neutral subspace .# is of the form

M =N A () 0 #(H.C, (42)

where .#°, is an arbitrary H-invariant subspace of %#(H,C,); see [10,
Theorems 1.3.21, 1.3.22]. As observed in [17, Theorem 1] (see also [10],
Theorem 11.4.8]), any such subspace .# is of the form

M= Im()I() (4.3)

for a Hermitian solution X of (4.1). The maximal solution, for instance, is
obtained by taking .#°,= {0}. In order for .# to be J,-nonnegative it is
necessary and sufficient that .#", be J,-neutral (see [25], Theorem 2.7,
Theorem 3.4]).

The main result of this section establishes a one-one correspondence
between the set of all A-invariant subspaces .#" contained in 77, and the set
of all nonnegative Hermitian solutions X of (4.1). Similar statements appear
in [6], [15], [27], and [28]. In fact, the parametrizing set of subspaces in the
theorem below is the same as the parametrizing set in [15, Theorem 3.3.4].
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However, the formulas to describe the one-one correspondence and the
proof are different. In particular, the maximal Hermitian solution X, is not
needed in the approach below.

In [27] and [29] also the order structure of the set of nonnegative solutions
was considered. In [28] the topology of the set of nonnegative Hermitian
solutions was considered, and the isolated nonnegative Hermitian solutions
were described. Both structures—the order structure and the topological
structure of the set of nonnegative solutions—can easily be described based
on Theorem 4.1. We shall do this in the next section.

THEOREM 4.1. Assume (A, B) is controllable. Let # be an A-invariant
subspace contained in 7', . Put ¥, = P*¥, and let .# be given by (4.2). Then
A is of the form (4.3) for a nonnegative Hermitian solution X of (4.1).
Conversely, if X is a nonnegative Hermitian solution of (4.1), construct .# as
in (4.3) and put ¥ =M NF(H,C,). Then &, is the form # = P*¥, where
A is A-invariant and contained in 7, .

First let us assume that .#" is A-invariant and contained in 77 . Put
A= P, and let .# be given by (4.2). It is easily seen that #, is
H-invariant and a subspace of %#(H,C,). The subspace .# is maximal
Ji-neutral by construction (see, e.g., [21]). Thus # is of the form (4.3) for a
Hermitian solution X of (4.1), by [17, Theorem 1]. Observe that also
A C Ker X. Note also that Ker X always is an A-invariant subspace which is
contained in Ker C. The latter observation will be useful later.

To see that X is nonnegative, we show that .# is J,-nonnegative. Let us
first analyze .#;. This subspace is H-invariant and J,-neutral, and because of
the fact that H has only even partial multiplicities at its purely imaginary
eigenvalues, it follows from [25, Theorem 2.7] that .#; is also J,-neutral. Also
from [25, Theorem 2.7] we have that .#; is J,-orthogonal both to #(H,C,)
and to F#(H,C)). In particular, .#; is J,-orthogonal both to .#7, and to
(J, 7)) ng(H,C)) and to itself (here we use in both assertions the fact
that .#, is of the form .#", = P*#). Finally, from [25, Theorem 3.4] or [13],
Theorem 11.6], we have that #(H,C)) is J,-nonnegative. Thus the Gram
matrix of J, with respect to the decomposition of .# given by (4.2) is

0 0 O
0 0 O
0 0 G

for some nonnegative Hermitian matrix G. Hence .# is J,-nonnegative.
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Conversely, let X be a nonnegative Hermitian solution of (4.1). Let .#
be as in (4.3). Put 4, =# N#(H,C,). We have to show that .#, is the
form .#, = P*#, where # is A-invariant and contained in 77, . Observe that
A, is H-invariant, and ] -neutral. As X is nonnegative, we have that .# is
Jo-nonnegative. Since #(H, C,) is J,-nonpositive (see [13, Theorem 11.6)), it
follows that .#, is J,-neutral. Because of these observations we have

3]G} =0 ma (5] 30} =0 (5

The first of these equalities translates to
(~C*Cx — A*y, x> + { — Ax + BB*y, y> = 0, (4.4)
while the second translates to
(= C*Cx — A*y, x) + (Ax — BB*y, y) = 0. (4.5)

Addition of (4.4) and (4.5) yields { A*y, x) = —|Icxll?, and hence {«x, A*y)
= —lICx|l*, while subtraction gfields (Ax, y) =B*yll*>. But (Ax,y) =
(x, A*y), so ~licxl* = IB*y|l", and therefore, they are both zero: Cx = 0

and B*y = 0. But then
A 0
Hl/mz(o _A*)Lﬁ.

Thus

¢!
Y=\ |

where #] is A-invariant and contained in 77, , while .#, is —A*-invariant
and contained in Ker B*. It follows from controllability of (A, B) that
A, = {0),

From the arguments above it is clear that different nonnegative Hermi-
tian solutions give rise to different subspaces and vice versa. Thus the
correspondence between the subspaces .#” and the nonnegative solutions X
given in the statement of the theorem is really a one-one correspondence.
Thus the theorem is proved. [}
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The parametrization in [27] is actually based on a parametrization of
the subspaces that can occur as Ker X for a nonnegative Hermitian solution

X of (4.1).

PROPOSITION 4.2. Let (A, B) be controllable. Let X be an arbitrary
nonnegative Hermitian solution of (4.1). Then 7 C Ker X.

Proof. Let A be an eigenvalue of A with Re A < 0. Observe that
7’ NA(A,{A}) is an A-invariant subspace. Let x,,..., x; be a Jordan chain
of Ain ZNA(A,{A), ie, Ax; = Ax; + x,_,, where x, = 0. We shall show
that Xx; = 0 for all j, by induction, For x, this is trivial. Assume that
Xx; = 0 forall i <j. As all vectors x; are in 7", they are in Ker C. Then

0 =((XBB*X — XA — A*X — C*C)x,, x;)

=(XBB*Xx;, x;) —=( X(Ax; +x,.1). ;) =(Xay, Ay + ;)

By the induction hypothesis it follows that
0 = (XBB*Xx;, x,) — (A + N){Xx,, x,).

As X is nonnegative, we see that if Re A < 0 then Xx; = 0.Incase Re A = 0
we only obtain B*Xxj = 0 But then, again using the induction hypothesis,

0= XBB*Xxj — XAx; — A*Xxj — C*Cx;

I

—X(Ax; +x,_y) — A*Xx; = —XAx; — A Xx;.

Thus we have A*Xx; = —AXx; and B*Xx, = 0. The controllability of (A, B)
then shows that Xx; = 0. ]

Theorem 4.1 provides a parametrization of the set of nonnegative solu-
tions of (4.1) in terms of A-invariant subspaces contained in 77, . Given such
a subspace .#” we have by the above proposition and the observations of the
proof of Theorem 4.1 that 7" 4 C Ker X C 7. Also, it is seen from (4.2)
that in fact

Ker X = 7' +4. (4.6)
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Thus we can also parametrize the set of nonnegative solutions of (4.1) by
the set of subspaces which are A-invariant, are contained in Ker C, and
contain 77 . It is this parametrization which is given in [27].

5. ORDER STRUCTURE, TOPOLOGY, AND STABILITY

Introduce the sets of subspaces N ={#'C &"|A¥ At ¥/ C 7.} and
L={/scC*|#c%(H,C,), H¥ C#}. Denote by P the set of nonnega-
tive Hermitian solutions of (4.1), and by H the set of Hermitian solutions of
(4.1). These four sets are equipped with a topology as follows: P and H
inherit the topology induced by the norm; on N and L the gap topology is
considered, i.e., the distance between two subspaces Z and % is measured
by the gap 0(%, &) = ||P; — Pyll, where P,(P.) is the orthogonal projec-
tion onto Z(). Furthermore, N and L are equipped with the order
structure given by inclusion, and P and H inherit the order structure of the
set of Hermitian matrices, i.e., X <Y means ¥ — X is nonnegative. Let
¥ : P — N be the map given by y(X) =.#, where ./ is such that

I 4
w1} narm e - 7).

Also define p: H — L by

p(X) =Im()1<) N#(H,C,).

It is known (see [21, Theorem 2.7] and [22, Theorem 4.2] for continuity, [23,
Theorem 9] for the ordering) that p and p™' are continuous and order
reversing. As ¥ = Pplp and y~' = p”!pn, we see that y and y ' are
continuous and order reversing. This proves immediately the following

theorem.

THEOREM 5.1.  The order structure of the set of nonnegative Hermitian
solutions P and the order structure of the set N are essentially the same in
the following sense: Let X, X, € P and let 4, = y(X)); then 4, CAH,
implies X, > X,, and conversely.

The next theorem describes the isolated nonnegative solutions. The
equivalence of (i) and (viii) in the theorem below easily translates into the
description of isolated nonnegative solutions given in [28].
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THEOREM 5.2. Assume (A, B) is controllable. Let X be a nonnegative
Hermitian solution of (4.1). Let

I=Im()1<),

and let N = P(# NH(H,C,)). Then the following are equivalent:

() X is an isolated nonnegative Hermitian solution of (4.1);
(i) # is isolated within the set of H-invariant subspaces that are
J-maximal neutral, and J,-nonnegative;
(i) # N#(H,C,) is isolated within the set of subspaces of #(H,C,)
that are H-invariant and [,-neutral;
(iv) A is isolated in N;
(v) A is isolated as an Aly~invariant subspace, and Re o (Al,) > 0;
(vi) A is isolated as an Al 5, -invariant subspace;
(vii) for every eigenvalue A of Aly, with dimKer(Aly, —A) > 1,
either /' N R(A,{A}) = {0} or (A, {X) N7, CH;
(vili) for every eigenvalue A of Aly, with dimKer(Aly —A) > 1,
either Ker X N #(A,{A}) = {0} or #(A {AD) N 7, C Ker X.

Proof. (i) = (ii): Suppose .# is not isolated. Then there is a sequence of
H-invariant, maximal ] -neutral and J,-nonnegative subspaces .#; such that

/k —> M. Then
M =1 ;
= 1m
k Xk

for some nonnegative solution X; of (4.1). For all & > 0 there is a number &
such that IIPIk — P,ll < &. According to Theorem 13.4.2 of [9], for all
x € C" there exists a vector y, € C" such that

(xf';k) - (;(Cx)

Hence |y, —xll < & and || Xy, — Xxl| < &. From X, < X,, where X,
denotes the maximal solution of (4.1), it follows that [| X, [ < || X_|l. Hence

2

< g%,

1% x = Xxll < 1%, (x — gl + 11X g, — Xall < (X, [ + 1) s

It follows that X, — X and X is not isolated.
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(ii) = (ii): Suppose A, =.# NF(H,C,) is not isolated. Then there is a
sequence of H-invariant and J,-neutral subspaces .#, . C#(H, C,) such that
A, >N ,. In particular #,, and .#, have the same dlmensmns Observe
that, as #, , C%(H,C,), it is also J,-neutral. Construct the n-dimensional
subspaces

M, =S Ay (4 NR(H.C)).

According to Theorem 13.4.1 of [9] there is a subsequence of .#,, .#,,....
denoted by #, , #, ,..., that converges to some n-dimensional subspace
A'. Since M, is H-invariant for all k, it follows that .#’ is H-invariant; see
[9, Corollary 15.1.2]. Since M, s | -neutral and J,-nonnegative, it follows
that .#" is J,-neutral and J,-nonnegative. Write

=[# n®(H,C)]| +[# Nn&(H,iR)] +[# nE(H,C))].

Next we will show the three inclusions

M NF(H,C)cH,,
A N F(H,iR) 1,
A NFHC)cC(,r ) Nn#H,C).

For any x, € #' N %Z(H,C,) there are vectors x, =x, .+ x,,+x, _€

A, such that {jx, — x, || — 0. By continuity of the projection on 9?(H C,)
along #(H,C, U iR) “if follows that lx,~x, . = 0. From [9, Theo-
rem 13.4.2] it follows that x, € .#,. Hence .#' A H#(H,C,) c #,. For any
xo € A" N Z(H, iR) there are vectors x, =x, ,+x,,+x, €4, such
that [|x — x, || = 0. Projection on 9?(H zR) along R(H, C, uC ) gives
llxg — x,,0ll 5 0. Clearly the sequence #, N #(H,iR) =4 converges to
A, Thus x, € #, and M' N F(H, iR) C/V Forany x_€ .#' N %(H,C))
there are vectors x, =%, ,+%,0+tx, €4, such that [lx_— x, = 0.
Projection on %Z(H,C,) along ﬁ(H iR U C,) gives llx_—x, _I 0. Let
y be some arbitrary vector in .#,. Choose a sequence of vectors y, € 4,

that converges to y. Then

Jiy,x )= klim it X - = 0.
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Thus x_€ (Ju#.)* and M' N HH,C) c(Jr)" N %H,C)). Com-
bining the three inclusions gives .#' C .#, but, as .#' and .# have the same
dimension, equality holds. Hence .# is not isolated.

(iii) = (iv): From the proof of Theorem 4.1 it follows that .Z N
S(H,C,) = P*/#. Since the canonical embedding P* is continuous, it follows
that .#" is isolated if .# N #(H,C,) is isolated.

(iv) = (i): Assume X is not isolated. Then there are nonnegative solutions
X, of (4.1) such that || X, — X|| = 0. From [9, Theorem 13.5.1] it follows that
Ker X, — Ker X. Hence dim Ker X,, = dim Ker X for n large enough. Let

I
M, = Im(Xn)

and let %, = P(#, N F(H,C,)). From (4.6) it follows that dim.#, = dim.#
for n large enough. Let .#; ,.7, ..., be a subsequence converging to some
subspace .#”. Then dim.#” = dim.#, for k large enough. Thus dim.#" =
dim.#. For any x € #” there are vectors x, € /V converging to x. Note
that x, € Ker X, for all k. Hence Xx—(X X, )x + X, (x x, ). This
1mp11es that x € Ker X. Thus P*x € .#. Moreover, since P*x x, € %’(H C,),
we have that P*x € #(H,C,). Hence x € P(.# N #(H, C D =A and
N € N, As A" and 4 have the same dimension, equality holds. From Theo-
rem 4.1 it follows that .#, € N. Thus .# is not isolated.

(v) and (vi) are essentially just reformulations of (iv), while the equiva-
lence of (vii) with (vi) is known from [4, Theorem 8.1]. The reformulation of
(vii) and (vii)) is a consequence of the fact that Ker X =4+ 7°_, as
observed in (4.6). [

Next, we shall consider the question of stability of nonnegative Hermitian
solutions under small perturbations of the coefficients of the algebraic Riccati
equation (4.1). A nonnegative Hermitian solution X, of (4.1) is called stably
nonnegative if for every € > 0 there is a 8 > 0 such that [|[A — A|ll + |B -
B/l + lIC — C,ll < & implies that the algebraic Riccati equation

XB,B*X — XA, — A¥*X — C}C, =0

has a nonnegative Hermitian solution X, such that [| X, — Xl < .

The following lemma, which may be of independent interest, will be
useful in the description of stably nonnegative solutions. It shows that the set
of pairs (C, A) which are not observable is an open and dense subset of the
set of all pairs (C, A) of the same size.
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LEMMA 5.3.  Assume (A, B) is controllable and (C, A) is not observable.
For & > 0 small enough there exist A(e), C(&) such that (C(¢g), A(g)) is
observable, (A(g), B) is controllable, and ||C — C(&)ll + |A — A(ge)]| < e.

Proof. Let C = (¢

and let A = (a;)7;_,. Consider the first n
rows of

1]1] 1’

C
CA

CAn~1

This gives an n X n matrix, which we shall denote by #. Its determinant is a
polynomial in the variables ¢, i and a; . the pair (C, A) is certainly observable
if det @ # 0. Let us identify the pair of matrices (C, A) with the matrix (C”
AD)T in COm+mXn Tt is well known that the solution of the equation
det @ = 0 is an algebraic variety in C**™*" of lower dimension. Hence,
in every neighborhood of (C,, A,) there is pair of matrices (C, A) with
deg @ # 0, i.e., an observable pair of matrices. The controllability of the pair
(A, B) means that the matrix (B AB -+ A"~ !'B) has full rank, and the rank
does not change under small perturbations of A. [

THEOREM 5.4. Assume (A, B) is controllable. Then there is only one
stably nonnegative solution of (4.1), being the maximal one.

Proof. Let X, be the maximal solution of (4.1). Let

I
//=Im(X+).

The n-dimensional subspace .# is H-invariant, J -neutral, and J, =
nonnegative. Note that, according to Theorem 5.1, the subspace # =
P(# N %(H,C,)) that corresponds to X, equals .# = {0}. Let A, — A,
B,, = B,and C,, - C, and let X,, be the maximal solution of the perturbed
equation

XB, BXX — XA, — A X — C*C,, = 0.

m

Let H, be the corresponding Hamiltonian. Clearly H

m . converges to H.

According to [26, Theorem 2.1], the matrix X,, is a nonnegative solution. Let

I
‘/Km = Im( Xm ) M
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The n-dimensional subspace .#, is H, -invariant, [ -neutral, and J,-
nonnegative. Let .#,,, be the H, -invariant subspace spanned by the vectors
that are in the first half of Jordan chains of H,, corresponding to pure
imaginary eigenvalues of H,,. From Theorem 5.1 it follows that P(.#,, N
Z(H,,C,) = {0}). Due to (4.2) it follows that .#, =4, + %(H,,C,) and
o(H,le.)cC,UiR.

First we show that X, is a stably nonnegative solution of (4.1). As the set
of subspaces of dimension n is compact, we may as well assume from the
start that .#, —.#' for some n-dimensional subspace .#’. Since .4, is
H, -invariant, J -neutral, and ],-nonnegative, it follows that .#’ is H-in-
variant, [ -neutral, and [,-nonnegative. Hence .#" has the form

M = Im()g,)

for some nonnegative solution X' of (4.1). Since o(H,,|.r,) € C, U iR for all
m, it follows that o(H|,) C C, UiR; see [9, Theorem 15.1.4]. Hence
P(#" N %(H,C,)) = {0} =, and from Theorem 4.1 it follows that X' =
X,. Hence X, is a stably nonnegative solution.

Conversely, to show that the maximal solution is the only stably nonnega-
tive solution, let (C,, A,) = (C, A) be such that for each ¢ the pair
(C,, A,) is observable and (A,, B) is controllable (this is possible by Lemma
5.3). Then the algebraic Riccati equation

XBB*X — XA, — A*X — C*C, = 0
has only one nonnegative Hermitian solution X,. Hence X, is the maximal

solution of the perturbed equation. From the first part of this proof it follows
that X, converges to the maximal solution of (4.1). [ |

6. INERTIA OF HERMITIAN SOLUTIONS

Consider again the algebraic Riccati equation
XBB*X — XA — A*X — C*C =0, (6.1)

under the usual assumption that (A, B) is controllable. Let X be a Hermi-
tian solution, and consider

M= Im()Ic). (62)
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The problem we wish to solve is the following: can we characterize the inertia
of X in terms of properties of the subspace .#?

To start with, the following proposition shows that dim Ker X =
dim(.# N P*%").

PrROPOSITION 6.1. Assume (A, B) is controllable. Let X be Hermitian
solution of (6.1), and let .# be as in (6.2). Then

P*Ker X =# N P*7".

Proof. Put # = P*Ker X. Clearly #"C.#. Moreover, if x € Ker X, we
have already seen that x € 7. This shows that # C.# N P*7". Conversely,
let x € 77 such that P*x € .#. Then Xx =0 by the definition of .#.
Consequently, .# N P*7"C.#. This proves the proposition. u

Recall that the Hamiltonian H corresponding to (6.2) is

_{ A —BB*
H‘(—c*c — A*

As in Section 4, let .#{, be the H-invariant subspace spanned by vectors that
are in the first half of Jordan chains of H corresponding to pure imaginary
eigenvalues of H. The subspace N, is [ -neutral and [,-neutral. By the
remark after the proof of Theorem 4.1, we have that .4 = P*R#, where
Py, C 7, ie., P#,C %7y N Ker X. Let us consider 7. Let x be an
eigenvector of Aly,. Then Ax = Ajx where Re A; =0, and Cx = 0. It
follows easily that ( XBB*Xx, x) = 0, i.e., B*Xx = 0. Then

0= (XBB*X — XA — A*X — C*C)x = —XA,x — A*Xx.

Hence A*Xx = —AoXx. As (B*, A*) is observable, we get that Xx = 0.
Thus x € Ker X. Analogously, an induction argument with respect to the
Jordan chains of Al shows that 77, € Ker X. Summarizing, we have

P#, C 7, C Ker X.

In fact the first two subspaces are equal: P#; = 77,. Indeed, let x € 7.
Then x € Ker X and P*x € .#. From x € Ker C N F(A,iR) it follows
that

P*x € H(H|,iR) =4,
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where the equality follows from (4.2). Hence x € B#;, and we conclude that
BV, = 7, and even 4, = P*7,.

Let us denote by 7 (¥) the number of positive (negative) eigenvalues

of X, multiplicities taken into account, and let 8 = dim Ker X.
If we write

M =40 R HC) +(ANAN)+[#NR%(HC,)],
and
ANFE(H,C)=(ANPY)+F,,
AN RH,C)=(LNP7,) +%,

for some Z_ and %, , then

=

=¥ H(ANPP ) +(ANN) +(ANP*T7,) +F,
=%, +P*Ker X +.%, . (6.3)

It follows that v + 7 = dim Z, +dim %, . The relation (1.6) shows that =,
v, and 8 are the numbers of positive, negative, and zero squares, respec-
tively, of the quadratic form {J, -, -> on .. Then the equation (6.3) implies
that v + 7 = dim Z_ +dim %, . From [25, Lemma 3.3] it follows that
H#(H,C)) is J,-nonpositive and #(H,C,) is J,-nonegative. Hence %Z_ is
Jo-nonpositive, and Z., is J,-nonnegative. This shows that m < dim .2, and
v < dim Z_ . Combining these observations we see that 7 = dim %, and
v = dim .Z_ , and we arrive at the following theorem.

THEOREM 6.2. Assume (A, B) is controllable. Let X be a Hermitian
solution of (6.1), and let # be as in (6.2). Then

7 = dim[.# N #(H,C,)] — dim(.# N P*7),
v=dim[.# N %(H,C,)] — dim(#£ N P*7,),

8 =dim[.# N P*7].
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7. NONNEGATIVE SOLUTIONS FOR THE DISCRETE
ALGEBRAIC RICCATI EQUATION

In this section we do the analogue of Section 4 for the discrete algebraic
Riccati equation.
The equation number consideration is

X = A*XA + Q — A*XB(R + B*XB) 'B*XA (7.1)

where A is an n X n matrix, Q > 0 is also an n X n matrix, R > 0 is an
m X m matrix, and B is an n X m matrix. The matrix X is to be found. The
equation plays a role in the study of LQ-optimal control for discrete-time
systems. We would like to have a parametrization of all nonnegative Hermi-
tian solutions X. We shall assume throughout that A is invertible and that
( A, B) is controllable.

Introduce

A+ BR“B*A*‘IQ —~BR'B*A™!
_A*~IQ A*—l

(7.2)

Recall that

=2 2] (00

Straightforward computation yields that T*]\T = J,, i.e,, T is [ -unitary.
Again by straightforward computation it is checked that

+ OAT'BRIB*A*~! —OA 'BR™IB*A* !
]2 - T*]2T= 2 Q QA Q Q_ _ _
—A7'BRT'B*A*'Q A™'BR'B*A™!
= 2[(% g) + ( QI)A—lBﬁlB*A*“(Q —1)] > 0.

(7.3)

Thus T*],T < J,, i.e., T is J,-contractive.
In this and the next section we will use C, for the set of complex
numbers inside the open unit disc and C_,, for the set of complex numbers

out
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outside the closed unit disc. The unit circle will be denoted by T. In the rest
of this paper 7° denotes the maximal A-invariant subspace contained in
Ker Q. The subspace 7~ contains the subspaces 7. = 7'N #(A,C,), 75 =
7N H(A,CL), 7y=7N0RAT), and 7_=7N H(AC, UI). The
notation 77, etc., has been used for the analogous subspaces in the previous
sections, and no confusion will arise. As before, P = (I 0) denotes the
orthogonal projection of C?" onto C", and P* = (I 0)T is the corresponding
canonical embedding.
The following propositions are known.

ProrosITION 7.1 ([18, Theorem 0.2; see also [24, Theorem 1.1]). As-
sume (A, B) is controllable, A is invertible, Q >0, and R > 0. Every
n-dimensional T-invariant [ -neutral subspace # is of the form

M = Im(é) (74)

for some Hermitian solution X of (7.1). Conversely, if X is a Hermitian
solution of (7.1), then the n-dimensional subspace # constructed as in (7.4)
is T-invariant and J,-neutral. There exists a Hermitian solution of (7.1) if and
only if T has only even partial multiplicities corresponding to its eigenvalues
on the unit circle.

PROPOSITION 7.2 [26, Theorem 3.1].  Assume (A, B) is controllable, A is
invertible, Q > 0, and R > 0. Then the algebraic Riccati equation (7.1) has a
nonnegative solution. In fact, there exists a nonnegative solution X, of (7.1),
the maximal solution, such that X > X for any other Hermitian solution X

of (7.1).

ProposITION 7.3 [13, Theorems 7.1, 11.2; 1, Proposition 1.5]. Assume
J =]% is an invertible matrix. Assume T is J-contractive, i.e., T*JT < J.
Then %(T,C,,,) is J-nonpositive and F(T,C,) is J-nonnegative. For any
Jordan chain x,,...,x, of T corresponding to an eigenvalue on the unit
circle, the subspace span{x,, ..., x,.}, where m = [n/2], is J-neutral. If T is
J-unitary, then both F(T,C,,,) and F(T,C,)) are J-neutral.

out

Assume X is a Hermitian solution of (7.1). From (1.6) it follows that X is
nonnegative if and only if the corresponding subspace .# is maximal J,-non-
negative.

Combining Propositions 7.1 and 7.2, it follows that the matrix T has only
even partial multiplicities for its eigenvalues on the unit circle. Let .#; denote
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the T-invariant subspace spanned by the vectors that are in the first halves of
Jordan chains of T corresponding to eigenvalues of T on the unit circle.
From Proposition 7.3 it follows that .4} is ] -neutral and J,-neutral.

THEOREM 7.4. Assume (A, B) is controllable, A is invertible, R > 0,
and Q 2 0. Then there is a one-one correspondence between the set of all
A-invariant subspaces A" contained in 7, and the set of all nonnegative
Hermitian solutions X of (7.1). More precisely, let 4 be such a subspace, and
let # be given by

L = P+ [ (1P nR(T.C,). (7.5)
Then
A= Im()l() (7.6)

for a nonnegative Hermitian solution X of (7.1). Conversely, assume X is a
nonnegative Hermitian solution of (7.1), and let # be as in (7.6). Then
A N R(T,C,,) = P for some A-invariant subspace 4 contained in 7. .

Proof. Assume .4 is A-invariant and contained in 77 . Clearly, P*7 is
T-invariant and both [ -neutral and J,-neutral. Assume x L J, P*# for some
x € C*". Using ], = T*],T and TP*¥ = P*#, it follows that Tx L J, P*#.
Hence (], P*#)" is T-invariant. We conclude that the subspace .# is (7.5) is
T-invariant, ]l-neutral, and Jo-nonnegative. Due to Proposition 7.1, there
exists a nonnegative solution X of (7.1) such that (7.6) holds.

Conversely, assume X is nonnegative solution of (7.1), and let .# be the
subspace from (7.6). Since .# is J,-nonnegative and J,-neutral and (T, C_, )
is J,-nonpositive, it follows that the T-invariant subspace .# N (T, C_ ) is
both J,-neutral and J,-neutral. Consider some arbitrary vector

(;x) E.4N ‘%(T’ C0\1t)'

From equation (1.6) and X > 0 it follows that Xx = 0. Hence .# N
R(T,C,,) = P*¥, where # = P(# N FT,C,,)). For any x € 4 the vec-
tor

out

(A + BR™'B*A " Q)x
—A *Qx

TP*x =
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is also in .# N R(T,C,,) = P*#. Hence —A™*Qx = 0. Therefore Qx = 0
and TP*x = P*Ax. It follows that Ax € #. Thus ./ is A-invariant and
contained in 77, . [ |

If, moreover, the pair (Q, A) is observable, then 7, = {0} and it follows
directly from the above theorem that there is only one nonnegative solution
of (7.1), which is well known. In that case, this solution is the maximal
solution.

The following lemma gives a direct connection between a nonnegative
solution X of (7.1) and the A-invariant subspace .#" contained in V, that is
associated with X according to the one-one correspondence given in Theo-
rem 7.4.

LEMMA 7.5. Assume (A, B) is controllable, A is invertible, R > 0, and
Q 2 0. If X is a nonnegative solution of (7.1) and 4 is the subspace
associated with X according to the one-one correspondence given in Theo-
rem 7.4, then

Ker X = 7 _ +4.

Proof. Assume X is a nonnegative solution of (7.1), and let .# be the
T-invariant [ -neutral J,-nonnegative subspace of (7.6). Recall that ./ =
P(# N A(T,C,,)). From Theorem 7.4 it follows directly that

out
(Ker X) N 7, = 4. (1.7)

Assume x € Ker X. Then P*x € .#. Clearly P*x is J,-neutral. Also TP*x is
in the T-invariant subspace .#. Since T is [,-contractive, we have

{],TP*x,TP*x) < {]J,P*x, P*x) = (.
2 2

On the other hand, .# is J,-nonnegative, so {J,TP*x, TP*x) = 0. Hence
P*x € Kel(J, — T*],T), and from (7.3) it follows that Qx = 0. Hence
TP*x = P*Ax from the definition of T. Evidently P*Ax € .#. From (7.6) it
follows that Ax € Ker X. Hence Ker X is A-invariant and Ker X C "=
7. +7, . From (7.7) it follows that Ker X ¢ 7 _ +.#"

Conversely, assume x € 277 +4. If x € #, then x € Ker X due to
(7.7). Assume x,,...,x; is a Jordan chain of A contained in Z"_. Let
x, = 0. We have Ax; = Ax; + x4 for some [Al<1 and j=1,... k.
Assume x;_; € Ker X for some j € {1,..., k}. The Riccati equation (7.1)
gives

(Xx;, x> = N Xe;, 1;) + [AM*((R + B*XB) "' B*Xx,, B*Xx,).

7?77
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Here X is nonnegative and (R + B*XB) ™! is positive, since R is positive. If
IAl < 1, it follows directly that Xx; = 0. If |Al=1, then we only have
B*Xxj = 0. The latter, combined with (7.1), gives Xx; = )lA*Xxj. Using the
controllability of (A, B), we conclude that Xx; = 0. By induction it follows
that 77_ < Ker X. n

The partial ordering of the set of nonnegative solutions is similar to the
partial ordering of A-invariant subspaces contained in 77 | just as it is the
case in Theorem 5.1.

THEOREM 7.6. Assume (A, B) is controllable, A is invertible, R > 0.
and Q > 0. Let X, and X, be two nonnegative solutions of (7.1). Let #, and
Ay be the A-invariant subspaces associated with X, and X,, respectively,
according to the one-one correspondence of Theorem 7.4. Then X, = X, if
and only if 4] CA;.

Proof. Let

I I
cew(l) aull)

Recall that .#] = P(#, N #(T,C_ ) and 4, = P(H, N RA(T,C_ ). As-
sume X, = X,. For any x €.#] the vector P*x € #(T,C,,) and x €
Ker X, according to Lemma 7.5. From X, < X, and X, being nonnegative
it follows that (X,x,x) =0 and x € KerX,. Hence P*x € .#, N
HT,C,,.) and x € 4.

Conversely, assume .#] C.#,. For some arbitrary x € C" consider the
vector

X . .
(XQX) EIQ = ['/[2 N ‘%(T’COU‘)] +‘/I/(" +['/[2 N ‘%(T’Cin)]'

Let x, € P(#, N F(T,C,)) be the vector for which

x —x,
Xo(x —x)

) = [/2 n ‘%(T’C(mt)] +‘/,/;)

From Theorem 7.4 we know that all vectors of .#, N &(T,C,,,) have the
form P*y for some y € Ker X,. Exactly analogously, the same can be
proved for vectors of .#;; see the second part of the proof of Theorem 7.4.
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Hence P*(x —x. ) €[4, N RAT,C I +4, and x —x,E A, + PA,,
and X,(x — x,) = 0. Recall that .#, N &(T,C,)) = (J,P*#;)* n&(T,C,)
and #, N K(T,C,) = (J,P#)* N&(T,C,). From the assumption .#; C
A, it follows that

Xy
Xox,

) ed,N AT, C,) ct,nNRT,C,).

Hence X,x,= X,x, and X;x, € Im X, = (Ker X,)* . It follows that

<(X1 - Xy)x, x) =<(X1 - X;)(x —x+),x>
=<X1(x ——x+),x>
=(Xy(x —x,).(x —x,)) 2 0.

Hence X; = X,. |
The isolated nonnegative solutions can be described as in Theorem 5.2.

THEOREM 7.7. Assume (A, B) is controllable, A is invertible, R > 0
and Q = 0. Let X be a nonnegative Hermitian solution of (7.1). Let

M = Im(é),

and let /= P(A# O R(T, C,,)). Then the following are equivalent:

out

(i) X is an isolated nonnegative Hermitian solution of (7.1);

(i) # is isolated within the set of T-invariant subspaces that are
maximal J,-neutral and J,-nonnegative;

(iii) # N H(T,C,,,) is isolated within the set of subspaces of FT,C,,,)
that are T-invariant and J,-neutral;

(iv) # is isolated within the set of A-invariant subspaces contained in
7, ;

(v) for every eigenvalue A of Aly-| with dim Ker( Aly-, —A) > 1, either
AN R(A, A ={0or Z(A, MDD Z,CH;

(vi) for every eigenvalue A of Aly-, with dim Ker( Aly-, —A) > 1, either
Ker X N #(A, A) = {0} or B(A, A) N 7. C Ker X.
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Proof. The proof is exactly analogous to the proof of Theorem 5.2 [ |

A nonnegative Hermitian solution X, of (7.1) is called stably nonnega-
tive if for every £ > 0 there is a 8 > 0 such that [|A — Al +|B — B\l
+I1Q — Q. + IR — Rl < 8 and R* = R,, Q, = 0 imply that the alge-

braic Riccati equation
X = A*XA, + Q, — A*XB\(R, + B*XB,) 'B*XA,

has a nonnegative Hermitian solution X, such that [|X, — X, < &.

THEOREM 7.8. Assume (A, B) is controllable, A is invertible, Q > 0,
and R > 0. Then the only stably nonnegative solution of (7.1) is the maximal
solution.

Proof. To prove that the maximal solution is a stably nonnegative
solution, proceed analogously to the proof of Theorem 5.4. To show that the
other nonnegative solutions are not stably nonnegative solutions, use the
perturbation Q, = Q + &l. Then Q, > 0 and the pair (Q,, A) is observable.
The perturbed equation has only one nonnegative solution that converges to
the maximal solution of (7.1). ]

8. INERTIA OF HERMITIAN SOLUTIONS FOR THE DISCRETE
ALGEBRAIC RICCATI EQUATION

Finally, we study the inertia of a general Hermitian solution to the
discrete algebraic Riccati equation (7.1). In Proposition 7.1 the set of Hermi-
tian solutions is characterized by the set of n-dimensional T-invariant |-
neutral subspaces. For studying the inertia we will use a slightly different
characterization.

PROPOSITION 8.1, Assume (A, B) is controllable, A is invertible, Q > 0.
and R > 0. Every T-invariant [,-neutral subspace A, contained in

H(T,C,,,) is of the form

out

I

M, = Im(X

) N 2(T,C,.) (8.1)



348 H. LANGER, A. C. M. RAN, AND D. TEMME

for some Hermitian solution X of (7.1). Conversely, if X is a Hermitian
solution of (7.1), then the subspace # . constructed as in (8.1) is T-invariant
and | ,-neutral.

Proof. Starting with a T-invariant ] -neutral subspace M, contained in
AT, C,,), construct

H=MH, A 4’[(]1/<)l m‘%(T’C“‘)]’

where .7, is the span of the first halves of all the Jordan chains of T
corresponding to unimodular eigenvalues. Then apply Proposition 7.1.
Conversely, starting with a Hermitian solution X, apply Proposition
7.1 to get the T-invariant [ -neutral subspace .#, and let .#, =.#nN
T, C,,)- [

Let X be some Hermitian solution to the equation (7.1). Let .#, be the
T-invariant [ -neutral subspace that corresponds to X according to the above
proposition. Let .#] be the span of the first halves of all the Jordan chains of
T corresponding to unimodular eigenvalues. Let #_ = (J,.#,)"
NAT,C,). Then M =M, +4#, +.#_ is n-dimensional, T-invariant, and
Ji-neutral, and according to Proposition 7.1

enll)

From Proposition 7.3, recall that .#, is J,-nonpositive, .#; is J,-neutral, and
A is [,-nonnegative. The [,-neutral parts .#2 = (J,.#,)" NA, and
M= (J, M) NA_ of #, and .#_ will be considered.

PrOPOSITION 8.2 (From [8, Lemma 2.1)). The subspaces .#2 and .#
are T-invariant.

Proof. From #.,cCH(T,C
any x € #? we have

) it follows that T|, is invertible. For

out

0= <]2x x> s<]2(T|,,>)_lx,(T|,>)7lx> <0.

Hence (T|, )" 'x is J,-neutral. Since .#, is a J,-nonpositive subspace, it
follows that J(T|, ) 'x L.#, . Hence (T|, ) #° c .#? . The dimension
of the left-hand side cannot be smaller than the dimension of the right-hand
side. Therefore (T, ) '#2 = M? and .22 = TM? .
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For x € #° we have
0 < {(JTx,Tx) < {Jyx,x) =0.

Hence Tx is J,-neutral. Since .#_ is J,-nonnegative, it follows that
JoTx L#_ .Hence Tx € #_ . |

The three subspaces AL, N, and #? are T-invariant, Ji-neutral, and
J,-neutral. One of the aims of this section is to show that the sum of their
dimensions equals the dimension of the kernel of X.

LEMMA 8.5. Assume (A, B) is controllable, A is invertible, Q=0
and R > 0. Then for any T-invariant, [ -neutral, [,-neutral subspace
W the projection on the second coordinate (0 I).#"= 0, and moreover,
(Iorco.

Proof. For any

x
(y) eN
it follows from (7.3) that Qx = 0 and B*A* 'y = 0. Hence
Tk(x) _ AFx
)l (arhly

for x=1,2,.... Hence xr € 7 and B*(A*)k(A**l)"y=0 for k =
0,1,...,n — 1. The controllability of (A, B) gives that (A*"')"y = 0. Hence
y =0. ]

From the above lemma if follows that P.#2, P#,, and P#) are
contained in Ker X. On the other hand it follows that M% C P*%7_ | 4, C
P*7,, and .#¢ C P*?7, . Combining, we have .#2 CP*¥_ NA, ¥, C
P*7, N A, and #? C P*7, NA. The subspace P*?7  is T-invariant and
J.-neutral, and therefore also the inverse inclusions hold, so that we have

M =PV NA,
Ny =P*7, N A, (8.2)

ML =P*7, NA.
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For a Hermitian solution X of (7.1) let us denote by 7(v) the number of

positive (negative) eigenvalues of X, multiplicities taken into account, and let
8 = dim Ker X.

THEOREM 8.4. Assume (A, B) is controllable, A is invertible, Q > 0,
and R > 0. Let X be a Hermitian solution to (7.1), and let # be as in (7.4).
Then

7w = dim[.# N %(T,C,)] — dim(.# N P*7),
v=dim[.# N #(T,C,,)]| — dim(.# N P*7),
8 = dim(.# N P*7").

Proof. The vectors in the subspace .#_ ©.# are strictly J,-positive,
and the vectors in the subspace .#, ©.# are strictly J,-negative. From (1.6)
it follows that the subspaces P(.#. ©.#2) and P(#, ©.#2) are strictly
X-positive and X-negative, respectively. Hence 7 > dim(.#_ ©.#2) and
v > dim(.#, ©.#?). From the definition of .# it follows that the subspace
P(P*7°N #) is contained in Ker X. Hence 8§ > dim(P*? N .#). From (8.2)
it follows that the three lower bounds add up to n, which is the number of
eigenvalues of X. Hence the lower bounds give the exact numbers of
negative and positive eigenvalues of X and of dim Ker X. n

COROLLARY 8.5.  Assume (A, B) is controllable, A is invertible, Q > 0,
and R > 0. For any Hermitian solution X of (7.1) the inertia m, v, 8 satisfies
m < dim (T, C,), v < dim (T, C_,,), and & > % dim (T, T).

out
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