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1. Introduction

Witt type Lie bialgebras were studied in [15,16,20,17], whose generalized cases were considered
in [19,21]. Lie bialgebra structures on some Lie (super)algebras including the Schrédinger-Virasoro
Lie algebra, the Lie algebra of Weyl type, the N =2 superconformal algebra, were investigated case
by case in [8,6,24,12,23], etc. However, the calculations in these papers are very complicated. These
algebras are all related to the twisted Heisenberg-Virasoro algebra, which has been first studied by
Arbarello et al. in [1], where a connection is established between the second cohomology of cer-
tain moduli spaces of curves and the second cohomology of the Lie algebra of differential operators
of order at most one. Moreover, the twisted Heisenberg-Virasoro algebra has some relations with
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the full-toroidal Lie algebras and the N =2 super conformal algebra, which is one of the most im-
portant algebraic objects in superstring theory. The structure and representations for the twisted
Heisenberg-Virasoro algebra was studied in [1,2,18,14,10,11], etc. However, Lie bialgebra structures
on the twisted Heisenberg-Virasoro Lie algebra have not yet been considered. Drinfel’d [4] posed the
problem whether or not there exists a general way to quantize all Lie bialgebras. Although Etingof and
Kazhdan [5] gave a positive answer to the question, they did not provide a uniform method to realize
quantizations of all Lie bialgebras. As a matter of fact, investigating Lie bialgebras and quantizations
is a complicated problem.

In this paper, we shall obtain some Lie bialgebra structures on the twisted Heisenberg-Virasoro
algebra. Moreover, we obtain some general results for this kinds of Lie algebras and provide a uniform
method (no need some complicated calculations) to obtain Lie (super)bialgebra structures on a series
of Lie (super)algebras related to the twisted Heisenberg-Virasoro algebra, including the Lie algebra of
differential operators, the Schrodinger-Virasoro algebra, the N =2 superconformal algebra, etc.

We note that the center of the twisted Heisenberg-Virasoro algebra is 4-dimensional, which is dif-
ferent from the above algebras whose centers are no more than one-dimensional. So our construction
is new and it has the potential to construct more Lie bialgebra structures.

Throughout the paper, we denote by Z, the set of all nonnegative integers and Z* (resp. C*) the
set of all nonzero elements of Z (resp. C).

2. Basics
2.1. The twisted Heisenberg-Virasoro algebra

By definition, as a vector space over C, the twisted Heisenberg-Virasoro algebra £ has a basis
{Lm, Im, Cr, Cy, Cry | m € Z}, subject to the following relations:

1
[Lm, Ln]l = (n —m)Lmyn + 5m+n,05(m3 - m)CU

[Im, In]= n5m+n.OC12
(L, In] = nlmsn + 8mn,0(m* —m)Cri;

(£, C=I[L,C]=[£,CLy]=0. (2.1)

Clearly the Heisenberg algebra H = C{I;,C; | m € Z} and the Virasoro algebra v = C{L,,
CL | m € Z} are subalgebras of £. Moreover, £ = @,,o7 Lm, Where Ly = C{Lm, I} ®8m,0C{Cy, Cr, Cy},
is a Z-graded Lie algebra. Clearly Z = {lg, CyJ, Cp, C} is a basis of the center C of L.

Let C[t,t~!] be the algebra of Laurent polynomials over C. Denote G = DiffC[t,t~!] by the Lie
algebra of differential operators over C[t,t~!]. Denote by D = td then as a vector space over C,
G =Spanc{t™D" |m € Z, n € N} with Lie bracket

n ny
[tmDn’ tm Dnl] — mtm < Z <1:)m11 Dn+n1—i _ Z <n]1> an+n1—j). (2.2)

i=1 j=1

Let G be subalgebra of the Lie algebra G of differential operators generated by {t™,t™D |m € Z}.
Then G is isomorphic to the centerless twisted Heisenberg-Virasoro algebra by t™D to L, and t™
to Ip,.

Let M be a Z-graded L£-module. Denote by Der(L, M) the set of derivations ¢ : L — M, namely,
¢ is a linear map satisfying

(% yl) =x-6() -y o), (2.3)
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and the set Inn(L, M) consisting of the derivations vin,, v € M, where vj,, is the inner derivation
defined by Vin, : X — x - v. Then it is well known that H'(£, M) = Der(£, M)/Inn(L, M), where
H(L, M) is the first cohomology group of the Lie algebra £ with coefficients in the £-module M.

A derivation ¢ € Der(L, M) is homogeneous of degreem € Z if ¢ (Lp) C M4 for all p € Z. Denote
Der(L, M)y, = {¢ € Der(L, M) | deg¢p = m} for m € Z. Let ¢ be an element of Der(L, M). For any
m € Z, define the linear map ¢, : £ — M as follows: For any u € L4 with q € Z, write ¢ (u) = ZpeZ up
with up € Mp, then we set ¢y, (1) = ug4m. Obviously, ¢ € Der(L, M), and we have

=) ¢m. (24)
meZ

which holds in the sense that for every u € £, only finitely many ¢ (u) #0, and ¢ () =>_,,cz dm()
(we call such a sum in (2.4) summable).
It is well known that £ is the universal central extension of G; (see [1]).

Lemma 2.1. (See [18].) H'(L, £) =D, where D is consist of the following derivations ¥ :

X(Lp) = (@n+y)Iy +dpo(y +@)Cypy,
X Up) = Bly + ol + y)Cy,
X (Cp) =—24aCyy, X (Crp) = BCry — aCy, Xx(Cp) =28Cy,

wherew, B,y € C,n e Z.

The following lemma is very useful to investigate Lie bialgebra structures for some Lie algebras
related to the Virasoro algebra.

Lemma 2.2. Suppose that g = @, 5, gn is a Z-graded Lie algebra with a finite-dimensional center C4, and go
is generated by {gn, n # 0}, then

H'(g,C4®g+9®Cq)o=Cy ® H' (g, 9)0 + H' (g, 9)0 ® Cy,

where for any z1 ® 0’ + 0" ® z, € Cg ® Der(g, g) + Der(g, 9)  Cg, 21 ® 0’ + 0" ® 25 is an element of
Der(g,Cg®g+9g®Cy by (z1®0" +0" ®2)(x) =21 ® 0’ (x) + 0" (%) ® 2.

Proof. Suppose that r = dimCy, and Cy = C{z1,25,...,2}, then for any n #0, x € gy, o(%) =
Y o/ ®z + Yizi® o/ (x) for some o/, 0{ € Homc(g, g). Then applying o to [x, y] for any
X € gm, Y € gn With m +n# 0, we have
of ([x. ¥]) ® zi + zi @ o] ([x, y]) = [0/ (%), y] ® zi + [x, 0] ()] ® 2
+7zi® [0/ (), y] +zi @ [x. 0] (N)].

Then

o (Ix. ¥1) = [o{ %), y] + [x. o] V)],
of (Ix. y1) = [o{ ®). y] + [x.0{ (W)].

Since go is generated by {g;, n # 0}, then o induces derivations o;,o;" € Der(g,g) for i =
1,2,...,r. Moreover o is an inner derivation if and only if all ai’, a,.”, i=1,2,...,r are inner deriva-
tions. O
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2.2. Lie bialgebras

Let us recall the definitions related to Lie bialgebras. Let L be any vector space. Denote & the cyclic
map of L L® L, namely, £(x1 ® X2 ® X3) = X2 ® x3 ® X1 for x1,x2,x3 € L, and t the twist map of LQ L,
ie, T(x®Yy) =y®x for x, y € L. The definitions of a Lie algebra and Lie coalgebra can be reformulated

as follows. A Lie algebra is a pair (L, §) of a vector space L and a bilinear map §: L ® L — L with the
conditions:

Ker(1—7)CKers, 6 -(1®8) -(1+&+&%)=0:1®L®L—L.
Dually, a Lie coalgebra is a pair (L, A) of a vector space L and a linear map A : L — L ® L satisfying:
ImA cIm(1 —1), (1+6+&%) - (1®A)-A=0:L>LRLSL. (2.5)

We shall use the symbol “-” to stand for the diagonal adjoint action:

X- (Za,» ®b,~> = Z([x, ail ® bi +a; ® [x, bi]).

A Lie bialgebra is a triple (L, 8, A) such that (L, ) is a Lie algebra, (L, A) is a Lie coalgebra, and the
following compatible condition holds:

AS(X®Y)=x-Ay—y-Ax, Vx,yel. (2.6)

Denote U the universal enveloping algebra of L, and 1 the identity element of U. For any r =
> iai®b; e L® L, define c(r) to be elements of U ® U ® U by

C(T) — [T12, r13] 4 [r12, T23] + [I‘B, T23],

where 2 =3",a;®b;®1, 13 =3,a;®1®b;, 1 =Y, 1 ®a; ® b;. Obviously,

c(r)= Z[ai,aj] ®bi®b; +Zai ®[bi,aj1®bj + Zai ®a; @ [bi, bj].
i,j i,j LJ

Definition 2.3. (1) A coboundary Lie bialgebra is a 4-tuple (L, 8, A, r), where (L, 8, A) is a Lie bialgebra
and r e Im(1 — 7) C L ® L such that A = A, is a coboundary of r, where A; is defined by

Ar(x)=x-r forxel. (2.7)

(2) A coboundary Lie bialgebra (L, 8, A,r) is called triangular if it satisfies the following classical
Yang-Baxter equation (CYBE):

c(r)=0. (2.8)

(3) An element r e Im(1 — t) C L ® L is said to satisfy the modified Yang-Baxter equation (MCYBE)
if

x-c(r)=0, Vxel. (2.9)
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Lemma 2.4. Regard L®" (the tensor product of n copies of £) as an £-module under the adjoint diagonal
action of L. Suppose r € L®" satisfyingx-r =0,V xe L. Thenr Cég”, where C is the center of L.

Proof. It can be proved directly by using the similar arguments as those presented in the proof of
Lemma 2.2 of [22] (also see the proof Lemma 2.5 of [9]). O

Lemma 2.5. Let L be a Lie algebraand r e Im(1 — ) C L ® L, then
(1+&+8%)-A®A)-Ar(X)=x-¢(r), Vxel, (2.10)
and the triple (L, [-,-], Ay) is a Lie bialgebra if and only if r satisfies MCYBE (2.9).

Proof. The result can be found in [3,4,17]. O

The Lie bialgebra structures over the Witt algebra W (the centerless Virasoro algebra) and the
Virasoro algebra v were determined in [17].

Proposition 2.6. (See [17,19].) For the Witt algebra W and the Virasoro algebra v, HY(W,W ® W) =
H'(v, v ® v) = 0, and every Lie bialgebra structure on W or v is triangular coboundary.

3. Lie bialgebra structures on the twisted Heisenberg-Virasoro algebra

Regard V = L ® £ as a L-module under the adjoint diagonal action,then £ and )V are both
Z-graded. Now we shall calculate H'(L,V) for the twisted Heisenberg-Virasoro algebra £ with
Proposition 2.6, and then determine Lie bialgebra structures on the algebra.

For any 6 elements o, . B, 87,1, vT € C and z1,zJ{, wi, ng € Z, one can easily verify that the
linear map o : £ — V defined below is a derivation:

o(Ln) = ma + )21 ® I+ (na’ + y N1 @ 20+ 8n0((y + 0z @ Ciy + (v + o)y @ 2),
oUn) = w1 ® In+ Tl @ Wl + 8n0((¥ +0)z1 @ €1 + (T +af)cr 0 2)),

0(C) =—24(az1 ® Cpy +alcy 7)),

o(Cu) = (Bwi ® Cuy + Bl @ wl) — (z1 @ € +afc @ 2),

oCn=2(w1 ®Ci+plciow!), nez zez i=1234 (3.1)

Clearly o is an outer derivation of Der(L, £L ® L) if a,of, ﬁ,ﬂT, Y, yT are not zeros. Denote D the
vector space spanned by the such elements o over C. Let D° be the subspace of D consisting of

elements o such that p(£) € Im(1 — 7). Namely, D° is a subspace of D consisting of elements o

with o = —a, B= —,BT, y = —yT, Z1 =2J{, wi = WJ{.

The main results of this paper can be formulated as follows.

Theorem 3.1.
(i) Der(£,V)=Inn(L, V) ® D and H' (L, V) = D.
(ii) Let (L, [-,-], A) be a Lie bialgebra such that A has the decomposition A, 4+ o with respect to Der(L, V) =
Inn(L, V) ® D, wherer € ¥V (mod C ® C) and o € D. Then, r € Im(1 — 1) and o € D°. Furthermore,
(L, [-,-1,0) is a Lie bialgebra provided o € D°.

Proof. For any ¢ € Der(L, V), we first claim that if m € Z* then ¢, € Inn(L, V). To see this, denote
y =m~'gn(Lo) € V. Then for any x,; € Ly, applying ¢m to [Lo, X;] = nx, and using @m(xn) € Vaim,
we obtain (m + n)@m(xn) — Xn - m(Lo) = Lo - @m(Xn) — Xn - Pm(Lo) = n@Ym(Xn), i.., ¥m(Xn) = Yinn(Xn).
Thus @m = Yinn is inner.
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We can claim that ¢(Lg) =0 (mod C ® C). Indeed, for any p € Z and x, € Lp, applying ¢ to
[Lo, Xp] = pXxp, one has x, - ¢(Lg) =0 (mod C ® C). Thus by Lemma 2.4, ¢(Lg) =0 (mod C ® C).

Now we claim that for any ¢ € Der(£, V), (2.4) is a finite sum. To see this, one can suppose
On = (wx)irm for some w;rl eVhandneZ* If Z ={neZ*| le # 0} is an infinite set, then ¢(Lg) =
@(Lo) + > pez Lo wh = (Lo) + ZneZ,nw;f, is an infinite sum, which is not an element in V), con-
tradicting the fact that ¢ is a derivation from £ to V. This together with Propositions 3.3, 3.4 below
proves Theorem 3.1(i).

By definition, the algebra h = C{I,,C;,C;,Cr;|n€Z} is an ideal of L. Set H=L®h+hH® L,
then H is a £-submodule of V. The exact sequence 0 - H — V — V/H — 0 induces a long exact
sequence

— H(L, K) > H'(L, H) - H' (£, V) > H' (£, K) >

of Z-graded vector spaces, where all coefficients of the tensor products are in C, and L =V/H is the
quotient £-module, on which § acts trivially. Clearly HO(£,K) = K£ ={x e K| £L-x =0} = 0. Then
HY(L,H) = HY(L,V) if we prove that H' (L, K) = 0.
Proposition 3.2. H' (£, K) = 0.
Proof of Proposition 3.2. The exact sequence 0 - h — £ — £/h — 0 induces an exact sequence

0— HY(L/h, K) — HY(L,K) — H(h, K)F (3.2)
of the 5-term sequence associated to the Hochschild-Serre spectral sequence HP(L/h, H1(h, K) =
HPT4(L, K). Clearly, as £-modules, the quotient modules X = W ® W, on which § acts trivially. Then
H'(£/b,K) =0 by Proposition 2.6, and H'(h, K)* embeds into Homyw)(h, W ® W). So we only

need to prove that Homyw)(h, W ® W) =0.
Let f € Homyww)(h, W @ W), for any n € Z,

0= f([Ln, Cusl) = [Ln, f(CLD].
So f(Cyy) =0. Similarly, f(Ig) = f(Cr) =0. Moreover, f(I) € Vi since f([Lo, Im]) = [Lo, f(Im)].
By f([L-m,Im]) = [L—m, f(Im)], we can suppose that f(Im) =am(Lam ® L_m —3Ln ® Lo +3Lo ®
Lm — L_m ® Lam). Moreover by mf (In+m) = [Ln, f(Im)] for any n € Z we obtain that a, =0 for all
0#m € Z. Therefore, f =0. O

Now we shall determine H!(£,#). Denote by £Lc =L ® C +C Q L, then Lc¢ is a £-submodule
of H. The exact sequence 0 — L — H — H/Lc — 0 induces

— H%(L, H/Lc) — HY(L, Le) — HY (L, H) — HY (L, H/Lc) — .

Clearly HY(L, H/Lc) = (H/Lc)E = 0. Now we shall prove that H'(L,H/Lc) = 0, then we have
HY(L, Lo) = HY(L, H).

Proposition 3.3. H' (L, H/Lc) =0.

Proof of Proposition 3.3. For any ¢ € Der(L,H/Lc)o, 0 #n € Z, one can write ¢(L;) and ¢(I,) as
follows

)= Y bpili®li+ Y bi,,'li®l~n—i+Zan$i1i®1n—ia
i€Z, i#n i€Z,i#0 i#0,n

where the sums are all finite, and ay i, by i, bz ;€CforallieZ.
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For any n € Z , the following identities hold,
Li-(Ln®@I-n)=M0—DLpy1 @ In —nly @ I1-,
Ly - (In®Lp)=nlp1 QL n— (1 +ml; ® L1y,
L1-(In®I-p) =nlpp1 & [n —nlp ® [1n.

Let A denote the set consisting of 3 symbols a,b,bT. For each x € A we define I, =
max({|p| | x1,p # 0}. For n =1, using the induction on ) ,_, Ix in the above identities, and replac-
ing ¢ by ¢ — ujnn, where u is a proper linear combination of L, ® I, I, ® L, and I, ® I, with
p € Z, one can safely suppose

ae=bii=bl ;=0 fori#£02 j#%1 keZ (3.3)

Applying ¢ to [L1,L_1] = —2Lp and using the fact that ¢(Lp) € C ® C, and comparing the coefficients
of Ly ®I_p, [, ®L_p and I, ® I_p, we obtain

Y (@=2b1p1—A+pbo1p+(—Dbip—(p+2b114p) =0,

DEZ
T T T i
Y (@—=1b'y = (+2)b',  +(p—2)b) ,— (p+ Dby, ) =0,
DEZ
Y (=D 1p1—(@—De1p+ (P —Derp—(p+1erps1 =0.
PEZ

Then

bi1g=bl,,=a14=0. VqeZ (3.4)

Applying ¢ to [Lp, L_1] = —3L4, and comparing the coefficient of L, ® I1_p, Ip ® L1_p and I, @ I1_p
one can obtain that

ayp=byp=b} , =0. (3.5)

Similarly by [Ly,L_2] = —3L_q, we have a_; , =0 for all p € Z. It follows from this formula
and (3.3)-(3.5) that ¢(L+1) = ¢(L+p) = 0. Thus for any n € Z, one can deduce ¢(L,) =0, since v
can be generated by Ly; and L. While for I, by [L_g, In] =nlg and [Lp, I] = nlpyn we have
¢y =0. O

Remark 1. The Propositions 3.2, 3.3 hold for many Lie algebras related to the Virasoro algebra. For
example, W (a, b) = C{Lp, I, | m,n € Z}, where Ly, I;, m € Z are the centerless Virasoro, Heisenberg
operators, and the twisted action is given by [Ly, I] = (@ +bm +n)I 4y for all m,n € Z and for some
a,b e C see [7] for detail.

Proposition 3.4. H' (L, £¢) =D, where Lc =CQ L+ L QC.

Proof of Proposition 3.4. For any ¢ € Der(L, L¢)o, n # 0, from Lemmas 2.1, 2.2, we suppose that
@(Ln) = @ + )21 @ In + (&’ +y N1, @ 21,
@(n) = w1 @ In + Tl @ wl, (3.6)

for some o, e, B, 7, v, yT e C.
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By [L1,L_1] = —2Lp we have

ol =yz1®@lh+y e + @+yzecy+ (@ +yH)uez. 3.7)

By [L1,I-1]1= —Ip we have
o) =pwi I+ lhew! + @+ )z e+ (@ +yNc ez (3.8)

Moreover Cp, ¢(Cry) and ¢(C;) can be computed by [Ly, L] = —4Lp + %CL, [L_q,I1]=1g+ 2Cyy
and [I1,1-1]=—C;. Then we get ¢ € D. O

Then we get Theorem 3.1(i).
To prove the second part of Theorem 3.1(ii), we need the following lemma.

Lemma 3.5. Suppose v € V such that x - v € Im(1 — 1) for all x € L. Then there exists u € Im(1 — t) such
thatv—-ueC®C.

Proof of Lemma 3.5. First note that £ -Im(1 — t) C Im(1 — 7). We prove that after several steps,
by replacing v with v — u for some u € Im(1 — 1), we get ve C®C. Write v=7)",_, Vn, Vn € Vp.
Obviously,

velm(l1—-17) <— vpelm(l—-1), VneZ. (3.9)

Then ), ,nvy =Lo-v €Im(1 — 7). By (3.9), nv, € Im(1 — 1), in particular, v, € Im(1 — 1) if n #0.
Thus by replacing v by v — )", .« vn, One can suppose v = vq € Vy. Write

v=> aLi®L i+ Y bplpy®I p+cply @ L p+dply@I_p)
i€Z 0#peZ

+blo®z+b'z' @ Ly (mod C ®C),

where all the coefficients are in C, z, z € Z and the sums are all finite. Since the elements of the form
Up =Lp®L p—L p,Q@Lp, Uz p:=Lp QI _p—1_pQLp, u3p:=1, QI _p—1_p®Ip,u=LpR®z2—-2R Lo
are all in Im(1 — 7), replacing v by v —u, where u is a combination of some u1 p, uz p and us p,, one
can suppose

cp=0, VpeZ; ap,dp #0 = p>0o0rp=0. (3.10)

Then v can be rewritten as

V=Y apl,®L p+ Y bply®I p+ Y dply®I
pEZy 0#peZ pEZy

+bLlo®z (mod C®C). (3.11)

Assume ap # 0 for some p > 0. Choose q > 0 such that g # p. Then L, 4 ® L_, appears in Lg - v,
but (3.10) implies that the term L_, ® Lp4q does not appear in Lq - v, a contradiction with the fact
that Ly - v € Im(1 — 7). Then one can suppose ap =0, Vp € Z*. Similarly, one can also suppose d, =0,
Vp e Z* and e, =0, Vp € Z. Then (3.11) becomes

v= > byl ®I_p+aolo®Lo+bLo®2zmodC®C. (312)
0#£p€eZ
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Recall the fact Im(1 — t) c Ker(1 + t) and our hypothesis £-v C Im(1 — t), one has

0=Q1+4+1vL-v
=—-2a0(L1i®Lo+Lo®L1)—b(L1 ®z+2z®L1)

+ Z ((p = DbpLpt1 @ I_p — pbpLpy ® I1—p) + ((p — Dbpl_p @ Lps1 — pbpli—p @ Lp).
0#peZ

Comparing the coefficients, and noting that the set {p | b, # 0} is finite, one gets

ag=b,=0, p#1.

Moreover by =b =0 if z#kly for some ke C, b+ by =0 if z=Ij.
Then (3.12) can be rewritten as

v=bi(L1 ®I-1— Ly ®Ip) (modC ®C). (3.13)
Observing (1+ t)Ly - v =0, one has by = 0. Thus the lemma follows. O

Proof of Theorem 3.1(ii). Let (£, [-,-], A) be a Lie bialgebra structure on L. By (2.3), (2.6) and The-
orem 3.1(i), A= A;+ o0, where reV (mod C ® C) and o € D. By (2.5), ImA C Im(1 — 7), so
Ar(Lp) + 0 (Ly) € Im(1 — 1) for n € Z, which implies that o +af =y + yT=0. Similarly, 8 + 87 =0
by the fact that A.(I;) + o (Iy) € Im(1 — 1) for n € Z. Thus, o (£) € Im(1 — t). So ImA; € Im(1 — 7).
It follows immediately from Lemma 3.5 that r € Im(1 — ) (mod C ® C), proving the first statement
of Theorem 3.1(ii). If o € D°, one can easily verify that (1+ & +£%). (1®0) -0 =0 by acting it
on generators of £, which shows (£, [-,-],0) is a Lie bialgebra, and the proof of Theorem 3.1(ii) is
completed. O

4. Lie bialgebra structures on some other Lie algebras

With the methods and results in Section 3, we can easily to obtain Lie bialgebra structures on
some other Lie algebras related the twisted Heisenberg-Virasoro algebra. Although some of them were
studied case by case in some papers (see [12,8,6,9], etc.), their calculations are very complicated.

4.1. Lie algebra of differential operators of order at most one

Let Gq be the Lie algebra of differential operators of order at most one. Then Gy is just the center-
less twisted Heisenberg-Virasoro algebra.
As a vector space over C, G; has a basis {Lp, I,, m € Z}, subject to the following relations:

[Lm, Ln] = (n —m)Lipyn,
[ITTI! In] = 0,

[Lin, In] =nln .

Lemma 4.1. For the Lie algebra G1 and r € G1 ® Gq, r satisfies CYBE in (2.8) if and only if it satisfies MCYBE
in (2.9).

Remark 2. Let L be a Lie algebra such that H%(L; /\3 L) = 0. Then any solution r € L A L of the MCYBE
is actually a solution of CYBE. All the following Lie algebras satisfy this condition, then Lemma 4.1
holds for all the following Lie algebras.
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For any 6 elements o, o, 8, 87,7,y € C, one can easily verify that the linear map o : £ — V
defined below is a derivation:

o(Ly) = (na +y)lo ® In + (e + y) I ® Io,
oUn)=Blo® In+ 1 ® Io. (41)

Denote D; the vector space spanned by the such elements o over C. Let D? be the subspace of D
consisting of elements o such that D(£) € Im(1 — 7). Namely, D? is a subspace of D; consisting of
elements o with o = —af, g =—p1, y = —p.

According to the results in Section 3, we obtain the following result.

Theorem 4.2.

(i) Der(Gy,G1 ® G1) =Inn(Gy, G1 ® G1) ® Dy and H'(G1, G1 ® G1) = Der(Gy, G1 ® G1)/Inn(Gy, G1 ®
G1) =Ds.

(ii) Let (G1,[-,-], A) be a Lie bialgebra such that A has the decomposition A, + o with respect to
Der(G1,G1 ® G1) = Inn(G1,G1 ® G1) ® D1, wherer € G1 ® G; (mod C ® C) and o € Dy. Then,
relm(l1—t)ando € D?. Furthermore, (L, [-,-], o) is a Lie bialgebra provided o € D?.

(iii) A Lie bialgebra (Gq, [-,-], A) is triangular coboundary if and only if A is an inner derivation (thus A = A,
where r € Im(1 — 1) is a solution of CYBE).

Proof. Theorem 4.2(iii) follows immediately from (2.5), Definition 2.3 and Lemma 4.1. O

4.2. The Lie algebra of differential operators

Now we consider Lie bialgebra structures on the Lie algebra of differential operators defined in
Section 2. Although such works for the Lie algebra of Weyl type (including the centerless Lie algebra
of differential operators) was consider in [24], our calculation is very simple. Clearly C; = C{1} is the
center of G. Moreover, we have

Lemma 4.3. G is generated by {t, t~1, D?} (see [25]).

For any 2 elements o, af e C, one can easily verify that the linear map Soart G — G ®G defined
below is a derivation:

Cuat (tm) =0,
Co.at (¢"D") = ant™ D" ' @1+a'n-1t"D"!, VmeZ neZ,. (4.2)

Clearly ¢, ot is an outer derivation of Der(G,G ® G) if o, ot are not zeros. Denote Dy the vector
space spanned by the such elements ¢, ,i over C. Let Dg be the subspace of D, consisting of ele-
ments ¢, i such that ¢, ,+(G) € Im(1 — 7). Namely, Dg is a subspace of Dy consisting of elements
o with o = —af.

With the results in Section 3, we can obtain the main results of this paper as follows.

Theorem 4.4.
(i) Der(G.G ®G) =Inn(G.G ® G) & Dy and H'(G.G ® G) = Dy.

(ii) Let (G, [-,-1, o) be a Lie bialgebra such that o has the decomposition A, + o with respect to Der(G, G ®
G)=Inn(G,GRG)®Dy, wherer e GG (mod Cy ®Cy) and o € Dy. Then,r e Im(1—71)ando € Dg.
Furthermore, (G, [-,-], o) is a Lie bialgebra provided o € Dg,

(iii) A Lie bialgebra (G, [-,-], A) is triangular coboundary if and only if A is an inner derivation (thus A = Ay,
where r € Im(1 — 1) is some solutions of CYBE).
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Proof. For any o € Der(G, G ® G), we can suppose that o (t) =0 (see [24], or [25]). With [t™,t]=0
and [t"D, t]=t™+1, we have o (t"), o (t™D) € G1 ® Gi. Then we have

Der(G1,G ® G) C Der(G1,G1 ® G1) +Inn(G1,G ® §). (4.3)

By Theorem 4.2, and replaced o by 0 —a¢1,0 — ozT{o,L one can suppose that

o(t"D)=y1et"+y " o1,
o(t™)=0. (4.4)

By [DZ,t™] = m%t™ + 2mt™D, [D?, D] = 0 we have [o(D?),t™] = 2mo (t"D) for all m € Z, and
[0 (D?), D] =0. Then can suppose that

o(D*)=2y1@D+2y'D@1+) fir @ . (4.5)

From [D2,t™D] = m2t™D + 2mt™ D2, we have

1 ) ) o
o(t"D*) =2y10t"D+2y"t"D® 1+ o ( Yo hi(it @ —it" g t’)), (4.6)
i£0

for m #0.

Applying o to [t"D2,t™"D]= —3nD? + n2D, and comparing the coefficients of the term t! ® t"~!
with lowest first degree, we get f; =0 if i # 0. Moreover, —3 fon +n*(y + yT) =0 holds for all n #0.
Then fo =0 and y + yT = 0. Therefore

o(t"D*) =2yt"D®1+2y"1®t"D (4.7)

for all m € Z.

Applying o to [t"D2,t"D] = (2n — m)t™ D% 4 n2t™tD and comparing the coefficients of terms
t" @1 and 1@t™H", we get y = yT = 0. Therefore o = 0 by Lemma 4.3. Then we get Theorem 4.4(i).
Theorem 4.4 (ii) and (iii) are easily proved. O

4.3. The Schrodinger-Virasoro Lie algebra

The Schrédinger-Virasoro algebra sv, playing important roles in mathematics and statistical
physics, is a infinite-dimensional Lie algebra first introduced by M. Henkle in [6] by looking at the
invariance of the free Schrédinger equation in (1+ 1) dimensions: (2M@d; — 32)y¥ = 0. The structure
and the representation theory for it have been well studied by many authors (see [8,13], etc.).

The Schrédinger-Virasoro Lie algebra sv is the infinite-dimensional Lie algebra sv with C-basis
{Ln, In,Yr|N€Z, r€Z+ %} and the following relations

1 3
[Lm, Ln] = (n —m)Limyn + (Sm+n,0_(m - m)C,

12
n
[Ln, Yi]= (r - E)Yn+r,

[Lm, In] = nlmn,
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[Yr,Ys]=(s =]y,

[Y:, Ip] = [Iy, Ip] =0,

where m,neZ r,seZ+1.

Clearly Cs = C{Ig, C} is the center of sv. Denote Z; by the set {Ip, C}.

Lie bialgebra structures over the centerless Schrodinger-Virasoro Lie algebra (C = 0) were deter-
mined in [8]. However, using the methods and results in Section 3, the original proof in [8] can be
greatly simplified.

For any 6 elements o, af, 8, 87, y,yT eC, zl,zJ{, w1, WJ{ € Z;, one can easily verify that the linear
map p :sv — sv ® sv defined below is a derivation:

p(Ln) = (a +y)z1 ® In + (o’ + y NI @ 2],
pn) =2(Bw1 ® In + 71, @ wl),
P, P =pw1®Y, s +B'Y, 1 ®wl,
p(C)=0, neZ. (4.8)

Denote Ds the vector space spanned by the such elements p. Let D? be the subspace of Ds

consisting of elements p such that p(sv) € Im(1 — 7). Namely, D? is the subspace of D; consisting of

elements p with a = —af, B=—g1, y = —yT and z; = 2l, w; = wl.

Theorem 4.5. (The centerless case was given in [8].)

(i) Der(sv,sv ® sv) = Inn(sv,sv ® sv) @& Ds and Hl(sv, st ® sv) = Der(sv,sv ® sv)/ Inn(sv,
50 ®sv) = Ds.

(ii) Let (sv,[-,-], A) be a Lie bialgebra such that A has the decomposition A, + o with respect to
Der(sv, st ® sv) = Inn(sv, sv ® sv) @ Ds, where r € sv Q sv (mod C ® C) and o € D;. Then,
relm(l1—t)and D € D?. Furthermore, (sv, [-,-], 0) is a Lie bialgebra provided o € D?.

(iii) A Lie bialgebra (sv, [-,-], A) is triangular coboundary if and only if A is an inner derivation (thus A = A,
where r € Im(1 — 1) is a solution of CYBE).

Proof. Set £ be the subalgebra of sv generated by {L;, I, C}, then L is the twisted Heisenberg—
Virasoro Lie algebra with C;; = C; =0, C; = C. From the proof of Theorem 3.1(i), we see that the
most difficulty of the proof (i) is to determine the terms of ¢(L,), ¢(I) for ¢ € Der(sv, sb ® sv)o. It
is easy to prove that ¢(Lp) € Cs ® Cs (see the proof of Theorem 3.1(i)).

Now we suppose that

O(Ly) = Zan,iyi_% ®Y,_ ;1 (Mod L® L),
i€Z

o) = an,iyi_% ®Y, 11 (mod L& L),
i€Z

where the sums are all finite, and ay i, by,; € C for all i € Z.

Remark 3. Although £ is not an ideal of sv, the terms Y, ® Y are only obtained from Y ® Y, where
Y=C{Y:|reZ+ %} by adjoint actions. So we can use the notation x=y (mod L& L) if x—y €
LQL.
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With

Li- (Y, 1®Y: p=0-DY, 1 ®Y: , —nY, 1 ®Y32n,

n

we can replace ¢ by ¢ — u;jp; and suppose that
(p(L1):a1,oY7% ®Y% +a1,2Y% ®Y7% (mod L ® L). (4.9)

Applying ¢ to [L_1,L1] =2Lo, we have a_;; =0 if i #0,%1, and 2a_1,_1 +a—10 + 2a10 =
a_1,0+2a_1,1+2a12=0.

Applying ¢ to [Lp, L_1]=—3L1, [L—2,L1]1=3L_ and [Ly, L_3] = —4Lg, we obtain a41,; =0 for all
ieZ, app=0if p#0,1,2,3a_24=0if q# —-2,-1,0,1, and az = —az 1 = 3az0, G2 3 = —2 0 =
a3 -2=-0-21,0-3-1=-30_2_2=—0_20.

Moreover, replacing ¢ by suitable multiples of vy, for v = Y% QY
v-Li1 =0), one can suppose that atp; =0 for all i € Z.

Since all Ly, n € Z are generated by Li1, Lo, then we have a,; =0 for all i € Z. However, by
[L_pn, In]=nlp € C, we have [L_p, ¢(I5)] =0 (mod £ ® £). Then we have ¢(I;) =0 if n is even, and
o(In) :bn(Y,% ® Y37n - Y% ® Y,%) if n is odd.

Moreover, applying ¢ to [Ly, In] =nlp4+n we have ¢(I;) =0 (mod L ® L).

Now, according to the proof of Theorem 3.1, for any 0 #n € Z, we can replace ¢ by ¢ — o for
some o € Ds, we can suppose that

I

® Y% (here

1 1
2 2

¢(Ln) =0,
@p)=0.

It is easily to prove that ¢(Y;) =0.
The proofs of (ii) and (iii) are the same as that in [8]. O

Denote by Y =C{Y; |reZ + %}, then Y is a £-module. From the proof of the Theorem 4.4, we
obtain the following result, which is very useful in determining Lie bialgebra (super-bialgebra) struc-
tures on some Lie (super)algebras, for example, the N =2 superconformal Neveu-Schwarz algebra,
etc.

Corollary4.6. H' (0, YY) =H'(L,Y®Y)=0. O

Remark 4. We can also use the above ideas to determine Lie bialgebra structures on some other Lie
algebras and Lie superalgebras related to the twisted Heisenberg-Virasoro algebra, for example, the
twisted Schrodinger-Virasoro Lie algebra (for which, the direct calculation is very complicated, see
[6]), the N =2 superconformal algebra [9], etc.
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