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Abstract

A definition of connection coefficients is introduced and techniques of computation are presented. We use semi-implicit
time difference scheme to solve Burgers equation by applying the evaluations of connection coefficients in calculating the
integrals of the variational form. Comparisons of accuracy and robustness of numerical solutions are mentioned in the
examples. (© 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction

The use of multiresolution techniques and wavelets has become increasingly popular in the devel-
opment of numerical schemes for the solution of partial differential equations [1,8,10,11,13,15,16].
The multilevel and approximation properties of the scaling function of the multiresolution analysis
provide computational efficiency and accuracy of numerical solutions of partial differential equations.
In this paper, we shall solve Burgers equation to illustrate this claim. Burgers equation is a useful
model for many physically interesting problems, particularly those of a fluid-flow nature, in which
either shocks or viscous dissipation is significant in part of the region [3]. For many combinations of
initial and boundary conditions, an exact solution of Burgers equation is available. Burgers equation
is one of the simplest nonlinear partial differential equations for which it is possible to obtain ex-
act solution, it behaves as an elliptic, parabolic or hyperbolic partial differential equation. Therefore,
Burgers equation has been used widely as a model equation for testing and comparing computational
techniques.

Numerical techniques for the solution of differential equations usually fall into the following
classes: finite-difference, finite element and spectral methods. Sometimes the latter two methods are
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considered as subsets of the method of weighted residuals. Galerkin method is one of the method of
weighted residual. In this paper we use semi-implicit time differencing scheme which is to combine
Galerkin method and finite-difference method in solving PDEs. This was first mentioned in [8,10].
Here we use different techniques to calculate the integrals in the variational form of the given
equation. Our method in computing the integrals is based on the evaluation of appropriate connection
coefficients. It gives us an efficient way to do the computation. To convert a differential equation
into a system of algebraic equations, we use an interpolation formula to approximate the coefficient
functions of the given differential equation.

We organize our paper as follows. In Section 2, we review coiflet interpolation formula and its
approximation theorem. Section 3 provides definition and theory of connection coefficients which
differs from that considered in [9]. As mentioned in [9], the calculation of connection coefficients
consists of two parts. First, the connection coefficients are shown to satisfy a set of homogeneous
equations that are derived from repeated use of the refinement equation. This procedure gives rise to
an algebraic eigenvalue problem. In fact, the connection coefficients are not uniquely determined by
this algebraic constraint. We need additional constraints which are inhomogeneous equations. These
are derived from moment conditions. Our approach will not only handle the boundary conditions
of the PDEs naturally but also provide a robust computational technique. In Section 4, we use
semi-implicit time differencing scheme to solve several Burgers equations by using the interpolation
formula of Section 2 and connection coefficients introduced in Section 3. It turns out that our methods
provide a robust and accurate alternative to conventional methods.

2. Interpolations

We recall a generalized convergence theorem in R? which is also true in R". A similar interpolation
formula using multi-scaling functions has been considered in [12]. In fact, there is a close relationship
between accuracy of scaling function and approximation order of scaling function interpolation [12].

Let ¢, € C! be, respectively, the scaling and wavelet function of the orthonormal multiresolution
analysis with compact support [4,5,14]. Construction of wavelet functions can start from the building
of scaling function, ¢(x), and a set of related coefficients, {a;};cz, which satisfy the two-scale
relation or refinement equation,

Px)= D ap(2x — k).
k

The wavelet function is

Y(x)= > bip(2x — k),
3
where b, =(—1)*a_;,;. Let ¢ and {M,} denote the moments of ¢ as follows:

c:= /x(b(x)dx:; 22: kay, 2.1)

k=N,

the first moment of the scaling function ¢(x), and

M= /xlq')(x)dx, I=1,2,....L—1. (22)
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Where the scaling function ¢ and wavelet  are of compact support [N;,N,], and {ay,,...,an,}
satisfies

Ny
Z Ay :2,

k=N,

N

Z aariar =200, (EZ,

k=N,

Ny
> (=Dfk"ar=0, m=0,1,....L—1.

k=N

Theorem 2.1 (Lin and Zhou [13]). (Here we state a special case of [13], namely, ¢ =0.) Assume
the function f € Ck(Q) where Q is a bounded open set in R*, k>=L>2. Let, for j€Z,

F )=, X (2.4) il nen (23)
pa)EA
where the index set
A={(p,q)|(supp($}) @ supp(¢/)) N Q2 # 0}. (2.4)
B/(x) =22 $(2'x — k), (2.5)
Y () =224(2x — k). (2.6)
In addition the first moment vanishes, i.e.,
/xd)(x)dx:O. (2.7)
Then
. L
If =l <€l (57) 28)
‘ 1!
If = Pl <@l (55) 29)
where C is a constant depending only on L and diameter of €.
(L) L
I ©l= | max, (WyL s ) (2.10)

Daubechies wavelets of order 3 and coiflets satisfy the conditions in Theorem 2.1. We will use
the interpolation formula (2.3) in Section 4.
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3. Connection coefficients

In this section we introduce the definition of connection coefficients on the interval (0,1) which
enhance the precision and speed of the computation for the solutions of linear and nonlinear differ-
ential equations. In Section 4 we will use these connection coefficients and the interpolation formula
(2.3) to solve nonlinear partial differential equations — Burgers equations.

3.1. The connection coefficients on (0, 1)

Definition 3.1. Let ¢ be a scaling function with a finite support as described in Section 2. For j >0,

A7 ={plsupp(¢,) N (0,1) # O}. (3.1)

For p,m,k € A/, we define the connection coefficients on (0, 1) at level j as

= [ 66— p)gle—mydx. (3.2)

Q= [ = P —mdx, (3.3)
. 2;/

Ponii= [ @0 p)G = mIpx k) d. (3.4)

3.2. Properties of the connection coefficients

The basic properties are

r,=r, (3.5)

Qé,m = Q,{Lp, (3.6)

V{a,m,k = Vf;,k,ma (3.7)

Vot + It F Vg = 9 = IO = m)p(x = B (3.8)
For ¢(x) we have the dilation equation

P(x)= Zk: arp(2x — k). (3.9)

So for ¢'(x) we have

()= 2ard'(2x — k). (3.10)
k

Use these equations we derive the following relations between the connection coefficients at two
consecutive levels:
27

r, = ; d(x — p)p(x —m)dx
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= Zaia//z/ d(2x —2p —i)p(2x — 2m — /) dx
if 0

2/+1

= ;%:aia//o d(x—2p—i)p(x —2m — ) dx

1 .
_ Jjtl1
- 5 E : aia/IﬂZeri,Zer/
i/

and
. 2/+]
' = A d(x — p)p(x —m)dx
27/ 2+l
= [ o= s —mdx s [ b= protr—myx
= ij;m + ij_zf’m_z/'-
Similarly,

i+1 _ OJ J
Qé,m = Q;];,m + Q

p—2/,m=27>

JHL J
yp,m,k - yp,m,k + yp—Zf,m—2/,k—2/‘

67

(3.11)

(3.12)

(3.13)

(3.14)

Relations (3.12)—(3.14) show that the calculations of the connection coefficients on (0,1) are
essentially at level 0. These are the key ingredients for the fast algorithm of the calculations of the

connection coefficients.

3.3. Exact calculations of the connection coefficients
From the dilation equation (3.9) we have
. 2/
= [ 66— p)gts = mdx
2 o

= /0 ZaiqS(Zx —2p— i)Za,/O ¢(2x —2m —¢)dx
1 | 2 /

:Z;aia//o ¢(x —2p —D)p(x —2m — /) dx
1 2

= E;aiag {/0 ¢(x —2p —D)p(x —2m — /) dx

+ ’ ¢(x—2p—i)¢(x—2m—/)dx}
2J
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1 ) 27 ' '
= EZaia/ {I}’pﬁz%/ —I-/ d(x+2/ —=2p —i)p(x+ 2/ —2m — /)dx}
i 0

- % 12/: aia/{gﬂh‘ﬂm# + F2]};+i—2f,2m+/—zf}- (3.15)
Similarly by (’3.3), (3.4) and (3.10) we have
ny,m =2 Z/: aia/’{Q'zip+i,2m+/ + Q;p+i721,2m+/72/}’ (3.16)
yi),m,k = zf: aia/at{’yép+i,2m+(,2k+t + y;p+i—2/,2m+/—2f,2k+t—2f}' (3.17)
/.t

Each of these is a system of linear homogeneous equations. To determine the unique solution, we
need to create some linearly independent inhomogeneous equations using the moment equations,

X=>(c+pVpx—p), i=0,1,....L—1, (3.18)

P

where ¢ is defined in (2.1).
For example, to evaluate {2/}, we use

X '=>"(c+ py'(x—p), i=1,....L—1, (3.19)
V4
to obtain
2/ ) ) _ 27/
/ PP dx=Y (c+ p)Yc+m) [ ¢'(x— p)d'(x —m)dx (3.20)
0 o 0
or
-2
! 202i—1)j _ i i0J i
12 f—;(c—i—p) (c+myQl,, i=1,...,L—1 (3.21)

In this way, we can have more equations which will give rise to the solution of unknowns. In
general, it is an open problem, namely, how many independent inhomogeneous equations are needed
to find the unique solution and the problem of whether a solution exists. For the cases of Daubechies
wavelet of order 3 and coiflets of order 4, we are able to find {I'/,}, {2/} and {y‘;,m, +}- In these
cases there is a unique solution. The dimension of the solution space of (3.15) is 1 and the dimension
of each of the solution spaces of (3.16) and (3.17) is 2.

For the case of higher derivatives and more terms, we have the following results. We now use
the following shorthand for differentiation of a function:

d¥ ¢, (x)
di._ mt) 3.22
g = (3.22)
Define 2-term connection coefficients as follows:
At = A AOUAOLE (3.23)

Let us assume that ¢ is d-times differentiable. Substitute (3.9) into (3.23) and simplify it, we have
the following scaling equations.
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Theorem 3.2.

1
d1d2 dldz
AN = A (3.24)

where d:=d, + d, and

Al,m;p,q =ap_21Qg—2m + Ap_21427,g—2m+2J-
Let B = fl_l(x)czb,ff(x)%f, we then have,
Nee — Z(_l)iBCI—i,cz—H' + (_l)cl*AO,d. (325)
0

This implies the following statement.

Theorem 3.3. The space spanned by {A"*|d, +d,=d} is of dimension 1.

We next consider moment equations which can be used to uniquely determine the solution of A.
Let K be the largest k£ such that x* can be expressed as a locally finite series of translations of
the scaling functions. Namely, for 0 <k <K,

=" adix), (3.26)
where the coefficients are

=M= / ey (x)dx. (3.27)
Differentiate (3.26) k times, we obtain

k=" M §f(x). (3.28)

Further differentiation gives rise to
0="> Mi¢/(x) j>k (3.29)

Multiplying both sides of the above 2 equations by ¢?'(x) and integrating over (0,2/), we have
Theorem 3.4.

27
. d —
ZM;{A;;:ldz _ k! A ()Z’)m (x)dx for k= d2: (330)
7 for k < d,.

Similarly, multiplying both sides of the equations (3.28) amd (3.29) by ¢/'(x) and integrating
over (0,2/), we have

Theorem 3.5.

2/
" 0 for k < d;.
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Table 1
The coeflicients for coiflets of order 4

n an

—4 0.011587596739

-3 —0.029320137980

-2 —0.047639590310

-1 0.273021046535
0 0.574682393857
1 0.294867193696
2 —0.054085607092
3 —0.042026480461
4 0.016744410163
5 0.003967883613
6 —0.001289203356
7 —0.000509505399

In a similar fashion, depending on the need in solving differential equations or other applications,
one can derive 3 or more terms connection coefficients.

4. Burgers equation

In this section we use the connection coefficients (3.2)—(3.4) and the interpolation formula (2.3)
to solve Burgers equations. We use j =6 and scaling functions are coiflets of order 4 (see Table 1)
in the following three problems.

4.1. The first problem

We consider the following initial-boundary value problem:
ou ou 1 %u
o U T Reae
where Re is the Reynolds number. The solution will be sought in the region —1<x<1 for ¢#>0.
Initial and boundary conditions are taken to be

4.1)

1 if —1<x<0,
w =0 ={ g it o 1] (42)
u(—Lt)=1, u(l,t)=0. (4.3)
We apply the following semi-implicit scheme in the time direction
u’ = uy, (4.4)
e Y 2y
= 1), k=0, 4.
A +u P v P on (0,1), 0 (4.5)

(=1 =0, 4T()=1, (4.6)
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where f(x) :=u(x,k At), v=1/Re and the time discretization step Az=1073. At each time step
(4.4)—(4.6) provides a boundary value problem for an elliptic ordinary differential equation about
sy

To solve (4.4)—(4.6), let w=u**", then we have

1 1 1
o ok - :7k 4.7
W+qu+VAtW vAtu’ 4.7)

w(=1)=0, w(l)=1. (4.8)

We convert the above equation to its variational form and approach the problem by reducing the
Dirichlet condition to Neumann condition and use interpolation formula to approximate the coefficient
function.

To do this, we consider the following setting:

1
a(u,v)= / W'V + gu'v + cuv)dx, (4.9)
0

L(v)=(f,v), for every v€ H,(0,1) xR, (4.10)

where g(x)=(1/v)u(x), c=1/vAt, f=-cu*.

By completing square and choosing suitable constants, one can check the V-ellipticity of the
bilinear form a(u,v). This implies the existence and uniqueness of the solution at each stage in
solving the above equation [7].

Define ug,u;,u, as the solution of the following variational problem in H'(0,1) x R, respectively,

uy €H'(0,1),
a(ug,v)=L(v) for all ve H'(0,1), (4.11)
u, €H'(0,1),
a(uy,v)=0v(0) for all ve H'(0,1), (4.12)
u, € H'(0,1),
a(uy,v)=v(1) for all ve H'(0,1). (4.13)

To the original boundary value problem, we associate the following problem:

a(u,v) =L(v) + 4v(0) + Lo(l) for every v€ H'(0,1), u(0)=1, u(1)=0. (4.14)
The function u in the above equation necessarily satisfies

u=uy+ Ay + Ao, (4.15)

which implies that 1;, 4, satisfies

{ u1(0)21 4 u2(0) 42 = 1 — up(0)

i (1)Ar + ua(1) 2o = — up(1). (4.16)
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Table 2
Solutions of Burgers equation (4.1)—(4.3)
X Approx. u, Exact u. Approx. uy
-1.0 1.0000 1.0000 1.0000
-0.9 0.9956 1.0000 1.0000
—0.8 1.0456 1.0000 1.0000
-0.7 1.0672 1.0000 1.0000
—0.6 1.0402 1.0000 1.0000
-0.5 0.9831 1.0000 1.0000
—-0.4 0.9303 1.0000 1.0000
-0.3 0.9128 1.0000 1.0000
—0.2 0.9444 1.0000 1.0000
—0.1 1.0159 1.0000 1.0000
0 1.0963 1.0000 1.0000
0.1 1.1411 1.0000 1.0000
0.2 1.1057 1.0000 1.0000
0.3 0.9613 0.9998 0.9995
0.4 0.7099 0.9714 0.9723
0.5 0.3933 0.1861 0.2034
0.6 0.0905 0.0015 0.0004
0.7 —0.1017 0.0000 0.0000
0.8 —0.1154 0.0000 0.0000
0.9 0.0091 0.0000 0.0000
1.0 0.0000 0.0000 0.0000
llua — uel|,,, = 0.1049 l|tw — te|| s = 0.0377

The solutions of the Neumann problems (4.11)—(4.13) will give rise to the solution of the associated
problem (4.14).
The exact solution of Egs. (4.1)—(4.3) is

[l = &)/ exp{—0.5Re F} d¢
e [ exp{—0.5ReF}d¢ ’ (4.17)

where

0.5(x — &)?
s (4.18)

¢
F(&x) = / uo(&)dE +

In [6] the traditional Galerkin method is used to solve this problem for various Reynolds number
Re. Here we solve it for Re=100 at t =0.92. The approximate solution is denoted by u,. We list
the results in Table 2, and compare them with the traditional Galerkin method solution u, and exact
solution u,. We also compute the discrete rms error which is defined by

- [Zfz (U — uc)%]l/zl

rms L1/2

s — uel| (4.19)
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Table 3
Numerical solutions of Burgers equation (4.20)—(4.22)

x 1=0.00 1=0.13 =025
~1.000 0.0000 0.0000 0.0000
~0.900 0.3090 0.2226 0.1736
~0.800 0.5878 0.4369 0.3441
~0.700 0.8090 0.6338 0.5082
~0.600 0.9511 0.8024 0.6616
~0.500 1.0000 0.9285 0.7984
—0.400 0.9511 0.9926 0.9099
~0.300 0.8090 0.9665 0.9806
~0.200 0.5878 0.8106 0.9779
~0.100 0.3090 0.4828 0.8063
0.000 0.0000 0.0000 ~0.0019
0.100 ~0.3090 —0.4828 —0.8068
0.200 ~0.5878 ~0.8106 —0.9780
0.300 ~0.8090 ~0.9665 —0.9806
0.400 ~0.9511 ~0.9926 ~0.9099
0.500 ~1.0000 ~0.9285 —0.7984
0.600 ~0.9511 —0.8024 ~0.6616
0.700 ~0.8090 —0.6338 ~0.5082
0.800 —0.5878 ~0.4369 —0.3441
0.900 ~0.3090 ~0.2226 —0.1736
1.000 0.0000 0.0000 0.0000

4.2. The second problem

We consider the following Burgers equation:

ou ou  u

T bun=ves (4.20)
for t > 0, 0 < x < 1 with the initial condition

u(x,0)= — sin(mx), (4.21)
and boundary equations

u(l,t)=u(—1,1)=0 (4.22)

whose analytic solution is known [2]. Here v=10"2/n. We use the same method as problem 1 and
list the results in Tables 3 and 4.

One of the special features of our methods is the multilevel iterations algorithms which provide
more efficient calculations. As we compare our results of problem 1 with [6] and problem 2 with
[15], our method is relatively more robust and accurate. The above two problems are Dirichlet
boundary value problems. We next consider mixed boundary conditions.
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Table 4
Exact solution of Burgers equation (4.20)—(4.22)

x 1=0.00 1=0.13 =025
~1.00 0.0000 0.0000 0.0000
~0.90 0.3090 0.2226 0.1736
~0.80 0.5878 0.4369 0.3441
~0.70 0.8090 0.6338 0.5082
~0.60 0.9511 0.8024 0.6616
~0.50 1.0000 0.9286 0.7985
~0.40 0.9511 0.9927 0.9100
~0.30 0.8090 0.9656 0.9808
~0.20 0.5878 0.8103 0.9777
~0.10 0.3090 0.4829 0.8073
0.00 0.0000 0.0000 0.0000
0.10 ~0.3090 —0.4829 ~0.8073
0.20 —0.5878 ~0.8103 —0.9777
0.30 ~0.8090 ~0.9656 —0.9808
0.40 —0.9511 ~0.9927 ~0.9100
0.50 —1.0000 ~0.9286 ~0.7985
0.60 ~0.9511 —0.8024 —0.6616
0.70 —0.8090 —0.6338 ~0.5082
0.80 —0.5878 —0.4369 —0.3441
0.90 ~0.3090 ~0.2226 ~0.1736
1.00 0.0000 0.0000 0.0000

4.3. The third problem

We consider the following mixed initial boundary-value problem
u  ou_ u

U=V 4.23

TR Vi > (4.23)
for t > 0, 0 < x < 1 with the initial condition

u(x,0)=uy(x) (4.24)
and boundary equations

ou(0,t

MO0 o uy=1, (4.25)

Ox

where v=2 x 107 and uy(x)=¢e3!=%, We apply the following semi-implicit scheme in the time
direction

u’ = uy, (4.26)
k+1 ok O 2k

- At” — ”(;x —v 5;2 on (0,1), k>0, (4.27)
a k+1 0

u ():0, (D=1, (4.28)

ox
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where u(x) := u(x, k At) and the time discretization step At =1073. At each time step (4.26)—(4.28)
provides a mixed boundary-value problem for an elliptic ordinary differential equation about u**!.
To solve (4.26)—(4.28), let w=u""", then we have

1 1 1
ook — k 4.29
v vuw+vAtW VALY (4.29)
w'(0)=0, w(l)=1. (4.30)
In order to reduce the Dirichlet condition to Neumann condition, we consider the following setting:
1
a(u,v)= / W'V + gu'v + cuv) dx, (4.31)
0
L(v)=(f,v) for every v€ H,(0,1) x R, (4.32)

where g(x)=(1/v)u(x), c=1/vAt, f=-cu*.
Let u,u, satisfy the following variational problem in H'(0,1) x R, respectively,

uy € H'(0,1),
a(ug,v)=L(v) for all ve H'(0,1), (4.33)
u, € H'(0,1),
a(u;,v)=v(1) for all ve H'(0,1). (4.34)

Corresponding to the original mixed boundary value problem, we have the following associated
problem:

a(u,v)=L(v) + A,v(1) for every ve H'(0,1),

u(l)=1. (4.35)
The function u in the above equation necessarily satisfies

u=uy+ Ay, (4.36)
which implies that 1, satisfies

u(l)y=uo(1) + 4Ly (1)=1. (4.37)
Hence,

1 —uy(1
A= ul(l()) (4.38)

The solutions of the Neumann problems (4.33), (4.34) will give rise to the solution of the associated
problem (4.35). Fig. 1 shows the solution at times 0, 0.03 and 0.18, illustrating the development of
a quasi shock starting at t =0.03 and fully developed at #=0.18.

In this paper we have been exploring the wavelet interpolation based approximations for the
numerical solutions of nonlinear problems. For this class of problems, we have seen wavelets compare
favorably with traditional methods. Our method seems to be promising for higher-dimensional cases.
We plan to solve Navier—Stokes equations along these lines.
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14 T T T T T T T T T

1.2 h

0 o1 02 03 04 05 06 07 08 09 1

Fig. 1. The solution of Burgers equation (4.23)—(4.25) at t=0(0), t=0.3(x), t=0.18(—).

Appendix

In this appendix we will discuss the convergence and error analysis of the methods used in
Section 4. More generally, we consider the following boundary value problems in terms of variational
formulation.

Find u € V" such that

a(u,v)=L(v) foreveryvel. (A.1)

In (A.1), V, a(.,.), L are as follows:
(1) V is a Hilbert Space with scalar product (.,.) and associated norm ||.]|.
(2) a:V x V—R is a bilinear form, continuous and V-elliptic over V' x V
(3) L: — R is linear and continuous.

If properties (1)—(3) hold it follows from the Lax—Milgram Theorem that (A.1) has a unique
solution.

In fact, applying the Riesz Representation Theorem, there exists 4 € Isom(V, V'*), uniquely defined,
such that

a(v,w)=(4dv,w) for every v,we V. (A.2)
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And hence,
la(v,w)| < ||4]|||v]][|w] for every v,w € V. (A.3)

Consider a family {V,}, of closed subspaces of Vand Vi CV,C-- -V, CV,---.InV, it is quite
natural to approximate the problem (A.1) by the following setting.
Find u, € V, such that
a(u,,v)=L(v) for every veV,. (A.4)

Problem (A.4) has a unique solution by the Lax—Milgram Theorem. On the other hand, we have
the following approximation property:

g — ll < [|AIIA™[lo — ]l for every ve ¥, (A.5)
If the bilinear form a(.,.) is symmetric then the above inequality will give rise to

oty — wll <UANAT 12 o = ull - for every ve V. (A6)
Therefore, we have the following convergence result,

’1lingo |, — u|| =0, (A.7)
provided,

nli)ngo(ianU—uH: veVl,)=0. (A.8)
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