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1. Introduction

The differential equations with piecewise constant argument describe hybrid dynamical systems (a combination of
continuous and discrete). These equations have the structure of continuous dynamical systems within intervals and the
solution is continuous, and so combine properties of both differential and difference equations. They have applications in
certain biomedical models and are similar in structure to those found in certain sequential continuous models of disease
dynamics as treated by Busenberg and Cooke (see [ 1]). Therefore there are many papers concerning the differential equations
with piecewise constant argument (see [2-10] and the references therein).

Meanwhile, Diagana [11] introduced the weighted pseudo almost periodic functions, which is a natural generalization of
the classical pseudo almost periodic functions (see [12,13]), and has been used in the investigation of ordinary differential
equations, partial differential equations and functional differential equations. For the results along this line, we refer the
readers to [14-24] and the references therein.

In this paper, we consider the equation:

d? t+1

@(X(thX(t— 1)) =gx|(2 — +f(0), (1.1)
where [p| = 1, ¢ # 0, f : R — R, and [-] denotes the greatest integer function. For the case |p| # 1, some results on the
existence and uniqueness of almost periodic, pseudo almost periodic or weighted pseudo almost periodic solutions for (1.1)
were obtained in [2,7,10,24].
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The standard method to deal with the differential equations with piecewise constant argument such as (1.1) is always as
follows. First, get the solution of the corresponding difference system which is given by a series in the form:

um = Y AV k(m) or u(n)=—Y A" k(m), (1.2)
m<n—1 m>n

where X is an eigenvalue of some matrix of the difference system. The convergence of the series is guaranteed by |A| # 1
which was always assumed. Then construct the solutions of the differential equation inductively by

o0
> (=p)w(t —n), pl <1,
x(t) =" 1.3
O=1"2 (13)
Yo —Lwt+n+1), Ipl>1,
n=0
where |p| # 1 and w(t) is a function in term of u(n) and f(t) (see e.g. [2,24]). However, for the case when |p| = 1 and

|[X] = 1, the problem becomes much different—the series in (1.2) and (1.3) may not convergent. This is the main difficult in
the study of (1.1) for the case |p| = 1, and we have to find some other method to deal with this case.

Avalid method - decomposition of almost periodic sequence - is introduced in [6,8] to study the following equation for the
case |p| = 1:

2

d
E(x(t) + px(t — 1)) = gx([t]) + f (D).

Motivated by this decomposition, we introduce the decomposition of weighted pseudo almost periodic sequence in this paper,
which is a generalization of the decomposition of almost periodic sequence. We note that the decomposition of the weighted
ergodic perturbation of the weighted pseudo almost periodic sequence is “harder” than the decomposition of almost periodic
sequence (see Remark 3.1(iii) and Example 6.1). By using this decomposition method, some theorems on the existence and
uniqueness of weighted pseudo almost periodic solutions for (1.1) are presented (see Theorems 3.1 and 3.2), which are new
and can be regarded as a complement of some known results even in the special cases of almost periodicity and pseudo
almost periodicity (see Remark 3.1(i) and (ii)).

The paper is organized as follows. In Section 2, some notation and preliminary results are presented. In Section 3, we
state the main results (Theorems 3.1 and 3.2), and give two auxiliary theorems (Theorems 3.3 and 3.4) which imply the
main results. Then we give the proofs of these two auxiliary theorems in Sections 4 and 5 respectively. At last, an example
is presented in Section 6 to illustrate our main results.

2. Preliminaries
Throughout this paper, we always assume that [p] = 1,q # 0, and denote by EN the N-dimensional Euclidean space
RN or CN endowed with Euclidean norm | - |. Let BC(R, EV) be the space of bounded continuous functions u : R — EN.

BC(R, EN) equipped with the sup norm defined by |lu|| = sup;. |u(t)| is a Banach space. Furthermore, C(R, EV) denotes
the space of continuous functions from R to EN,

2.1. Weighted pseudo almost periodic function

Let U be the collection of functions (weights) p : R — (0, +00), which are locally integrable over R. If p € U, we set

T
w(T, p) = / pt)dt forT > 0.
-T

Denote
U == {p eU: lim u(T, p) :oo}
T—o00
and
Ug = {p € Un, : pis bounded with inf p(t) > o] .
€

Let o/, p” € Uwo, p’ is said to be equivalent to p”, denoting this as p’ < p”,if p’/p” € Ug. Then ‘<’ is a binary equivalence
relation on Uy, (see [11]). Let p € Uy, ¢ € R, define p, by p.(t) = p(t + ¢) for t € R. We denote
Ur={p €Uy :p < pforeachc € R}.

It is easy to see that Uy contains plenty of weights, say, 1, ef, 14+ 1/(1 4+ t2), 1+ |t|" withn € N, etc.
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Definition 2.1 ([25]). AsetS C Ris said to be relatively dense if there exists L > 0 such that [a, a+L]NS # @foralla € R.
A function f € C(R, EV) is said to be almost periodic if the e-translation set of f

Tf,e)={teR:|f(t+71)—f(t)] <eforallt € R}
is relatively dense for each ¢ > 0. Denote by AP(EN) the set of all such functions.

For p € Uy, the weighted ergodic space PAPy(EV, p) is defined by

1
PAPo(EN, p) == {f € BC(R,EY) : lim

T
T—o0 (T, p) /4 [F®)]p(t)dt = 0} )

Definition 2.2 ([11]).Let p € Uy. A function f € BC(R, EV) is called weighted pseudo almost periodic (or p-pseudo almost
periodic) if it can be expressed as f = f% + f¢, where f% € AP(EN) and f¢ € PAPo(EN, p). Denote by PAP(EN, p) the set of
all such functions.

The functions f and f€ in Definition 2.2 are called the almost periodic and the weighted ergodic perturbation components
of f respectively. Moreover, the decomposition f% + f€ of f is unique if PAPo(EN, p) is translation invariant (see [26]), and
PAPo(EN, p) and PAP(EV, p) are Banach spaces with the norm inherited from BC(R, EV) (see [15]).

2.2. Weighted pseudo almost periodic sequence

Definition 2.3 ([25]). A sequence x : Z — EV is called an almost periodic sequence if the e-translation set of x
Tx,e)={t€Z:|x(n+1)—2x(n)| <eforalln € Z}
is a relatively dense set for all ¢ > 0. T is called the e-period for x. Denote the set of all these sequences x by APS(EN).

In the sequel, the vector x(n) € EN always means a column vector.
Let Us denote the collection of sequences (weights) ¢ : Z — (0, +00).Forp € U;and T € Z* = {n € Z : n > 0}, set

T

us(T,0) =Yy o(n).

n=-T

Denote
Usoo = {Q € Us: lim uy(T,0) = OO} s
T—o0
and
U = {Q € Useo : 0 is bounded with ingg(n) > O} .
ne
Let o', 0" € Uswo, 0’ is said to be equivalent to ¢”, denoting this as ¢’ < 0", if {0’ (n)/0” (n)}nez € Usp. Then it is easy to see

that ‘<’ is a binary equivalence relation on Use.. Let ¢ € U, k € Z, define gy by ox(n) = o(n + k) for n € Z. We denote

Us = {0 € Uso : 0 < ok foreach k € 7} .

Definition 2.4. (i) Let o € Uy, A sequence x : Z — EN is said to be a ¢ — PAP, sequence if it is bounded and satisfies

r
lim —— x(n n) = 0.
fim H:Z_T x(m)lo (n)

Denote the set of all such sequences x by PAPyS(EN, o).

(i) Let 0 € Usso. A sequence x : Z — EV is said to be a weighted pseudo almost periodic sequence (or a o-pseudo almost
periodic sequence) if x can be written as x = x% + x° with x¥ € APS(EN) and x° € PAPS(EV, o). % and x° are called
almost periodic component and weighted ergodic perturbation, respectively, of sequence x. Denote the set of all such
sequences x by PAPS(EV, o).

For more properties of PAPS(R", o), we refer to [24], and the same properties for PAPS(EV, o) can be proved similarly.
Notably, the decomposition x + x° of x is unique for o € Usr. The following two results were also given in [24], and we
give the proofs here for the convenient of the readers.
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Lemma 2.1. Let p € Uy, and denote

2n+1
o(n) = / p(t)dt forn e Z. (2.1)
2

n—1

Then o € Usr. Moreover, given ¢ € R, there exist positive constants Cy, C, such that, for sufficiently large T,

Gu(T +c, p) < pus([T/2], 0) < Gu(T +¢, p). (2.2)
Proof. Without loss of generality, we assume that ¢ > 0. Since p € Ur, there exists M > 0 such that p.,1(t) < Mp(t) and
P—c+1)(t) <Mp(t) fort € Rand

2[T/2]+1

W(T =1, p) < us(T/21, 0) = f p(O)dE < W(T+1+c, p). (2.3)
—2[T/2]-1

ForT > c+2,ie., —T +2c+ 3 < T — 1, we have

T+c T—1
W(T +c.p) = / p(t)dt = / pess (Dt

—T—c T—2c—1
T—1 —T+1
- / per (Ot + / pesr (Ot
—T41 “T—2c-1
T—1 —T+2c+3
= [ penwar [T p o
—T+1 —T+1
T-—1 T-—1
< Mp(t)dt + Mp(t)dt =2Mu(T — 1, p). (2.4)
—T+1 —T+1

Similarly, we can prove that there exists M’ > 0 such that, for T large enough,

w(T+1+c,p) <MuT+c,p). (2.5)
Thus by (2.3)-(2.5) we have, for T large enough,
1
T+ p) = usT/2l0) < M'1(T +c, p).
This leads to (2.2), and from which we can get easily that ¢ € Ur. The proof is complete. O

Proposition 2.1. PAP,S(EV, o) with o € U is translation invariant.

Proof. Let x € PAP,S(EV, 0) and k € Z. Without loss of generality, we assume that k > 0. Then there exists M > 0 such

that gx(n)/o(n) < M forn € Z since o € Us. Let p(t) = o(n)/2fort € [2n — 1,2n+ 1), n € Z. Then p € Ur and

o(n) = 22::1 p(t)dt for n € Z. Now applying Lemma 2.1 we can get that

1 T 1 T+k
lim ———— Ix(n —k)le(n) < lim ———— Ix(m)|ex(n)
T—oo (T, 0) n;T T—oo (T, 0) n:_;ﬂo

1 T+k

ns(T +k, 0)
: [x(n)[Me(n) = 0.
T=oo us(T,0)  ps(T+k, 0) n:;m

IA

This implies that {x(n — k)},cz € PAPoS(E", o). The proofis complete. O

Let o € Usso, and 2PPE"0) — (U : U C PAPS(EN, 0)}. For the decomposition of weighted pseudo almost periodic sequence,
we define functions D,, : PAPS(EN, ) — 2PAPE".0) foryy = 1and —1 by

Dy{an} = {{bn} € PAPS(EN7 0) : Gy = byy1 + yby, n € Z}
for {a,} € PAPS(E", ). Clearly, we have D, {0} # ). We note that
aU+ BV = {{cy} : cp = @ay + Bby, n € Z, {a,} € U, {b,} € V}

fora, B € E, U,V € 2MP5E"0 et {a,} = {(ayn, Gop, ..., axn)T} € PAPS(EN, 0), then it is clear that D,{a,} # ¥ if and
onlyif D, {a;n} #9, i=1,2,...,N.
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Proposition 2.2. Let o € Uy, {a,}, (b} € PAPS(EN, o). Then the following statements hold:

(i) Dy{aan} = aDy{an}, Dy{an} + Dy {bn} C D) {ay + b} for & € E \ {0}.
(ii) D, {an} # ¥ implies that D, {Aay} # @ for any matrix A € EN*V.
(iii) D, {(—y)"c} = @ for ¢ € EV \ {O}.
(iv) If {bn} € D, {an}, k€N,

D, {an} = {{by + (—y)"c} : c € EV}. (2.6)
Furthermore, there is at most one {b,} € D, {a,} such that D, {b,} # @.

Proof. The statement (i) can be verified easily by the definition of D,,, and (ii) follows from (i) directly. If y = 1, (iii) and
(iv) can be proved by an argument similar to the proof of [6, Proposition 2.1(ii), (iii)], and we omit the details. For the case
y = —1, we give the proof of (iii) and (iv) as follows.

(iii) Suppose the contrary that some {b,} € D_;{c}. Then c = b,y — b,, n € Z, and we get that b, = nc + by, n € Z,
which contradicts the boundedness of {b,}. So (iii) holds.

(iv) Since {b,} € D_;{a,}, it is easy to see that {b, + c} € D_q{a,} for any ¢ € EN. Let {c,} € D_;{a,}. Then
ay = byyq — by = Cpyq — €y for n € Z. This implies that ¢, = b, + (co — bg), n € Z, thatis {c,} € {{b, +c}: c € EN},and
(2.6)is true.If {b,} € D_;{a,} such that D_{{b,} # ¥, we have D_;{a,} = {{b,+c} : ¢ € EN}. Suppose that D_;{b,+c} # @
for some c # 0, we get from (i) that @ # D_q{b, + c} — D_1{b,} C D_1{c}. This contradicts (iii). So (iv) holds. The proof is
complete. O

3. The main results

In the sequel, we always assume that f € PAP(R, p), p € Ur and o(n) is given by (2.1). By a solution x(t) of (1.1) on R we
mean a function continuous on R, satisfying (1.1) for all t € R, t # 2n 4+ 1, and such that the one sided second derivatives
of x(t) 4+ px(t — 1) existat2n+ 1, n € Z.

Asin [2], let

n+1 s n—1 s n+2
0= [ [ tonoss. 2= [ [ oot m= [ s -

R :f(l) +f(2) h® — Zn +f(2) _ (er)2
n n n n n n ’
and consider the following difference equations (see (11) and (12) in [2]):

Xont1 + (0 — q — 2)%an + (1 = 2P)Xon_1 + PXon_o = h3,

q 3q (3.2)
(1 - 5)X2n+2 + (p — DXangq — (1 +p+ ?) Xon — (p — DXon_1 + PXan_a = h3).
We rewrite (3.2) as the following form:
y(n+1) =Aym) +1(n), ifqg#2, (3.3a)
z(n+ 1) = Az(n) + v(n), ifq=2, (3.3b)
where y(n) = (Xan, Xon—1, Xan—2)", 2() = (Xan—1, X2n—2)" forn € z,
5q—2pq—4p+8 8p—38 2 2p+3 2
2—q 2—q 2—q 9—4p 4p-—-9
A= , A= , 3.4
! q+2-p -1 —p 27 a-4p 2p-1 (34)
1 0 0 9—4p 9—4p
2 h 2-2p B p+4 B 4—p xe
2-¢*  2-q¢ 7 9—4p 2 Tgp_g
I(n) = ) , v(n) = 1 1
hy, p M h®
0 9—4p " 4p—9 "

The following assumptions will be used later:

(H) D?,{gon} # ¥ and D? {fi)} # 0, i=1,2.

(H2) D_1D1{gan} # #and DDy {fy)} # 0. i = 1.2.

(H3) D_1{gon} # ¥ and D_1{fy0} # 9, i=1,2.

(Hy) There existsf € PAP(R, p) such that {f(Zn +n)} eD_1{f2n+n)}forn e [-1,1].
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Now we state the main results in this paper.

Theorem 3.1. Assume that p = —1 and (Hy) holds. Then the following statements are true.

(i) If ¢ # —4, (3.2) has a unique real solution {x,} such that D_1{x2,} # © and D_1{xon—1} # @, and the following
statement (Q) holds:
(Q) For any ¢(t) continuous on [0, 1] with ¢(0) = xo and ¢(1) = x4, (1.1) has a unique solution x(t) € PAP(R, p) such
that x(t) = @(t), t € [0, 1] and x(n) = x,,, n € Z.
(ii) If ¢ = —4 and (Hy) holds, then (3.2) has a real solution {x,} such that D_{{x2,} # @ and D_1{x2n—1} #* @, and
statement (Q) is true. Furthermore,
S = {{Fm} : () = Ran, Xan—1, Xan—2)" = Kan, Xon—1, Xon—2)" + AJCwith C = c(1, -1, =1)", c € R}

is the set of all real solutions of (3.3a) such that D_1{y(n)} # @, and statement (Q) is true for x, in place of x,.
Theorem 3.2. Assume that p = 1, (H;) and (H4) hold. Then statement (i) in Theorem 3.1 is true.

Remark 3.1. (i) Pseudo almost periodic case: If p = 1, Theorems 3.1 and 3.2 are results for the case of pseudo almost
periodicity, and can be regarded as a complement of the results in [2], where |p| # 1.

(ii) Almost periodic case: By an argument similar to the proof of Theorems 3.1 and 3.2, we can get similar results for the
special case of almost periodicity, i.e., all the assumptions and conclusions are presented on almost periodicity, and this
is a complement of the results in [7,10], where |p| # 1.

(iii) An open question: If conditions (H;) and (H,) are satisfied simultaneously, under the assumptions of Theorem 3.2, we
can prove similarly that statement (ii) of Theorem 3.1 also holds for the case p = 1 with S replaced by

= {{FM} : J() = Ron, Xon—1, Xon—2)" = (Xan, Xon—1, Xon—2)" + AJCwWithC =c(1,1,-1)", c e R}.

Unfortunately, it is still an open question whether there exists a function f € PAP(R, p) with f¢ # 0 such that (H;) and
(H3) hold simultaneously. However, in the special case of almost periodicity, by [6, Proposition 2.2] and [8, Proposition
1.1], many functions satisfy (H;) and (H,) simultaneously (see also the almost periodic component of f in Example 6.1).

To prove Theorems 3.1 and 3.2, we first give the following lemma.

Lemma 3.1. For n € [—1, 1], let ¥, () = [, fosf(Zn + o)dods, n € Z.Then {y,(n)} € PAPS(R, o).

Proof. Clearly, {f*(2n + o)}, € APS(R) and f%(2n + o) is uniformly continuous in o € [—1, 1] uniformly inn € Z. So it
is easy to get that {{f*?(2n 4+ o)} : 0 € [—1, 1]} is uniform almost periodic, that is

TP, e)={te€Z: |f*Qn+1)+0)—fP2n+o0)|<e,nez oec[-1,1]}

is relatively dense for all ¢ > 0. Then it is easy to verify that
n s
Vb () = / / fP@2n+o)dods, nez
0 0

is almost periodic for each n € [—1, 1]. Let ¥¢ = ¥, — Yn’, n € Z.For T € Z*, we get

T T 2n+n  ps 2n+1
> witmlem = 3 | [ [ rroroast [ pioa
n=—T n=—T 2n 2n—1
T 2n+1 2n+1
< Z/z e [ o

n—1—t

2n+1 2n+1-0o
= </ f / / > ¢(o + t)|p(t)dtdo
—T 2n—1—o 2

n=

2n+1
Z/ f Ifé(o + )| p(t)dtdo
n=—T"Y~

2T+1
/ / Ifé(o + t)|p(t)dtdo .
-2

—2T—1

41 p2ntl—t
= / / If¢(o + t)|p(t)dodt
n=—T"v2 2

IA
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ForT € ZT,0 € [-2,2], let
1 2T+1
n@T +1, p) /;2T—1
Then |®7(0)| < ||f¢|l. From Proposition 2.1, we get that limr_,,, @7(0) = 0 for each 0 € [—2, 2]. Now by Lebesgue
dominated convergence theorem and Lemma 2.1,

T 2
. . u@T+1,p)
lim lwemlom) < lim —————= [ &r(0)do =0,
T—o0 MS(T’ Q) HZZT " T—o0 MS(T’ Q) -2 !

@r(0) = Ifé(o + t)|p(t)dt.

which implies that {y/{ (1)} € PAP¢S(R, o) for each n € [—1, 1]. This completes the proof. O

Remark 3.2. (i) Smcefm Ya (1) andf(z) Yn(—1), n € Z, we have {f(')} € PAPS(R, o), i = 1, 2. Moreover, we can
prove that {g;,} € PAPS(R, o) by an argument similar to the proof of Lemma 3.1. Then {h“)} € PAPS(R, 9), i = 1,2,

and consequently {I(n)} € PAPS(R?, o), {v(n)} € PAPS(IR{2 ). _

(i) We note that (Hs) implies (Hs). In fact, let v, () = [ [, f@n +o)dods, n € Z, n € [—1,1]. Then {Yn(n)} €
PAPS(R, o) by (H,) and Lemma 3.1. Moreover, it is easy to verify that V,.1(n) — ¥» (1) = Yn(n) forn € Z by (Ha).
This means that {,(7)} € D_1{¥.(n)}, and consequently, D_; ;,?} # @, i = 1, 2. Similarly, we can prove that
D_1{gon} # . That is (Hs) holds.

For the relation between the difference system (3.2) and the differential equation (1.1), we have the following result.
Theorem 3.3. Assume that (H4) holds and {x,} is a real solution of (3.2) such that D_1{xy,} # ¥ and D_1{xop_1} # @. Then
statement (Q) in Theorem 3.1 is true.

For the difference system (3.2) or equivalently, (3.3a) and (3.3b), we have the following result.

Theorem 3.4. (i) Assume that p = —1 and (Hs) holds. If q % —4, (3.2) has a unique real solution {x,} such that D_1{x2,} # @
and D_1{xan_1} # @.If ¢ = —4 and (H,) holds, (3.3a) has a real solution {y(n)} such that D_1{y(n)} # @. Furthermore, the

set S given in Theorem 3.1(ii) is the set of all real solutions of (3.3a) such that D_1{y(n)} # 0.
(ii) Assume that p = 1,q # —4 and (Hy) holds. Then (3.2) has a unique real solution {x,} such that D_1{x,,} # @ and

D_1{xon—1} # 9.

Itis clear that the main results Theorems 3.1 and 3.2 follow from Theorems 3.3 and 3.4 directly by the fact that assumption
(Hy) implies (Hs3). So we need only to prove Theorems 3.3 and 3.4, and this will be done in the next two sections.

4. Proof of Theorem 3.3
Proof of Theorem 3.3. Let {x,} be as in Theorem 3.3. Let

W(t) = Xon + Pan_1 + Asn(t — 20) + gxzn(t —2m)% + Yt — 2n), (4.1)
fort e [2n—1,2n+ 1), n € Z, withA, = (1 4+ q/2)x, + (p — DXp—1 — PXn—2 +fn(2) and ¥, given by Lemma 3.1. Then

by the same way as the proof of [2, Lemma 14], we can get that w(t) is continuously differentiable in R. Let x(t) = ¢(t) for
t € [0, 1], and define x(t) inductively in R by

X(t) = (wt+1) —x(t+1)/p, te[-n,—n+1),n=1,2,...,
T Jw() —px(t — 1), te(n,n+1],n=1,2,....
Then x(t) is a solution of (1.1) with x(n) = x, and
w(t) =x(t) +px(t —1) fort € R. (4.2)
2n+2

Now we need only to prove thatx € PAP(R, p).Let 12/,1(77) fon fosf(Zn—i—a)da,gz,, = f(t)dt foreachn € [—1, 1] with

f givenin (Hy), and 5, = ¥ (1), fy2 = ¥n(—1). Then {f})} € D_1{fy)}, i = 1,2, Gan € D_ 120} and Ginn) € Dy ()
for n € [—1, 1], and by Proposition 2.2(i) we have {h}))} = {f’ + fr2'} € D_i{h3)} and (hS)} = (&on + fr2) + Fi0h,) €
D_l{hgl)}. Moreover, again by Proposition 2.2(i), we can choose {Xon) € D_1{Xan}, {Xon_1} € D_1{Xan_1}, Asn € D_1{Az}
such that (3.2) holds with x, and h{’, i = 1, 2 replaced by X, and h{", i = 1, 2. Let

2n? 2n?

D) = Ron + PRan_1 + Agn (£ — 27) + ifqna —2m)2 + Pu(t — 2n), (4.3)

wP(t) = Xoh + PXon_| + Agn(t —2n) + xg‘,';(t —2m)% + YP(t — 2n) (4.4)
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t—2n

fort € [2n—1,2n+ 1), n € Z, where ¥;°(t — 2n) = o
prove w € BC(R, R) (see [2, Lemma 14]), we can prove that

fosf”” (2n + o)do. Then by an argument the same as that to

w, w® € BC(R, R). (4.5)
Meanwhile, by (4.3) and Proposition 2.2(i),
{fw@n—-14+98)} e D_1{wR2n—1+§)}, {fw@2n+68)} € D_1{w(2n+ )} (4.6)

Now we complete the proof by the following 3 steps.
Step 1. Let § € [0, 1), we prove that

{x(2n — 14 95)}, {x(2n + &)} € PAPS(R, o). (4.7)
From (4.2) we get w(t) — pw(t — 1) = x(t) — x(t — 2) for t € R. Then

x2n—14+6)—x2n—-346) = w@n—14+36) —pw@n—2+96)
w2n+1) —14+68) —pwn+48) — (w2n—1486) —pw2Hn —1) +9))

for n € Z. This implies that

x2n—14+6) =wRnh+1) —1468) — pw2n + §) + C; with

XP2n—148) =w%2n+1) —1+8) —pw®2n+8) +C, nez, (4.8)
where C; = x(6§ + 1) — w(3+8) + pw(2 + §). This together with (4.6) follows that {x(2n — 14 6)} € PAPS(R, o). Similarly,
we can get

x2n+48) =wRn+1)+6) —pwRh+1) — 14 8) + G with

x®2n+68) =w?2n+1)+8) —pw®?Q2n+1)—14+8) + G, nez, (4.9)

where G, = ¢(§) — w(2 + 8) + pw(1 4+ §). This together with (4.6) yields that {x(2n 4+ §)} € PAPS(R, o). Then (4.7) is true.
Step 2.For § € [0, 1), let x; : R — R be given by

) = xXP2n—14+948), t=2n—1+4+3,
X =1x%2n + 5), t=2n+6

forn € Z.We prove that x; € AP(R). By (4.4) we can get easily that w® (2n—1+6), w® (2n+§) are uniformly continuous in
8 € [0, 1) uniformly in n € Z. Then it follows from (4.5), (4.8) and (4.9), that x; € BC(R, R) and x?(2n — 1+ 6), xP(2n+ )
are uniformly continuousin g € [0, 1) uniformlyinn € Z.Thus givene > 0, we can choose 61, 82, . .., 8, € [0, 1) satisfying
that, for each § € [0, 1), there exist some 1 < i,j < m, such that

XP 20— 148) —xPQ2n— 14 8)| < g nez, (4.10)
XP (21 + 8) — xP(2n + &)| < g nez. (4.11)

Let G = {{xP(2n — 1+ &) }n, (xP(2n 4+ 6;)}, : 1 < i < m}. Clearly, G is uniformly almost periodic since it is a finite set. Let
2T(G,e/3) = {2t : T € T(G, ¢/3)}. Then 2T (G, £/3) is relatively dense. For T € 2T (G, ¢/3), t € R.If[t] = 2n — 1 for some
n € Z,lets =t — [t], and by (4.10),
x1(t+7) —x1(0)] = |xXP2n—1+8+71) —xP2n— 1+ 9)|
< xX*Q2n+1/2) —14+8) —xPQ2n+1/2) —1+8&)|+ xXPQRn+1/2) —1+6)
—xP2n—14+8)| +1XP2n—14+8) —xP2n— 14+ 9)|
& n & . &
<-4+-4+-=c.
3 3
Similarly, if [t] = 2n for some n € Z, by (4.11) we can get
|x1(t +7) —x:()] = |xP2n+ 8+ 1) —xP2n+ )| < .

Hence 2T (G, ¢/3) C T(x®, ). So T(x", ¢) is relatively dense, and x; € AP(R).
Step 3.For 8 € [0,1), n € Z, let

X2n—1+3), t=2n-1+3,
X (t) = x(t) — x1(t) = {XeEZH_i_a) ) t=2n+94
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forn € Z.Then x, € BC(R, R). We prove that x, € PAPy(R, p). By the same argument in the proof of (4.10) and (4.11), we

can choose 81, 87, ..., 8, € [0, 1) satisfying that, for each t € [0, 1), there exist some 1 < i, j < m, such that
Q@ —141) —xQn—148)| < % nez, (4.12)
@+ ) — X Qn+8)| < g nez. (4.13)
Set

Ol ={tel0,1):x¥*Q2n—1+1t) —x*Q2n—1+8)| < &/3},
O ={te[0,1): xXQ2n+1) —x2n+8) <e/3},

fori=1,2,...,m, we have [0, ]):ULG{,]:],Z.Let

i—1
8 =0, 8 =0\Jo. j=12i=23..m

k=1

Then

[0,1) =

s

8, B/[)8,=0 forj=12i#k (4.14)

i=1

Moreover, by (2.1), (4.12) and (4.14) we have, for n € Z,

m m e
Z/ IX2n— 14 6)[p2n — 1+ t)dt < Z[ <|xe(2n — 148+ 7) p(2n — 1+ t)dt
i=1 3,'] i=1 31'1 3

m 1
= Z|x"(2n—1+si)|/ p(2n—1+t)dt+§/ p(2n — 1+ t)dt
i=1 8] 0

3

< (Z Ix*(2n — 14 68)| + ;) o(n). (4.15)

i=1

Similarly, by (2.1), (4.13) and (4.14) we have, for n € Z,

i=1

Z/ IX*2n 4+ t)|p2n + t)dt < (Z [X*(2n+8)| + §> o(n). (4.16)
i=1 J 8}

Denote Q (n) = Z;”:](|xe(2n —1468)|+ [x*(2n+45;)|). Then {Q (n)} € PAP(S(R, o) since {x*(2n — 1+ §;)}, {x*(2n+4§;)} €
PAPoS(R, 0), i =1, 2, ..., m, and there exists Tp > 0 such that, for T > Ty,

T
)
T n;TQ(n)Q(n) <3 (4.17)

Now by (4.14)-(4.16) we have

2n+1 2n 2n+1
/ Ix*(t)|p(0)dt :/ Ixe(t)lp(t)dt+/ x°(6)| p(t)dt
2n—1 2n—1 2n

1

1
:/ |Xe(2n—1+t)|p(2n—l+t)dt+/ [x*(2n + t)|p(2n + t)dt
0 0

m m
- 2/ X2n—1+t)|p2n —1 +t)dt+2/ IX°(2n + 0)|p(2n + t)dt
i=1 Bil i=1 Biz

< (Z W@ —1+8)|+ ;) o(n) + (Z 20+ 8] + Z) o(n)

i=1 i=1

2¢
= (Q(n) + ?> o(n). (4.18)
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Meanwhile, by Lemma 2.1, there exist M > 0 and T > 2T + 1 such that u ([$] + 1, ¢) < Mu(T, p) for T > T;. Then by
(4.17) and (4.18), for T > Ty,

1 T 1
MUﬁﬂ/ KOlo() <
5 -T

T
[Z]H 2n+1

> /' X (D) p(Dydt
2

/’L(Tv ,0) n:—[%]—] n—1

A GELT I

2¢
_|_ R
w(T. o) (] (Q(n) 3 )Q(n)

NI
—
—_
)
SN—"
i
|
—
N
[
|
-

M 8+2£ M
< — 4+ — | = Me.
3 3

This implies that x* € PAPy(R, p), and the proof is complete.

5. Proof of Theorem 3.4

Denote by A;, i = 1, 2, 3 the three eigenvalues of A;, we may assume that A; does not have triple eigenvalues (in fact,
this can be guaranteed by Lemma 5.1). Then there exists a nonsingular matrix P = (p;j)3x3 € C3*3 such that

PAP7! = A, (5.1)

where

A 000 A 000
A=10 A, O or A=|{0 XA, O
0 0 A3 0 1 A3

with A; # A3 or A, = A3, and (3.3a) can be rewritten as the following form
u(n+1) = Au(n) + k(n), (5.2)

where u(n) = (u1(n), ux(n), uz(n))’ = Py(n) and k(n) = (k;(n), ko(n), ks(n))T = Pl(n) for n € Z. Then {k(n)} €
PAPS(C3, o) by Remark 3.2(i) and Proposition 2.2(ii).

By (3.4), itis easy to verify that the eigenvalues of A; are 1and 1/5if p = 1,and are (—1 iZﬁi)/lB ifp = —1. Moreover,
we can get the characteristic equation of A if p = 1:

2q+6 3¢+ 6 2
AR+ a+ A+ 9+ A+ =0. (5.3)
q—2 2—q q—2
Clearly, 1 is a solution of (5.3), say, A; = 1. Meanwhile, if p = —1, the characteristic equation of A; is
10q + 6 5q—6 2
23+ 1+ 242725, 0. (5.4)

q-2 g—2""q-2"

For the eigenvalues of A;, we have the following lemma.

Lemma 5.1. (i) Assumep = 1,q # 2. Thenq # —4ifandonlyif |A;| # 1, i =2, 3.

(ii) If p = —1, Ay has no triple eigenvalue and the following statements are equivalent:
(a) one of the eigenvalues of Aq has absolute value 1.
(b) —1is an eigenvalue of Ay and the absolute values of the other two eigenvalues of A; are different from 1.
(0g=-4

Proof. (i) Assume that ¢ = —4. Then it follows from (5.3) that —1 is an eigenvalue of A;. On the other hand, without loss of
generality, suppose that |A;| = 1. Then A, = e for 0 < < 7.If6 = 0, that is A, = 1. By (5.3), we know

2 2q+6
AAghy = A3 = ——, AMAAr+Ar3 =241 = .
2—q 2—q

Thus 4q + 2 = 2, and ¢ = 0, which contradicts the assumption g % 0.S0 6 # 0.1f0 < 6 < 7, then A3 must be e~
By (5.3),

M3 =1= 2
1A2A3 = 2 ¢
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Thus ¢ = 0, which contradicts g # 0. So 6€(0, ), and then & = 1, i.e. A, = —1. This together with (5.3) implies that
q = —4. The proof is complete.

(ii) If Ay = A, = A3, from (5.4) we have

5q 6, 3A1=—10q+6, k?:—i. (55)
q—2 q—2 q—2
By the first two equations of (5.5) we get that ¢ = —168/85, .; = —195/169. Then by the third equation of (5.5) we have
(—195/169)> = 85/169, which is impossible. Thus A; has no triple eigenvalue.

(a) = (b) Assume that |A;] = 1. Then A; = e for0 < § < x.1f9 = 0, thatis A; = 1, by (5.4) we get 16q = 0, which
contradicts g # 0.S0 6 # 0.1f0 < # < 7, another eigenvalue of A;, say, A, must be e~ By (5.4),

2
32 =

2
AMAgA3 = A3 = ———,
14243 3 q )
5q —6
)\.])\‘2 +)\1)\3 +)\.2)\‘3 =1+ 2)\‘3 cosf = 5 s
q_
10g+6
)»]+)\.2+)\.3:2C059+)\.3:— ) .
q_
This implies
10q + 4
2cosf =2 —2q= q—l—'
2—q

Then cos § = —7, which is impossible.So 8 & (0, 7).1f0 = 7, A; = —1.By (5.4) we have ¢ = —4, and then it follows from
(5.4) that A, = ’7+32*/ﬁ, A3 = ’7’5*5. This means that (b) is true.

(b) = (c) Let A; = —1. Then by (5.4) we have g = —4, and (c) is true.

(c) = (a) Since g = —4, it is easy to verify that —1 is a solution of (5.4). Then (a) holds. O

Proof of Theorem 3.4. The proof of (i) is completed in the following three cases:
Case 1. Suppose that ¢ # —4 and q # 2. We may assume that Ay # Aj, j =2,3and || # 1, i = 1,2, 3 by Lemma 5.1.
Let o be a constant defined as that, @ = 0if A, # A3; @ = 1if A, = A3. Define u(n) = (u;(n), uy(n), us(n))" by

AT k(m),  (nl < 1,
wn) = ™=t i=1,2,
l =S A (m), (Al > 1,
mn : (5.6)
D AT ks(m) + auy(m),  |As| < 1,
m<n—1
us(n) = nem—1
= M ks (m) + aua(m)),  [As] > 1
m=>n
for n € Z. It is clear that u(n) is the unique bounded solution of (5.2). Next we prove that {v;(n)} € PAPS(C, 9), i=1, 2, 3.
Suppose that |A¢] < 1. Let
ufmy = > A"k (m),
m<n—1
wm =wm—ufm= > A" K (m).
m<n—1
It is not difficult for us to check that {u’ (n)}nez € APS(C). Meanwhile, for T € Z*,
1 T 1 T n—1 .
[ufmle(n) = A1k (m) o (n)
ws(T, 0) n:ZT ! 1s(T, 0) n;T m;w !
1 T 00
= A"k (n — 1 —m)|o(n)
o 2 2
00 1 T
=) |a" [kK{(n — 1 —m)|o(n). (5.7)
r;) RTRO) n;T !
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Form € Z*, let

.
> K —1—m)o(n).

&r(m) =
us(T, @) ==
From Proposition 2.1, we get
lim @r(m) =0, &r(m) <sup|ki(n)| 2 M, form e AR (5.8)
T—00 nez

Given ¢ > 0, it is clear that there exists an integer K > 0 such that

00

Z ™ < e (5.9)

m=K+1
Then by (5.8), there exists Tp > 0 such that for T > Ty,

£
dr(m —— for0 <m <K. 5.10
T()<K+] <m=< (5.10)

Now by (5.7)-(5.10), for T > T, we have

T K 00

D imlem = Y h|"rm) + > M| Pr(m)

MS(T’ Q) n=—T m=0 m=K+1

€
<K+1)——+Me=(0+M)e.
_(+)K+1+ 1€ = (1+Mpe

This implies that {u§(n)} € PAPyS(C, o) for |A¢| < 1. Similarly, we can get that {u§(n)} € PAP,S(C, o) for |A4] > 1. Thus
{u1(n)} € PAPS(C, o). Moreover, we can prove similarly that {u;(n)} € PAPS(C, o) fori = 2, 3. Let y(n) = P~'u(n), n € Z.
Then {y(n)} is the unique bounded solution of (3.3a) and {y(n)} € PAPS(C3, o).

Next we prove that {y(n)} € PAPS(R3, o) such that D_;{y(n)} # #. In fact, by (5.1) and a fundamental calculation, we
can see that the entries of P and P~! can be get from the rational operations of q and A;, i = 1, 2, 3. Therefore, if all the
eigenvalues of A; are real, by (5.6) we have u(n) € R3, n € Z, and then y(n) € R?, n € Z.If one of the eigenvalues of A;,

say, A, is complex, then A3 = A,. Consequently, « = 0, and by (5.1) and a fundamental calculation we can get:

) Pi(A1, A2, A3)  Pa(Aq1, A2, A3)  P3(Aq, Az, A3)
P = (pj) =d; | P1(A2, A3, A1) Py(Az, A3, A1) P3(Aa, 23,29 ],
Pi(A3, A1, A2)  Pa(A3, A1, 42)  P3(As, Aq, Ap)

A(A+3) Aa(Az +3) As(Asz +3)
Pl'=@)=(@+3)r+1 @+3Ir+1 @+3Irs+1],
M+3 Ay+3 A3+3

whered; = (3q—|—8)()ﬁ+)»2)»3—)»112—)»1)»3)()»2—)»3), Py(a,b,c) = (3q+8)(b—c), P(a, b, c) = (bc+3b+3c+9)(c—b)
and Ps(a, b, c) = ((q+ 3)bc + b + c + 3)(b — c). It is easy to see that py;, g1 € Rand py; = p3i, Qo = Gz, i = 1,2, 3.
Meanwhile, u;(n) € R and u,(n) = us(n) for n € Z by (5.6). Then we can verify easily that y(n) = P~ 'u(n) € R* forn € R,
i.e. {y(n)} € PAPS(R?, o). By (H3) and Proposition 2.2 we can get that D_;{k(n)} # #. Then it is easy to get from (5.6) that
D_1{u(n)} # @, and we have D_1{y(n)} # @ by Proposition 2.2(ii). This completes the proof of (i) in the case q¢ # 2 and
q# —4.

Case 1I. Suppose that ¢ = 2. Then the eigenvalues of A, are (—1 + 2«/§i) /13. By an argument similar to the proof of

Case I, we can prove that (i) holds for this simpler case.
Case llI. Suppose that ¢ = —4. Then the eigenvalues of Aj are Ay = —1, A; = (—7 + 2\/ﬁ> /3,3 = (—7 - Zm) /3.
By (5.1) and a fundamental calculation, P can be chosen as
3 —4 1
P=[38-10/13 56— 16V/13 —18+6+/13
38+ 10/13 56+ 1613 —18 —64/13

Moreover, it is easy to get that D_1Dq{k(n)} # ¢ and D_{k(n)} # @ by (H,), (H3) and Proposition 2.2(i), (ii). Choose
{r(n)} € D1{k(n)} withr(n) = (r1(n), r2(n), r3(n))T, n € Z such that D_;{r(n)} # ¥, and define

u(m) = (ui(n), up(n), uz()"

T
= <r1(n), > Ag—m—lkz(m),—ng—m—1k3(m)>

m=<n—1 m=n
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for n € Z. Then it is easy to see that {u(n)} is a solution of (5.2), and by an argument similar to that of Case [ we can get that
{u(n)} € PAPS(R?, o) with D_1{u(n)} # . Let y(n) = P~'u(n) for n € Z. Then {y(n)} € PAPS(R3, o) is a solution of (3.3a),
and D_1{y(n)} # @ by Proposition 2.2(ii).

Now we show that S is the set of all real solutions of (3.3a) such that D_; {y(n)} # . Let {y(n)} = {(Ran, Xon—1, Xon—2)"} =
{y(n) + AC} € S with C = ¢(1, —1, —1)T, ¢ € R. Then it is easy to verify that {y(n)} is a solution of (3.3a) and PA’C =
A"PC = 6¢((—1)",0,0)", n € Z. Then D_1{A"PC} # (¥ by Proposition 2.2(iii), and D_1{A7C} = D_{{P~'A"PC} # ¥} by
Proposition 2.2(ii). Hence D_1{y(n)} = D_1{y(n) 4+ A]C} # ¥ by Proposition 2.2(i).

On the other hand, assume that {y(n)} = {(X2n, X2n—1, X2n—2)" } is a solution of (3.3a) such that D_; {y(n)} # . By (3.3a)
we have that y(n) — y(n) = A{C, n € Z, with C = (cy, ¢, c3)T = y(0) — y(0). Then D_1{AC} = D_1{y(n) — y(n)} # J by
Proposition 2.2(i), and thus, D_;{A"PC} = D_;{PA{C} # @ by Proposition 2.2(ii). Meanwhile,

(Ber —4c + ) (D"

APC — ((38 —10v/13)c; + (56 — 16v/13)cs + (—18 + 6\/13)c3> An

((38 +10v/13)c; + (56 + 16v/13)c; + (—18 — 6\/13)c3) An
for n € Z. It follows from Proposition 2.2(iii) that

:(38 —10v/13)c; + (56 — 168/13)cy + (—18 + 6+4/13)c3 = 0,
(38 + 10v/13)c; + (56 4+ 168/13)c; + (—18 — 6+/13)c3 = 0.

This implies that c; = —c; = —c3. Therefore {y(n)} € S, and (i) is true for the case p = —4.

(ii) From (H;), Remark 3.2 and Proposition 2.2, it is easy to see that Dil{k(n)} # (. Let {r(n)} € D_q{k(n)} with
r(n) = (r1(n), rp(n), r3(n))" such that D_;{r(n)} # #. By Lemma 5.1(i), A; = 1and || # 1, i = 1, 2. Let « be a constant
defined as that, & = 0if Ay # A3; @ = 1if Ay = A3. Define u(n) = (u;(n), u(n), us(n))" by

ui(n) =ri(n),
D AT a(m), ol < 1,
m=<n-—1
=Y T am), ) > 1,
m>n
D AT ks (m) + aua(m)), A5l < 1,

m<n—1

=D AT ks (m) + aup(m)),  |As| > 1

m>n

up(n) =

uz(n) =

forn € Z.Let y(n) = P~'u(n) for n € Z. By the similar argument of (i), we can get that {y(n)} € PAPS(R?, o) is a solution of
(3.3a) such that D_;{y(n)} # @.

To prove the uniqueness of {y(n)} € PAPS(R3, o) as a solution of (3.3a) such that D_;{y(n)} # ¢, it is sufficient to
prove that {u(n)} = {Py(n)} € PAPS(C?3, o) is a unique solution of (5.2) such that D_;{u(n)} # #. Assume that {ii(n)}
is a solution of (5.2) such that D_;{u(n)} # @. By (5.2), we get uy(n) — ri(n) = u;(0) — r1(0) for n € Z. Noticing
that D_1{u;(n)} # ¥ and D_1{r;(n)} # @, we have D_¢{u1(0) — r1(0)} # @ by Proposition 2.2(i), and this implies that
u1(0) = r1(0) by Proposition 2.2(iii). So ti1(n) = uy(n) forn € Z.1f |A,| < 1, since {u,(n)} is bounded, by (5.2) we have, for
nez,

n—1

p(n) = Ayl =D+ Y A" k(m) > Y A3 ke(m) asl— oo,

m=n—I m=n-—1

So t;(n) = uy(n), n € Z. Similarly, we can prove that i, (n) = u,(n) if [A;] > 1. Moreover, we can also get similarly that
u3(n) = us(n) for n € Z. Thus u(n) = u(n). The proof is complete.

6. Example
At last, we give the following example to illustrate our main results Theorems 3.1 and 3.2.

Example 6.1. Let p = 1+t fori=1,2, t € R,

k
fity =) (cos yj(ajt + B)) + 1/ sin(e]t + B))) + ¢i(t) sint

j=1
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with o, B, yj,a]f,,B-/,yj’ € R,a,-,a};ﬂm,keZ,j: 1,2,...,kand

e ™ te[2n—1,2n+1), n >0,
i(t) =16, te[-3,-1), i=1,2,
(=Dle ™2 te2n—1,2n+1), n< —1,

where ¢; = 2/(e~! — 1) and ¢; = 0.1Itis clear that p € Uy, o(n) = 2 + (2/3)(12n? 4+ 1) € Uy, f; € PAP(R, p), and for each
€ [-1, 1], {fi(2n + n)} € PAPS(R, o) with

k
fP@n+n) = Z (cos yj(ayt + Bj) + yj sin(ajt + ﬂj’)) )

j=1

fe@n+n) = ¢i2n+ n)sinmy fori = 1, 2. Let fi(t) = £ (t) + @i(t) sinwt, i = 1,2 with

Gt+ph-%) y/ cos (ozj/t + B - %)

o =30 [ 1

= 2sin 5 ZSin%/
e—l‘l
R te2n—1,2n+1), n>0,
o Je -1
wl(t) - 'e,|n|+]
(-1 te[2n—1,2n+1), n < 0.

e 1 —1’

Then f£(t) = @;(t) sinxt, and it is easy to verify that fi € PAP(R, p) and {f;(2n + 1)} € D_1{fi2n + n)} for n € [-1, 1],
i =1, 2. Thatis f; and f, satisfy (H4). Moreover, by [6, Proposition 2.2] and [8, Proposition 1.1], we can see easily that

D2 {fP@n+my#0, DoiDifP@n+m) #0, nel-1,11 (6.1)
Let
e*ﬂ
m, te2n—1,2n+1), n >0,

¢l(t) = e_lnH_] i= 1, 2,

—m, t€[2n—1,2n+1),n<0,
e_ —

ol
BECEER ICRENCID)
Then it is not hard for us to verify that, forn € [-1, 1], i =1, 2, J),-, éi € PAPy(R, p) and
{¢1(2n+n)sinzn} € D_1{ff 2n +n)},
($@n+mysinTn} € Difff@n+ M), {$i(2n+ ) € D_y{i2n + ).

This together with (6.1) implies that Dz_l{ﬁ 2n 4+ n)} # @ and D_1D{{f,(2n + n)} # @ for each n € [—1, 1]. Now by
an argument similar to Remark 3.2(ii), it is easy to verify that f; satisfies (H;), i = 1, 2. So for f = f;, all the conditions of
Theorem 3.1 are satisfied, and then all the conclusions of Theorem 3.1 are true. Similarly, we get that all the conclusions of
Theorem 3.2 hold for f = fj.

o:(t) te2n—1,2n4+1), nez i=1,2.
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