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1. Introduction

Let H be a real Hilbert space and let C be a nonempty closed convex subset of H. Recall that a mapping T : C — H is said
to be k-strictly pseudo-contractive if there exists a constant k € (0, 1) such that

ITx = Tyll* < llx = yII> + kIl = T)x — (I = Ty|I>, Vx,y € C. (1.1)

Note that the class of k-strictly pseudo-contractive includes strictly the class of nonexpansive mappings which are mappings
T on C such that

ITx = Tyll < llx—yll. Vx,y eC. (1.2)

This is, T is nonexpansive if and only if T is O-strictly pseudo-contractive. The mapping T is also said to be pseudo-contractive
ifk = 1and T is said to be strongly pseudo-contractive if there exists a positive constant A € (0, 1) such that T—AI is pseudo-
contractive. Clearly, the class of k-strictly pseudo-contractive mappings falls into the one between classes of nonexpansive
mappings and pseudo-contractive mappings. We remark also that the class of strongly pseudo-contractive mappings is
independent of the class of k-strictly pseudo-contractive mappings (see [1-3]).

It is clear that, in a real Hilbert space H, (1.1) is equivalent to

(Tx =Ty, x —y) < |lx = yII* - 1T_kna —Dx—(I=Tyl* VxyeC. (13)
The mapping T is pseudo-contractive if and only if

(Tx—Ty,x—y) < |x—ylI>, Vx,yeC. (1.4)
T is strongly pseudo-contractive if and only if there exists a positive constant A € (0, 1) such that

(Tx—Ty,x—y) < (1= Vlx—yl*, Vx,yeC. (1.5)
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In 2002, Xu [4] studied the following iterative process by the viscosity approximation defined by

X0 € K, (1 6)

Xn+1 = onf (Xp) + (1 — ay)Tx,, VYn >0, )
where the sequence {«,} of parameters satisfies appropriate conditions, and then proved that the sequence {x,,} converges
strongly to a fixed point q of T, which is the unique solution of the following variational inequality:

(U—=f)g,.p—q) <0, VpeF(T). (1.7)
Very recently, Marino and Xu [5] introduced and considered the following iterative algorithm:
X0 € K, (] 8)
Xnt1 = onyf(Xp) + (I — apA)Txy, Vn >0, )

where the sequence {a;,} of parameters satisfies appropriate conditions and A is a strongly positive bounded linear operator
with coefficienty > 0and0 < y < g Then they proved that the sequence {x,} converges strongly to a fixed point q of T,
which is the unique solution of the following variational inequality:

(A—vf)g,q—x) <0, VxeF(T). (1.9)

Moreover, Cho, Kang and Qin [6] extended and improved the result of Marino and Xu [5] (see also [2,7-14]) and introduced
a general iterative algorithm:

X €K, (1.10)
Xni1 = oY f(%n) + (I — apA)PiSx,, Vn>1 )

where S : C — H is a mapping defined by Sx = kx+ (1 —k)Tx, {«;,} of parameters satisfies appropriate conditions, and A is a
strongly positive bounded linear operator with coefficienty > 0and0 < y < g Then, they proved the strong convergence
theorems for T being a k-strictly pseudo-contractive mapping in Hilbert spaces.

In this paper, motivated by Cho et al. [6], we introduce a new iterative scheme generated by

x1 €C, (1.11)
Xnt1 = oV f (%) + Buxy + (1 — Bp)l — cyA)PcSxy, ’

where S : C — H is a mapping defined by Sx = kx + (1 — k)Txand T : C — H is a k-strictly pseudo-contractive mapping,
{an}, {Bn} C (0, 1). We will prove in Section 3 that if the sequences {«,} and {8,} of parameters satisfies appropriate
conditions, then the sequence {x,} generated by (1.11) converges strongly to the solution of variational inequality (1.9).

2. Preliminary

In this section, we collect some lemmas which will be used in the proof for the main result in the next section.

Lemma 2.1. Let H be a real Hilbert space. Then for any x, y € H we have

(i) Ix+yl? < lIxI? +2¢y, x +y)

(i) X+ Y17 > 12 + 207, 0
1

)
(i) [x£Y|? = [XI2£20 ) + P )
(iv) lloe+ (1 = Y2 = ellxli£ + (1= Oyl = (1 = O llx = y|1%. Ve € [0. 1)

Lemma 2.2 ([12]). Let {a,} be a sequence of nonnegative real numbers, satisfying the property
nt1 < (1= yn)ay+by, n>0,

where {y,} C (0, 1), and {b,} be a sequence in R such that

(i) Y202 vn = 00;
(ii) limsup, o 2 < 00r 3202, [ba| < o0.

Then lim,,_, o a, = 0.

Lemma 2.3 ([15]). Let C be a closed convex subset of a real Hilbert space H. Givenx € Handy € C, theny = Pcx if and only if
there holds the inequality

x—y,y—2z)>0, VzeC.

Lemma 2.4 ([5]). Let H be a Hilbert space, C be a nonempty closed convex subset of H, f : H — H be a contraction with

coefficient 0 < o < 1, and A be a strongly positive linear bounded operator with coefficient 7 > 0. Then, for 0 < y < g

X=y, (A—yHx—AA—yfy) = ¥ —ya)lx—yl?. xyeH.
That is, A — yf is strongly monotone with coefficient y — y«.
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Lemma 2.5 ([5]). Assume that A is a strongly positive linear bounded operator on a Hilbert space H with coefficient 7 > 0 and
0 < p < [|A|~". Then ||l — pA|| < 1— p¥.

Lemma 2.6 ([16]). Let {x,} and {y,} be bounded sequences in a Banach space X and let {8,} be a sequence in [0, 1] with
0 < liminf,, o By < limsup,_, ., Bn < 1. Suppose x,11 = (1 — Bn)yn + Bnxn for all integers n > 0 and lim sup,,_, o (|¥n+1 —
Ynll = xn+1 — Xal) < 0. Then limy_.oq |lyn — Xall = 0.

Lemma 2.7 ([14]). Let H be a Hilbert space, and C be a closed convex subset of H. If T is a k-strictly pseudo-contractive mapping
on C, then the fixed point set F(T) is closed convex, so that the projection Prry is well defined.

Lemma 2.8 ([14]). Let H be a Hilbert space, and C be a closed convex subset of H. Let T : C — H be a k-strictly pseudo-
contractive mapping with F(T) # (. Then F(PcT) = F(T).

Lemma 2.9 ([14]). Let H be a Hilbert space, and C be a closed convex subset of H. Let T : C — H be a k-strictly pseudo-
contractive mapping. Define a mapping S : C — H by Sx = Ax+ (1 —A)Txforallx € C. Then, as A € [k, 1), S is a nonexpansive
mapping such that F(S) = F(T).

Lemma 2.10 ([5]). Let H be a Hilbert space, and C be a nonempty closed convex subset of H. Let A be a strongly positive linear

bounded self-adjoint operator on H with coefficient 7 > 0. Assume that 0 < y < g Let T : C — C be a nonexpansive mapping
with fixed point x; of contraction C 3 x > tyf(x) + (1 — tA)Tx. Then {x,} converges strongly to fixed point X of T ast — 0,
which solves the following variational inequality:

((yf —AX,z—%) <0, VzeF(T).

Let u be a continuous linear functional on I*° and s = (ao, ay, ...) € [°°. We write u,(a,) instead of . (s). We call u a Banach
limit if p satisfies ||| = wa(1) = 1and py(anr1) = wua(ay) for all (ag, aq, ...) € I°°.If u is a Banach limit, then we have
the following:

(i) foralln > 1, a, < ¢, implies p,(a,) < pn(cy),

(ii) pn(@ner) = un(ay) for any fixed positive integer r,
(iii) liminf,_ « ap < un(a,) < limsup,_, ., a, foralls = (ap, a;, ...) € I*.

Lemma 2.11 ([13]). Let a € R be a real number and a sequence {a,} C I*° satisfying the condition u,(a,) < a for all Banach
limits p. If lim sup,,_, o, (an+1 — @) < O, thenlimsup,_, ., a, < a.

Lemma 2.12 ([17]). Let H be a Hilbert space, and C be a nonempty closed convex subset of H. For any integer N > 1, assume
that, foreach 1 < i < N, T; : C — H be k;-strictly pseudo-contractive mappings for some 0 < k; < 1. Assume that
{m}f’:l is a positive sequence such that Zf’zl n; = 1. Then ZfV:] n;iT; is a non-self-k-strictly pseudo-contractive mapping with
k=max{k;: 1 <i<N}.

Lemma 2.13 ([17]). Let {T,—}f’zl and {ni}f’zl be given as in Lemma 2.12. Suppose that {Ti}{"z1 has a common fixed point in C. Then
F(iy miT) = N2 F(T).

3. Main results

In this section, first we show that a mapping S : C — H defined by Sx = kx + (1 — k)Tx is a nonexpansive mapping,
where C is a nonempty closed convex subset of a real Hilbert space Hand T : C — H is a k-strictly pseudo contractive
mapping with a fixed point for some 0 < k < 1.Letx,y € C; then from Lemma 2.1(iv) we have

Sx — SylI> = [lkx + (1 — k) Tx — (ky + (1 — K)Ty)|I?
= [lk(x —y) + (1 — k) (Tx — Ty)||?
= klx —yI* + A = ITx = TylI> — k(1 = k)| (x — y)x — (Tx — Ty)||?
= klx =yl + A = (lx = yII> + kI — T)x — I = T)y|*) — k(1 = b)[|(x — y)x — (Tx — Ty)||?
= llx = ylI> + (1 = k(I = T)x — I = Tyl*) — k(1 = k)| = T)x — (I = T)y||?
< llx —yl*.
Hence ||Sx — Sy|| < ||x — y||. Then S is a nonexpansive mapping and we have that P¢S is also nonexpansive, where Pc is a
metrics projection on C. For any j € N, define a mapping S; : C — C by Six = }.yf(x) + I — }A)PCSX. Let us show that S; is
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a contraction: let x, y € C; we have

‘ Lreo + <I - 1A) Pesx — <1.yf(y) 4 (1 - 1.A> PCSy) H
] ] ] J

1 1_
JTVO[”X -yl + (1 - ;V) [[PcSx — PcSy||

1S — Syl

IA

A

1 1_
=< nyallx—yll + (1 - ]fy) lIx =

IA

1
(1 - ;.(7 - ya)) (Ix = yID.

Hence, S; is a contraction. By Banach’s contraction principle there exists a unique fixed point u; € C such that

1 1
U = ]ﬂ’f(uj) + (1 - ]*A> PcSu;. (3.1)
Next, we prove the main results.

Theorem 3.1. Let H be a Hilbert space, C be a nonempty closed convex subset of H such that C £ C C C,andletT : C - H
be a k-strictly pseudo-contractive mapping with a fixed point for some 0 < k < 1. Let A be a strongly positive bounded linear

operator on C with coefficient y > 0 and f : C — C be a contraction with the contractive constant (0 < « < 1) such that

0 < y < L.Let {x,} be the sequence generated by

x1 €C, (3.2)
Xnp1 = oV f (Xn) + BnXn + (1 — B — ayA)PcSxy, ’
where S : C — H is a mapping defined by Sx = kx + (1 — k)Tx. If the control sequence {«y}, {B:} C (0, 1) satisfying
(i) limp 00 0 = 0, limy00 B =0,
(ii) 3.2 an = 00,
(iii) Zﬁil |1 — ap] < 00, Er?i1|,3n+l — Bl < 0.
Then {x,} converges strongly to a fixed point p of T, which solves the following solution of variational inequality (1.9).

Proof. Note that from the condition lim,_, o, &, = 0, we may assume, without loss of generality, that o, < (1 — 8,)||A]| .
Since A is a strongly positive bounded linear operator on H,
lAll = sup{[{Ax, x)| : x € H, ||x|| = 1}.
Observe that
(1= Bl — anA)x, x) = 1 — By — an(Ax, X)
> 1— By — oAl
> 0;
that is to say, (1 — B,)I — «,A is positive. It follows that
(1 = Bl — anAll = sup{{((1 — B)] — anA)x, x) : x € H, |Ix|| = 1}
sup{1 — B, — an(Ax,x) : x € H, |Ix|| = 1}
<1-8i—ayy.
We now observe that {x,} is bounded. Indeed, pick any p € F(T); we have

141 — Pl = llanyf xn) + Buxn + (1 — Bu)l — atnA)PcSxn — pl|
lloen (v f (%) — Ap) + Bn(xn — p) + ((1 = Bu)l — ctnA) (PcSxn — p) ||
onllyf (xn) — Apll + BullXn — pll + 1((1 = B)] — ctaA) || |PcSxn — Pl
anllyf(xn) — yf®) + vf(0) — Apll + Bullxa — Pl + (1 = Bn — cn¥) lI%n — D
anya|lXn — pll + anllyf () — Apll + Bullxn — pll + (1 = B — V) l|xn — Pl
anyalxn — pll + anllyf () — Apll + Bullxn — pll + (1 = Bn — V) l|xn — Pl
(1 —oan(y —ya)llxn — pll + anllyf () — Apll
lyf(p) — Apll

¥ —ya)

IANIA TN IA

= (1 —an(¥ —ya)llxn —pll + can(y — ya)
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It follows from induction that

n >0,

lvf(p) — Apll
7 —va) }
and hence {x,} is bounded. We also obtain that {f (x,)} and {PcSx,} are bounded. From (3.1), we have, for any n, j € N,
xn+1 — PcSujll = llanyf (%) + Baxn + ((1 — Bp)I — atnA)PcSxn — PcSuj]|
llotn (¥ f (%) — APcSuy) + Br(xn — PeSuy) + ((1 = Bn)l — atnA) (PcSxn — PcSuy) ||
anllyf (xn) — APcSuj|l + BullXn — PeSujll + (1 — Bn — on V) 1PcSxa — PcSu|
onllyf (xn) — APcSuj|l + Bullxn — PeSujll + (1 — Bn — cn¥) lIxn — ]
an([17f (%n) — APCSU} | — 7 %0 — 1)) + BallXn — PeSujll + (1= Bo)ll%n —
n + Bullxn — PcSujll + (1 — Ba)llxn — ;|
where 6, = a,(|lyf (xn) — APcSujll — V1IXa — y;ll), and from lim,_, o oy = 0, we have §, — 0asn — oo. It follows that
[Xn41 = PeSujll® = (8n + Bullxa — PcSujll + (1 — Ba) %0 — ujll)°
= (Bullxa — PcSujll + (1 = Bu) X0 — j1)* + 2(BallXa — PeSujll + (1 = Ba) %0 — u;1)85 + 57
= Bilxn — PeSusl1* + (1= B)? %0 — ujll* + 28 (1 = Bu)llxn — PeSujll1%n — wjll + o

where o, = 2(Bnllxn — PcSujll + (1 — B l1%n — ujD8, + 6,2, — 0asn — oo, and hence

X, —pll < maX{lel -l

IAIA

%041 — PeSujl® < By l1%n — PeSujll? + (1= )10 — wl1® + Bu(1 = Ba) (X0 — PeSuil1® + [0 — 51%) + 0
= Ballx, — PCsuj”2 + (1= B)llxn — uj||2 + on.
For any Banach limit x and 8, — 0, we have
MnllXn — PCsuj||2 = pnllXnt1 — PCSUJ||2 < UnllXn — uj||2- (3.3)

Since uj — x, = }.(yf(uj) + (I — A)PcSuj — X,) + (1 — jl.)(PcSuj — x,); thus we have

1 1
(1 - ]*) (%n — PcSuy) = (xp — ;) + ]f(Vf(Uj) + (I — A)PcSu; — xp).

It follows from Lemma 2.1(ii) that

1\2 5
1-— i lIX; — PcSul|

2

1
(X0 — ) + JT(Vf(uj) + (I — A)PcSu; — Xn)

%

2
ll%n — ull* + Jﬂ(yf(uf) + (I — A)PcSuj — xu), Xp — 1)
2
= |I%, — j]* + ]T(yf(uj) + (I = A)PcSuj — uj — (X, — Uj), Xy — U)
, 2 2
= |Ix; — ul|* + ;.(yf(uj) + (I — A)PcSuj — uj, X, — uj) — ;.(xn — Uj, X, — Uj)

2 2
= |Ix, — j]* + }<yf(uj) + (I — A)PcSuj — uj, Xp — uj) — 7||x,, — uj|?

2 2
= (1 - }) %2 — wjl|* + }<yf(uj) + (I — A)PcSuj — uj, Xy — ;). (3.4)

So, by (3.3) and (3.4), we have

1\? 5 1\? 5
1—;. lxn — uj||” > 1—7 [|PcSu; — Xy ||

2 2
> (1 - }> %0 — w* + 7 ) + (= APeSty — . 3y — )
and hence

1 2
j3||Xn —uy|* > ]T(Vf(uj) + (I — A)PcSuj — uj, X — U)).
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2
qunllxn — 11> = pa(yf (W) + (I = A)PcSty — j, Xy — ).

From Lemmas 2.8 and 2.10, u; — p € F(T) = F(PcS) as j — oo, we get

n{yf(p) — Ap, X, — p) <0,

where p is the solution of variational inequality (1.9). Since {x,}, {f (x,)} and {PcSx,} are bounded, we choose

M = sup{[If (xn) Il + lIXall + [IPcSXall + IAPcSXy ]| - n € N}

On the other hand,

IXn12 — Xppall =

IA

IA

=

llotn+17f Rnt1) + Brt1xnr + (1 — Bup)] — o 1A)PcSxniq

— (otn17f (%n) + Bnxn + ((1 = B)] — anA)PcSxn) ||

lotn1Vf Rnp1) — Cn1Vf (xn) + 1V f (xn) — anyf (Xn) + Bnr1Xn+1 — Bnr1Xn

+ Bur1Xn — Bnxn + (1 — Buy)] — anp1A)PcSxnp1 — (1 — Bur)] — anp1A)PcSxy
+ (1 = Bt DI — otn1A)PcSxn — (1 — Bn)l — anA)PcSxa ||

1Y X1 — Xnll + lonpr — anl 1V G | + Bus1llXnr1 — Xnll + 1Bnsr1 — Balllxnll
+ (1 = Bry1 — anp1 V) IPcSXnt1 — PcSxall

+ (1 = Brr)] — an1A) — (1 — Bl — onA) ||| PcSxa |

Anr1Y X1 — Xnll + |1 — anl VS Gl + Bor1llXnr1 — Xall + [Brr — BulllXall
+ (1= Br1 — a1V X1 — Xnll + 1Bnr1 — BlllPcSxnll + lotns1 — anl|APcSxy ||
(1= on1(V — ya) Xnt1 — xnll + lent1 — an|lyM + | Brp1 — BnlM

+ Bnt1 — BnlM + |1 — an|M.

From (ii), (iii) and Lemma 2.2, we have

lim [|Xp41 — Xq[| = 0.
n—oo

Next, we show that lim,,_, o, ||X, — PcSx,|| = 0. We consider

IXn — PcSxall < [1Xn — Xng1ll + [Xnp-1 — PcSxall
< %0 = Xn1 | + oallyf a — AP) || + BullXn — PcSxall.

From o, — 0, B8, — 0 and (3.6), it follows that lim,,_, o ||X; — PcSx,|| = O.

Next, we show that

lim sup(yf(p) — Ap, X, — p) <0,

n—oo

where p € F(T), where p is the solution of variational inequality (1.9). From (3.6), we have

lim sup |(yf(p) —

Ap, Xny1 — p) — (vf(p) — Ap, X — p)| = 0.

Hence it follows from (3.5) and (3.7) and Lemma 2.11 that

lim sup(yf(p) — Ap, X, —p) <0,
n—00

and from lim,_, o ||X, — PcSx,|| = 0, we have

lim sup(yf(p) — Ap, PcSxp — p) = limsup(yf(p) — Ap, (PcSXn — Xn) + (Xn — D))
n—00 n—00

= limsup(yf(p) — Ap, X, —p) < 0.
—00

Finally, we prove that x, — p as n — oo. We note that

X441 = PII* = latnyf (%) + Buxa + (1 = Bu)l — anA)PcSx, — plI?
= llotn (¥ f (Xn) = AP) + Ba(Xa — ) + (1 = B)] — ctaA) (PcSXy — P)II?
= 1B — p) + ((1 = B)] — ctnA)(PcSxn — )1 + 3 1y (xn) — Ap|)?
+2(Bn(Xn — p) + (1 = Bu)I — nA) (PcSxn — p), atn(yf (Xn) — Ap))

< (Bullxa = pll + (1 = By — V) IPcSxn — PN + 2Bnan (%n — b, (¥ (a) — AD)) + 3|1y f (%n) — Ap|?

(3.5)

(3.6)

(3.7)

(3.8)

(3.9)
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+2(1 — Bo)an((PcSxy — p), (vf (xa) — Ap)) — 207 (A(PcSxn — D). (¥f (%n) — Ap))

< (Bullxa =PIl + (1 = o — cwP)llxa — PID® + 2Bpeny X0 — Pl + 2Bnctn (xa — p, (¥ (p) — AP))

+2(1 = B)an((PcSxn — ). (vf (Xn) — AP)) — 203 (A(PcSxn — P), (¥f (xa) — AP)) + apllvSf (xn) — Ap|?

< (1= )’ %0 — pII* + 2Bneney %0 — pII* + 2Bnetn (X0 — . (¥f (0) — Ap))

+2(1 = B)etn{(PcSxa — P), (vf (Xa) — AP)) + 307 M

=1 =2y —ya)an)xn — p”2 + (Oln?)zM + 2Bnanay [|Xn — p”2 + 2800t (X0 — p, (vf (p) — Ap))

+2(1 = B ((PeSxa — p), (vf (%2) — AP)) + 302M

= (1=27 — ya)an) % — plI*> + aal2Ba (%0 — p. (vf (p) — Ap))

+2(1 = Bu)((PcSxa — p), (7f (%a) — AP)) + 3aaM + 0t 7*M]

= (1= yu)l|xa — plI* + by
where y, = 2(¥ — y &)y and by = &[22 (Xn =P, (¥ (p) = AP)) +2(1 = B) (PcSXn — ), (Vf (Xn) —AP)) +32aM + 7 M].
From Z;’; a, = 00, (3.8) and (3.9), we have X °,y, = oo and limsup,_, ., f/—: < 0. By Lemma 2.2, we have that the
sequence {x,} converges strongly to a fixed point p of T, which is the solution of variational inequality (1.9). This completes
the proof. O

If B, = 0, in Theorem 3.1, we obtain the following corollary.

Corollary 3.2 ([6]). Let H be a Hilbert space, C be a nonempty closed convex subset of H such that C+C C C,andletT : C — H
be a k-strictly pseudo-contractive mapping with a fixed point for some 0 < k < 1. Let A be strongly positive bounded linear
operator on C with coefficient 7 > 0 and f : C — C be a contraction with the contractive constant (0 < « < 1) such that

O<y< g Let {x,} be the sequence generated by

{"1 €C, (3.10)

Xnt1 = oV f (Xp) + (I — 0z A)PcSX,,
where S : C — H is a mapping defined by Sx = kx + (1 — k)Tx. If the control sequence {a,} C (0, 1) satisfying
(1) limn—>oo a, =0,
(i) Yopey otn = 00,
(iii) 3,2 lotns1 — | < 0.

Then {x,} converges strongly to a fixed point p of T, which solves the following solution of variational inequality (1.9). O

Theorem 3.3. Let H be a Hilbert space, C be a nonempty closed convex subset of H such that C+£C C C,andT : C — Hbea
k-strictly pseudo-contractive mapping with a fixed point for some 0 < k < 1. Let A be strongly positive bounded linear operator

on C with coefficient 7 > 0 and f : C — C be a contraction with the contractive constant (0 < o < 1) suchthat0 < y < g
Let {x,} be the sequence generated by

X1 € C,
Xnt1 = oV f (Xn) + Buxn + (1 — B — anA)PcSxy,

where S : C — H is a mapping defined by Sx = kx + (1 — k)Tx. If the control sequence {c,}, {8,} C (0, 1) satisfying

(3.11)

(i) limy_ oo 0ty = 0,
(i) Y opey otn = 00,
(iii) Zﬁi] |otnp1 — apl < 00, Z,ﬁl | Byt — Bul < 00,
(iv) 0 < liminf,, o By < limsup,_, . Bn < 1.
Then {x,} converges strongly to a fixed point p of T, which solves the following solution of variational inequality (1.9).

Proof. In the proof of Theorem 3.1, we have that {x,} is bounded. We also obtain that {f (x,)} and {PcSx,} are bounded. Next,
we show that [|x,41 — X,|| — 0. Define the sequence z, = “”Vf(X”H((]]__’?S”n)l_a”A)PCSX”. such that X, 1 = Buxn + (1 — Bu)za,
n > 0. Observe that from the definition of z, we obtain

g 1Vf Xng1) + (1 = Bug 1) — an 1A)PcSXn i _ anyf (xn) + (1 = B)l — anA)PcSxy

V4 —Zn =
e 1= Bnt 1—pBn
. o1V f (Xns1) _ cn1Vf ) | a1y f (Xn) _ anyf(xn)
1- ,Bn+l 1- ,3n+1 1- ,3n+1 1-— ,Bn

(1 = B — anp1APcSXnp1 (1 = By )] — a1 APcSXn | (1 = Boy )] — an1A)PcSxn

+
1- ﬂn+1 1-— ,3n+1 1-— ,Bn+1
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_ ((1 = B — ayA)PcSxy ((1 = Bl — apA)PcSxy _ ((1 = B — ayA)PcSx,

1— Bnt 1— But 1— By
X — f(x X 1— I— A
_ 1y (FQnen) = f(xa)) + (@ _an)(yf( 1)) n ((1 = Bry1)] — ant )(PCSXn+1 ~ Pesxy)
1= Bnt 1= Bas 1= B
1— I — apA) — (1 — I — oA
n [((1 = Bny1) nt14) — (1 — Bp) nA)] (PeSx,)
1-— /3n+1
+ (1= Bl A)( ! ! )(PSX)
— —o — c .
T =B 18 "
Thus,
X —X X 1-— — Y
s — g < ConvelR =l I Gl (= B =) o
1-— :3n+1 1— ,3n+1 1— ,3n+1
1-— I —opqA) — (1 — I — oA
A= Bl =) = (A= Bl =0 oo
1— ,8n+1 1— ,8n+1
1 A1y |otnt1 — ol (1= Bnr1 — ant1y)
— PcSx < —F—|x —X M X — X
1_[3n||| cSxqll) < 1= Bons X541 all + 1= Bons yM + 1— B | P nll
n [Bnr1 — Bul + lany1 — anl¥] |AP:Sxa || + <(1 — Bn — ony) ‘ |Bnt1 — Bl ||PCSX,1||>
1- ,Bn—H (1 - ,Bn+1)(‘1 - ﬂn)
Opnp1y o |Qtny1 — ol An1Y
= ———||Xp41 — X —vyM Xne1 — Xnll — ———— |Xne1 — X
1= Bons %541 all + 1= Boe YM + || X041 nll 1= Bons X541 nll
n [Bnr1 — Bul + langr — an|V]M 4 <(1 — By — )| [Bnt1 — Bul M)
1-— ﬂn—H (1 - ﬂn+l)(1 - ,Bn)
where M = sup{||f (x,) || + ||[PcSxn|l + ||APcSXn|| + ||Xn+1 — Xa|| : n € N}. It follows that
1Zns1 = 2all = [Xnss — Xall < |othy1 — ol yM + [1Bns1 — Bul + lany1 — O‘nh’]M
1= Bur 1= Bnt1

+ ((1—/311—%)/)’(1 |,3n+1_/3n| M)

= Bnr)(1 = Bn)

Since Y12 |otn1 — ol < 00, Y pey |Bnt1 — Bul < 00, we have

lim sup(l|zn1 — zZnll — Xn41 — Xall) < 0. (3.12)

n—-oo

From 0 < liminf,_, o B, < limsup,_, . Bn < 1,(3.12) and Lemma 2.6, we have

lim [1zx — Xall = O. (3.13)
n—oo
We consider
X1 — Xpll = 1(1 = Br)zn — Buxn — Xall
= (1 - ﬂn)”zn - Xn”

then

lim ||[Xp41 — X[l = lim (1 — Bp)llza — xall = 0.

n—oo n—oo
Next, we show that lim,,_, , ||X;, — PcSx,|| = 0. We note that

IXn — PcSxnll < [1Xn — Xng1ll + [Xnp-1 — PcSxall

< 10 — Xnt1ll + anllyf (%a) — APcSxnll + BullXn — PcSxall, (3.14)

and hence

(1= Bu)llxn — PcSxull < l1Xn — Xnt1ll + anllyf (%n) — APcSxq |l
From o, — 0and lim,,_, o ||X341 — Xn || = 0, it follows that lim,_, oo ||X;, — PcSX, || = 0. From (3.1), we have, for any n, j € N,

Xn1 — PeSujll = llanyf () + Bnxn + ((1 — o)l — otnA)PcSxn — PcSuj||
= llon(yf (Xn) — APcSU) + Bn(xXn — PcSuy) 4 (1 = Bu)l — tnA) (PcSxn — PeSuy) |



L. Inchan / Computers and Mathematics with Applications 58 (2009) 1397-1407 1405

onllyf (xn) — APcSujll + Bullxn — PeSujll + (1 — Bn — an¥)|IPcSxn — PcSuj|
anllyf (xn) — APcSujl| + Bullxn — PeSusll + (1 — By — ) llxn — ujl

on([lyf (xn) — APcSUjll — V11xn — ti1) + Bullxn — PcSujll + (1 — Ba)llxn — il
Sn + Ballxn — PeSujll + (1 — Bo) lIxn — ujl

where 6, = a,(|lyf (xq) — APcSujll — V1Ixn — uj|). From limp_, o, oy = 0, we have §, — 0asn — oo. It follows that

IAIA

X041 = PS> = (8 + Ballxa — PeSull 4+ (1 = o) %0 — 15])?
= (Bullxa — PcSujll + (1 = Bu) X0 — j1D* + 2(BallXe — PeSujll + (1 = Ba) %n — j1)8n + 55
= B2lxa — PcSuj® 4+ (1 = Ba)?l1%n — ujl|* + 284 (1 — Bu)l1xa — PcSujl 1%, — ujll + o
where 0, = 2(Bnll%s — PcSuj|l + (1 — Bo)ll%n — u;])8y + 82 — 0asn — oo, and hence
X041 — PeSujl1® < B ll%n — PeSujll* + (1= B)* 10 — w1
+ B2 (1 = Bu) ([1X0 — PeSujl1® + [0 — 5]1%) + 0
= Ballxa — PeSuyl* + (1 = Bu) X — w11* + 0. (3.15)
From (3.25), we have
%0 — PeSujll* = 1| = Xn+1) + (a1 — PeSup)|1®
= |IXns1 — PcSujll* + 2{Xns1 — PcStj, Xn — Xni1) + X0 — Xnp1[I”
%41 = PeSujl1® 4 2[xas1 — PeSujll X0 — Xng1ll + 11X0 — Xoga |,

< Bullxa — PcSuj|l> 4+ (1 = Bu)llxn — will* + 0w + 2/|xns1 — PeSujll 1% — Xni1ll + X0 — Xnpa I

A

and hence
(1= Bu)llxa — PcSujll* < (1= Bo)llxn — uill* + 0w + 21Xns1 — PeSujll1xn — Xng1 | + X0 — Xap11I°.

For any Banach limit « and o, — 0, ||X5+1 — X, || — 0O, we have
fanll%n — PeSUi|1® < panllxn — w1, (3.16)
Since uj — x, = Jl,(yf(uj) + (I — A)PcSuj — x,) + (1 — })(PcSuj — Xp), we have
1 1
1= = ) Gon = PeSt) = (o — 1) + = (rf () + (1 = APSty = %),

It follows from Lemma 2.1(ii) that

1\? 1
(1 - ]f) %, — PcSu;ll* = || (xa — uj) + ]f(yf(u;) + (I — A)PcSu; — x,) |12

2
> 1% — ujll* + ;.((yf(uj) + (I — APcSU; — Xa), Xp — Uj)
2
= ||%, — uj]* + JT()/f(Uj) + (I — A)PcSuj — uj — (Xp — Uj), Xy — U;)
, 2 2
= |Ix; — ujl|* + ]f(yf(uj) + (I — A)PcSuj — uj, x, — uj) — 7<Xn — Uj, Xp — Uj)
2 2 2 2
= [l% — ull* + ;.(yf(uj) + (I — A)PcSu; — wj, X — Uj) — ]f.nxn —
2 , 2
= (177 ) 1o =l + S rF ) + 0 = APeSty = g, 30 — ). (317)

So, by (3.16) and (3.17), we have

1\2 5 1\2 5
1—;. lxn — ui||” > 1—7 [|PcSu; — Xy ||

2 2
> (1 - j) %2 — w* + ;(Vf(uj) + (I — A)PcSu; — uj, Xp — uj)
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and hence

| N

1
FHXH — | = = (yf (W) + (I — APcSu; — uj, %, — uj).

(.

This implies that

jfunllxn — 11 = pa(yf (W) + (I = A)PcSuy — j, Xy — ).
From Lemmas 2.8 and 2.10, u; — p € F(T) = F(PcS) as j — oo, we get

tn(Yf(p) — Ap, Xn —p) =0, (3.18)
where p is the solution of variational inequality (1.9). Next, we show that

lim sup(yf(p) — Ap, x, — p) <O,

n—oQo

where p € F(T), where p is the solution of variational inequality (1.9). From lim,_, » || X,+1 — X || = 0, we have

limsup [{yf(p) — Ap, Xp+1 — p) — (vf(p) —Ap, xn — p)| = 0. (3.19)
n—oo
Hence it follows from (3.18) and (3.19) and Lemma 2.11 that
limsup(yf(p) —Ap,x» —p) =0, (3.20)
n—oo

and from (3.14), we have
limsup(yf(p) — Ap, PcSxn, — p) = limsup(yf(p) — Ap, (PcSxn — Xn) + (X — P))
n— oo n—oo
= limsup(yf(p) — Ap,x, — p) < 0. (3.21)
n—oo

By the same argument as used in Theorem 3.1, we have that the sequence {x,} converges strongly to a fixed point p of T,
which is the solution of variational inequality (1.9). This completes the proof. O

Theorem 3.4. Let H be a Hilbert space, C be a nonempty closed convex subset of H such that C =C C C,and T; : C — H be
a k;-strictly pseudo-contractive mapping with a fixed point for some 0 < k; < 1 and ﬂ,N: 1 F(Ty) # 0. Let A be strongly positive
bounded linear operator on C with coefficient y > 0and f : C — C be a contraction with the contractive constant (0 < « < 1)
suchthat0 < y < g Let {x,} be the sequence generated by

x1 €C, (3.22)
Xnt1 = oV f (Xp) + Buxy + (1 — Bl — cyA)PcSxy,

where S : C — H is a mapping defined by Sx = kx + (1 — k)Ei’\’zln,-T,-x and k = max{k; : i = 1,2, ..., N}. If the control
sequence {a,}, {Bn} C (0, 1) satisfying
(l) limn—>oo ap = 0, limn—>oo lgn =0,
(i) Yopo;an = 00,
(i) Y002y lanst — ol < 00, Y02, Bt — Bal < 00,
N

Then {x,} converges strongly to a common fixed point p of {T;};_,, which solves the following solution of the variational
inequalities:

(A—yfp,p—x) <0, V¥xenl F(T. (323)

Proof. Define amappingT : C — HbyTx = Zf’zl n;T;x. By Lemmas 2.12 and 2.13, we conclude that : C — H is a k—strictly
pseudo-contractive mapping with k = max{k; : i=1,2,...,N}and F(T) = F(Z,'.V:] niT;) = 01”:1 F(T;). From Theorem 3.1,
we can obtain desired conclusion easily. This completes the proof. O

If B, = 0, Theorem 3.4 reduces to the following corollary.

Corollary 3.5 ([6]). Let H be a Hilbert space, K be a nonempty closed convex subset of H suchthat K+ K C K,andT; : K — H
be a k;-strictly pseudo-contractive mapping with a fixed point for some 0 < k; < 1 and ﬂ{": 1 F(Ty) # 0. Let A be strongly positive
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bounded linear operator on K with coefficient y > Oandf : K — K be a contraction with the contractive constant (0 < a < 1)
suchthat0 <y < g Let {x,} be the sequence generated by

3.24
Xni1 = oV f (Xn) + (I — oyA)PcSXy, (3.24)

{xl ek,
where S : K — H is a mapping defined by Sx = kx + (1 — k) Zf’zl niTix and k = max{k; : i = 1,2, ..., N}. If the control
sequence {ay}, {Bn} C (0, 1) satisfying

(i) limy_, oo 0ty = 0,
(i) Yoy otn = 00,
(iii) Y oy |1 — ol < 00,
N

then {x,} converges strongly to a common fixed point p of {T;};_;, which solves the following solution of the variational
inequalities:

N
((A=yf)p,p—x) < 0,¥x € [ |F(T).
i=1

From the proof of Theorem 3.3, we can obtain the following theorem.

Theorem 3.6. Let H be a Hilbert space, C a nonempty closed convex subset of H such that C £ C C C,andT; : C — H bea
k;-strictly pseudo-contractive mapping with a fixed point for some 0 < k; < 1 and ﬂf’: 1 F(Ty) # 0. Let A be strongly positive
bounded linear operator on C with coefficient y > 0 andf : C — C be a contraction with the contractive constant (0 < a < 1)
suchthat0 <y < g Let {x,} be the sequence generated by

x1€C,
{xn+1 — atayf (%) + B + (1 = Bl — auA)PcSxe, (325)

where S : C — H is a mapping defined by Sx = kx + (1 — k) ZL niTixand k = max{k; : i = 1,2, ..., N}. If the control
sequence {ay}, {Bn} C (0, 1) satisfying
(1) limy o0 0ty = 0,
(i) Yopeq on = 00,
(ifi) Y2y lotnsr — | < 00, 302 [Bns1 — Pal < 00,
(iv) 0 < liminfy o0 Bn < limsup,_, o Bn < 1.

Then {x,} converges strongly to a common fixed point p of {T; f’: 1» which solves the following solution of variational inequalities

(3.23).
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