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1. INTRODUCTION

Information about a semigroup can often be gleaned from its partial
algebra of idempotents.

For example, the idempotents of an inverse semigroup form a semilat-
tice. All isomorphisms between principal ideals of a semilattice £ form the
Munn inverse semigroup T, which contains the fundamental image of
every inverse semigroup whose idempotents form the semilattice E
[11,12]. Thus semilattices give rise to all fundamental inverse semigroups.

Successful efforts have been made to generalize the Munn construction
to the wider class of regular semigroups [1, 6-9, 13, 14]. Nambooripad
achieved this using the concept of a regular biordered set. The biordered set
of a semigroup S means simply the partial algebra consisting of the set
E = E(S) of idempotents of S with multiplication restricted to

Dy={(e,f)eExE|ef=eoref=for fe=eor fe=f}.

Thus the product of two idempotents is defined in this partial algebra if
and only if one is a right or left zero of the other. The biorder on a
semigroup S refers to the quasi-orders — and >— defined on E(S) by, for e
and f in E(S),

e~ f if and only if fe=e,
and
e—f if and only if ef =e.

If the semigroup is inverse then the idempotents commute, so that these

quasi-orders coincide, forming a semilattice. Nambooripad defines an

abstract biordered set to be a partial algebra satisfying certain axioms (see

below). A biordered set in which every sandwich set (for the definition see
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[14] or [4]) is non-empty is called regular. Nambooripad shows that
regular biordered sets abstractly characterize all biordered sets of regular
semigroups ([14], and see also [4]), and moreover uses them as a basis
for his own generalization of the Munn inverse semigroup [13, 14].

The purpose of this paper is to show that the abstract definition of a
biordered set characterizes biordered sets of arbitrary semigroups.
Generalizations of the Munn semigroup beyond the class of regular
semigroups are explored in a further paper of the author [5].

Given a biordered set E, we construct a semigroup S by taking the free
semigroup on E factored out by all the relations holding in E. We show E
is isomorphic to the biordered set of S, so that all biordered sets arise as
biordered sets of semigroups. In so doing we produce the freest semigroup
with biordered set E, which Pastijn [15] has studied, when it is already
known that E comes from some semigroup.

2. PRELIMINARIES

The letters 2, ¥, &, and # will always denote Green’s relations on a
semigroup, and may be subscripted to distinguish semigroups. Standard
terminology and basic results about semigroups and Green’s relations, as
given in [2] or [10], will be used without comment. All terminology
involving biordered sets is included in this section.

Let E be a set with a partial multiplication with domain D,c Ex E. If
(e, f)e Dy then the product of e and f will be denoted by e * f. Define
relations —» and > each contained in E x E by

e—»f ifandonlyif (f,e)eDgand f+e=e
and
e>—f ifandonlyif (e, f)eDgand e f=e.

Call E a biordered set if E satisfies the following, for e, f, ge E:

(B1) The relations — and > are reflexive and transitive
and Dg= - U —uU(->uU>=)""

(B21) e f=>e—— f

|7

ef
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fe/
(B22) /{e\:f*e»g*e
f—z
(B22)* >exfrexg

/\

f—z

(B31) esfog=(exg)xf=exf
(B31)* e>—f>—g=>fx(g*re)=fxe
(B32) =>(gxf)xe=(g*xe)x(f*e)

AN
/\

f— g

(B32)* =ex(fxg)=(exf)*(exg)

(Bd) foe«g and fxe>gxe
= (If '€ E) e and f'xe=fxe.

fr—z
BH* f—e—g and exfoexg
= (If'ekE) e and exf'=exf

P

Note (B4) and (B4)* appear differently here from the corresponding
axioms given originaily in [14]. However, by [14, Proposition 2.4], the
complete set of axioms here is equivalent to the axioms for a biordered set
given in [147].
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If E and F are biordered sets and 6: E — F is a mapping then 6 is called a
morphism if for e, fe E

(e, f)eDg=(eb, f0)e Dy and (exf)O=el 0.

Call 8 an isomorphism if 0 is a bijection and both § and ' are morphisms.
We call F a biordered subset of a biordered set E if Fc< E, F is a partial sub-
algebra of E, in the sense that D,.= D n (Fx F), and F satisfies the bior-
dered set axioms with respect to the restrictions of - and — to F.

THEOREM 2.1 [14, 1.1]. Let S be a semigroup and E(S) the set of idem-
potents of S. Then E(S) forms a biordered set by restricting the semigroup
multiplication to

Drsy={(e, [YEE(S)XE(S) |ef=e oref=for fe=eor fe=f}.

Henceforth we call E(S), equipped with the above partial product, the
biordered set of S. The aim of this paper is to show that every biordered set
arises as the biordered set of some semigroup.

Let E be a biordered set, so >~ and « are equivalence relations on E.
Let L[R] denote an arbitrary member of E/>—<[E/—], and for e€ E let
L,[R,] denote the <[« ]-class containing e. Denote the full transfor-
mation semigroup on a set X by 7 (X), and the dual transformation
semigroup by J *(X). If ae 7 (X) then a* denotes the corresponding
element of 7*(X). Put X=E/><u{w} and Y= E/— U {c0}, where o
is a new symbol. Define

i) p: E- J(X) by, for e€ E,
p.L—L,, if x —» e for some xe L
00 otherwise
00 > O
(ii) AME-ST(Y) by, for e€ E,
Ao R—R,, if x > e for some xe R
— 00 otherwise
00 k= Q0
(i) . E->T(X)xT*Y) by, for ee E

e g, =(p., AF).

THEOREM 2.2 [3, Theorem 2]). If E is a biordered set, and ¢ is defined
as above, then E¢ is a biordered subset of E(7 (X)x T *(Y)) and ¢:. E— E¢
is an isomorphism.
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Lemma 2.3 ([4, Lemma 4], Due to T. E. Hall). Let E be a biordered
set. If ae E (CE¢)) and ¢, L a R, for some x, y € E, then o€ E¢.

3. BIORDERED SETS COME FROM SEMIGROUPS

Suppose throughout this section that E is a biordered set. Let F[F']
denote the free semigroup [monoid] on the set E. Elements of E[F'] will
be called letters [words]. Throughout e, f, g, x, v, and z [u, v, and w],
with or without subscripts and/or superscripts, will denote letters [ words].
The length of a word u, denoted by /(u), is the number of letters in .

Multiplication within F' will be denoted by juxtaposition, so if
(f, g)e Dy then the expression fg is a word of length two whilst the
expression f * g is a single letter.

Call v a subword of w if w=wuvu’ for some (possibly empty) words u and
u'. We say the words wy,..., w, cover w if there exists subwords w1,..., wi, of
Wi, W, TESpectively, such that w=w{---w;,.

Define a relation ¢ on F by

o={(f2,.f*g)|(f, g)eDg},

and let 0* denote the smallest congruence containing ¢. Elementary
o-transitions will be denoted by T with or without subscripts, and if T
transforms w into w’ then we write T: w— w’. Hence, for some u, v, f, and
g, T is always of the form

ufgu— uf *gv,

or
uf * gur> ufgv.

Call T of type (1) if f— g or f > g, whence f— fx g, and of type (2) if
fegor f— g whence g >< fxg.
Our aim in what follows is to show E is isomorphic to E(F/c*).

LEMMA 3.1. If fiyes fus &1ss &m are letters such that ¢*(f - f,)=
0%(g," " gm) then ¢~ br =g " b,

Proof. This follows since ¢ is a morphism, by Theorem 2.2, and using a
simple induction on the number of elementary o-transitions used to trans-
form the word f, - f, into the word g, - g,,.

The following was communicated privately to the author by T. E. Hall:

LeMMA 3.2. Suppose o*(w) is an idempotent of F/a* such that
a*(w) Da*(e) for some letter e. Then 6™ (w) contains some letter.
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Proof. let w=e, - ey. We can find fi,.., [, &1ss &n Such that

a#(fl ”.fn) iS an inVCrSC Of a-#(gl'“ gm), G#(W)=a#(fl .”fngl.“ gm)’
and 6*(e)=0%(g," " gnf1 " f»)- By Lemma 3.1 then ¢, - ¢, is idem-

potent and ¢,=¢, P, ¢, ¢,. In particular L.p ,#, so
L,p,  pg, # - Hence

X, g for some x,€ L,
X1*g1

X, = 8> for some xe L

X = & for some x,, e L

X% Em1®
Put S=F/o*. By repeated use of Green’s lemma we have
0F (X * &) L5067 (€81 gm) =0 (81" &) L5 (W).
By Lemma 3.1, putting x=x,, * g,
¢x$<E¢>¢el'”¢8N‘

Dually there exists y such that o*(y) #so®(w) and ¢, R zsy e, Poy-
Hence by Lemma 2.3 there exists z such that ¢,=¢, - ¢,,, s0

b <. 00,

Thus, since ¢ ' is a morphism by Theorem 2.2,

en?

x>—<24—)y

s0 that 7 (x) Lsa* (z) #sa* (). Thus 6 *(z) #Hs0* (W), so 67 (z)=a* (W),
since both are idempotents, which proves the lemma.

THEOREM 3.3. The biordered set E is isomorphic to E(F/a*), the bior-
dered set of F/a*, and any idempotent-generated semigroup T such that
E = E(T) is a homomorphic image of Fjo*.

Proof. Let y: E— E(F/c*) be the mapping which sends each e to
o*(e). We show 7 is a biordered set isomorphism onto E(F/o*). That En
is a biordered subset of E(F/o*) and 5 is a biordered set isomorphism onto
En follow by Theorem 2.2 and Lemma 3.1. It remains therefore to show
En=E(F/c¥).

Suppose in what follows that 6 *(e, - --e,) is an idempotent. We need to
find some e such that ¢*(e; - e,)=07%(e). However, by Lemma 3.2 it is
sufficient to find e such that

a*(e; " e,) Do*(e). (1)
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Since o*(e, "' e,) is idempotent we have e, -e,c%(e, - ¢,)", so there
is a sequence of words w,..., wy and transitions T): w—w, ., for k=1 to
N—1, where w,=¢e,- e, and wy=(e, - e,)"

The main idea in what follows is to cover w,, for k=1 to N, by sub-
words w,..., wi (defined below), such that each o *(w?) lies in some 2-class
of an element of En.

By an inductive definition we can locate particular subwords by noting
positions of letters, from 1 up to /(w,). Define, fori=1ton, o) =, =yi =i
For each i, make the following definition, inductive in the subscripts:

Bivi=[ Bi if Ty ufgouf » gv
where l(u) = i — 1
or T, uf = gv— ufgv
where l(u) = B}
or l{u)=p.—1 and T, is of type (1)
Bi—1 if Ty ufgorsuf * gv
where l(u)< i —2
gi+1 il T, uf * go—ufgy

where (1)< i —2

L or {u)=fi—1 and T, is not of type (1)

ah 1= | o if T, ufgo—uf «gv
where l(u) > af — 1
or u)=ai—2, a, <pi, and
T, is not of type (2)
or T,: uf * gur> ufgo
where l(u) > af — 1
ol —1 if T, ufgosuf *gv
where l(u) <ol —3
or l(u)=0a} —2 and either
ai =i or T, is of type (2)
al+1 if T, uf *go—ufgy

L where /(u) <ol —2
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Tes1= [ 7 if Ty:ufgv—uf *gv
where l(u) = v
or l(u)=1y; — 1 and either
yi=pi or T, is of type (1)
or T,: uf x gv—ufgv
where /(u) > v
yi—1 if Ty:ufgor—uf * go
where [(u) <yl —2
or l(u)=y;—1, B; <vy., and
T, is not of type (1)
yi+1 if T,:uf * gorsufgv

I where (u)<y,— L

For integers i and j where i < j, let [i, j] denote all integers from 7 up to
j. From the above definitions it is immediate that, for k=1 to N,

Bi<Bi<- <P

and for each i=1 to n,

Further, for each k,

[Liwe)]= U [op7:])
i=1
Let ¢} denote the §ith letter of w, and let wi denote the subword of w,
obtained by deleting all letters to the left of the «th letter and to the right
of the yith letter. The previous observations show that each w, is covered
by the subwords w},..., wp.
In particular w is covered by wh,.., w%. We now claim that

for some i, e, - e, is a subword of w,. (2)

Suppose (2) is false. Then w}, does not cover e, ‘- e¢,. Make the inductive
hypothesis that wl,,..., w4, do not cover (e, **-e,)". Then since wit ! does not
cover e, - e, we have wl,.., wit ! do not cover (e, ---e,)’* . By induction
wl,.., w% do not cover wy, contradicting the previous paragraph. Hence
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(2) must be true. (The reader may note that (2) is even more immediate if
our original choice for wy had been (e, - e,)* or a higher power.)
Each wi can be written in the form
wi = el
for some (possibly empty) words . and vi. We now prove, for each i and
k,
o*(ei) Z 0% (e,v}) (3)

and
o*(e}) &L o* (upel). (4)

We prove (3) by induction on k. For k=1 we have w| =¢, for each i, so (3)
holds. Suppose (3) holds for k; we show (3) holds for k + 1. The only cases
for T, we need consider are the following:
(a) w'ufeiov’ - u'uf * evv’
W;( W;( +1
(b) wfeivv' — u'f x efvv’
b !
Wi Wi st

(c) w'uel fov' — u'uel * fov'
L ] i P—

Wi Wi
(d) u'uel fo - uuei*fo
[ S eemnd
Wi Wi 1
(e) wueivfgv' > |u'uelvf x gv of type (1)
w;( w;c+ 1
w'uel vf x gv not of type (1)
e
w;c+ 1
(f) wuelvv’ > u'ufgov’ where el = fx g.
[ [
Wi ch+ 1
Cases (a) and (b): e, ,=f*e} and v} =0, so (3) follows for k + 1
since 4 is a left congruence.

Case (c): e.,,=ei*f and vi, =v. Hence o%(e}, v;,,)=
c*(ei fo) Ra*(el), so also o*(et) Ro*(elf)=0%(e,, ), yielding the
required result.

481/96/2-18
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Case (d): (3) follows immediately for k + 1 since v}, is the empty
word.

Case(e): If T, is not of type (1) then o*(ef, vk, ,)=
a*(ejv) Ra*(ef)=c"(e,, ) If T, is of type (1) then ferfxg, so
ot (e, Vi, ) =c*(eitf xg) Ra*(eof )R o7 (ef)=0" (€} 1).

Case (f): If T, is of type (1) then e, , =f and e, e, so
o (ekHka) g (f*gv)@cr#(ek)@a (e, ). If T, is not of type (1)
then e}, , =g and ¢, ., >=< e}, 30 0¥ (e}, Vi, 1) =0"(gv)=0%(ge;v) #

c*(gel)=0%(g)=0 #(ek+l)
Thus (3) follows by induction. The proof of (4) is similar.
By (2), for some i, j, k, a, and f we have

Wl}v:ej"'en(ex"'en)ael"'en(el"'en)ﬂel'”ek

(where w° denotes the empty word).
Hence

0#(W§v)=0'#(€/“'ene1"'enel e)

Ra*(e;-ee-e,) L% (e e,),
that is,
c*(wW\)Da*(e e,
From (3) and (4) we have

o* (uiel,) £ o*(eh) R a* (e,

so that
o* (uyel) R 0¥ (uhelvy) = 0% (wh),
that is,
o*(wy) D o *(ey).
Hence

O'#(el “‘en) 9 O-#(ei\/)’

which gives (1) by putting e = ¢/,

This proves that E and E(F/o*) are isomorphic. If also E= E(T) for
some idempotent-generated semigroup 7, then T'=F/r for some con-
gruence 100, so 126 %, which proves the last statement of the theorem.
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