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This paper continues the joint work of the authors begun in the article “On
Strong Product Integration” [J. Functional Analysis, submitted]. We consider
product integrals along contours; the point of view and development is analogous
to the usual complex variable theory of ordinary contour integrals. Our main
results are Theorem 2.3 (homotopy invariance of product integrals, an analog
of Cauchy’s integral theorem) and Theorem 3.4 (an analog of Cauchy’s integral
formula or the residue theorem).

InTRODUCTION

In a previous article [1], the product integral, HZ e4(94s of an integrable
function A(s) from a < s < b to #(Z), the Banach space of bounded linear
operators on a complex Banach space &, was defined and studied. Given
uy€ & and setting u(t) = [T, 49 - u,, u(t) satisfies the integral equation

u(t) = uy + ft A u(s)ds, a<t<b. (0.1)

If A(s) is continuous, then (0.1) is equivalent to

dujdt = A(t)u(t), a<t<b, (0.2)
ua) = u,.

The utility of the product integral consists primarily in its applications to
Egs. (0.1) and (0.2).

In the present paper we study the notion of product integral along a contour,
from a point of view substantially parallel to the ordinary complex variable
theory of contour integration. Some of the results of the present article, at
least in the case that & is finite dimensional, have been known for some time
in the guise of results concerning systems of differential equations; however,
the case of & infinite dimensional does not seem to have been discussed in
the literature, and we feel that the systematic employment of the product
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356 FRIEDMAN AND DOLLARD

integral notion may cause some of these results to appear in a new light. Contour
product integrals have been investigated by Volterra [3]; however, the cited
work apparently contains some inaccuracies.

1. Tae DEerFINITION OF CONTOUR PRODUCT INTEGRALS

1.1. DeFINITIONS. A contour is a continuous, piecewise continuously
differentiable mapping, y(¢), from an interval @ < ¢ < b of the real numbers
to the complex plane C. (Explicitly, this means that y(¢) is continuous on [a, 5],
and there is a partition a < §; < s, < -* <{s, < b of [a, b] such that (1)
is continuously differentiable on each of the subintervals [a, s,], [s; , Sa],---s [$5 , 8],
the endpoint derivatives being right or left derivatives.) If I" is the image of
¥(t) we denote the contour by (I, y(2)) or sometimes just by I" if the particular
mapping p(t) has been identified or is unimportant. The points y(a) and y(b)
are, respectively, the instial and terminal points of the contour. If (I, y(¢)) is a
contour, we denote by I'! the contour defined by y(a + b — ), a <t < b.
If y(a) = y(b) and (I, ¥(t)) has no other self-intersections (so that I"is a Jordan
curve, i.e., a homeomorphic image of a circle) we say I" has positive orientation
if for some (hence, every) point 2z, in the bounded component of C\I" we have
(1/270) frdz/(z — 2,) = 1. Finally, if y(t) is a contour, we define y(z) to be
the derivative of y at ¢ if this exists and 0 otherwise.

Now suppose that O C C is a domain {(nonempty, open, connected subset)
and A(z) is a continuous function from D to (%), the Banach space of bounded
linear operators on a complex Banach space Z. (We shall be primarily interested
in the case that A(z) is an analytic function.) Let (I, ¢(¢)), a <t << b be a
contour in D.

1.2. DEFINITION. [y eA®)d% — H’; ANt

1.3. Remarks. (1) Since A(y(t)) p(t) is continuous except perhaps at finitely
many points, it follows from Theorem 1, Corollary 2 of [1] that

b n
H eAly¥(Hdt . lim H ANV (E;) (4D,
a u(P)~0 i=2

where b =1, > 1, > - >1, ; >, = a is a partition P of [q, 8], (4¢), =
t; — t; 4, and p(P) = max{(4t);}.

(2) Tlre'®% = lim,(p).q [ L5 €449 where P is as in (1), 2, = y(t),
(dz);, = 2, — 2,y . This is easily proved using the fact that except at points ¢,
of nondifferentiability of ¥{(¢), (d2), = V(. )(dt), + o((4t);). This shows in
what sense the product integral is independent of the particular form of y(¢).
However, in what follows, we shall always assume that any contour referred
to is defined by some particular y(¢).
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(3) Since (1.2) defines the product integral in terms of a product integral
along a real interval, the results of [1] are applicable, and we shall make use
of these. For example, Theorem 2 and Definition 9 of [1] imply that

[ eA@4 — (1—[ eA(z)dz)—l

r-1 r

2. THE ProbucT INTEGRAL OF AN ANALYTIC FUNCTION AND THE ANALOG OF
CaucaY’s INTEGRAL THEOREM

2.1. DerFinrtioN.  Let D C € be a domain, A(2) a mapping from D to Z(%).
A(2) is analytic in D if lim,_ o A" 1(A(z + k) — A(2)) exists in B(%) for every
zeD.

Now suppose D is a domain and 4(2) is analytic in D with values in #(Z).
Let (I',9(t)), a <t < b, be a contour in D. For zeI" with y(t) = z and
(@) = z, we denote f A(y(s)) ¥(s) ds by I{P(z). We may write IP(z) =
f A(L) d¢ with the understanding that the integration is performed along I
We define inductively

196) = [ AQIpDQ dt,  n=2,3,..

where the integration is performed along I. By Theorem 1 and Property 6
of {1] we have the formula

[[et9: =14 Y Iy (B)). (2.2)

2.3. THEOREM. Let DCC be a domain, A(2) analytic in D with values
tn B(E), and (I'y, (), (I, vo(t)), @ < t << b two contours in D with y,(a) =
yol@) = 25, vi{b) = yo(b) = 2. Suppose I, and I'y are homotopic with fixed
endpoints in D. Then

H edDdz — 1_[ eAlR)az,
I, T,

Proof. We will assume first that D is simply-connected. Define IW(z) =
f A(L)dl where the integration is along any contour, and inductively,
I ‘"’(z) J' A I™-1({) d. Each I™(2) is well defined and analytic in D
by the ordlnary form of Cauchy’s theorem. Now for z& I, IM(z) = If(a).
Assume inductively that I®)(z) = I1")(2) for z ¢ Iy . Then we have I (rD)(z) =
f A(Q) I'™({) dL where the integration is along any contour; if we require
the contour to be I', , this shows that I ®H(z) = I £+(2). Hence I™(z) = If?()
for n = 1,2, 3,..., 2 I} . The same is true w1th I} replaced by Iy, and this
fact together with (2.2) proves the theorem in the simply-connected case.

580/28/3-6
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We remark that what has been proved so far together with Theorem 1 of [1]
shows that if D is simply-connected, then there is an analytic solution of
B'(z) BYz) = A(z) in D. (The prime denotes differentiation with respect
to 2.) A solution is given by the product integral of 4 from any initial point
to 2. Now we remove the hypothesis that D is simply-connected. Let A(t, u):
[a,b] X [0,1] — D be the homotopy between y, and y, (A(f,0) = ¥,(¢),
h(t, 1) = y,(2)). We claim that there is a continuous Z(%)-valued function
H(t,u) in S = [a, b] X [0, 1] such that for each point (zy, %) €.5, there is a
neighborhood U of h{t,, u,) and a %B(Z)-valued analytic function B in U
with #(¢, u) = B(h(t, u)) for A(t,u)e U, and B'B~' = A in U. Once estab-
lished, this together with Theorem 7 of [1], will finish the proof, for then

[T e = B(b, 0) B(a, 0) = B(b, 1) BYa, 1) = [] e*?%.

r, Ty
(The middle equality is true because A(b, 0) = k(b, 1), A(a, 0) = h(a, 1).)
To prove the existence of #(¢, u), subdivide [a, ] by points ¢; and [0, 1] ,by
points u; so that for each 4, j, A([t; , t;.4] X [u;, #;,,]) is contained in an open
disk U,; in which there exists an analytic B;; with B;B;! = 4. Fix j. Since
U; N U, ; 1s nonempty and connected, we can multlply each By; (7 fixed)
on the right by an element of #(Z’) so that B; ; and B, ;agreein U; ;N U,,4 ;3
this is possible due to the fact that solutions of B’B—1 = A are determined
up to right multiplication by an element of B(%) [1, Theorem 4, Corollary 2].
For u e [u;, u;,4), define &t u) = B, ;(h(t, ), t€[t;, t;11]). Bi(t,u) is con-
tinuous in [a, 8] X [#;, u;,,]. We remark that it may happen that U, ; and
U,.s,; may intersect, and B, ;, B;,,; may not agree in the intersection, but:
Bt u) is well defined by the above prescription. Finally we can multiply
each #; on the right by an element of #(Z) so that #; and %,,, agree when
u = u;,, . Then put B(t, u) = B¢, u) for we[u;, u;4).

The following corollary has been proved in the above.

2.4. CoroLLARY. If D is simply-connected, z,€ D, and if for all ze D,
we define U(z) = ]_[ eAW0a ghere the integration is along any contour in D,
then U(z) is well deﬁned and U'(2) = A(2) U(2).

2.5. Coroiiary. If I is null homotopic in D, then

H eAlz)dz — |

r

We prove one more corollary which describes the relation between the
product integrals along concentric contours of an analytic A(z). Suppose D
is a domain, Iy, I, contours in D which are Jordan curves with initial points
21, %, , respectively. Suppose that I', , I', are positively oriented, I', is contained
in the interior of I}, and that the region between I'} and I, is contained in D.
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Suppose A(z) is analytic in D. Then J}l AQ)dt = L"z A(0) dl by a simple
application of Cauchy’s theorem. For product integrals, we do not obtain
simple equality. We have, in fact:

2.6. CorOLLARY. P, = [Ir, e*9% and P, = I1r, e*9% are similar operators,
i.e., there exists an invertible operator, S, with P, = SP,S-1.

Proof. Consider Fig. 2.7. We adopt the following notation: If I';, I'; are
contours with terminal point of I'; = initial point of I';, then I',I"; denotes

.
D

— 2

Ficure 2.7.

the contour consisting of I'; followed by I';. Now from the diagram and
Theorem 2.3, we have

[] eAwat = [ eawa,
I ryr

Using Theorem 3 of [1] and Remark 3 of 1.3, we can rewrite the last
equation as

-1
[] et0dt = [ etwrac ] edwrac (H eA(C)dC) .
T, T r, r,

Taking § = [], e*©% provides the claimed similarity relation.

3. A Caucay INTEGRAL FormMuULA FOR PrRODUCT INTEGRALS

Throughout the present section the following notation will be in effect:
D is a simply-connected domain in C, I' is a positively oriented contour in D
which is a Jordan curve, 2, is a point of D which lies inside I, 4(2) denotes an
analytic (% )-valued function in D\{z.} (see Fig. 3.1). In the situation described
above, [r A({)d{ can be evaluated in the following way: since [rA(L)dl
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Ficure 3.1.

is unchanged if the contour I"is “‘shrunk” toward the point 2, , we can assume
that I" is contained in an annulus in D in which A(2) has the convergent Laurent
expansion A(2) = 3,__ A.(2 — 2,)"; then [r A(0) d{ = 2miA_; . If {A(2)}ser
is a commutative family, then by Corollary 3 of [1],

T AW _ Jfra@ac _ amid,
r

If the commutativity assumption is dropped, it is no longer true in general
that []r 44 and e*?4-1 are equal; however, if A(2) has a pole of order at
most one at z,, and a technical condition concerning the spectrum of A4_,
is satisfied, then [ e4¥%¢ and e*74-1 are similar. We remark that in general
it seems quite difficult to compute [ e4(4%¢ or even to determine if this integral
is the identity operator, I. The latter question is equivalent to asking when
solutions of {dufdz = A(2)u(2), u(): D\{z,} — %} are single valued; this
need not be the case even when

A(Z) = Z An(z - zo)n and A —
n=—1

We give an example illustrating some of these remarks.

3.2. ExampLE. Let

S(z) — ((z) (1))’ R - (?’1 7‘2)’

Ty 7y

and let T(z) be the (multivalued in general) function T(z) = S(2)2R =
S(=)eR198 defined in C\{0}. Set
ar

R A R A R A e
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which is analytic in C\{0}. Let I" be the contour given by ¥(t) = e for
0 < t < 2#. By picking a branch of the logarithm along (), 0 <t < 2w
and applying Theorem 7 of [1], we have []re49% =TI, IWTTHOE —
T(e*t) T-Y(e%) = e*"R. We have also

A = (1 +n O)

0 7,
so that
amid_y e21ri7'1 0
€ - 0 82111'1'4 .

In general, e27i4-1 and €27 are not equal and are not even similar. For example,
ifry=0,7r =r, = —1, then

A4, = (% 0), 2 — [
and

—1 2 - ]
2MR — eiw( ; -le — e‘iw( (11 ‘g)e(g 2"3T2)

(the two matrices commute)
Rt Iy it

which is not similar to —I unless r, = 0. Notice that in this case, A(z) has
only a pole of order 1 at = 0; we also note for later reference that|| 4 || =% .
If we take 7, = 0, r, = 7, = 1, we get an example with e*"4-1 = I, A(z) has
a pole of order 1 at 0 and
. 1 2mir
27iR — 2
¢ b 1)

which is not similar to I unless 7, = 0.

The example indicates that to prove an analog of the Cauchy integral formula
for product integrals even for the case A(2) = A,/(z — %) + B(z), B(2)
analytic in D, additional assumptions are necessary. One assumption which
is sufficient is that the difference set o(4_,) — o(A_;) of the spectrum o(4_,)
of A_, does not contain positive integers. We state a technical result concerning
this condition.

3.1. Lemma. Let Ae B(X) and let ad A: B(X) — B(X) be the operator
defined by ad A(T) = AT — TA. Let o(A) and o(ad A) denote the spectra of A4,
ad A4, respectively. Then o(ad 4) = o(4) — o(4) = {A — p: A, pe o(4)}-
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Proof. We refer to [4] and [5] for the general proof in the Banach space
case. We give a proof for the case & = C® is finite dimensional, in which
case the spectra of the operators in question consist of finite sets of eigenvalues.
Let o(4) = {A,..., A}, and let A4* be the transpose of 4. The characteristic
equations of 4 and A' are the same, so A and A* have the same spectrum.
Choose column vectors {X;}. . 1, {Yihier,.. 1 with AX, = 44, 4'Y, =
AL, (V4 =AY, Let Z,, be the nonzero n X # matrix X,Y ! (where
Yt is the row vector with the same components as Y,). Then (ad 4)Z,, =
AX, Y — X YA =\ — A)Z,,. Hence o(4) — o(A) C o (ad 4). Next we
prove the reverse inclusion. The space C* on which A acts can be decomposed
as C" = V. @ - @V, where in each I there is a basis {f; ,...,f,k} with

Afy =N + 1o
Afy = Mfo + 15 (Jordan decomposition)
Afrk = Akfrk .

Let u be an eigenvalue of ad 4 with eigenmatrix Z. Assume p + A, ¢ o(A4);
then 4 — p — A, is invertible. Now we have AZ = ZA4 + pZ and so
(A —p—MZ = Z(A— ) or

Z = (A —p— M ZA— N, (+)
Applying Z to vectors on V', and using (), we have:
Zfi =(A—p— X Zf; = (A —p— W) 2fy = -
= A —p— N Zf, = 0.

Thus Z annihilates V. But Z cannot annihilate all the ¥V, so for some %,
p -+ Ay € o(A). This proves o(ad 4) C 6(4) — o(4) and finishes the proof.
We return to the situation described at the beginning of Section 3.

Naw]

Ficure 3.3.
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3.2. DerFINtTION.  For 2 5 24, A(2) = [ 1r, e*¥'% where I', is any positively
oriented contour in D which is a Jordan curve, starting at z circling 2, once,
and returning to z (see Fig. 3.3). By a simple application of Theorem 2.3,
A(z) is independent of which such contour I', is used, i.e., A(2) is well defined.

3.3 ProrposiTiON. A(2)is analytic in D\{z}. If A(z) = A_,[(z — zy) + B(2),
B(z) analytic in D, then A(2) has a removable singularity at 3, and lim,,, A(z) =
e271iA_1.

Ficure 3.4.

Proof. Consider Fig. 3.4. From the figure and Theorem 3 of [1] we have:

2+h

Az + k) = l—[ et/ (2) H eA®dt  (along the contours indicated)

z+h
SO

Az + ) — A(z) = (ﬁ eADAC _ I) A(2) f‘[ eA0K | /(z) (ﬁ A I)

z+h z+h

hence

2 A®) — [4), AE)] = A(z) AE) — A(z) A

dz
for 2 # z, . Finally,
8y1-2m
e{A_ll(C—zo)+B(C)}dt . H e{iA_1+0('r)}d8
I'={zg+re%,0, <0<, +2r} by

and by Theorem 6 of [1] applied to the last product integral and Hg"o’q" eiA1d0 —
41, we have lim,,, A(2) = &74-1.

We remark that for z # %, and ¥’ # 2, A(2) and A(2’) are similar. This
follows from the calculations in the proof of Proposition 3.3. In particular,
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if A(2) = I for some 2 = 2, , then A(z) = I, and e#"%4-1 = ]; this means that
all solutions of du/dz = A(z) u(z) are single valued in D\{z}, i.e., have at
worst poles or essential singularities at 2, and not branch points. Note that
e*i41 — ] is a necessary but not sufficient condition for single valuedness.
We now prove an analog of Cauchy’s integral formula for product integrals.

3.4. Turorem (Cauchy Integral Formula). Consider the situation described
at the beginning of Section 3. Suppose A(z) = A_,/(z — z,) -+ B(z), with B(z)
analytic in D. Suppose further that o(A_,) — o(A_,) does not contain positive
integers. Then T, 499 and e*"i4-1 gre similar.

3.5. Remarks

(1) In Volterra [3], the result of this theorem is apparently claimed
without the hypothesis on o(4_;) — o(4_;). This hypothesis is necessary
as Example 3.2 shows.

(2) Later we shall give various explicit formulas for the operator giving
the similarity claimed in the theorem. The proof of the theorem gives the
similarity in the form of a power series.

(3) The result of the theorem in the finite-dimensional case and in a
different guise can be found in [2]; the proof given there differs from the present
one.

Proof of Theorem 3.4. We assume without loss of generality that z, = 0
to simplify the calculation. Since A(z), A(2"), 2, 2’ % 0 are similar, it suffices
to show A(z) similar to e27i41 for | 2 | sufficiently small. Recall that by a special
case of Theorem 9 of [1], if T(2) is analytic and invertible along a contour C
in D with initial and terminal points 2, , 2, , and S(z) is continucus along C then

H eSla)ds — T(zz) l‘[ e{T—l(z)s(z)T(z)—r-l(z)T'(z)}dzT-l(zl)_ (3.4.1)
c c
Suppose that a single-valued analytic 7'(2) in a neighborhood of & = 0 can

be found with:

T-1(z) i%L T(z) — T-Xz) T"(z) = -42:1— + B(a). (3.4.2)
Then by (3.4.1) with S(z) = 4_,/2, C = I" we have
e = T(2) A(z) T-Yz) (34.3)

which would prove the theorem. We thus attempt to solve (3.4.2) which is
equivalent to the system:

T'(z) = [A./z, T(2)] — T(=) B(z),

(3.4.4)
T(2) invertible near 0.
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We look for T'(z) in the form:

T(2)=I+ Y T,z» satisfying (3.4.4). (3.4.5)
n=1
The invertibility near 0 is automatic for T'(2) of this form, so we substitute
(3.4.5) in the first equation of (3.4.4) yielding the formal relation:

0

Y nTpent = Y [, T,Jem + (1+ 5 Tz)( 3 B,,z"). (3.4.6)
n=1 n=1 n=1 n=0
Identifying equal powers of z yields:

(n—add_ ) T,2"t =BTy + -+ B, 2"t (n>=1) (347
and under the hypotheses on o(4_,), this is recursively solved by:
T,=(n—adA_ )" YB,T,_y + - -+ B, (3.4.8)

Now (n—ad A4 ) =O(m?) as n— o0, and for |z | sufficiently small,
| B,z™ || = O(1) since 3,,_, B,2" is convergent. Hence (3.4.8) yields:

n—1

| Tozm || = O@™) - 3. || T2 || (3.4.9)
=0

for | 2 | sufficiently small and where T, = I. From (3.4.9) we obtain inductively:
|T,2"]|=0(1) as n— oo  (for|z]|small). (3.4.10)

This proves that (3.4.5) converges in some neighborhood of 0 and finishes
the proof of the theorem.

3.6. Remarks

(1) The proof of the theorem shows that the result of the theorem is
true in the case that B(2) has a zero of order s at 0 and 6(4_,) — o(A4_,) contains
no integer >s. (The T, could still be determined from (3.4.7).) This condition
on o(A_;) — o{A_,) will hold, for example, if || A_, | < (s -+ 1)/2 since then
lad A ]| < s+ 1 and (n — ad 4_,)~* exists for n >> s - 1. Hence the result
of the theorem is always true if || 4_; || < 1 ; recall, however, that Example 3.2
showed that the result of the theorem fails to hold in a case where | 4_, || = }.

(2) If we are in the finite-dimensional case & = C=, the characteristic
polynomial of A(z) is independent of 2 and thus equals the characteristic
polynomial of e27i4-1 regardless of the nature of o(A4_;). Hence the eigenvalues
of A(z) and of €741 are the same, and if these are all distinct then the result
of the theorem holds. (Because two # X n matrices with the same # distinct
eigenvalues are similar.)
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(3) As remarked at the beginning of Section 3, if A(z) is a commutative
family the result of the theorem is always true with ‘‘similar” replaced by
“equal.”

(4) If & = C~ and the condition on o(A_,) does not hold, then it is
possible to show that there is an invertible analytic function T(2) in C\{zy}
such that if A(z) = T4(z) A(z) T(z) — T-(2) T'(2), then A(z) has a pole of
order one at 2z, and A_, does satisfy the spectrum condition of the theorem.
(See Theorem 4.2 and the preceding lemma in [2].) Hence in this case
T1r et®% is similar to 4.1, This result is of some theoretical interest and is
useful, for example, in determining the form of solutions of second order
ordinary differential equations with regular singular points in the neighborhood
of the singularity. However, it seems very difficult to give an explicit formula
for A_,, since the construction of T(2) involves the transformations which
put various successively determined matrices in Jordan normal form.

If the hypotheses of Theorem 3.4 hold, then the operator 7(z) giving the
similarity between A(2) and e*"*4-1 is expressed as a power series. In some
cases a more explicit integral formula for the similarity can be given. We con-
sider the case 2, = 0, assume 1 € D, and consider A(1) for definiteness (see
Fig. 3.7).

A

FiGcure 3.7.

3.8. THEOREM. With notation as in Theorem 3.4, assume that either:
(1) A_, is skew adjoint, or
(2) B(z) has a zero of order k at 0 and

k41
7

Then A(1) = T et* *-1B)s* 1ds . gridy . T et~ *-18(5)5"-1)ds gphere the product
integrals are convergent improper integrals, the path of integration being the line
segment from 0 to 1.

A1l <
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Proof. From Fig. 3.7 we have:
A(1) = P(1, ry L A(r) P(1, 1) (3.8.1)
where P(1, r) = []; e4-1/5+B()ds the integration being along the line segment

from 1 to 7, on the x axis. By Theorem 8 of [1] we have:

r r
P(l, r) _ l‘[ e(A_ls)/ds H e(IHeA—llz ) ~1g(s) (]t -1/ %) gs
1 1

L A_
— rA_l l’I e(s -1B{s)s*—1)ds where SA_I — eA_]_lOgs; (382)
1
s .
log s = f 1/x dx is the natural logarithm.
1

From (3.8.1), (3.8.2) we have:

1 T
A1) — 1—[ o B st 1ds | awmia s~1B(s) st 145
1) = e [1e
r 1

+ P(1, 7y {(A(r) — ) P(1, 7) (3.8.3)

(since 7+4-1 and €24-1 commute). Since lim, o(A(r) — e?mi4-1) =0 by Proposi-
tion 3.3, in order to prove the formula claimed for A(1) it suffices to have:

(@ || P(1,7)| and |(P(, r))"1| bounded as r — 0,

. 1 —A_ A_ . r —A_ A_ .
(b) lim, [T, es Bt and lim,_, [T, e¥  ~1Bte)s" 43 exist,

If A_,; is skew adjoint, i.e., A% = —A_,, then || s¥4-1 |2 = |[ stAlistA1 || =
l| sFA-1s24-1]| = 1 so || s=4-1 || is bounded and || s=4-1B(s)s4-1 | is integrable over
[0, 1] so (a) and (b) are true by Theorem 1 of [1]. If B(z) has a zero of order &
at 0 and || A_,[| < (k+ 1)/2 then by Theorem 6 of [1] we have easily
A(r) — e?mi4-1 = O(r*+1) as r — 0, and by Theorem 5 of [1] we have

1 —alld_, 1l
H P(l, T)H, ”(P(l, T))_l ” < r—HA_IHe(f,s ALl B(s)lids) < const r—||A_1||

. 1 .
as r — 0 since f(, s34l || B(s)|| ds is convergent. Thus the second summand
in (3.8.3) tends to 0 as r — 0. Furthermore,

Bt | < A B < const, v >

so ]—[; e 41151 and 1'[‘{ es-1B91s"1as exigt by Theorem 1 of [1]. This
finishes the proof of the theorem.
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