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1. Introduction

Consider a convex superlinear Lagrangian L: TM — R on a d-dimensional compact manifold M.
For t > 0 define the (backward) Lax-Oleinik semigroup £; : C(M, R) — C(M, R) by

t
Leu(x) =inf u(y(O))+/L(y,y): ¥ :[0,t] — M is piecewise C', p(t) =x
0

* Corresponding author.

E-mail addresses: renato@cimat.mx (R. Iturriaga), hector@matem.unam.mx (H. Sdnchez-Morgado).
1 Partially supported by grant CONACYT 46467-F.
2 Partially supported by DGAPA-UNAM 100505.

0022-0396/$ - see front matter © 2008 Elsevier Inc. All rights reserved.
doi:10.1016/j.jde.2008.12.012


https://core.ac.uk/display/82708147?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jde
mailto:renato@cimat.mx
mailto:hector@matem.unam.mx
http://dx.doi.org/10.1016/j.jde.2008.12.012

R. Iturriaga, H. Sdnchez-Morgado / J. Differential Equations 246 (2009) 1744-1753 1745

The function S: M x Rt — R given by S(x, t) = Leu(x) is a viscosity solution of the Hamilton-Jacobi
initial value problem

St+H(x,Sx) =0, S(x,0) =u(x). (1)

It was shown in [1,2] that there is a unique number ¢ = c(L) such that £; + ct has a fixed point
for any t > 0. Any fixed point u is a backward viscosity solution of

H(x, Du(x)) =c. (2)
Moreover for any u € C(M, R) the uniform limit

= tl_l)rgo Liu+ct
exists. One can also define the forward Lax-Oleinik semigroup L by

t

L?u(x):sup{u(y(t))—/L(y,y): y:[0,t] > M is piecewise C', y(0) =x7}.
0

Again L} —ct has a fixed point for any t > 0 and any such fixed point u is a forward viscosity solution
of (2). The semigroup L] gives the solution to a Hamilton-Jacobi final value problem.

Our goal in this paper is to establish a relation of the hyperbolicity of the Aubry set to the expo-
nential rate of convergence of the semigroup L; + ct.

Theorem 1. Assume that the Aubry set consists in a finite number of hyperbolic periodic orbits or critical points
of the Euler-Lagrange flow. Then, there is (¢ > 0 such that for any u € C(M, R) there is K > 0 such that

| Ceu+ct —ii]lo < Ke ™ vt >0. (3)
Theorem 2. Let L: TM — R be given by L(x, v) = %vz — V(x) with
m;znxV(x) =c, V‘l(c) ={x1,...,Xm}.

Suppose that there is ;4 > 0 such that for any u € C(M, R) there is K > 0 such that (3) holds. Then (x;, 0),
i=1,...,m,is ahyperbolic critical point of the Euler-Lagrange flow.

Remark 1. For Theorem 2, we only need that (3) holds for the function u =0.

2. Aubry set and static classes

We recall the definition of the Peierls Barrier [3] and Mafié’s action potential [4]. Define the action
of a piecewise C! curve y :[0, T] — M as

T

A®Y) =/L(J/(S),)7(S))d5-

0

Given a constant k € R and x1,x; € M let

hY (x1, %) = inf{A(y) + kT | ¥ :[0, T] — M joins x; and x,},
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and

hk(xl ,X2) =lim infh’}(x1,x2),
T—o0

q)k(xl,xz) = irT)fh’}(xsz).

Since time T is not bounded, there is only one possible value of k that will make the function h*
different from being identically —oo or oo, this is again ¢ = c(L). We define &1 = h$ and the Peierls
Barrier h = h®. Maifié’s action potential @* is identically —oo for k < c(L) and finite for k > c(L). We
will also define @ = &€, In [3], it is shown that @ actually converges uniformly to h.

Given a fixed y € M, the function x — —h(x, y) is a forward viscosity solution of (2), whereas
x> h(y, x) is a backward viscosity solution.

We now define as in [3] the Aubry set A C M:

A={xeM, hx,x)=0}

(in Ref. [3] it was called the Peierls set.)

In close relation to Mather’s graph theorem [5], it is shown in [6], that the set A can be lifted,
in a unique way, to a set A C TM that is an invariant set of minimizing orbits of the Euler-Lagrange
flow. This set projects homeomorphically to A through the usual projection from TM to M. We also
call the set A “Aubry set.”

The “static classes” form a partition of A, defined by the equivalence relation on A: x ~ y if and
only if

h(x,y)+h(y,x)=0.

If the Aubry set A is made up of a finite union of periodic orbits or critical points of the Euler-
Lagrange flow, each static class is a periodic orbit or a critical point.

3. Proof of Theorem 1

Adding a constant to L we may take c(L) = 0. We assume that the Aubry set consists in a finite
number of hyperbolic periodic orbits or critical points I3: ¢ (x;, vi) = (¥;(0), y;(t)), teR, 1<i<m.
In the case of a periodic orbit we denote by T; its minimal period and in the case of a critical point
we put T; =1.

Let A;j, j=1,...,d*% be the positive Lyapunov exponents of y; where d* =d if y; is a critical
point and d* =d — 1 if y; is a periodic orbit. Set A =min; j Ajj, Ts =T1 4 --- 4 Ty, T = minje[1,m) T;.

Fix V; a tubular neighborhood of I in TM, where the flow is orbit equivalent to its linearization.
According to a result of Belitskii [7] there is 0 < a < 1 such that the linearizing map F; : B — V; is
«-Holder. We define

In [8] it was proved that for any backward viscosity solution v of (2)

v(x) = ‘rﬂin]v(x,')—i—h(x,-,x). (4)

Closely related to this fact we have the following
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Proposition 1. For u € C(M, R) let u := lim;_, o, L;u. Then

i1(x) = minu(z) + h(z, x) (5)
zeM
=min{u(z) + h(z, x;) + h(x;,x): i € [1,m], ze M}. (6)

Proof. For any x € M and t > O there is y;(x) such that
Leux) =u(ye®) + P(ye(x), x) <u(@) + Pe(z,X) Vz.

Choose t; — oo such that (y:,(x)) converges to some Y(x), then (&, (yt,(x),x)) converges to
h(Y (x),x) and so

u(x) =u(Y(®)+h(Yx),x)= IZI’EIII‘EIIU(Z) +h(z, x).
In particular, for x = x; there is y; € M such that
u(x;) = u(yi) +h(yi, xi) = minu(z) + h(z, x;),
zeM

and then

u(x) = min u(x;) + h(xi, x)
ie[1,m]

=min{u(z) + h(z,x;) + h(x;,x): i€[1,m], ze M}. O

Letting u € C(M, R), to prove Theorem 1 we have to establish two inequalities. We first prove that
there is K > 0 such that

_ AT
L[u—ugKexp(—ﬁt). (7)

Given x € M, for every piecewise C! curve y :[0,t] — M with y(0) =x

t
ctu(x)<u(y(0))+fuy,m.
0

For some j € [1, m] we have that
u(x) =u(yj)+h(yj,x,

and to prove inequality (7) we will construct curves joining y; and x with action approximating
h(yi, ).
For x e M let i € [1, m] such that

u(x) = u(x;) + h(x, x).
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Since z +— h(x;, z) is a backward viscosity solution of (2), there is a semistatic curve By :]—0c0,0] > M
with Bx(0) = x such that

0
/L(,sx,,s,;) — h(xi.%) — h(xi. Be(®). € <0.
t

We may assume that I is the a-limit of {(Bx, By)}. In fact, let I'; be the a-limit of {(Bx, B)}, then
we have

h(xi, x) = h(x;, xj) + h(xj, x).
Since u(x;) < u(x;) +h(x;, xj) we have that
u(x) <u(x;j) +h(xj, x) <ux;) + h(xi, x) =u(x)
and then u(x) = u(y;) + h(yj, xj) + h(xj, x).

Since y — —h(y, xj) is a forward viscosity solution of (2), there is a semistatic curve wj : [0, oo[ —
M such that w;(0) = y; and

t
/L(a)j,a)}) =h(yj, xj) —h(a)j(t),xj), t>0.
0

Let I be the w-limit of {(wj, a)})}, then we have

h(yj,x;) =h(yj, x) +h(xg, xj),
d((wj(®), @}©)), Prya, X vi)) < Cre™™, > T(V),

d((Be(®), Be(®). @r—a(xj, vj)) < Cre™, t<—T(V),
with 0 <dq < T, 0<d < Tj.
According to Theorem 3-11.1 in [9] there are iy =k, ...,ij = j and semistatic curves B, :R — M,
r=2,...,1, such that I3, , and Ij, are the @ and w limits of {(B:(t), B/ (t)): t € R} respectively. Since

all orbits I3 are hyperbolic and the semistatic curves B, are in fact heteroclinic connections we may
assume that

d((Br (D). BI(©), e (Xi,_y . Vi) < Cret, < —T(V),

d((Br(©), BL(D), Pra, Ki, Vi) < Cre™, t>T(V),
with 0 < d; < T;,. We have

t

/ L(Br. BL) = (i, %i) — h(xi,_. r()) — h(Br(D). x;).

N

We now define a curve whose action approximates h(y;,x) that is made of pieces of the hetero-
clinic connections g, and some transition curves ¢, exponentially close to I7,. (See Fig. 1.)
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y_1

x_4

Fig. 1.

Let 1 = wj, i1 =Px(t+d). For 1 <r <I+1 let

dr=di+-- +dr-g, Tr=Ti1+"'+Ti,_17
nT, —dq, r=1,

arm)=14 @Cn+ DT, +nT;, —drq, 1<r<],
2n+ DTy —diy; —d, r=I1+1.

Note that a;41(n) < 2n+ DT.

There is T(V) > 0 such that for any x € M, t > T(V) —2max; T;, we have g, (t) e V,r=0,...

Consider the curve oy : [0, aj41(n)] — M, defined by

B1(s), se[0,a1(n)],
an(s) =13 Brs—2n+ DT +dp), selar1(m)+Ti_,,a;m)], r>1,
cr(s), s e lar(n), ar(n) + T;, 1,

where ¢;:[ar(n), ar(n) + T;, ] — M is defined using tubular coordinates

Ur:Ur > SR y(2) = (exp(in1(2), 12(2))

around y;, by the expression

s —ar(n)

(1, M) ocr(s) = (1 -

)(771, m2) o Br(s — @n+ DT, +d;)

r

+ (S_Taﬂ)(m, N2) 0 Bre1(s — @n+ DTrpr +dria),

a1 (n) a (n) | nTj, —dr
L) = [ Lprp)+> [ L(pns)

0 r:z—nTiF1

1749

41
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| @+ —d
Y / Ler )+ / L(Biir. Blya)
r=1 ar(n) —nT;

=h(yj, x) — h(ai(n), x) Zh(xz,,x,m)

1
= > h(Xi,_y. Br(—nTi,_ ) + h(B-(Ti, — dp). x;,)
r=2

| arm+Ti

+> / L(cr, c,) +h(xj, X) — h(x;, Bip1(=nT})).
r=1

ar(n)
Since fOTj L(y;, ¥} =0and
d(cr(9), 7;, (s = @1+ DTy +dpir)) +['(6) = ¥ (s — @1+ DTy +dpyg) | < Coe™ T,
we have

I ar(n)+Tj,

Lo mu(x) —u(x) < Z / )

=1 ar(n)
1
— Y h(Xi,_y, Br(=nTi,_,)) +h(B;(nTj, —dr), x;,)
r=2

—h(ay1(n), x) — h(xj, B1 (—nT}))

AT
< Cse T g Kexp(—ﬁalﬂ(n)).

Now we establish the other inequality.
For xe M, t > 0 let ; : [—t, 0] — M be a curve such that y;(0) = x and

0
Leu) =u(y:(—0) + / L(ve. ¥{) = u(ye (=) + D (ye(—1), x).
—t

For any s € [—t, 0], i € [1, m] we have

u(x) <u(y: (=) + h(ye(=t), x;) + h(x;, x) (8)
Su(ye(=0) + @ (ye(=0), ye(s)) + h(ye(5). xi)
+ h(xi, ye(8)) + @ (1 (), x) 9)
0
u(y(=0) + / L(ves 1) + h(7e(), %) + h(xi, 7£(5)) (10)
—t

= Lou(x) + h(ye(s), %) + h(xi, e (s)). (11)
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Inequality (8) follows from (6), inequality (9) is twice triangle inequality, inequality (10) follows from
the definition of @.

The idea of the proof is to choose s for each t sufficiently large such that the last two terms in
(11) are O(e™™!). Since h is Lipschitz and h(x;, x;) = 0, this reduces to choose s such that d(y;(s), x;)
is 0(e™™"). In fact we will show that they are exponentially close in the tangent bundle. The main
idea is that if an orbit remains a long time say of order T in the neighborhood of a hyperbolic saddle,
then there is some point that is at distance of order e #T of the saddle. This is trivial for a linear
system and the general case follows from the «-Holder linearization.

We need the following lemma.

Lemma 1. Let W = U',“:1 W; be a neighborhood of the Aubry set in T M. Then, there exist T, C > 0 such that
ify :[—t,01 —> M, t > T, is a minimizer, then the time that (y (t), y’(t)) remains outside W is less than C.

Proof. Suppose that L has the special property that is greater or equal to zero, and that is equal to
zero only in the Aubry set. In this case the Lagrangian is bounded from below by § outside the neigh-
borhood W. Since the action of the minimizers is bounded independently of ¢, the lemma follows
easily.

To prove the general case we use a theorem of Fathi and Siconolfi [10] that claims the existence
of f,a C! strict critical subsolution of the Hamilton-Jacobi equation, which means that the Lagrangian
L —df has the property described above. Moreover, according to a result of P. Bernard [11] in the case
when the Aubry set is a collection of hyperbolic periodic orbits, the function f may be chosen C°.

The curves y realizing the minimum in the Lax transformation for the function u and the La-
grangian L are the same curves realizing the minimum for the Lagrangian L — df and the function
u+ f. So we obtain the lemma. O

Recall that V; are neighborhoods of the orbits of the Aubry set in TM where we can linearize the
flow and V =|J; V;. Since the velocity of any minimizer is bounded by the same constant, and the
time it can remain outside V is bounded, the number of times it can go from one V; to other V; is
bounded by say N, we conclude that for t > T*, any minimizer y :[—t, 0] — M stays in at least one
Vi a time interval larger than ﬁ

As we explained, we then have the following proposition.

Proposition 2. There are positive constants C, T and w such that for any y : [—t, 0] — M, t > T, minimizing
curve, there is T, € [—t, 0] such that

d((y (). ¥'(1))). (xi, vi)) < Cexp(—put)
forsomeie[1,m].
This finishes the proof of Theorem 1.
4. Proof of Theorem 2
Lemma 2. Let L : TM — R be given by L(x, v) = %vz — V(x) with
max V (x) =0, V0) ={x1,...,xm).
Suppose that there is p > 0 such that for u = 0 there is K > 0 such that
ILeu —itllo < Ke ™™ vt >o0. (12)

Then (x;,0),i=1,...,m, is a hyperbolic critical point of the Euler-Lagrange flow.
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Proof. For any x; the function h;(x) = h(x;, x) is a viscosity solution of the Hamilton-Jacobi equation

1 2
E‘Dqs(x)] + VX =0.

Suppose (x;,0) is not hyperbolic, which means that x; is a degenerate maximum of V. Let
0, —)Lf, ey —)Lﬁ. Ai > 0, be the eigenvalues of Hess V (x;). By the splitting lemma [12], there are local
coordinates (y, z) around x; such that x; corresponds to the origin and

2V(y,2) =¥ () + A2+ + A2z, (13)

Dy(0)=0,  Hessy(0)=0. (14)

Thus, there is C > 0 such that

|Dzv=2V(y.2)| <C, (15)

lim Dy/—-2V(y,z)=0. (16)
(y,2)—0
The linearization of the Euler-Lagrange flow at (x;, 0) has eigenvalues 0, X1, ..., +A;. Denote by

WU, WS, W€ the unstable, stable, and center manifolds at (x;, 0) respectively.
Claim 1. There exists a calibrated curve y :1—o0, 0] — M with a-limit x; such that (y (t), y (t)) is not in WY,

Indeed, let 2§ be smaller than the minimum of h(x;, x;) for all j#i. Let U be the open set of
points p such that h(x;, p) < 4. For any point p in U take a minimizing curve starting in x; at time
—T and ending in p at time 0. The limit curve, as T tends to infinite exists because the velocities
are bounded, and it is in fact a minimizer y :]—o0,0] - M with «-limit x; and y(0) = p. Some of
these curves lie on the unstable manifold, but since there are some zero eigenvalues this manifold
has positive codimension. This proves the claim.

Let y :]—00,0] = M be as in the claim, then there is a trajectory ¢:(w) of the Euler-Lagrange
flow on W€ such that

d(gew), (y©,y®))=0(e"), t— —oo.
Since (y (), p(t)) is not in W then, writing y (t) = (yy(t), y,(t)) in local coordinates, we have

im )%z(t) -0
t——oo [y (0)]

For the function u =0 we have
lim Leu(x) =minh;(x),
t—o00 j
and there is a neighborhood W; of x; such that for x € W;
lim Liu(x) = hj(x).
t—o00

Since



R. Iturriaga, H. Sdnchez-Morgado / J. Differential Equations 246 (2009) 1744-1753 1753

0 0
1.
hi(y (0)) —hi(y (=1)) =/§J/2 -V = —/ZV(V) > Leu(y (0)),
—t —t
—2V(y(s))

d d
—hi()/ (s)) _ —2V(J/(S)) = )}(s)z, — loghi(y(s)) = hi(y (s))

ds ds

By L'Hopital rule and (15), (16)

. loghi(y(s)) . d ‘
Jm = = lim g toshi(r 9)
- lim —=2DV(y(s)y (s

s>—oo =2V (y(s))
— 9 lim 2V E)YyS) + DV ($)y:(5)

s—>—00 =2V (y (NIy ©)]

=0. (17)

Assumption (12) gives
Cexp(—ut) > hi(y(0)) — Leu(y (0)) = hi(y (—1))

so that

—log C + ut < —loghi(y (1)),

i <liminf—w, (18)

t—o00 t

contradicting (17). O
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