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1. INTRODUCTION

This note is the continuation of [3]. So we shall use all the notations and
results of [3] without explaining them again here. In [3] we considered the
spaces hj (R,) and &}, (R,) (and their restrictions on R,*), where
O0<s<oo; 1 <p<<oo; 1 <gLoo and —o0 <p < 0. The index s
indicates the order of differentiation, while . represents the weight function.
The restriction 5 >> 0 was essentially for the definition of these spaces. The
same restriction appears in all papers, known to the author, dealing with
the interpolation theory for spaces with weights (in particular in Chapter 3
of [2]). (Of course, one can define spaces with negative order of differentiation
by duality. But what is meant here is the constructive definition, where the
duality is a consequence of such a definition.) On the other hand it is well-
known that for the Lebesgue spaces H,5(R,,) and the Besov spaces B}, (R,)
without weights there exist constructive descriptions for all values of s;
—o0 < s < 00 [2, Chap. 2; or 1], and the references given there). So it will
be desirable to extend the definition of spaces with weights on values s < 0.
This will be done systematically in the forthcoming paper [4]. The main tool
will be the extension of the Michlin~Hérmander multiplier theorem (respec-
tively its vector-valued generalization obtained in 2.2.4 in [2] or in [l,
Theorem 3.5]) on L -spaces with weights. But for special spaces with weights,
there exists a simple other method, which will be described here for spaces
of Kudrjavcev type. But this method is not restricted on these spaces.
Section 2 contains the definitions and first results. In Section 3 we shall prove
a duality theorem, and Section 4 deals with the interpolation of these spaces.

2. TuE Spaces b3, (R,) aND f,) (R,)
R, denotes the Euclidean n-space. B; (R,), where —oo <s << 0;
1 <p << o0; and 1 <{ ¢ << oo; are the usual Besov-spaces. (Definitions may
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be found, for instance, in [1; or 2, Chap. 2].) F; (R,), where —oo <5 < 00;
1 < p < o0; and 1 < g < o; are the spaces introduced in [1; 2, Chap. 2].
It holds that

F;,z(Rn) = Hﬁs(Rn)v F;,D(Rﬂ) = Bil.p(Rn)i
where H*(R,) are the Lebesgue spaces. In particular, the spaces
F; Ry), min(2, p) < ¢ < max(2, p), 1)
connect the spaces H,*(R,) and B} (R,). So, we shall be concerned in the

first line with the spaces B}, (R,) and the spaces in (1).

LemMA.  Let {(x) be a complex-valued infinitely differentiable function defined
in R, , such that all derivatives D*{(x) (inclusively the function {(x) itself ) are
bounded,

[ DYx)| <e¢, forall xeR,.
(a) Let —o0 <s<<oo;1 <p < owyandl < g << 0. Then there exists

a number C > 0 depending only on a finite number of c, (and of n, s, p, q) such
that

I8 lBs om0 < C i fllBs o(m) (2)
for all fe By, (R,).

(b) Let —oo <s << 00; 1 <p < 0, and min(2, p) < g < max(2, p).
Then there exists a number C' >0 depending only on a finite number of c,
(and of n, s, p, q) such that

1 8f e iz < C N Flirs om0 (3)
for all feF; (R,).

Proof. 1f s = m is a natural number, then
Fo(Ry) = Hy"(Ra) = WM(Ra); 1 <p <05
where W _™(R,) are the usual Sobolev spaces, normed by
I fliw,me = [mémll D*flly,

For these spaces the statements of the lemma are obvious. Using
(H,*) = H3;®, where (1/p) + (1/p") = 1, and the fact that the multiplication
with {(x) is a self-adjoint operation, it follows by duality that the lemma is
true for H™(R,), too. (m is again a natural number). Now we use inter-
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polation methods. The spaces B (R,); where —o0 < s << 005 | <C p < w0;
and 1 < g < o0; can be obtained by real interpolation, and the spaces
H3(R,); where —oo <5 < o0; 1 <C p < o0; by complex interpolation of
H,™(R,) and H ™(R,), provided that m is a sufficiently large natural number.
Further, it holds that!

8 s S 1 1 — @
[Hy(Rn), By p(Rallo = FyaRe)i ==

e
+—=. 4
7 (4)
Hence, the spaces described in (1) are interpolation spaces of H,5(R,) and
B (R,). But now the lemma is a consequence of the interpolation property.

FProblem. 'The proof of part (b) is based on the interpolation formula (4).
It would be of interest to give a direct proof using only the definition of
F; (Ry). Further it should be possible to extend the result on all spaces
I (R,); where —o0 <5 << o051 <<p << 051 < g << 0.2

DerINtTION 1. Let Z be the system of functions described in Definition 1
i [3]. Let —o0 << s << o0; —o0 < << 00; and 1 < p << o0,

(@) Ifl1 < q << ooandif {{;}7 €2, then

By aulRe) = g 1€ SR, 1 81bs ,

. 5)
s . »
(T 2 ey @ e < o
(b) If min(2, p) < g < max(2, p), and if {{;}7.o € Z, then
FauBo) = g 18 € SR, 181z, 00
®)

. isp+in j e
= (T 2t @ | < 0]
=0
Remark 1. If g e S'(R,), then holds g{; € S'(R,). Further we recall the
meaning of the distribution (gZ;)(2/x): If ¢ € S(R,) then by definition,

[(#8)(@2)(e) = 277(gL;)(P(27x)). ™)

We shall show that the spaces b;, , (R,) and [}, .(R,) are independent of
the choice of the system {{;}} € Z (equivalent norms !). This justifies the

F8

2> Ho% and Wy* used in this paper may be

* All assertions for the spaces B},
found in [2, Chap. 2] (or in [1]).
% It is not very hard to give an affirmative answer to this problem. But this will be

done in a later paper in a more general context.
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notation, If we assume that the above mentioned problem is solved, then
one can extend the definition of the spaces f,; , ,(R,) on all values I < ¢ < 0.
(This is also true for all the following results of the paper.)

Remark 2. We set

Bo.u(Rn) = fp.2.u(Rn)- (®)

Comparison with formula (29) of [3] shows that the spaces &, ,(R,) coincide
with the spaces £ ,(R,) defined there, provided that s >> 0. The same holds
for the spaces 4% , .(R,), provided that s > 0. Hence, the above defined
spaces are extensions of the spaces introduced in [3] on negative values of
derivations.

TuEOREM 1. (a) b}, (R,), where —o0 <p <<00; —00 <s < 0;
1<p<oo; 1 <qg< o0; and f;, (R,); where —o0 < p << 00; —00 <
s < o0y 1 <p< ooy min(2, p) < g < max(2, p); are Banach spaces. All
these spaces are independent of the choice of {{;}} ;€ Z (equivalent norms).

(b) Cy(R,) and S(R,) are dense subsets in by, , (R,), where —oo <
p<oo; —o<s<oo; 1 <p<oo; 1 <q<oo;andinf,, (R,); where
—0 < p < 0] —00 <5 <<oo; 1 <p<<oo; min(2, p) < g << max(2, p).

Proof. Step 1. Let{{;}2€ Zand{{;}7 € Z be two systems of functions
The definition of these systems shows

L) Lx) =0 for [k—j|>2.

For fixed j, where j = 0, 1, 2,..., and g € b}, , .(R,) we obtain

,- g 94 j
gl 2 x)]]B;'q(R”) = kg_z (g T2 Zz) (2x) ”B;!q(n,)

i+2

<3 (¢ z‘f r) @9 “B.;,M ,

(here we set {(x) = 0 for £ < 0). Now we apply the above lemma, whes
{(x) must be replaced by ({;/> ;¢ L:)}(25). The properties of the systes
{L}7.0 (see [3]) yield that one can estimate all the derivations of these functior
by constants which are independent of j. Hence, it follows that

i+2
(8% (2Nas oz <€ Y, Wele) @P0lay 200 »
k

=j—2
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where ¢ is independent of j. Using the properties of the spaces B}, (R,,) (for
instance their explicit definition given in [1; or 2, Chap. 2] one obtains

J+e
(88 (0, my < € 3 1188 QR8s Lz, 5
F=jm2
where again ¢’ is independent of j. This proves the equivalence of the norms
of b, .(R,) corresponding to {{;}7,, respectively {{}*,. A similar
conclusion may be made for the spaces f; , .(R,).

Step 2. 'The proof that &;, , (R,) and f; , (R,) are Banach spaces can
be obtained in a standard way.

Step 3. Finally we must prove that Cy*(R,) and S(R,) are dense subsets
in the considered spaces, provided that ¢ << co. First we remark that

bp0u(Ra) D1y u(Ra),  and  fp 0 u(Ry) DBy (Ry),

provided that m is a sufficiently large natural number. But &} (R,) =
wy (R,) are the Kudrjaveev spaces which can be normed by Theorem 2 of
[3]. This yields % (R,) D S(R,). Now it follows that

byau(Rn) D S(R,),  and  fi o u(Ry) D S(Ry), )

where “0” is to be understood in the topological sense. ((9) is valid also
for ¢ = oo in the case of the b-spaces). Let {(x) € Cy*(R,) and g € b , ,(R,),
respectively g € f; . ,(R,). Using again the above lemma it follows that by an
appropriate choice of { the distribution g{ approximates the distribution g
in the corresponding spaces. But gl e Bj (R,), respectively g{ e F; (R,),
can be approximated by functions belonging to Cy®(R,) (and so also to
S(R,)), provided that ¢ << co. This is also an approximation in the sense of
part (b) of the theorem.

Remark 3. 1t is well known that Cy*(R,) is not dense in Bj . (R,).}
Hence, Cy*(R,) is also not dense in &7 . (R,). This justifies the following
definition.

DrerINITION 2. Let —o0o <s << o0; 1 <p << 00; and —o0 < p << o0.
Then by, o, ,(Ry,) denotes the completion of Cy*(R,) in b, ., (R,).

.o u

3. DuaLIry

The space of tempered distributions is denoted by S'(R,). It is the dual
space to S(R,,). Part (b) of Theorem 1 and (9) give the possibility to interpret
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the dual spaces of b2, ,(R,) and f , (R,) (and hence in particular of the

D,q 1

spaces hS (R,) and w} (R,)) as subspaces of S'(R,). This means, that
g€ S'(R,) belongs to (f3 , .(R,)) if and only if there exists a positive number
C such that

lg@) < Cllelly,, forallpeS(R,).

THEOREM 2. (2) Let —oo <s<<oo; l<p<oo; 1<g<oo; and
—~0 < p < o0, Then
(b;,q.um(Rn))l = b;;g.a'.—up'(Rn)v (10)

where

+ =—+~q17:1. (11)

1.1
p P g

(b) Let —o0 <s < o0; 1 <p<oo; and —c0 < p < 0. Then
(B 0p(Ra)) = 371 (Rr). (12)

() Let —o0 <s < o0; 1 <p<<oo; min(2, p) < g < max(2, p); and
—00 < p < 00. Then

(Fr.arR)Y = f5 e —un'(Ru)- (13)
In particular
(b7, up(Ra)) = Hi5 i (Ry)- (14)

“Proof. Step 1. Let the hypotheses of part (a) be satisfied. Further let
feby’ . R,) and let o € S(R,). We choose two systems

e, {odincZ,

[{P%2)
0,

where indicates that

io Li(x) = i oi(x) =1,

§=0

see [3, Definition 1]. Then

OENUAOES M UALHS

§=0 r=—

409/56/2~3
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(Here o, = 0 for £ < 0). Using (B}, )’ = B,/ * it follows that

2

@< S Y 27 I(G) (%) [(o1209) 2]

r=—2 j=0

< z Y 27 0(f%) (22 (o r9) (2)lag

~2 j=0

<C T T 2 @9l Morerd) ),

2

<C'y (Z I (L) (Z’x)lfs;*q) ’

r=—2

. . 1/p
X (Z 2m+1ull—Jsp “(O'J'+1"P) (2]+rx)llg;'q)

j=0
<O flozt s 19l -
This proves f e (b, . (Ry)) and
b5 o —up'(Rn) C (b3,0,un(Rn))- (15)

Step 2. To prove the inverse embedding of (15) we start with some
preliminaries. Let fe (b, , ,(Rn))' (C S'(R,)), and let {{;};., be the system
of the first step. By a good choice of this system it will be possible to construct
a second system {»,}7_, € Z such that

ni(x) =1 for xesupp ;. (16)

First we want to show that 3 o {six(%)f belongs also to (55, .»(R,)).
Here k = 0, 1, 2. Let ¢ € S(R,,). Using the above lemma it follows that

| (z L)) ()] = [7(3, e ot0)|

’ 17

PWIH?

< Hfll(b‘;,,q up)

Z Gas(%) 9(x)

< CU Nty gy 19 5,00

This proves

Z §3f+k(x)fe(b A, up(Rn»
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Further one obtains {y;.,f€(B;, ) = B}, . . It follows that

|3

(05,0,u0)"

= uq;n,,; :Epgl ’ (Eo Cagur f ) (®) l

= sup <1 Z | C3i+kf("lai+k¢)‘
up o 4=0

- Ips
“w"bp,a,

P, 2 2 |(Lajsnf) (M) [(na109) (25Ex)])

= su
llpilps
P 1

But now it is not hard to see that the last supremum can be taken separately
in each summand. (Here one must use again the above lemma). It follows

Y LS , ,
i=0 45,0, (18)

Sup | 2 20O | Ly P23 g || 150022 )3 s

\I‘DHD;,G’” =0

where ¢ > 0. All the numbers
agir = || n3i+k(P(23j+kx)HB:,’q
can be chosen in an arbitrary way, provided that
w0
Z a;}j+k2(3:i+k)(uﬂ—sp+n) <1.
i=0

Hence, one obtains

> (35+k) (n "4+5p”) ik, NP /v’
— 8
(22 TN x)HB,;,s,q,)

j=0

<C

Y Gy |
=0

y S C N flle g up -

8
®p,0,up

Since the last estimate holds for £ = 0, 1, 2 it follows fe b7 . _, (R,), and
one obtains the opposite relation to (15). This proves part (a).
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Step 3. In the same way one proves (b) and (c). One has to use
(B3 o(R) == Bya(Ry), (Fpa(R) = (Ry),
(see [1; 2, Chap. 2]).
Remark 4. The last theorem shows that (9) can be reinforced by
S(R,) Cby0u(R) CS(R); S(R,) C f0,u(Ry) C S (Ry)

for all admissible values of the parameters.

3. INTERPOLATION

The interpolation theory for these spaces is rather simple: One can carry
over the method of the proof to Theorem 3 in [3].

THEOREM 3. Let —o0 <py << 00; —00 << py < 00; —00 < § < 00;
—0 <5 < w3 <py<oo;andl <py < 0
1<Kg <o and 1<qy Koo for the b-spaces

min(2, p,) < g < max(2, py)) )
mln(2 pl) < g < << max(2 Pl) for thef spaces'

Let0 < ® < 1and

1 1-0 6 1 1—-6 6
s =(1—0)s + Os; 7 = o +1—’1_; R +E;;

© o [}
E_q-et ok,
p ( ) Py * yz2)

(a) If additionally py = p, = p and sy + s, , then

p », u(R ) = ( 17 110 uo(R ) P, ‘11 ul(‘Rn))@,P

= (g Ba) b,

104

wRDe.p

(bp Qg g (R )’ b;lq . (Rn))@,p .
(b) It holds that

B vy B B3y R = b5, (R
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(c) If additionally s, + s, , then
UopapsdRadr Fopay. 0 (RiDo,p = b5, 5, (Ry)-
(d) If additionally sy = s, = s; @y = ¢, = q and py % p, , then

(f;o.q.un(Rn)’ f;pq,ul(Rn))@.p = fps,a,u(Rn)-
(e) It holds

[b;:,,qo.uo(Rn)’ biill.ql,ul(Rn)]@ = b;.q.u(Rn)’
L poy R Fprgy RV = I u(Ry)-

Proof. The proof is the same as the proof of Theorem 3 of [3]. The
needed interpolation results for the spaces B} (R,) and F} (R,) may be
found in [2, Sect. 2.4; or 1].

Remark 5. We recall that

fr2.uRy) = By (Ry).

So one can formulate many special cases of the above theorem. In particular,
the last theorem is an extension of Theorem 3 in [3].

REFERENCES

1. H. TrieBEL, Spaces of distributions of Besov type in Euclidean n-space. Duality,
interpolation, Arkiv fér Matem. 11 (1973), 13~64.

2. H. TrieBeL, “Interpolation Theory, Function Spaces, Differential Operators,”
VEB Deutscher Verl. Wissenschaften, Berlin, 1976.

3. H. TrieBeL, Spaces of Kudtjavcev type. I. Interpolation, embedding, and
structure, J. Math. Anal. Appl. 56 (1976), 253-277.

4. H. TrieBEL, Spaces of distributions with weights. Multipliers in L?-spaces with
weights, Math. Nachr., to appear.



