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Abstract

The modified algebraic Bethe ansatz, introduced by Crampé and the author [8], is used to characterize 
the spectral problem of the Heisenberg XXZ spin- 1

2 chain on the segment with lower and upper triangular 
boundaries. The eigenvalues and the eigenvectors are conjectured. They are characterized by a set of Bethe 
roots with cardinality equal to N the length of the chain and which satisfies a set of Bethe equations with 
an additional term. The conjecture follows from exact results for small chains. We also present a factorized 
formula for the Bethe vectors of the Heisenberg XXZ spin- 1

2 chain on the segment with two upper triangular 
boundaries.
© 2015 The Author. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

Let us consider the Heisenberg XXZ spin- 1
2 chain on the segment given by the Hamiltonian

H = εσ z
1 + κ−σ−

1 + κ+σ+
1 +
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(
σx
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where N is the length of the chain and {σ j
i }, with j ∈ {x, y, z, +, −}, are the Pauli matrices1 that 

act non-trivially on the site i of the quantum space H = ⊗N
i=1 Vi with Vi =C

2. Here � = q+q−1

2 , 
where q is a generic parameter, denotes the anisotropy parameter and {ε, κ±} ∈ C

3 are the left 
boundary parameters and {ν, τ±} ∈ C

3 are the right boundary parameters. This model is among 
the simplest open quantum integrable models on the lattice and finds applications in a wide range 
of domains such as condensed matter, high energy physics, out of equilibrium statistical physics, 
mathematical physics, etc.

For diagonal boundaries, κ± = τ± = 0, the spectral problem of this model has been firstly 
characterized in [26,1] by mean of the coordinate Bethe ansatz (CBA) introduced by Bethe [12]. 
The Bethe ansatz (BA) corresponds to parametrize the eigenvalues and eigenvectors by a set of 
parameters that satisfy a system of coupled equations, the so-called Bethe equations (BE). Then, 
the hidden spectrum generating algebra of the model (1.1) has been identified by Sklyanin [45]
in terms of the reflection equation [18] and the associated reflection algebra. Roughly speak-
ing, the hidden spectrum generating algebra of quantum integrable lattice models is given by a 
quantum group for models on the circle and by a coideal sub-algebra of a quantum group2 for 
models on the segment. For the XXZ chain one considers the quantum algebra Uq(ĝl2) and its 
coideal sub-algebras that allow one to construct conserved quantities and the Hamiltonian for 
the model on the circle and on the segment, respectively. The origin of these algebras is the so-
called quantum inverse scattering method introduced by Faddeev school [47]. In this framework, 
the algebraic BA (ABA) was performed by Sklyanin [45] for diagonal boundaries recovering 
the eigenvalues and BE found from the CBA and providing a factorized realization of the Bethe 
wave equation, the so-called Bethe vectors (BV). These BV are crucial to study the correlation 
functions performed in [31]. For diagonal boundaries, the Hamiltonian has a U(1) symmetry. 
Indeed, it commutes with the total spin operator J z = 1

2

∑N
i=1 σz

i . Thus the quantum space and 
the spectral problem decompose into the direct sum of the invariant J z subspaces Wi

H =
N⊕

i=0

Wi (1.2)

with J zvi = N−2i
2 vi for all vi ∈Wi . This condition is required to apply the usual BA for quantum 

integrable models on the segment and on the circle. It allows one to find a simple eigenvector 
of the Hamiltonian, the so-called highest weight vector (or reference state). This highest weight 
vector is the only vector of W0 and others subspaces can be constructed from the action of the 
so-called creation operator that belong to the hidden spectrum generating algebra. The BA is then 
applied independently to each subspace.

For non-diagonal boundaries, the breaking of the U(1) symmetry by the off-diagonal bound-
ary terms, parametrized by {τ±, κ±}, does not allow one to decompose the spectral problem. 
Thus the usual BA fails to provide the spectral problem for all range of the parameters although 
the hidden spectrum generating algebra of the model is known and quantum integrability ad-
mitted. More generally this is the case for a lot of quantum integrable models without U(1)

1

σz =
(

1 0
0 −1

)
, σ+ =

(
0 1
0 0

)
, σ− =

(
0 0
1 0

)
, σ x = σ+ + σ−, σ y = i(σ− − σ+).

2 A reflection algebra is a possible realization of a coideal sub-algebra of quantum group.
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symmetry. Finding methods to consider the spectral problem of such models is an active field of 
research. Let us recall some results for the XXZ chain on the segment.

By imposing constraints between right and left boundary parameters, the spectral problem has 
been characterized by mean of different BA: ABA [13,50], Analytical BA [37,39], CBA [20]. 
These constraints correspond, up to some similarity transformation, to consider an auxiliary 
model with diagonal boundaries or with a diagonal and a triangular boundaries [2]. For the latter 
the CBA was applied in [20,21], the wave function involves linear superposition of U(1) sub-
spaces and the eigenvalues are the same than for two diagonal boundaries, see also [35] for the 
XXX chain and by mean of the ABA. For two upper triangular boundaries, i.e. κ− = τ− = 0, the 
problem was considered in [42] (see also [9] for XXX chain). It also leads to the same eigenval-
ues than for the diagonal/upper triangular case but with new BV. They are linear superpositions 
of the diagonal/upper triangular BV. For generic boundary parameters and for q = e

i π
p , root of 

unit, an analytical BA was proposed [36]. The eigenvalues are parametrized by Bethe roots that 
satisfy a non-conventional BE with a lot of terms increasing with p.

The first solution for generic parameters is due to an alternative approach to the BA, the 
so-called Onsager approach [5], that takes its roots in the initial paper of Onsager on the two 
dimensional Ising model [41], see [3] for details. This approach is based on a new realization of 
the coideal sub-algebra of Uq(ĝl2) called the q-Onsager algebra. In this approach, the characteri-
zation of the complete spectral problem3 is given by the roots of the characteristic polynomial of 
a block tridiagonal matrix. At the same period another solution for the eigenvalues was proposed 
from functional approach [25]. In this case the spectral problem is characterized by some BE that 
have a non-conventional structure and remain to be explored.

More recently the development of the quantum separation of variables (SoV), introduced by 
Sklyanin [44,46], has allowed to characterize the spectral problem of the inhomogeneous transfer 
matrix related4 to the Hamiltonian (1.1) [40,23]. An important point for the SoV is that the 
completeness of the spectral problem follows by construction, which is not the case for the BA 
where completeness is admitted from numerical checks. Another recent result is the off-diagonal 
Bethe ansatz (ODBA), introduced by Cao et al. [14], that extends the analytical BA to all models 
without U(1) symmetry in term of “quite” conventional BE. The main feature consists in adding 
a new term in the eigenvalues and the BE,5 see also [30] for this idea. The ODBA has been 
applied to many models (see references in [17]) and in particular to the Hamiltonian (1.1) [16].

The connection between the SoV approach, the eigenvalues and the BE with a new term from 
the ODBA was given in [32]. In the reverse, the basis used in the SoV approach to construct 
the states allows one to retrieve the eigenstates in the ODBA [17]. It shows the deep relation 
between BA and SoV. Indeed, the completeness of the BE solution, at least in inhomogeneous 
case, results from the SoV; and in the reverse side, BA provides a regularization scheme for 
taking the homogeneous limit of SoV characterization of the spectrum.

So an important step for the future developments of the BA and SoV characterizations of the 
spectrum problem of quantum integrable models is to construct the BV associated to models 
without U(1) symmetry. A first result in this direction was for the Heisenberg XXX spin- 1

2
chain on the segment with general boundaries. The BV was conjectured by Crampé and the 

3 The completeness of the spectrum follows from the representation theory of the q-Onsager algebra [5].
4 The Hamiltonian (1.1) is constructed from the homogeneous transfer matrix, thus the SoV does not characterize 

directly its spectrum.
5 The ODBA allows one to consider different parametrization for the eigenvalues. Numerical check on XXX and XXZ 

chains on the segment shows that all of them give a full description of the spectral problem [28,38,14].
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author [8]. In principle, such BV exists for other models without U(1) symmetry and thus can be 
at least conjectured from what we call modified algebraic Bethe ansatz (MABA). The MABA is 
independent of the inhomogeneous parameters used in the SoV and ODBA approaches and thus 
characterizes directly the full spectrum problem of the model.

Here, we present the MABA for XXZ spin chain on the segment with upper and lower bound-
aries and we conjecture the BV and the eigenvalue. We construct the conjecture independently 
of the knowledge of the eigenvalue.6 Thus the MABA allows one to conjecture the eigenvalues 
and the eigenvectors of the model. We also revisit the case with two upper boundaries [42] and 
present a factorized formula of the associated BV that provides an algebraic proof similar to the 
one of the usual ABA. Moreover it is an important intermediate step to understand the MABA.

The paper is organized as follow: in Section 2 we recall basic properties of the quantum 
group Uq(ĝl2) in RLL realization and of its coideal sub-algebra in reflection algebra realization 
used to apply the ABA and MABA. Then, in Section 3, we recall the ABA that we apply for 
diagonal/diagonal and diagonal/upper triangular boundaries conditions. In Section 4, the case 
with two upper triangular boundaries is revisited and in Section 5 we give the modified algebraic 
Bethe ansatz for lower/upper triangular boundaries and conjecture eigenvalues and eigenvectors. 
Section 6 is devoted to the construction of the conjecture for the small length cases N = 1, 2. 
Finally, in Section 7 we discuss the extension of the MABA to general boundary cases and some 
perspectives for the presented results.

Notations. We will use the notation ū and #ū = a for the set of a variables {u1, u2, . . . , ua}. 
If the element ui is removed, we denote ūi = {u1, u2, . . . , ui−1, ui+1, . . . , ua}. For the product 
of functions or of commuting operators we use the convention

f (u, ū) =
a∏

i=1

f (u,ui), B(ū) =
a∏

k=1

B(uk).

We will also use the so-called auxiliary space framework. For any given matrix A in End(V ) we 
denote Ai the matrix that act non-trivially on Vi in the multiple tensor product vectorial space 
V1 ⊗ · · · ⊗ Vm. For any given matrix B in End(V ⊗ V ) we denote Bij the matrix that act non-
trivially only on Vi and Vj . Here we will always have V = C

2. All functions and commutation 
relations between operators used in the paper are gathered in Appendix A. To consider the XXX 
limit and recover notations of [8] one has to consider

u = eh̄λ, q = eh̄, ν± = ∓ e∓h̄p

eh̄ − e−h̄
, κ = ξ−

2(eh̄ − e−h̄)
,

κ̃ = ξ+

2(eh̄ − e−h̄)
, ε± = ± e±h̄q

eh̄ − e−h̄
, τ = η+

2(eh̄ − e−h̄)
,

τ̃ = η−

2(eh̄ − e−h̄)
and to take the limit h̄ → 0.

2. XXZ chain on the segment from reflection algebra

The Hamiltonian (1.1) can be constructed from the reflection algebra (RKRK) following [45]. 
Here we recall basic properties of the quantum group Uq(ĝl2) in RLL realization and of its 

6 The initial procedure [8] uses the simplest parametrization of the eigenvalue presented in [15,38].
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coideal sub-algebra in RKRK realization. Then we recall the fundamental highest weight repre-
sentation of Uq(ĝl2) and give the action of its coideal generators on the highest weight vector 
when the right boundary is upper triangular.

2.1. Quantum group Uq(ĝl2) in RLL realization

Let us recall the symmetric7 trigonometric R-matrix

Rab(u) =

⎛⎜⎜⎝
b(qu) 0 0 0

0 b(u) 1 0
0 1 b(u) 0
0 0 0 b(qu)

⎞⎟⎟⎠
=

⎛⎝ b(q
1+σ

z
b

2 u) σ−
b

σ+
b b(q

1−σ
z
b

2 u)

⎞⎠
a

, b(u) = u − u−1

q − q−1
, (2.1)

solution of the quantum Yang–Baxter equation

Rab(ua/ub)Rac(ua/uc)Rbc(ub/uc) = Rbc(ub/uc)Rac(ua/uc)Rab(ua/ub). (2.2)

The quantum algebra Uq(ĝl2) can be realized by the (one row) quantum monodromy matrix

L(u) =
(

l11(u) l12(u)

l21(u) l22(u)

)
, (2.3)

with lij (u) = ∑∞
n=0 u−nl

(n)
ij the generating functions of the generators of the algebra.8 The quan-

tum monodromy matrix satisfies the RLL relation

Rab(u/v)La(u)Lb(v) = Lb(v)La(u)Rab(u/v). (2.4)

The center Z of Uq(ĝl2) is given by the quantum determinant of the monodromy matrix

Detq
{
L(u)

} = trab

(
P −

abLa(u)Lb(qu)
) = l11(qu)l22(u) − l12(qu)l21(u),

P − = −1

2
R

(
q−1). (2.5)

It allows one to define the inverse of the quantum monodromy matrix, in term of the quantum 
monodromy co-matrix

L̂(u) = σyLt (qu)σ y =
(

l22(qu) −l12(qu)

−l21(qu) l11(qu)

)
, (2.6)

by the relation L−1(u) = L̂(uq−2)
Detq {L(u)} .

The Heisenberg XXZ spin- 1
2 chain belongs to the fundamental representation of Uq(ĝl2). 

In this representation the monodromy matrix (2.3) is given by the product of R matrices

La(u) = Ra1(u/v1) . . .RaN(u/vN) (2.7)

7 I.e. Rab(u) = Rba(u).
8 In fact L(u) contains only the positive Borel sub-algebra of Uq(ĝl2) and one has to consider another monodromy 

matrix and a central element to have the full set of generators of this algebra.



6 S. Belliard / Nuclear Physics B 892 (2015) 1–20
where v̄ = {v1, . . . vN } are the so-called inhomogeneity parameters that are crucial in the SoV 
and ODBA approaches. In this representation the quantum monodromy co-matrix (2.6) is given 
by

L̂a

(
q−2u−1) = (−1)NRaN(uvN) . . .Ra1(uv1). (2.8)

2.2. Coideal sub-algebra of Uq(ĝl2) in the reflection algebra realization and transfer matrix

Let us recall the K-matrix [22]

K−(u) =
(

k−(u) τc(u)

τ̃ c(u) k−(u−1)

)
, k−(u) = ν−u + ν+u−1, c(u) = u2 − u−2, (2.9)

with parameters {ν±, τ, τ̃ } ∈ C
4 related to the right boundary parameters {ν, τ±} of the Hamilto-

nian (1.1) (see below (2.17)). This is the most general solution of the reflection equation

Rab(u1/u2)K
−
a (u1)Rab(u1u2)K

−
b (u2) = K−

b (u2)Rab(u1u2)K
−
a (u1)Rab(u1/u2). (2.10)

The dual K-matrix is given by

K+(u) =
(

k+(qu) κ̃c(qu)

κc(qu) k+(q−1u−1)

)
, k+(u) = ε+u + ε−u−1, (2.11)

with parameters {ε±, κ, κ̃} ∈ C
4 that are related to the left boundary parameters {ε, κ±} of the 

Hamiltonian (1.1) (see below (2.17)). This is the most general solution of the dual reflection 
equation

Rab(u2/u1)K
+
a (u1)Rab

(
q−2u−1

1 u−1
2

)
K+

b (u2)

= K+
b (u2)Rab

(
q−2u−1

1 u−1
2

)
K+

a (u1)Rab(u2/u1). (2.12)

From the quantum monodromy matrix (2.3), the quantum monodromy co-matrix (2.6) and the 
K-matrix (2.9), one can construct the double-row monodromy matrix using the Sklyanin dressing 
procedure9

Ka(u) = (
(−1)N Detq

{
L

(
qu−1)})La(u)K−

a (u)
(
La

(
u−1))−1 (2.13)

=
(

A (u) B(u)

C (u) D(u) + 1
b(qu2)

A (u)

)
a

, (2.14)

where the operators {A (u), B(u), C (u), D(u)} act on the quantum space H. From the dual 
K-matrix (2.11) and the double-row monodromy matrix (2.13), one can construct the transfer 
matrix

t (u) = tra

(
K+

a (u)Ka(u)
) = φ(u)k+(u)A (u) + k+(

q−1u−1)D(u)

+ c(qu)
(
κB(u) + κ̃C (u)

)
(2.15)

with

φ(u) = b(q2u2)

b(qu2)
.

9 The normalization (−1)N Detq {L(qu−1)} is used such that the XXX limit fits with the notations in [8].
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The transfer matrix commutes for different spectral parameters [45], i.e. [t (u), t (v)] = 0. Thus 
t (u) is the generating function of the conserved quantities of the model. In particular, the Hamil-
tonian (1.1) can be recovered using the standard formula

H = q − q−1

2

d

du
ln

(
t (u)

)∣∣
u=1, vi=1 −

(
N

q + q−1

2
+ (q − q−1)2

2(q + q−1)

)
. (2.16)

The relations between the boundary parameters of K-matrices (2.9), (2.11) and the ones of the 
Hamiltonian (1.1) are given by

ε = (q − q−1)

2

(ε+ − ε−)

(ε+ + ε−)
, κ− = 2(q − q−1)

(ε+ + ε−)
κ, κ+ = 2(q − q−1)

(ε+ + ε−)
κ̃, (2.17)

ν = (q − q−1)

2

(ν− − ν+)

(ν+ + ν−)
, τ− = 2(q − q−1)

(ν+ + ν−)
τ̃ , τ+ = 2(q − q−1)

(ν+ + ν−)
τ. (2.18)

2.3. Uq(ĝl2) highest weight vector and upper triangular right boundary

For finite dimensional representation of the quantum monodromy matrix (2.3) we always have 
a highest weight representation [48]. For the fundamental representation (2.7), the highest weight 
vector is given by

|Ω〉 =
N⊗

k=1

(
1
0

)
k

∈W0. (2.19)

The action of the entries of the quantum monodromy matrix (2.3) on this vector are given by

l11(u)|Ω〉 = λ1(u)|Ω〉 =
N∏

i=1

b(qu/vi)|Ω〉, l22(u)|Ω〉 = λ2(u)|Ω〉 =
N∏

i=1

b(u/vi)|Ω〉,

l21(u)|Ω〉 = 0. (2.20)

An important point is that the operator l12(u) is nilpotent on this vector

l12(ū)|Ω〉 = l12(u1) . . . l12(uN)|Ω〉 = Z(ū, v̄)|Ω̂〉 and l12(u)|Ω̂〉 = 0 (2.21)

with

|Ω̂〉 =
N⊗

k=1

(
0
1

)
k

∈WN (2.22)

the lowest weight vector, and

Z(ū|v̄) = Det{a(ui, vj )}
a(ū, v̄)

∏
i<j b(ui/uj )b(vj /vi)

, a(ui, vj ) = 1

b(ui/vj )b(qui/vj )
, (2.23)

the domain wall partition function of the trigonometric six vertex model given in term of the 
Izergin determinant [27].

For the case that the right boundary is upper triangular τ̃ = 0, we can use the definition 
of the quantum double row monodromy matrix (2.13) to find the expression of the operators 
{A (u), B(u), C (u), D(u)} in term of the operators {lij (u)}, namely
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A (u) = (−1)N
(
k−(u)l11(u)l22

(
q−1u−1) − k−(

u−1)l12(u)l21
(
q−1u−1))

+ (−1)Nτc(u)

(
1

b(qu2)
l21(u)l11

(
q−1u−1) − φ(u)l21

(
q−1u−1)l11(u)

)
, (2.24)

B(u) = (−1)Nφ
(
q−1u−1)(k−(

q−1u−1)l12(u)l11
(
q−1u−1) − k−(u)l12

(
q−1u−1)l11(u)

)
+ (−1)Nτc(u)l11(u)l11

(
q−1u−1), (2.25)

C (u) = (−1)Nφ
(
q−1u−1)(k−(qu)l21(u)l11

(
q−1u−1) − k−(

u−1)l21
(
q−1u−1)l11(u)

)
− (−1)Nτc(u)l21(u)l21

(
q−1u−1), (2.26)

D(u) = (−1)Nφ
(
q−1u−1)(k−(

q−1u−1)l11
(
q−1u−1)l22(u) − k−(qu)l12

(
q−1u−1)l21(u)

)
+ (−1)Nτc

(
q−1u−1)φ(

q−1u−1)( 1

b(q−1u−2)
l21

(
q−1u−1)l11(u)

− φ
(
q−1u−1)l21(u)l11

(
q−1u−1)). (2.27)

It follows from (2.20) the actions on the highest weight vector (2.19)

A (u)|Ω〉 = k−(u)Λ(u)|Ω〉, D(u)|Ω〉 = φ
(
q−1u−1)k−(

q−1u−1)Λ(
q−1u−1)|Ω〉,

C (u)|Ω〉 = 0, (2.28)

with

Λ(u) = (−1)Nλ1(u)λ2
(
q−1u−1) =

N∏
j=1

b(qu/vi)b(quvi). (2.29)

Remark 2.1. For τ = 0 (i.e. for diagonal K− matrix) one has a nilpotent property for the 
B(u) [49]

B(u1) . . .B(uN)|Ω〉 = Zd(ū|v̄)|Ω̂〉 and B(u)|Ω̂〉 = 0 (2.30)

with

Zd(ū|v̄) = (−1)N

∏N
i,j=1 b(ui/vj )b(uivj )b(qui/vj )b(quivj )∏

i<j b(ui/uj )b(quiuj )b(vj /vi)b(vivj )
Det

(
M(ui, vj )

)
(2.31)

M(u,v) = φ(q−1u−1)

b(quv)b(v/u)

(
k−(u)

b(uv)
+ k−(q−1u−1)

b(qu/v)

)
(2.32)

the partition function of the trigonometric six vertex model with domain wall boundary condi-
tions and one diagonal reflecting end. Moreover in this case the vector

ΦM
d (ū) = B(ū)|Ω〉 = B(u1) . . .B(uM)|Ω〉 (2.33)

is an element of the subspace WM . If we consider the same vector with τ �= 0, it belongs to 
WM ⊕WM−1 ⊕ · · · ⊕W0. Thus for M = N it belongs to the full quantum space H.

Remark 2.2. For a general K− matrix, a Face–Vertex transformation [7] can be performed such 
that a highest weight vector can be found for the new operators that belong into a dynamical 
version of the Reflection algebra, see [13,24] and references therein. For some specific Face–
Vertex transformation the nilpotent property for the dynamical creation operator can be obtained 
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together with the partition function of the trigonometric six vertex model with domain wall 
boundary conditions and a non-diagonal reflecting end, see [24]. Such type of transformation 
will be considered to perform the MABA for the Heisenberg XXZ spin- 1

2 chain on the segment 
with generic boundaries [10].

3. Algebraic Bethe ansatz: diagonal/diagonal and diagonal/upper triangular cases

For these cases that the left boundary is diagonal κ = κ̃ = 0 and the right boundary is diagonal 
τ = τ̃ = 0 or upper triangular τ̃ = 0, we say that the transfer matrix (2.15) is diagonal10 and is 
given by

t (u) = td (u) = φ(u)k+(u)A (u) + k+(
q−1u−1)D(u). (3.1)

Since the action on the highest weight vector of A (u) and D(u) does not depend on τ , the 
generalized ABA introduced by Sklyanin [45] can be also applied to diagonal/upper triangular 
case [35]. The Bethe Vectors are given by

ΦM
d (ū) = B(ū)|Ω〉 = B(u1) . . .B(uM)|Ω〉, (3.2)

with M ∈ {0, 1, . . . , N}. From the commutation relations (A.14), (A.16), (A.22) and the actions 
on the highest weight vector (2.28), one can show the actions

A (u)ΦM
d (ū) = k−(u)Λ(u)f (u, ū)ΦM

d (ū)

+
M∑

j=1

(
g(u,uj )k

−(uj )Λ(uj )f (uj , ūj )

+ w(u,uj )φ
(
q−1u−1

j

)
k−(

q−1u−1
j

)
Λ

(
q−1u−1

j

)
h(uj , ūj )

)
ΦM

d

({u, ūi}
)
,

(3.3)

and

D(u)ΦM
d (ū) = φ

(
q−1u−1)k−(

q−1u−1)Λ(
q−1u−1)h(u, ū)ΦM

d (ū)

+
N∑

j=1

(
l(u,uj )φ

(
q−1u−1

j

)
k−(

q−1u−1
j

)
Λ

(
q−1u−1

j

)
h(uj , ūj )

+ n(u,uj )k
−(uj )Λ(uj )f (uj , ūj )

)
ΦM

d

({u, ūi}
)
. (3.4)

It follows, using the relation (A.7), (A.8), the off-shell equation11 for the action of the diagonal 
transfer matrix (3.1)

td (u)ΦM
d (ū) = ΛM

d (u, ū)ΦM
d (ū) +

M∑
i=1

F(u,ui)E
M
d (ui, ūi)Φ

M
d

({u, ūi}
)

(3.5)

with

10 I.e. it only involves diagonal elements A (u) and D(u) of the double row quantum monodromy matrix (2.13).
11 I.e. the parameters ū, with #ū = M , are arbitrary.
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ΛM
d (u, ū) = ψ(u)f (u, ū) + ψ

(
q−1u−1)h(u, ū), (3.6)

EM
d (ui, ūi) = φ

(
q−1u−1

i

)
ψ(ui)f (ui, ūi) − φ(ui)ψ

(
q−1u−1

i

)
h(ui, ūi)

= lim
u→ui

(
b(ui/u)ΛM

d (u, ū)
)
, (3.7)

and

ψ(u) = φ(u)k+(u)k−(u)Λ(u). (3.8)

The eigenvectors of the transfer matrix follow by imposing that the arbitrary parameters ū satisfy 
the Bethe equations EM

d (ui, ūi ) = 0 with i = 1, . . . ,M . In this case the BV, ΦM
d (ū), is said 

on-shell.

Remark 3.1. For τ �= 0 this is an example of model that does not have U(1) symmetry but where 
usual ABA can be applied. In this case the action of the operator B(u) on the BV with M = N

will have a non-trivial off-shell structure that will be given in Section 5. This will allow one to 
study correlation functions of the form

SP+M
up (w̄|ū) = 〈Ω̂|B(w̄)B(ū)|Ω〉 (3.9)

with #w̄ = P and #ū = M . For P + M = N we have SN
up(w̄|ū) = Zd({w̄, ū}|v̄) and for 

P + M < N we have SP+M
up (w̄|ū) = 0 .

4. Toward the modified algebraic Bethe ansatz: upper/upper triangular case

For this case that left boundary is upper triangular κ = 0 and that right boundary is also upper 
triangular τ̃ = 0, the transfer matrix has an off-diagonal term that involves the operator C (u) and 
is given by

tup(u) = td (u) + κ̃c(qu)C (u). (4.1)

The highest weight vector (2.19) is a highest weight vector as for the diagonal transfer ma-
trix (4.1). The Bethe vectors in on-shell case have been first derived in [42] extending the result 
for the XXX chain given in [9]. Here we give a factorized formula for the Bethe Vectors and a 
derivation of the result based on the usual ABA technique but with new operators that depend of 
an integer m, namely

Ã (u,m) = A (u) − qmu−1 κ̃

qε−
C (u), (4.2)

D̃(u,m) = D(u) + qmqu
κ̃

qε−
φ(u)C (u), (4.3)

B̃(u,m) = B(u) + qm+2 κ̃

qε−

(
qu

b(u2)

b(qu2)
A (u) − u−1D(u)

)
−

(
qm+2 κ̃

qε−

)2

C (u). (4.4)

The actions of Ã (u, m) and D̃(u, m) on the highest weight vector are the same than for A (u)

and D(u)

Ã (u,m)|Ω〉 = k−(u)Λ(u)|Ω〉, (4.5)

D̃(u,m)|Ω〉 = φ
(
q−1u−1)k−(

q−1u−1)Λ(
q−1u−1)|Ω〉. (4.6)
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From the commutation relations given in Appendix A we can show the commutation relations

B̃(u,m)B̃(v,m − 2) = B̃(v,m)B̃(u,m − 2), (4.7)

Ã (u,m + 2)B̃(v,m) = f (u, v)B̃(v,m)Ã (u,m) + g(u, v)B̃(u,m)Ã (v,m)

+ w(u,v)B̃(u,m)D̃(v,m), (4.8)

D̃(u,m + 2)B̃(v,m) = h(u, v)B̃(v,m)D̃(u,m) + k(u, v)B̃(u,m)D̃(v,m)

+ n(u, v)B̃(u,m)Ã (v,m). (4.9)

These new operators are related to the Face–Vertex transformation mentioned in Remark 2.2, 
more details on this point will be given in [10]. The transfer matrix (4.1) can be rewritten in a 
modified diagonal form using these new operators, namely

tup(u) = φ(u)k+(u)Ã (u,0) + k+(
q−1u−1)D̃(u,0). (4.10)

Then, we can introduce the BV

ΦM
up(ū) = B̃(u1,−2)B̃(u2,−4) . . . B̃(uM,−2M)|Ω〉 (4.11)

with M ∈ {0, 1, . . . , N} and that are, from (4.7), symmetric functions of the parameters ū. 
We can show that actions (3.3) and (3.4) with ΦM

d (ū) → ΦM
up(ū), A (u) → Ã (u, 0) and 

D(u) → D̃(u, 0) are valid. Thus, the same steps as in the previous section permit to obtain 
the off-shell equation for the modified transfer matrix (4.10)

tup(u)ΦM
up(ū) = ΛM

d (u, ū)ΦM
up(ū) +

M∑
i=1

F(u,ui)E
M
d (ui, ūi)Φ

M
up(u, ūi). (4.12)

The eigenvectors of the transfer matrix follow by imposing that the arbitrary parameters ū sat-
isfy the Bethe equations EM

d (ui, ūi ) = 0 with i = 1, . . .M . In this case the BV, ΦM
up(ū), is said 

on-shell.

Remark 4.1. The BV (4.11) are linear combinations of the ones of the previous section. Us-
ing (4.4), the commutation relations in Appendix A and the action on the highest weight vec-
tor (2.28), one will find

ΦM
up(ū) =

M∑
i=0

∑
ū⇒{ūI, ūII}

Wi(ūI|ūII)Φ
i
d(ūII). (4.13)

The second sum corresponds to each splitting of the set ū into subsets ūI and ūII with #ūII = i

and the elements in every subset are ordered in such a way that the sequence of their subscripts 
is strictly increasing. The explicit form of the Wi(ūI|ūII) is given in [42] for the on-shell case.

Remark 4.2. In the XXX limit, this result gives a factorized form and a simplest proof for the 
Bethe vectors given in [9] for the on-shell case and in [19] for the off-shell case where recursion 
relation for the Wi(ūI|ūII) are given. In this limit the new operators are independent of m, namely

Ã (λ) = A (λ) + ξ+

2
C (λ), D̃(λ) = D(λ) − ξ+

2

2(λ + 1)

2λ + 1
C (λ), (4.14)

B̃(λ) = B(λ) − ξ+ (
2λ

A (λ) − D(λ)

)
−

(
ξ+ )2

C (λ). (4.15)

2 2λ + 1 2
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Thus the BV are given by

ΦM
up(λ̄) = B̃(λ1)B̃(λ2) . . . B̃(λM)|Ω〉. (4.16)

This result was already pointed out in [8] from the limit of the generic boundary BV.

5. Modified algebraic Bethe ansatz: lower/upper triangular case

In this case that left boundary is lower triangular κ̃ = 0 and that right boundary is upper 
triangular τ̃ = 0, the transfer matrix has an off-diagonal term that involves the B(u) operator 
and is given by

tlo/up(u) = td (u) + κc(qu)B(u). (5.1)

The highest weight vector (2.19) is not an eigenvector of this transfer matrix. Indeed, acting with 
the transfer matrix (2.15) one finds

tlo/up(u)|Ω〉 = (
ψ(u) + ψ

(
q−1u−1))|Ω〉 + κc(qu)B(u)|Ω〉, (5.2)

that have a term with a B(u) operator. It will be the same for all vectors of the form (3.2) with 
M �= N . Let us consider the Bethe vector

ΦN
lo/up(ū) = B(ū)|Ω〉 (5.3)

with #ū = N . The action of diagonal part of the transfer matrix (5.1) on this vector is given 
by (3.5) with M = N . The number of creation operators corresponds to the length N of the 
chain, thus as it was said in Remark 2.1 this vector belongs to the full quantum space

ΦN
lo/up(ū) ∈ H =

N⊕
i=0

Wi . (5.4)

The new hypothesis that leads to the modified version of the ABA is that the action of the creation 
operator B(u) on this vector has an off-shell action of the form

κc(qu)B(u)ΦN
lo/up(ū) = ΛN

g (u, ū)ΦN
lo/up(ū)

+
N∑

i=1

F(u,ui)E
N
g (ui, ūi)Φ

N
lo/up

({u, ūi}
)
, (5.5)

similar to the one of the diagonal part (3.5). Considering small N = 1, 2 cases given in the next 
section, it shows that such action exists and allows one to conjecture for generic N that

ΛN
g (u, ū) = −τκc(u)c

(
q−1u−1)Λ(u)Λ

(
q−1u−1)m(u, ū), (5.6)

EN
g (ui, ūi) = τκ

c(ui)c(q
−1u−1

i )

b(qu2
i )

Λ(ui)Λ
(
q−1u−1

i

)
m(ui, ūi)

= lim
u→ui

(
b(ui/u)ΛN

g (u, ū)
)
. (5.7)

Remark 5.1. For τ = 0, one recovers the nilpotent property given in Remark 2.1.
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Remark 5.2. We can use this off-shell action for the creation operator B(u) to calculate recursion 
relation on the scalar product given in Remark 3.1

SP+M
up (w̄|ū) = ΛN

g (wj , ū)SP+M−1
up (w̄j |ū)

+
N∑

i=1

F(wj ,ui)E
N
g (ui, ūi)S

P+M−1
up (w̄|ūi ), (5.8)

with #w̄ = P , #ū = M and P + M > N .

Finally from (3.5) and (5.5), we arrived to the main result of the paper

tlo/up(u)ΦN
lo/up(ū) = ΛN(u, ū)ΦN

lo/up(ū) +
N∑

i=1

F(u,ui)E
N(ui, ūi)Φ

N
lo/up

({u, ūi}
)

(5.9)

with

ΛN(u, ū) = ΛN
d (u, ū) + ΛN

g (u, ū), EN(ui, ūi) = EN
d (ui, ūi) + EN

g (ui, ūi). (5.10)

The eigenvectors of the transfer matrix follow by imposing that the arbitrary parameters ū satisfy 
the Bethe equations EN(ui, ūi ) = 0. ΛN(u, ū) has an additional term and satisfy all the relations 
used in the ODBA [16].

Remark 5.3. In the XXX limit this result gives, up to a similarity transformation, the solution for 
general left and right boundaries and provides an alternative presentation for the Bethe vectors 
found in [8]. Moreover it gives the conjecture independently of the knowledge of the eigenvalues 
that has been used in [8]. Let us also mention that we realized, a posteriori, that all ingredients to 
obtain the conjecture independently of the eigenvalues were already present in [8], the key step 
was the introduction of the new operators that gives the modified diagonal transfer matrix. This 
will be presented in [11].

Remark 5.4. As in the previous section, we can introduce new operators to put the transfer matrix 
in a modified diagonal form

tlo/up(u) = φ(u)k+(u)A (u,0) + k+(
q−1u−1)D(u,0) (5.11)

with

A (u,m) = A (u) − qm κ

qε−
u−1B(u),

D(u,m) = D(u) + qm κ

qε−
quφ(u)B(u). (5.12)

These new operators have off-diagonal actions on the highest weight vector

A (u,m)|Ω〉 = k−(u)Λ(u)|Ω〉 − qmu−1 κ

qε−
B(u)|Ω〉, (5.13)

D(u,m)|Ω〉 = φ
(
q−1u−1)k−(

q−1u−1)Λ(
q−1u−1)|Ω〉

+ qmqu
κ

φ(u)B(u)|Ω〉. (5.14)

qε−
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Such type of off-diagonal action was already pointed out in XXX case where new operators were 
also introduced [8]. These new operators have commutation relations

A (u,m + 2)B(v) = f (u, v)B(v)A (u,m) + g(u, v)B(u)A (u,m)

+ w(u,v)B(u)D(v,m), (5.15)

D(u,m + 2)B(v) = h(u, v)B(v)D(u,m) + k(u, v)B(u)D(v,m)

+ n(u, v)B(u)A (u,m). (5.16)

Acting with the transfer matrix (5.11) on Bethe Vector (5.3), we can show from commutation 
relations (5.15), (5.16) and actions on the highest weight vector (5.13), (5.14) that

tlo/up(u)ΦN
lo/up(ū) = ΛN

d (u, ū)ΦN
lo/up(ū) +

N∑
i=1

F(u,ui)E
N
d (ui, ūi)Φ

N
lo/up

({u, ūi}
)

+ κc(qu)B(u)ΦN
lo/up(ū). (5.17)

Then, using the conjecture (5.5) of the action of the B(u) operator on the Bethe vector (5.3) we 
arrive to (5.9). This way of considering the problem is quite artificial here but will be crucial for 
the general boundaries case [10].

6. Construction of the conjecture from small cases

In this section we use the notation

l̃12(u) = k−(
q−1u−1)λ1

(
q−1u−1)l12(u). (6.1)

To construct the conjecture we use the explicit form of the operator B(u) in term of lij (u)

operators (2.25). Then imposing the off-shell action to be of the form (5.5) we order the operators 
using commutation relations given in Appendix A and project on the basis{|Ω〉, l12(ui)|Ω〉, l12(ui)l12(uj )|Ω〉, l12(ui)l12(uj )l12(uk)|Ω〉, . . . , ¯|Ω〉}. (6.2)

For a set of formal parameters ū = {u1, . . . , uN }, with ui �= uj �= uk �= · · · , this basis has dimen-
sion 2N and provide a basis for H. From this procedure we obtain a set of equations that allows 
one to fix ΛN

g (u, ū) and EN
g (ui, ūi ) that we consider as independent unknowns.

Remark 6.1. For general N , we have to project the elements l12(w)l12(uj2) . . . l12(ujm)|Ω〉 with 
w /∈ {ū} and 0 ≤ m ≤ N on the basis (6.2). For a fixed m and 1 ≤ j2 < · · · < jm ≤ N , as the 
basis (6.2) is complete, we have

l12(w)l12(uj2) . . . l12(ujm)|Ω〉 =
∑

1≤i1<i2<···<im≤N

V
i1,i2,...,im
j2,...,jm

(w|ū)l12(ui1) . . . l12(uim)|Ω〉.

(6.3)

For N = 1, 2 the coefficients V i1,i2,...,im
j2,...,jm

(w|ū) are simple and can be explicitly calculated. For 
generic N , only the case m = N − 1, related to the partition function (2.23), and the case m = 1, 
that corresponds to a Lagrange interpolation of the l12(u) operator at the points ū, are simple 
to calculate. The other coefficients still to be determined to prove the conjecture of the off-shell 
action (5.5) for general N in the way we use for the case N = 1, 2. However, the case N = 1, 2
are enough to make the conjecture and then one can check numerically N = 3, 4 the off-shell 
action (5.5) using explicit matrix form of the B operator to support the conjecture.
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6.1. Case N = 1

The BV is given by

B(u1)|Ω〉 = (
φ
(
q−1u−1

1

)(
l̃12

(
q−1u−1

1

) − l̃12(u1)
)

− τc(u1)λ1(u)λ1
(
q−1u−1

1

))|Ω〉, (6.4)

the nilpotent property by (2.21)

l12(u)l12(v)|Ω〉 = 0 (6.5)

and we have the partition function (2.23)

l12(u)|Ω〉 = Z(u1|v1)|Ω̄〉 = |Ω̄〉. (6.6)

With these actions and the commutation relations (A.9), (A.10), (A.11), (A.12) we can project 
the off-shell action (5.5) on the basis (6.2){|Ω〉, ¯|Ω〉} (6.7)

and obtain two equations for the two unknowns Λ1
g(u, u1) and E1

g(u1, ∅). They give (5.6) for 
N = 1.

6.2. Case N = 2

The BV is given by

B(u1)B(u2)|Ω〉
= c(u1)c(u2)

{
τ 2λ1(u1)λ1

(
q−1u−1

1

)
λ1(u2)λ1

(
q−1u−1

2

)
+ τ

λ1(u2)λ1(q
−1u−1

2 )

c(q1/2u1)

(
h(u1, u2)l̃12(u1) − f (u1, u2)l̃12

(
q−1u−1

1

))
+ τ

λ1(u1)λ1(q
−1u−1

1 )

c(q1/2u2)

(
h(u2, u1)l̃12(u2) − f (u2, u1)l̃12

(
q−1u−1

2

))}|Ω〉

+ φ
(
q−1u−1

1

)
φ
(
q−1u−1

2

){b(q2u1u2)

b(qu1u2)
l̃12(u1)l̃12(u2)

+ b(u1u2)

b(qu1u2)
l̃12

(
q−1u−1

1

)
l̃12

(
q−1u−1

2

)
−

(
b(qu1/u2)

b(u1/u2)
l̃12(u1)l̃12

(
q−1u−1

2

) + b(qu2/u1)

b(u2/u1)
l̃12(u2)l̃12

(
q−1u−1

1

))}
|Ω〉, (6.8)

the nilpotent property (2.21) by

l12(u)l12(u1)l12(u2)|Ω〉 = 0 (6.9)

and we have the partition function (2.23)

l12(u1)l12(u2)|Ω〉 = Z(u1, u2|v1, v2)|Ω̄〉. (6.10)
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To project the off-shell action (5.5) on the basis{|Ω〉, l12(u1)|Ω〉, l12(u2)|Ω〉, ¯|Ω〉} (6.11)

we also use the relation

l12(u) = b(u/u2)

b(u1/u2)
l12(u1) + b(u/u1)

b(u2/u1)
l12(u2), (6.12)

that follows from the explicit matrix formulation of l12(u). To find Λ2
g(u, u1, u2), E2

g(u1, u2) and 
E2

g(u2, u1) it is enough to consider the equations from projection on |Ω〉 and l12(u1)|Ω〉. The 
first equation gives Λ2

g(u, u1, u2) in term of E2
g(u1, u2) and E2

g(u2, u1). Since E2
g(u1, u2) and 

E2
g(u2, u1) are independent of u, we can consider the second equation as a Laurent polynomial 

in u with each coefficients equal to zero. It provides an overdetermined system of equations 
for E2

g(u1, u2) and E2
g(u2, u1) that can be solved. It gives (5.6) for N = 2 that allows one to 

conjecture the case for arbitrary N .
The case N = 3 has been explicitly checked.

7. Conclusion

We have constructed the BV, eigenvalues and BE for the Heisenberg XXZ spin- 1
2 chain on 

the segment with two upper and lower/upper triangular boundaries. For the former, a factorized 
formula of the BV and an algebraic proof similar to the usual ABA for the off-shell action of the 
transfer matrix have been given. It relies on the introduction of new operators, linear combination 
of the ones of the double row quantum monodromy matrix, that allows one to put the transfer 
matrix in a modified diagonal form. For the latter, we have presented a constructive version of 
the MABA that allows one to fix the BV, eigenvalue and BE. In particular the additional term in 
the eigenvalues and the BE appears to correspond to the off-shell action of the creation operator 
on the BV. This action was conjectured. Let us remark that similar results can be obtained for 
two lower and upper/lower triangular boundaries starting from the lower highest weight vector 
of Uq(ĝl2) (2.22) to construct the BV. These results are a first step toward the use of the MABA 
to conjecture the BV for general/diagonal (or triangular) and general/general boundaries that will 
be presented in a separate paper [10]. This will involve on the one hand the introduction of new 
operators in the spirit of the ones used for the two upper triangular boundaries (4.2), (4.3), (4.4)
and the ones in Remark 5.4 and on the other hand the construction of the off-shell action of the 
new creation operator on the BV in the spirit of (5.5).

Let us mention that a direct proof of the conjecture for the off-shell action of the creation op-
erator, as it was done for N = 1, 2 case, will need to fix the coefficients for the projection on the 
basis (6.2) given formally in Remark 6.1. Another possibility should be to give an indirect proof 
from the result of the SoV or from the recent development of the ODBA [17]. Independently of 
the question of this proof, the MABA provide a constructive way to obtain the BV in a form that 
does not depend of the inhomogeneity parameters and solve the question of the homogeneous 
limit that is problematic in the SoV and not direct in the ODBA. Moreover the off-shell BV 
satisfy an off-shell equation for the action of the transfer matrix similar to the one for models 
with U(1) symmetry. Thus, this off-shell equation appears to be a universal structure for quan-
tum integrable models with our without U(1) symmetry. The off-shell criteria of the BV is of 
importance for other problems such as the construction of solutions of the quantum Knizhnik–
Zamolodchikov [43] or for the calculation of correlations functions in the ABA framework that 
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can be reduced to the calculation of the scalar product between off-shell BV and an on-shell 
BV [33,31]. In particular, Remarks 3.1 and 5.2 give recursion relations for the scalar product in 
non-hermitian case. This last question is actually considered in the case of the XXX chain on the 
segment [11].

Finally, let us remark that the proposed results for the Heisenberg XXZ spin- 1
2 chain on the 

segment with triangular boundaries could allow one to study the thermodynamic limit N → ∞
and must fit with the results obtained from the Onsager approach [4,6] that uses the vertex op-
erator approach introduced by Jimbo et al. [29]. In particular we must see if the result obtained 
by Cao et al. on the thermodynamic limit of the BE with an additional term [34] can be applied 
to these specific cases and also if a determinant formula for the scalar product of the given BV 
can be obtained. For the latter, one has to construct the dual BV. For the former, we can remark 
that the two boundaries decouple up to order N−2 [34] thus both cases should be equivalent if 
we don’t care about finite size corrections. These results, following the spirit of [31], will allow 
one to obtain an alternative derivation of the integral representations of correlation functions and 
form factors given in [6]. In addition, the ideas of the MABA and in particular the way of con-
structing the new operators could give some directions to extend the Onsager approach [4] to the 
case of generic boundary conditions.
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Appendix A. Functions and commutation relations

We use the following functions

b(u) = u − u−1

q − q−1
, k−(u) = ν−u + ν+u−1,

k+(u) = ε+u + ε−u−1, c(u) = u2 − u−2 (A.1)

φ(u) = b(q2u2)

b(qu2)
, m(u, v) = 1

b(u/v)b(quv)
, F (u, v) = m(u,v)

b(q2u2)

φ(v)
, (A.2)

f (u, v) = b(qv/u)b(uv)

b(v/u)b(quv)
, g(u, v) = φ(q−1v−1)

b(u/v)
, w(u, v) = − 1

b(quv)
, (A.3)

h(u, v) = b(q2uv)b(qu/v)

b(quv)b(u/v)
, k(u, v) = φ(u)

b(v/u)
,

n(u, v) = φ(u)φ(q−1v−1)

b(quv)
(A.4)

s(u, v) = φ(q−1u−1)

2
, x(u, v) = φ(q−1u−1)b(qu/v)

, (A.5)

b(v/u)b(qv ) b(u/v)b(quv)
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y(u, v) = − 1

b(qv2)b(quv)
, r(u, v) = φ(q−1u−1)

b(v/u)
,

p(u, v) = b(uv)

b(u/v)b(quv)
. (A.6)

Direct calculation gives the following relations

g(u, v)φ(u)k±(u) + n(u, v)k±(
q−1u−1) = F(u, v)φ

(
q−1v−1)φ(v)k±(v), (A.7)

k(u, v)k±(
q−1u−1) + w(u,v)φ(u)k±(u) = −F(u, v)φ(v)k±(

q−1v−1). (A.8)

From the RLL relation (2.4), one can extract the commutations relations between the lij . Here, 
we will only need the following ones

l12(u)l12(v) = l12(v)l12(u), (A.9)

l11(u)l12(v) = b(qv/u)

b(v/u)
l12(v)l11(u) + 1

b(u/v)
l12(u)l11(v), (A.10)

l22(u)l12(v) = b(qu/v)

b(u/v)
l12(v)l22(u) + 1

b(v/u)
l12(u)l22(v), (A.11)

l21(u)l12(v) = l12(v)l21(u) + 1

b(u/v)

(
l11(u)l22(v) − l11(v)l22(u)

)
. (A.12)

From the reflection algebra (2.10), one can extract the commutations relations between the op-
erators A , D , C and B. To order monomials of such operators in the basis span by operator 
valued series

Mbdac(ū, v̄, w̄, x̄) = B(ū)D(v̄)A (w̄)C (x̄) (A.13)

one needs the following commutation relations

A (u)B(v) = f (u, v)B(v)A (u) + g(u, v)B(u)A (v) + w(u,v)B(u)D(v), (A.14)

C (v)A (u) = f (u, v)A (u)C (v) + g(u, v)A (v)C (u) + w(u,v)D(v)C (u), (A.15)

D(u)B(v) = h(u, v)B(v)D(u) + k(u, v)B(u)D(v) + n(u, v)B(u)A (v), (A.16)

C (u)D(v) = h(u, v)D(v)C (u) + k(u, v)D(u)C (v) + n(u, v)A (u)C (v), (A.17)

C (u)B(v) = B(v)C (u) + s(u, v)A (u)A (v) + x(u, v)A (v)A (u) + y(u, v)D(u)A (v)

+ r(u, v)A (u)D(v) + p(u, v)A (v)D(u) + w(u,v)D(u)D(v), (A.18)

A (u)D(v) = D(v)A (u) + k(v,u)
(
B(u)C (v) − B(v)C (u)

)
(A.19)

and

A (u)A (v) = A (v)A (u) + w(u,v)
(
B(u)C (v) − B(v)C (u)

)
, (A.20)

D(u)D(v) = D(v)D(u) − φ(u)φ(v)w(u, v)
(
B(u)C (v) − B(v)C (u)

)
, (A.21)

B(u)B(v) = B(v)B(u), (A.22)

C (u)C (v) = C (v)C (u). (A.23)

Let us remark that this set of relations is complete, i.e. they are isomorphic to the reflection 
equation.
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