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Abstract

The paper is devoted to the variational analysis of the Willmore and other L? curvature functionals,
among immersions of 2-dimensional surfaces into a compact Riemannian m-manifold (M™, h) withm > 2.
The goal of the paper is two-fold, on one hand, we give the right setting for doing the calculus of variations
(including minmax methods) of such functionals for immersions into manifolds and, on the other hand, we
prove the existence results for possibly branched Willmore spheres under various constraints (prescribed
homotopy class, prescribed area) or under curvature assumptions for M. To this aim, using the integrability
by compensation theory, we first establish the regularity for the critical points of such functionals. We then
prove a rigidity theorem concerning the relation between CMC and Willmore spheres. Then we prove that,
for every non null 2-homotopy class, there exists a representative given by a Lipschitz map from the 2-sphere
into M™ realizing a connected family of conformal smooth (possibly branched) area constrained Willmore
spheres (as explained in the introduction, this comes as a natural extension of the minimal immersed spheres
in homotopy class constructed by Sacks and Uhlenbeck (1981) in, [38], in situations when they do not
exist). Moreover, for every A > 0 we minimize the Willmore functional among connected families of
weak, possibly branched, immersions of the 2-sphere having prescribed total area equal to A and we prove
full regularity for the minimizer. Finally, under a mild curvature condition on (M™, k), we minimize the
sum of the area with the square of the L2 norm of the second fundamental form, among weak possibly
branched immersions of the two spheres and we prove the regularity of the minimizer.
© 2012 Elsevier Inc. All rights reserved.
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1. Introduction

Throughout the paper (M™, h) will be a compact connected m-dimensional Riemannian
manifold. For a smooth immersion ¢ of a compact 2-dimensional surface X' into (M™, h) recall
the definition of the Willmore functional

W(d) = / |H |*dvoly, (1.1)
Py

where the mean curvature H is half the trace of the second fundamental form T and volg is the
volume form associated to the pullback metric g := ®*h, of the energy functional F

- 1
F(9) ;:§/Z|H|2dvolg, (1.2)

and of the conformal Willmore functional Wons
Weont() = /Z (|1?1|2 L R(T Eb)) dvol,, (1.3)

where K (T 515) is the sectional curvature of the ambient manifold (M™, h) computed on the
tangent space of @(X); recall moreover that Wqyt is conformally invariant (i.e. is invariant under
conformal changes of the ambient metric /); see [43].

Remark 1.1. Observe that, by the Gauss—Bonnet Theorem, for immersions in the Euclidean
space R the three functionals W, W onr and F differ just by a topological constant, so they are
equivalent from the variational point of view. This is not the case for immersions in Riemannian
manifolds, moreover in literature there is not a universal agreement about which L?-curvature
functional has to be called Willmore functional. Indeed, since in Riemannian manifolds W,qus
is conformal invariant while W is not, the conformal geometry community usually considers
Weont and calls it “Willmore functional”; in addition, the pullback of the standazd Willmore
functional of R3 into S? via the stereographic projection is exactly Weonr = f (IH]?> + 1), so
people interested in the properties of surfaces immersed in R? (for instance people working on the
Willmore conjecture, see for example [21,22,37,42]) called W one “Willmore functional”. On the
other hand, classically, the Willmore surfaces were introduced by Blaschke in the XX’s century as
generalized minimal surfaces (clearly every minimal surface is stationary for W under compactly
supported variations, moreover in R3 there are no closed minimal surfaces by the maximum
principle, so the closed Willmore surfaces in R? are in a natural sense “generalized minimal
surfaces”), therefore from this point of view it is more natural to call f |ﬁ |2 the Willmore
functional. Moreover, for immersions in a Riemannian manifold, the functional W appears in
the expression of the Hawking mass in general relativity hence, from the physical point of view,
W is the interesting quatity to look at (see for instance the introduction of [20] and the references
therein for more details). These are the reasons why we call [ |H |> the “Willmore functional”
and f |I-7 |2 + K the “conformal Willmore functional”. [

The first goal of the present paper is to develop the analysis of the Willmore and the others L?
curvature functionals in Riemannian manifolds of any dimension. Indeed, as for immersions in
the euclidean space, there is the following functional analysis paradox: though the Willmore
functional W defined in (1.1) has perfect meaning for W22 N W1 weak immersions, the
classical form of its Euler-Lagrange equation (derived in [43]) does not make sense for such
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weak objects (which are the natural ones for doing the analysis of the Willmore functional, as
it will be explained below; exactly as the Sobolev spaces are the natural framework to studying
PDEs). Indeed it requires L> integrability of second derivatives being

A H+ A(H)—2|H|> H— R(H) =0, (1.4)

where R : T3 (X)M — TiS(x)M is the curvature endomorphism defined by

2
VX € Ty M R(X) = —7; [Z Riem” (X, z,-)z,} , (1.5)
i=1
and A : qu( )M — Tgp( )Mis defined as
~ =l 2 - - i
VX € TiM AX) = > L@ é)(IE €)). X), (1.6)
ij=1

where 7; is the projection onto the normal space of é and (€1, €2) is an orthonormal basis of
T X' for the induced metric g = ®*h. The same problem appears in the other L? curvature
functionals since the difference in the Euler—Lagrange equations is given just by lower order
terms.

A first achievement of the present work is to rewrite the Euler—Lagrange equation in a
conservative form which makes sense for such weak immersions. In order to be more accessible,
before we perform the computations and we present the equations in the codimension one case
in Section 2, then we pass to the more delicate higher codimensional case.

For this purpose, up to a reparametrization and working on a parametrizing disc D?, we can
assume that the immersion @ is conformal so that it makes sense to consider the standard complex
structure of the disc D?; exploiting the complex notation is very convenient and simplifies also
the initial presentation given by the second author in [32] for immersions in the euclidean space.
The main result of Section 3 is the following theorem. Before stating it let us define RL(T 45) as

RE(T ) = (nT [Riemh(Zl , zz)ﬁr])L (1.7)

where (e7, 62) is a positive orthonormal basis of T D? for the induced metric g = @*h T -
TzM — @(TDz) is the tangential projection and .*- denotes the rotation of an angl Z

1n ¢*(TD2) 1n the dlrectlon from ¢, towards é,, intrinsically it can be written as X X+
((P*) 0 g 0(45*) (X) for any X e 45*(TD2) where *, is the Hodge duality operator on
(T D?, g). We shall also denote by mj; the orthogonal projection 7; : TgM — (Q*(TD2))J-
from the tangent space to M™ onto the normal space to @(D2).

We shall denote by D the Levi-Civita connection of (M™, h) and by an abuse of notations
we also denote by D the associated covariant exterior derivative. We also denote by D the pull
back by & of D which is a connection — respectively a covariant exterior derivative — of the pull-
back bundle &~ 1T M™. D;g is the adjoint of the covariant derivative D¢ for the induced metric
g = *h. *, is the Hodge operator associated to 4 on multi-vectors of M™ from A? M™ into
AP M™. All these objects are defined in Section 3 in (3.1)-(3.5) and (3.7).
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Theorem 1.1. Let & be a smooth immersion of the two dimensional disc D? into an m-
dimensional Riemannian manifold (M™, h), then the following identity holds

1 e d N =
5D | Do = 37Dy H) + 1 (v D) At H ) |

=ALFI+A(ITI)—2|I—7|ZITI—R$(T§5) (1.8)

where A| is the negative covariant Laplacian on the normal bundle to the immersion, A is the
linear map given in (1.6), Rt is defined in (1.7). U

Notice that though the right hand side does not make sense for W1 NW?>?2 weak immersions,
the left hand side does. Therefore a straightforward but important consequence of Theorem 1.1
is the following conservative form of Willmore surfaces equation making sense for W% 0 w22
weak immersions.

Corollary 1.1. A smooth immersion @ of a 2-dimensional disc D* in (M™, h) is Willmore if and
only if

el = - N s i
5D [DgH — 373 (Do H) + ((*g Dyit) Ayt H)] = R(H) — RL(T®), (1.9)

where R and R+ are the curvature endomorphisms defined respectively in (1.5) and (1.7). O

Remark 1.2. The Euler-Lagrange equations of the other L? curvature functionals are computed
in Section 3 and differ just by terms completely analogous to the right hand side terms of
(1.9). O

Another important corollary is the conservative form of the constrained-conformal Willmore
equation. Let X' be a smooth closed surface and ¢ : X' < M be a smooth immersion; the
pullback metric g := ®*h induces a complex structure J on X, and in the associated conformal
class there existg a unique constant curvature metric cg with total area 1 (see [14]); notice that
lzy construction @ : (X, cg) = M is a conformal immersion. Recall that the smooth immersion
@ of (X, cp) is said to be constrained-conformal Willmore if and only if it is a critical point of
the Willmore functional under the constraint that the conformal class is fixed. Before writing
the conservative form of the Willmore functional under constraint on the conformal class let us
introduce some notation. Call Q(J) the space of holomorphic quadratic differentials on (X, J)
and let ¢ € Q(J) written in local complex coordinates as ¢ = f(z)dz ® dz; let Hy be the
Weingarten map given in local coordinates, for a conformal immersion with conformal factor
% = log(13, B]), by

- 1 - - .
Hy = 5 e (ajz - 0% -2 2, q;)
lr=_ . > L. > L.

= 5 [l@an i@ e —2ilG ). (1.10)

where 7 5 is the normal space to @ and (61,8) = e (9, D, dy P) is a positively oriented

orthonormal frame of T &; recall also the definition of the Weingarten operator ho given locally
by

ho =2 73 (9% ®) dz ® dz = e** Hy dz @ dz. (1.11)
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We introduce on the space A'0 D2 ® A0 D% of 1 — 0 ® 1 — 0 form on D? the following
hermitian product! depending on the conformal immersion b:

W dz ®dz, Y2 dz @ dD)wp = e~ ¥1(2) Y2 2) (1.12)

where ¢* = |0y, €P| [0, 55|. We observe that for a conformal change of coordinate w(z) (i.e. w
is holomorphlc in z) and for v/ satisfying

Ylowdwdw = v; dz ®dz
one has, using the conformal immersion ® o w in the Lh.s.
() dw @ dw, ¥y dw @ dw)wp = (Y1 dz ® dz, Y2 dz @ d2)wp

for more information about the Weil-Peterson product see [14,35,36]. Now we can write the
constrained-conformal Willmore equation in conservative form.

Corollary 1.2. Let & : X <> M be a smooth immersion into the m > 3—diznensi0nal
Riemannian manifold (M™ , h) and call c the conformal structure associated to g = 9*h. Then
@ is a constrained-conformal Willmore immersion if and only if there exists an holomorphic
quadratic differential g € Q(c) such that

1 Ty d N -
ED;g [DgH —3m;(DgH) + *p ((*g Dgn) Ay H)]

= (g, ho)wp + R(H) = R5(T®). O (1.13)

Observe that, in local complex coordinates, J[(q, l_io)Wp] = e’u%[f(z)lj]o].

Notice that also the constrained-conformal equations of the other L? curvature functional
differ just by terms completely analogous to the right hand side terms of (1.9).

Exploiting the conservative form just showed, in Section 5 we prove that the constrained-
conformal Willmore equation is equivalent to a system of conservation laws (see Theorem 5.1)
and in Section 6 we prove that weak solutions to this system of conservation laws are smooth.
For proving the regularity it is crucial to construct from the system of conservation laws some
potentials R and S which satisfy a critical Wente type elliptic system (see the system (6.17)).
Using integrability by compensation we gain some regularity on R and S which bootstrapped,
after some work, gives the smoothness of weak solutions to the constrained-conformal Willmore
equation. Therefore we are able to prove the following full regularity theorem for weak solutions
to the constrained-conformal Willmore equation.

Theorem 1.2 (Regularity of Weak Constrained-Conformal Willmore Immersions). Let ® be a
W2 conformal immersion of the disc D? taking values into a sufficiently small open subset
of the Riemannian manifold (M, h), with second fundamental form in L*(D?) and conformal
factor A :=log 0,1 d5| e L®(D?). If ® is a constrained- conformal Willmore immersion then i
isC®. 0O

Remark 1.3. As the reader will see, the proof of the regularity is not just a straightforward
adaptation of the Euclidean one. Indeed in the euclidean case R and S were real valued and

! This hermitian product integrated on D2 is the Weil—Peterson product.
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their existence was ensured by a direct application of the Poincaré Lemma. Here the curvature
terms make the situation more delicate. Indeed R and S, which now are complex valued, are
constructed using the D, and 9, operators (see Lemma 6.2), and their construction makes use of
singular integrals and Fourier analysis (see the Appendix). Notice that, in case of null curvature,
the imaginary parts of R and S vanish and the two, a priori different, constructions coincide.
Therefore our construction is canonical and has a geometric, beside analytic, meaning. [

Remark 1.4. The regularity issues regarding minimizers of L? curvature functionals in 3-
dimensional Riemannian manifolds have been studied also in [15] using techniques from [39].
Beside the fact that here we deal with higher codimensions, the real advantage of this new ap-
proach is that it permits to infer that any weak solution to the equation is smooth, while in the
former the regularity crucially used the minimality property. Therefore our new approach is more
flexible and it is suitable for studying existence of more general critical points of saddle type. To
this purpose, we recall that in [2] the analysis of Palais—Smale sequences for the Willmore func-
tional in the Euclidean space is performed. Since the Riemannian curvature terms are subcritical,
the same results should hold for immersions in Riemannian manifolds. [

Remark 1.5. Since the difference between the Willmore equation and the Euler—Lagrange
equations of the other L? curvature functionals F and Weops (also under area or conformal type
constraint) is made of subcritical terms, the Regularity Theorem 1.2 applies to them as well. [J

Another application of the conservative form of the equation is the following. Recall that
an immersion is called conformal Willmore if it is a critical point of the conformal Willmore
functional Weopns defined in (1.3), and is called constrained-conformal conformal Willmore if it
is a critical point of Wons under the constraint of fixed conformal class. Notice that, since by
the Uniformization Theorem there is just one smooth conformal class on 82 the two notions
coincide for smooth immersions of S. Recall also that a smooth immersion & : ¥ <> M™ of
the surface X has parallel mean curvature if the normal projection of the covariant derivative of
the mean curvature H with respect to tangent vectors to @ is null:

m7(DH) = 0. (1.14)

Observe that in codimension one a surface has parallel mean curvature if and only if it has a
constant mean curvature, i.e. it is a CMC surface.

In Section 4, we prove the following proposition (the analogous proposition for immersions
in the Euclidean space appears in [36]) which ensures abundance of constrained-conformal
conformal Willmore surfaces in space forms. Since, as explained above, the conformal constraint
for smooth immersions of a 2-sphere is trivial, the proposition ensures also abundance of
conformal Willmore spheres in space forms.

Proposition 1.1. Let (M™, h) be an m-dimensional Riemannian manifold of constant sectional
curvature K and let $: 5 M"bea smooth immersion of the smooth surface Y.
If ® has parallel mean curvature then b is constrained-conformal conformal Willmore. [

The assumption on the sectional curvature is not trivial, indeed combining results of [30,25]
we get the following rigidity theorem.

Theorem 1.3 (Rigidity for Willmore). Let (M3, h) be a compact 3-dimensional Riemannian
manifold with constant scalar curvature. Then M has constant sectional curvature if and only if
every smooth constant mean curvature sphere is conformal Willmore. [
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After having studied the analysis of the Euler—Lagrange equation of the mentioned L2
curvature functionals we move to establish existence of minimizers of such functionals. We will
study both curvature and topological conditions which ensure the existence of a minimizer.

Before passing to the existence theorems observe that minimizing the Willmore and the other
L? curvature functionals among smooth immersion is of course a-priori an ill posed variational
problem. In [35] (see also [33]), the second author introduced the suitable setting for dealing
with minimization problems whose highest order term is given by the Willmore energy. We now
recall the notion of weak branched immersions with finite total curvature.

By virtue of the Nash theorem we can always assume that M™ is isometrically embedded in
some euclidean space R”. We first define the Sobolev spaces from S? into M" as follows: for
anykeNand1 < p < o0

wkr(S?, M™) = [u e WEP(S?, R") s.t. u(x) € M™ forae. x € Sz} )

-

Now we introduce the space of possibly branched Lipschitz immersions: a map @ €
W120(S2, M™) is a possibly branched Lipschitz immersion if

(i) there exists C > 1 such that
VxeS? CYddP(x) < |dd Add|(x) < |dDP(x) (1.15)

where the norms of the different tensors have been taken with respect to the standard metric
on S? and with respect to the metric 4 on M™ and where d ® Ad d is the tensor given in local
coordinates on S? by

dDNdD =20, Ay, & dx) Adxy € NP TS @ N> Ty M™.
(ii) There exists at most finitely many points {a; ---ay} such that for any compact K C
$*\ {a1 ---an}
ess inf |d£5|(x) > 0. (1.16)
xekK

For any possibly branched Lipschitz immersion we can define almost everywhere the Gauss map

ﬁ%::*; axl¢Aax2¢ AT ZT*

—_—= € Mm
"0, A Oy, B o)

where (x1, x2) is a local arbitrary choice of coordinates on S? and #y, is the standard Hodge
operator associated to the metric 2 on multi-vectors in T M.
With these notations we define the following.

Definition 1.1. A Lipschitz map ¢ e Wt %0(S%, M™) is called “weak, possibly branched,
immersion” if & satisfies (1.15) for some C > 1, if it satisfies (1.16) and if the Gauss map
satisfies

/ |Dn | dvolg < +00 (1.17)
s?

where dvol, is the volume form associated to g := &*h the pull-back metric of & by ® on
S2, D denotes the covariant derivative with respect to & and the norm | D7 55| of the tensor Dn ¥
is taken with respect to g on T*S? and & on A2 T M. The space of “weak, possibly branched,
immersion” of S? into M™ is denoted Fro. [
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Using Miiller—Sverak theory of weak isothermic charts (see [28]) and the Hélein moving
frame technique (see [13]) one can prove the following proposition (see [33]).

Proposition 1.2. Let b be a weak, possibly branched, immersion of S* into M™ in Fsp then
there exists a bi-Lipschitz homeomorphism W of S* such that ® o W is weakly conformal: it
satisfies almost everywhere on S*

105, (B0 V)7 = 13, (D o D)
h(0y, (D o W), 05, (P 0 W)) =0

where (x1, x2) are local arbitrary conformal coordinates in S? for the standard metric. Moreover
o Visin WH2N WL, M™). O

Remark 1.6. In view of Proposition 1.2 a careful reader could wonder why we do not work
with conformal W*? weak, possibly branched, immersion only and why we do not impose for
the membership in Fg2, @ to be conformal from the beginning. The reason why this would be a
wrong strategy and why we have to keep the flexibility for weak immersions not to be necessarily
conformal is clear in the proof of the existence theorems, Section 8 and in the Appendix where
we will study the variations of the functionals under general perturbations which do not have to
respect infinitesimally the conformal condition. [

Now that we have introduced the right framework we pass to discuss the existence theorems.
Fix a point p € M™ and a 3-dimensional subspace & < T3 M of the tangent space to M at p.
We denote

Rp(®) = >  Kp (Ei, Eﬁ;) (1.18)

i#j,i,j=1,23

where { E 1, Eg, E3} is an orthonormal basis of & and K 7 (E is E ;) denotes the sectional curvature
of (M, h) computed on the plane spanned by (IZ",-, E ;) contained in T5M. Notice that R;(5)
coincides with the scalar curvature at p of the 3-dimensional submanifold of M obtained
exponentiating &. Under a condition on R5(&), in the following theorem we minimize the
functional F; defined on F as

Fi(9) = /2 (%mz + 1) dvol, = F($) + A(®). (1.19)
S

Theorem 1.4. Let (M™, h) be a compact Riemannian manifold and assume there is a point p
and a 3-dimensional subspace & < T;M such that R3(&) > 6, where R5(S) is the curvature
quantity defined in (1.18). Then there exists a branched conformal immersion i of S?* into
(M™, h) with finitely many branched points b', . .., b, smooth on S*\{b', . .., b}, minimizing
the functional Fy in Fgp, i.e. among weak branched immersions with finite total curvature. [

Observe that the unit round m-dimensional sphere S™ with canonical metric has R;(6) = 6
for any base point p and any subspace G, so the assumption is that our ambient manifold has at
least one point p and at least three directions spanning & where the manifold is “more positively
curved” than S”. Let us make a remark about the regularity in the branch points.
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Remark 1.7. The removability of point singularities for Willmore surfaces in Euclidean space
has been studied in [16,17,32]; recently Y. Bernard and the second author, in [4], proved that the
parametrization is smooth also in the branch points if two residues vanish. Analogous statements
should hold for branched Willmore immersions in manifolds. [

Remark 1.8. It is always possible to minimize Fj by forcing the immersion to pass through a
fixed family of points. For an arbitrary choice of points sufficiently close to the minimizers we
found in Theorem 1.4, this should generate a Willmore sphere passing through these points but
satisfying the Willmore equation only away from these points. Since in the variational argument
these points cannot be moved the corresponding residues obtained in [16,32,4] have no reason to
vanish and the conformal parametrization & of a minimizer should be at most C1* in general.
This should contrast presumably with the situation at the branched points of the minimizers
obtained in Theorem 1.4. Since these points are left free during the minimization procedure, the
first residue ¥y (see [4]) should vanish and the conformal map & should be at least C2* at these
points. [

Remark 1.9. Another interesting question to deepen concerns the analysis of energy
identities/loss of energy in the possible neck regions. Such a study was performed in [3] for
the Willmore functional in Euclidean space; we expect that similar results hold for immersions
of spheres (or of higher genus surfaces under the assumption that the conformal classes do not
degenerate in the moduli space) in Riemannian manifolds. [

Now let us consider the problem of minimizing the functional F = | T|2. In codimension one,
E. Kuwert, J. Schygulla and the first author, in [15], proved the existence of a smooth immersion
of S? without branched points minimizing the functional F under curvature conditions on the
compact ambient 3-manifold (see also [27] for non compact ambient 3-manifolds); notice that
the topological argument employed for excluding the branch points crucially depends on the
codimension one assumption. Therefore, in higher codimension, it makes sense to look for
minimizers of F among branched immersions, as done in the following theorem.

Theorem 1.5. Let (M™, h) be a compact Riemannian manifold. Assume there is a minimizing
sequence for the functional F = % i 1| in Fs (among weak possibly branched immersions
with finite total curvature), { O }ken C Fsp, with area bounded by positive constants from below
and above:

1 -
O<E§A(¢k)§C<oo.

Then there exists a branched conformal immersion ® of S* into (M™, h) with finitely many
branched points bl ..., bY, smooth on S* \ {bl, R bN}, minimizing the functional F in Fg,
i.e. among weak branched immersions with finite total curvature. [

Remark 1.10. By analogous arguments to the proof of Theorem 1.4, the lower bound on the
area is ensured if Rj5(&) > 0 for some point p and 3-dimensional subspace & < T5 M.

Notice that a uniform upper bound on the areas of the minimizing sequence is a crucial
information for compactness issues; moreover generally this is not a trivial property in view
of the possibility of totally geodesic laminations (a similar constraint appears in [23]). O

Up to here we studied the existence of minimizers of curvature functionals under curvature
conditions on the ambient manifold. Now we move to consider the existence of area-constrained
Willmore spheres under topological conditions on the ambient manifold.
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For any x9 € M™ we denote respectively by ma(M™, xo) the homotopy groups of based
maps from S? into M™ sending the south pole to xg and by 7o (C%(S?, M™)) the free homotopy
classes. It is well known that the group 7w (M™, xq) for different xg are isomorphic to each other
and (M) denotes any of the 7wy (M™, x¢) modulo isomorphisms. Recall that, in [38], J. Sacks
and K. Uhlenbeck proceeded to the minimization of the Dirichlet energy

- 1 -
E(®) = E/Sz |d & dvolg

among mappings & of the two sphere S? into M™ within a fixed based homotopy class in
o (M™, xp) in order to generate area minimizing, possibly branched, immersed spheres realizing
this homotopy class.

Even if the paper had a great impact in mathematics, the program of Sacks and Uhlenbeck was
only partially successful. Indeed the possible loss of compactness arising in the minimization
process can generate a union of immersed spheres realizing the corresponding free homotopy
class but for which the underlying component in the homotopy group m>(M™) may have
been forgotten (for more details see also the Introduction to [26]). It is very hard in the
Sacks—Uhlenbeck’s work to distinguish the classes which are realized by minimal conformal
immersions from the somehow not satisfying classes. At least Sacks and Uhlenbeck could prove
that the set of satisfying classes generates, as a 7j-module, the homotopy group w2 (M™).

To overcome this difficulty, we minimize a curvature functional — corresponding to A + W
in the absence of branched points — under homotopy constraint and we prove that, even if we
still have a bubbling phenomenon, the limit object must be connected. More precisely we show
that for every non trivial 2-homotopy group of M™ there is a canonical representative given
by a Lipschitz map from S? to M realizing the connected union of conformal branched area-
constrained Willmore spheres which are smooth outside the branched points. Notice that this is
a natural generalization of Sacks—Uhlenbeck’s procedure in a sense that, if a class y in 72 (M™)
possesses an area minimizing immersion ¢ then Hj = 0, in particular @ is an area-constrained
Willmore sphere minimizing A + W in its homotopy class.

Before stating the theorem let us recall that for any Lipschitz mapping a from S? into
M™, (@)+[S?] denotes the current given by the push-forward by @ of the current of integration
over S?: for any smooth two-form @ on M™

(@:152.0) = [ @ro

Moreover we denote with [a] € wp(M™) the 2-homotopy class corresponding to the continuous
mapa : S* — M™.

Theorem 1.6. Let (M™, h) be a compact Riemannian mamfold and fix 0 # y € mo(M™). Then
there exist finitely many branched conformal immersions 451 @N € Fg and a Lipschitz
map f e WL (S, M™) with | f] = y satisfying

N
f&H=J¥EH and (1.20)

i=1

=

f+[87] =Z i (1.21)
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Moreover for every i, the map Eﬁ,‘ is a conformal branched area-constrained Willmore immersion
which is smooth outside the finitely many branched points b', ..., bNi. More precisely we mean
that, outside the branched points, every @' is a smooth solution to the Willmore equation with
the Lagrange multiplier 2H :

1 - - R - A - -

ED? [DgH — 37(DgH) + % ((*g Dyit) Ay H)] =28 + R(H) - R5(T$), (1.22)
where 1;; is the projection onto the normal space to Zﬁ *p, and *g are respectively the Hodge
operator on (M, h) and (S*, g .= @*h); R and R+ are the curvature endomorphisms defined
respectively in (1.5) and (1.7). The operators Dy, D;g, ... are defined above (see also more
explicit expressions in Section 3). [

Remark 1.11. With the same proof, the analogous theorem about the existence of a connected
family of smooth branched conformal immersions of S? which are area-constrained critical
points for the functional F and are realizing a fixed homotopy class holds. [

Remark 1.12. It might be interesting to investigate whether the minimizer in a fixed homotopy
class is really obtained by a Lipschitz realization of more than one smooth branched immersions
of spheres or it is realized by exactly one smooth branched immersion of S. The asymptotic
behavior of the solutions at possible connection points of 2 distinct spheres in relation with the
cancellation of the first residue yy mentioned in Remark 1.8 (which should also hold in the
situation of Theorem 1.6) is a starting point for studying the possibility to have such connection
points while considering an absolute minimizer. [J

Let us give here an idea of the proof of Theorem 1.6. Consider the following Lagrangian L
defined on Fgo

= l 2_1_ -
L(®) = /sz <4|]1| 2K(T¢)+1) dvoly, (1.23)

where K (T @) is the sectional curvature of the ambient manifold (M™, h) evaluated on the
tangent space to @(82) and observe that, by the Gauss equation, outside the branch points it
holds

(IR R . 1
FIP = SK@®) +1=HP +1- K. (1.24)

where K is the Gauss curvature of Zﬁ, i.e. the sectional curvature of the metric g = @*(h) on
S?. Notice that, since the Gauss curvature integrated on compact subsets away the branch points
gives a null Lagrangian (i.e. a Lagrangian with null first variation with respect to compactly
supported variations), the Euler-Lagrange equation of L coincides with the Euler-Lagrange
equation of [ (|H > + 1) outside the branched points; therefore the critical points of L satisfy
the area-constrained Willmore equation (1.31) outside the branched points.

Our approach is then to minimize L; the space on which the minimization procedure is
performed is the set 7 of N + 1-tuples T = ( f Pl,..., N ), where N is an arbitrary positive
integer, where f e WHo(S2, M™) and P e Fs2 satlsfy (1.20) and (1.21); naturally we define

N
L(T) = ZL(ES"). (1.25)
i=1
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Observe that, up to rescaling the ambient metric / by a positive constant, we can always assume
that K < 1 on all M (or equivalently choose in (1.23), instead of 1, a large positive constant C >
max; K). On a minimizing sequence Tk under the constraint that the map fk e Whoo(s2, M™)
is in the fixed homotopy class 0 # y € m,(M™), both the areas and the L? norms of the second
fundamental forms are clearly equlbounded therefore, usmg results from [26] we construct a
minimizer Too = (foo, L. ... PN=) € T such that foo € WL(S2, M2) is still in the
homotopy class y. Using the regularlty theory developed in Section 6 we conclude with the
smoothness of the @’ outside the finitely many branched points.

Observe that, for small values of the area, smooth (contractible in M) area constrained-
Willmore spheres have been constructed in [18] (see also [8,19,20,24,25]) as perturbations of
small geodesic spheres using perturbative methods; notice that instead Theorem 1.6 deals with
the global situation when the topology of the ambient manifold plays a crucial role. Moreover in
the next theorem we produce area-constrained Willmore spheres for any value of the area. More
precisely consider the Lagrangian Wk defined on Fg» as follows

- 1 1_ -
Wk (D) :=/ <-|11|2 — -K(T@)) dvoly. (1.26)
SZ 4 2
Using the Gauss equation, one has
1 1- - . 1
—I? = =K(Td) = |H*> - =K3, 1.27
4| | 5 (TP) = IH| 7 K% (1.27)

and, as before, this implies that the critical points of Wk satisfy exactly the Willmore equation
outside the branch points. Notice moreover that, if one considers just non branched immersions
then Wg is exactly the Willmore functional W up to an additive topological constant by the
Gauss—Bonnet Theorem, so minimizing Wx under area constraint among branched immersions
is the natural generalization of minimizing W under area constraint among non branched
immersions; moreover the possibility of having a branched minimal sphere (for the existence
of branched minimal spheres in Riemannian manifolds see for example [38]) for a fixed value of
the area suggests that the correct setting, for the global problem of minimizing the Willmore
functional under area constraint for not necessarily small values of the area, is the one of
branched immersions.

Theorem 1.7. Let (M™, h) be a compact Riemannian mamfold and fix any A > 0. Then there
exist finitely many branched conformal immersions 451 QjN € Fs and a Lipschitz map
f € Whoo(S2, M™) with

N >
Z () = (1.28)
f(sH = U &(S?)  and (1.29)
i=1
- N - .
£lST1=) LS, (1.30)

i=1

such that for every i, the map ; is a conformal branched area-constrained Willmore immersion
which is smooth outside the finitely many branched points b', ..., bNi. More precisely we mean
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that, outside the branched _points, every &' is a smooth solution to the Willmore equation with
the Lagrange multiplier aH (for some a € R)

1 - - - - S -

ED? [DgH — 3m3(Dg H) + %4 ((*g Dyit) Ay H)] = af + R(H) — R5(T$), (1.31)
with the same notation as in Theorem 1.6. Moreover the N + 1-tuple T = ( f Eﬁl <:13N )
minimizes the functional Wy in the set of tuples T (defined above) having area A, where the
area and the Wk funcllonal of an element T = ( f @1 @N ) € T are defined in a natural
way as A(T) Zl ; A(@l) and WK(T) Zl 1 WK(Q5’) respectlvely O

With the same proof, the analogous theorem about the existence of a connected family of
smooth branched conformal immersions of S? which are area-constrained critical points for the
functional F and whose total area is an arbitrary .4 > 0 holds; this connected family moreover
minimize the functional F in 7 under the area constraint A(T) =

Remark 1.13. For small area A < g, by the monotonicity formula (the monotonicity formula
is a crucial tool introduced in [39], for the proof in this context see Lemma 7.2) the minimizer
has also small diameter and thanks to the estimates contained in [19,18], the minimum of the
functional W is close to 2. With arguments analogous to [18] (using [21]), one checks that,
for small area A < &g, the minimizer produced in Theorem 1.7 is made of just one smooth
non branched area-constrained Willmore immersion of the 2-sphere. Therefore Theorem 1.7 is
the natural generalization of the main theorem in [18], where Lamm and Metzger minimize the
Willmore functional under small area constraint among non branched little spheres. [

Notations and conventions.

For the Riemann curvature tensor Riem” of (M™, h) we use the corlverlticln of [45] (notice
that other authors, like [9], adopt the opposite sign convention): for any X, Y, Z € Ty M define

Riem” (X, Y)Z := Dy DyZ — DyD3Z — D3 3,2

The Hodge operator on R™ or more generally on the tangent space 7, M of an oriented
Riemannian manifold (M™, h) is the linear map from AP T M into A"*~P T, M which to a p-
vector « assigns the m — p-vector x, a on Ty M such that for any p-vector 8 in AP Ty M the
following identity holds:

BAxna= (B a)yEl A+ A Ep (1.32)

where (E Iy evns Em) is an orthonormal positively oriented basis of T, M and (-, -);, is the scalar
product on A? T,y M induced by A. Notice that even if M™ is not orientable, we can still define
*;, locally.

We will also need the concept of interior multiplication L between p- and g-vectors, p > ¢,
producing a p — g-vector such that (see [10] 1.5.1 combined with 1.7.5): for every choice of p-,
q- and p — g-vectors, respectively «, 8 and y the following holds:

(LB, y) =, BAY). (1.33)

We call e the following contraction operation which to a pair of p- and g-vectors («, B)
assigns the p + g — 2-vector « e 8 such that:

—ifg=1,xep :=aLp,
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—ifaenAnPTM,BeANTTiM and y € A* Ty M then
ae(BAY)=(@ef)Ay+ (=D (xey)AB. (1.34)

2. The conservative form of the Willmore surface equation in 3-dimensional manifolds

- Let %2 be an abstract closed surface, (M, h) a 3 dimensional Riemannian manifold and
$ : ¥? < (M, h) a smooth immersion. Since the following results are local, we can work
locally in a disc-neighborhood of a point and use isothermal coordinates on this disc. This means
that we can assume @ to be a conformal immersion from the unit disc D2 c RZinto (M, h).

Let us 1ntr0duce some notations. Given the conformal immersion @ : D? <> (M, h) we
call g == = &*h = e (d)c1 + dx%) the induced metric; denote (&1, ;) the orthonormal basis of

¢*(TE2) given by
¢ =e " z;f

where ¢* = [0y, q§| = |0y, 35|. The unit normal vector 7 to 35(2) is then given by
n=x(e] Aér).

Denoted with D the covariant derivative of (M, h) we have the second fundamental form

I(X,Y) := —(Dzii, V)i

and the mean curvature
H = % [ﬁ(a, &) + 1, 52)] .

Introduce moreover the Weingarten operator expressed in conformal coordinates (x1, x2) as:

- 1= - -
o =3 [Ter, e —Tez, e2) — 27 (er, )]

In [32] an alternative form to the Euler-Lagrange equation of Willmore functional in
euclidean setting was proposed; our goal is to do the same for immersions in a Riemannian
manifold.

Theorem 2.1. Let & be a smooth immersion of a two dimensional manifold X* into
a 3-dimensional Riemannian manifold (M3,h); restricting the immersion to a smaél disc
neighborhood of a point where we consider local conformal coordinate, we can see ¢ as a
conformal immersion of D?* into (M, h). Then the following identity holds

—2e" AgH ii — 4¢®* H (H* — (K8 — K")) + 2% R5(T &)

- D* [—ZVHﬁ + HD7i — H %, (i A DLfi)] , Q.1
where H is the mean curvature vector of the immersion Eﬁ, Ag is the negative Laplace—Beltrami
operator, xj, is the Hodge operator associated to metric h, D- := (D, 3 @ , Dsz 55') and D+ =
(— Da 3 ,DBX1 3" and D* is an operator acting on couples of vector fields (Vi, V) along
@(T Z’) defined as

D*(Vy, Va) = D, 3Vi+ Daxzéffz.
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Finally recall the definition (1.7) of RJ%(T ®) := (Riem(e}, &) H)L = %, (ii A Riem" (¢}, é3)
H). O

A straightforward but important consequence of Theorem 2.1 is the following conservative
form of Willmore surfaces equations.

Corollary 2.1. A conformal immersion i of a 2-dimensional disc D? is Willmore if and only if

262 [R(T &) + HRicy (i, ii)] = D* [-20}? +3HDii — %,(H A D7t ] O 2

Now recall that an immersion @ is said to be constrained-conformal Willmore if and only if it
is a critical point of the Willmore functional under the constraint that the conformal class is fixed.
In [6] is derived the Willmore equation under conformal constraint for immersions of surfaces in
a 3-dimensional Riemannian manifold, which, matched with Theorem 2.1, gives the following
corollary.

Corollary 2.2. A conformal immersion i of a 2-dimensional disc D? is constrained-conformal
Willmore if and only if there exists an holomorphic function f(z) such that

262+ [Ré;(r &) + HRicy i, 71) + e 2 ( f(z)HTo)]
= D* [—2DH 4+ 3HDi — %, (H A Diﬁ)] O 2.3)

We proceed in the following way: first we prove a general lemma for conformal immersions
of the 2-disc in (M3, h), then we pass to the proof of the theorem and of its corollaries.

Lemma 2.1. Let ¢ be a conformal immersion from D? into (M, h). Denote by 1 the unit normal
vector n = *p(€1 A €) of the conformal immersion ¢ and denote by H the mean curvature.
Then the following identity holds

—2H V& = Dii + %, (i A D) (2.4)
— N N 1 . N -
where D- .= (Dax1 P Dangp-) and D+ = (_DBX2¢" DBXI 3) U

Proof of Lemma 2.1. Denote (¢}, &,) the orthonormal basis of &, (T 52) given by

- 9
e == e —_—,
Bxl-
where * = [0y, Eli| = |0y, §5|. The unit normal vector 7 is then given by

n=xp(e] Aer).

‘We have
(€1, x (i A D7) = —(DYii, &)
(é1, % (i A DFi1)) = (DFid, ép)

From which we deduce

—xp (1 A Dax2 asi_i) = (Dax2 asi_i, é)e; — <DBX2 37, €1) €
*xp(n A Daxl ;pn) = —(Dax1 M er)er + (Dax1 M e1) es.
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Thus, by the symmetry of the second fundamental form,

D, 4t = #(ii A D,_3ii) = [(Dy_git. &)+ (D, 4, énlé
D& N +*xp(n A Da q}n) = [{ 5. o ez) + <D3X1 Q}ﬁy 21)] €2
Since H = —e™* 2’1[(Da 3 €2) + (D, 5, é)] we deduce (2.4) and Lemma 2.1 is
Xz Xl
proved. [

Proof of Theorem 2.1 and its corollaries. First let us introduce the operator D* acting on
couples of vector fields (V1, Vz) along @ (T X)) defined as

D* (Vl, Vz) = Daxl @V] + Daxzévz'

We can again assume that & is conformal. First apply the operator D* to (2.4) and multiply by
H. This gives

—2H?D*D® —2HVH -D$ = H D* [Dﬁ + %, (77 A DLﬁ)] . (2.5)

We replace —2H D in (2.5) by the expression given by (2.4), moreover we also use the
expression of the mean curvature vector in terms of &:

D*D® =2 H. (2.6)
So (2.5) becomes
—4H>H &+ VH - [Dﬁ +xp (A lez)] — H D* [Dﬁ T A Diﬁ)] X

By the Gauss equations, called K¢ the Gauss curvature of X and K h = K h(é*(TE)) the
sectional curvature of (M, h) evaluated on the tangent plane to 95(2) we have

" 1 o o
(K& — KMii = —3 *,(Dii A DFi)e 2>
Using that the Hodge duality x;, commutes with the covariant differentiation D we get
D*[x,(i A DY7)] = %4, (Dii A D7i) + %473 A Riem” (3, @, 0y, B)ii]

where we use the convention that Riem” ()} % )Z = D;(l? - D)?)} - Di ?]Z ; putting together
the last two equations we obtain

D*[xy(7i A Dii)] = =22 (K& — K")ii + %47 A Riem” (3, D, 0y, )7i]. (2.8)
Computing (2.7) — 2H(2.8) we get
—4¢® H (H? — (K¢ — K")) + VH - [Dﬁ (A DJ‘ﬁ)]
2w, (ﬁ A Riem" (3, B, 8, Zp)ﬁ) — H D" [Dﬁ N Diﬁ)] . (2.9)
Since D*(VHii) = e** AgHni + VH - Dii we have
HD*(Dii — %4 (i A D ii)) = 2¢** AgHii + VH %, (i A D*ii)

+ D*[-2VH7 + HDii — H x,(ii A D))
+ VHDi. (2.10)
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Plugging (2.10) into (2.9) we obtain
— 4% [ (H? — (K$ — K™) — 2% (ﬁ A Riem (3, &, 3y, Es)ﬁ) — 2™ A H i
= D* [—ZVHr'i + HDii — H %, (i A DJ‘ﬁ)] . 2.11)

Now observe that

(%p (7 A Riem” (8x2§15 0y, ¢)H) €)= (Riem (eE,e])IjI &)
(*h(n/\Rlem (0x, P, O, @)H) &) = (Rlem (ez,el)H er)

and the normal component is null; hence
" (ﬁ A Riem" (3, B, o, ZD)H) = —® (Riem(é1, &) H)* = —e¥ RL(T )

where -1 denotes the rotation in the plane 53*(T X)) of % in the sense from €] to é>. Therefore we
finally write the relation (2.11) as
— 26" AgH it — 4¢®* H (H* — (K8 — K")) + 2¢** R5(T &)
—D* [—ZVHﬁ + HDii — H (i A DJ‘ﬁ)] . (2.12)

Now recall that the immersion @ is Willmore if and only if

(AgH)i +2H(H? — (K& — K")) + HRicy(ii, /i) = 0
so, using Eq. (2.12), & is a Willmore immersion if and only if

26% R (T ®) + 2¢* HRicy i, i) = D* [ =2V Hii + HDRi — HwyGi A D] (2.13)
Observing that DH = D(H7#i) = HDii + V Hii we can rewrite the last relation as

262 [RE(T &) + HRicy (i, ii)] = D* [—201? +3HDi — %y (H A DJ‘ﬁ)] (2.14)

which is the desired identity.
In [6] is derived the Willmore equation under conformal constraint for immersiogs of
surfaces in a 3-dimensional Riemannian manifold; more precisely, by [6, Proposition 2], & is a
conformal constrained Willmore immersion if and only if there exists an holomorphic quadratic
differential ¢ € H O(K 2) such that W’ (43) = 8*(q) which is equlvalent to ask that there exists

an holomorphic function f(z) such that W’ (95) = e 2 ( f (z)H()) Hence & is conformal
constrained Willmore if and only if

— (AgH)ii — 2H(H? — (K& — K")) — HRicy (i, ii) = e 2*3(f (z) Ho) (2.15)

for some holomorphic function f(z); we conclude using the relation (2.12). [
3. Conservative form of the Willmore equation in manifold in arbitrary codimension

Let us start introducing some notation. Let ® be a smooth immersion of the disc D? into a
Riemannian manifold (M™, h) of dimension m > 3. We stress that at this point dis not assumed
to be conformal. Let us denote with g = g5 = &*h the pull back metric on D? by $. Call *)
and *, the Hodge duality operators, defined in (1.32) for p-vectors tangent respectively to M and
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to D?. Consider a P051tlvely oriented orthonormal frame fl, f2 of T D? endowed with the metric
gand let ] == D.(f1), & = @ ( fz) be the corresponding orthonormal frame of q5 (TD?),
called D the covariant derivative in (M, h) we define

Dy : T'pa(T3M @ AP TD?) — I'pp (T M ® AP T D?)

X®a — Dgl)?®(ﬁ/\&)+Dng(®(ﬁ/\&)

ij 5 3

where, in the last line we used coordinates (xl, x2) on D%, T 'n2 denotes the set of the sections
of the corresponding bundle, and T3 M is the tangent bundle of M along &(D?). Notice that the

definition does not depend on the choice of coordinates chosen on D2, i.e. it is intrinsic. Observe
we defined D, on a generating family, so the definition extends to the whole space.
Next extend the definition of *, to T{j';M ® AP TD? as

%g: TeM ® AP TD* — Ty M @ AP TD?
XQar X ® (&) (3.2)
Using (3.1) and (3.2) let us define
&= (—1) % Dyg g - (3.3)

We also need to extend the definitions of x5, Ajs, scalar product and the projection 7rj; onto the
normal space to @ as follows

*p AP TaM @ N1 TD* — AP ToM @ A1 T D?

Qo> (xp1) ®a 3.4
Am AP T3M @ AT TD? x A TyM — AP Ty M @ AT D?

®a,7)— (AuT) ®a. (3.5)
() (AP T3M @ A1 TD?) x (AP TyM ® A1 TD?) — R

(®a&.T®P) > (i, F)nl@. B 3.6)

Tt TaM @ A1 TD* — TyM ® A1 T D?
X®ar— (1:(X) ®a. (3.7)
Define also Rz (T 55) to be

2
T$) = Z (Riem" Wy, &2)21, &2)¢; + (Riem" @1, 12))1, &2)¢) (3.8)
and
- m -
(D R)(T @) := ) _((Dj Riem")(é1, &2)é1, €2) E;. 3.9)

i=1
The goal of this section is to prove Theorem 1.1. Observe that, now, all the terms appearing
in the statement have been defined. Let us summarize the arguments of the proof.
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Proof of Theorem 1.1. The proof is almost given in the subsection below; more precisely it
follows by combining (3.28) of Theorem 3.1 with (3.29) in Remark 3.1; indeed with some
straightforward computation following the definitions (3.1)—(3.5) and (3.7) one checks that the
left hand side of (1.8) and the left hand side of (3.29) coincide. [

Before passing to the proof of the corollaries, some comments have to be done.

In order to exploit analytically Eq. (1.8) we will need a more explicit expression of 7 (Dgfl ).
Recall the definition of L given in (1.33), let as before (é1, €2) be an orthonormal basis of
&, (T D?), call 71 the orthogonal m — 2 plane given by

*xp (€] Nér) =h

and let (7i; - - - 7i,,—2) be a positively oriented orthonormal basis of the m — 2-plane given by 7
satisfying 71 = Aq 7. One verifies easily that

nle; =0

nlily = (—1)0[_l ABta ﬁﬂ

AL (Apsaig) = (=)™ T2 1,
We then deduce the following identity.

Vi € Ty M () = (=D ALlw). (3.10)

From (3.10) we deduce in particular
Ti(DgH) = DgH — (—=1)" ™" Dy (i) py (ILH)
— (=" ALy (D Gi)p H): (3.11)
where, analogously as before, we define
Lyt (NP TagM @ TD?) x A TyM — AP™9 T3M ® T D?
@®7,f) > @@V upf =@ p . (3.12)

A straightforward but important consequence of Theorem 1.1 is the conservative form of
Willmore surface equations given in Corollary 1.1. Let us prove it.

Proof of Corollary 1.1. Recall that the first variation of the Willmore functional in general
Riemannian manifolds has been _computed in [43]; equating it to zero we get the classical
Willmore equation in manifolds: @ is a Willmore immersion if and only if

A H+AH)—2|H* H—-R(H) =0 (3.13)
where R is the curvature endomorphism defined in (1.5). Collecting (3.13) and Eq. (1.8) we get
the thesis. [

Recall that an immersion @ of X is said to be constrained-conformal Willmore if and only if it
is a critical point of the Willmore functional under the constraint that the conformal class is fixed.
Let us prove the conservative form of the constrained-conformal Willmore surface equation given
in Corollary 1.2.

Proof of Corollary 1.2. Recall (see [35], and the notation given in the introduction before
Corollary 1.2) that an immersion @ is a constrained-conformal Willmore immersion if and only
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if there exists an holomorphic quadratic differential ¢ € Q(J) such that
A H+A(H) —2\H? H - R(H) = 3[(q. ho)we] (3.14)

where R is the curvature endomorphism defined in (1.5). The thesis follows putting together
(3.32) and Eq. (3.28). O

Now we prove that also the Euler—Lagrange equation of the functional F = % i [T|? can be
written in the conservative form, being the Euler—Lagrange equation of W plus some lower order
terms. Let us start with an auxiliary lemma.

Lemma3.1. Let & : D? < (M, h) be a smooth immersion, then the first variation 0f the
functional f D2 K (Q5*(TD2))dvol with respect to a smooth compactly supported variation W is
given

d - 2 - 2 _
- /D2 K((® + 1) (T D?)dvoly, (1 =0)
= / D RY(T $) + 2R 3(T ) + 2K ($,(T D*) H, H)dvol, (3.15)
D

where (D R)(T <:1)5) and Rz (T <:1)5) are the curvature quantities defined respectively in (3.9) and
(3.8, 0O

Proof. Let (é1, é>) be an orthonormal frame of (15*(TD2) extended in the neighborhood of
@(Dz) by parallel translation in the normal directions, and 77 denotes the projection on
&,(TD?) By definition K(&$,(TD?) = —(Riem"(),¢é,)é1,&,). Observe that using the
orthonormality of (€1, &>), the antisymmetry of Rlemh( , -) and the fact that Dnﬁ(l;,)é’,- = 0 we get

Riem" (D;1, é2) = Riem” (I(7 (), €1), &2);

recall moreover that the first variation of the volume element is —Z(ﬁ , w)voly. Collecting these
informations and using the symmetry of the Riemann tensor one gets

—/ZI:((D,;)Riemh)(E], &)1, &) + 2(Riem" (L(r7 (W), &1), &)1, &)
D

+ 2(Riem” (21, I(7r7 (W), 2))é1, 1) + 2K (8,(T D?))(H, 17)>]dv01g. (3.16)
Now the thesis follows recalling the definitions (3.9) and (3.8). [

Corollary 3.1. A smooth immersion i of a 2-dimensional disc D* in (M™, h) is critical for the
functional F = %f 1|2 if and only if

D [ Do = 373 (Dg ) + 41 ((Geg D) A ) |
= 2R(H) — 2RE(T ) + (D R)(T §) + 2% 3(T &) + 2K ($.(T D*) H, (3.17)
where R and R are the curvature endomorphisms defined respectively in (1.5) and (1.7). O

Proof. The Gauss equation yields

- 02, o 2
SR =21HP + K(B.TD?) - K; (3.18)
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where K 3 is the Gauss curvature of the metric g = *h. Integrating over D2, we get

F($) = 2W () +/ K (9.(T D?)) —/ K zdvol,.
D? D2
Since by the Gauss—Bonnet theorem the last integral reduces, up to an additive constant, to
an integral on the boundary, if we take variations w compactly supported in D? it gives no
contribution in the first variation. Therefore the thesis follows combining the first variation of W
given in Corollary 1.1 and Lemma 3.1. [

Corollary 3.2. A smooth immersion i of a 2-dimensional disc D* in (M™, h) is conformal
Willmore (i.e. critical for the conformal Willmore functional Weons = f (|H |2 + K)dvoly) if and
only if

1 oy d > -
5D | Dol = 3 (D H) + w1 (v D) A ) |
= R(H) - R(T $) + (D R)(T ) + 2% 3(T §) + 2K ($,(T D) H. (3.19)
Notice if (M, h) has constant sectional curvature K then the right hand side is null and we get
1 - . . .
5Dy | Dol = 3Dy H) + i (g Dy ug )| = 0. O (3.20)

Proof. The proof of (3.25) follows combining Corollary 1.1 and Lemma 3.1.
Now assume that the sectional curvature K is constant; then observe that Wconf(gﬁ) =
W(®) + KA(®),
dWeont = dW — 2K H. (3.21)

Moreover, K constant implies that (see [9, Corollary 3.5] and recall the opposite sign convention
in the Riemann tensor)

(Riem" (X, V)W, Z) = h(X, Z)h(Y, W) — h(X, W)h(Y, Z)

VX, Y, W, Z € T:M. (3.22)
Therefore, plugging (3.22) directly into the definitions (1.5) and (1.7) we get

R(H)=—2KH, (3.23)

RE(T ®) = 0. (3.24)

Eq. (3.26) follows combining (3.21), (3.23), (3.24) and Corollary 1.1. [

Corollary 3.3. Let & : X <> M be a smooth immersion into the m > 3—di1nensi0nal
Riemannian manifold (M™, h) and call J the complex structure associated to g = ®*h. Then
the immersion @ is constrained-conformal conformal Willmore (i.e. critical for the conformal
Willmore functional Weons = f (|H 2+ K )dvolg under the constraint of fixed conformal class)
if and only if there exists an holomorphic quadratic differential g € Q(J) such that

1 Ty d N -
5D [ Dot = 3mi(D ) + w1 (g D) ng ) |

=3[ hoywr] + R - RE (T )
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+ (D R)(T &) + 2R 3(T §) + 2K (9. (TD*) H (3.25)

where Ho, ﬁo and (-, -)w p are defined in (1.10)—(1.12).
Notice that if (M, h) has constant sectional curvature K then the curvature terms of the right
hand side vanish and we get

%D;‘g | Dl = 3ma(Dy ) + i (G Dy At ) | =3[ @ hoowr]. O (326)

Proof. The proof is analogous to the proof of Corollary 1.2 once we have Corollary 3.2. [
3.1. Derivation of the conservative form: use of conformal coordinates and complex notation

_ We first introduce some complex notation that will be useful in the sequel. In this subsection
@ is a conformal immersion into a Riemannian manifold (M™, h) of dimension m > 3, denote
z=x1+ixg, 9 =27 (0 —idyy), 87 =27 By, +i0y)-

Moreover we denote?

{EZ =e 0.0 =271 —iér)

-

Gri= e M= =271 (@ +ié).

Observe that

<Ezv Ez) =0

o e 1

(e, €z) = E (3.27)
aA%zéaAa

We also use the shorter notation D; := D, 5 and Dz := Dj_; for the covariant derivative with

respect to the vectors 9, ¢ and 9; ¢. Introduce moreover the Weingarten operator expressed in
our conformal coordinates (xp, x»):

d 1 o o o5 o [N
Hy = 5 []1(61, e1) —l(ey, er) —2il(ey, 62)] .

Theorem 3.1. Let & be a smooth immersion of a two dimensional manifold %? into an
m-dimensional Riemannian manifold (M™, h); restricting the immersion to a smagl disc
neighborhood of a point where we consider local conformal coordinate, we can see ¢ as a
conformal immersion of D* into (M, h). Then the following identity holds

4e 0 (DZ [nﬁ(DZI:I) + (H, H) 5533])
= A H+A(H)—2|H* H + 8% ((Riemh(ég, é.)é., ﬁ)zg) , (3.28)

where H is the mean curvature vector of the immersion ®, A, is the negative covariant
Laplacian on the normal bundle to the immersion, A is the linear map given in (1.6), D, =

2 Observe that the notation has been chosen in such a way that ¢, = =
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D, 3+ and Dz- == D, g are the covariant derivatives in (M, h) with respect to the tangent
vectors 9; 9 and 3z9. U

Remark 3.1. Observe that using the identity (3.34) proved in Lemma 3.2, Eq. (3.28) can be
written using real conformal coordinates as follows

—2A
- eT D* [DH — 37:(DH) + %, (DY A H)]
= A, H+ A(H) —2|F1|21§—RJ§;(T§5), (3.29)

observe we used the equation below, which follows by definition (1.7),
L3 R R I 2 LV s =g\
RE(Td) = —8% ((Rlem (@2, 2,)%., H)eg) - (nr [Rlem @, ez)H])
Notice that identity (3.29) in codimension one gives exactly the previous (2.12). [

A straightforward but important consequence of Theorem 3.1 is the following conservative
form of Willmore surfaces equation in conformal coordinates.

Corollary 3.4. A conformal immersion b of a 2-dimensional disc D* in (M™, h) is Willmore if
and only if

4e 2w (Df [”a(Dzﬁ) + (H. Ho) 3355])

— R(H) + 8% ((Riemh (s, 8,)é., ﬁ)Eg) . (3.30)

Proof. Recall that & is a Willmore immersion if and only if (3.13) holds. Combining (3.13) and
Eq. (3.28) we get the desired result. [

Now recall that an immersion @ is said to be constrained-conformal Willmore if and only if
it is a critical point of the Willmore functional under the constraint that the conformal class is
fixed.

Corollary 3.5. A conformal immersion b of a 2-dimensional disc D? in (M™, h) is constrained-
conformal Willmore if and only if there exists an holomorphic function f(z) such that

de 2 m (Dz [ﬂﬁ(Dzﬁ) + (H, Ho) 8555]>

= ¢ 3(f () Ho) + R(H) + 8% ((Riemh ez €)é., H >Ez) : (3.31)

Proof of Corollary 3.5. An immersion & is a constrained-conformal Willmore immersion if and
only if there exists an holomorphic function f such that

ALH + AGH) —2|H2 H — R(H) = e~ 3(f (2) Hy) (3.32)

where R is the curvature endomorphism defined in (1.5).
Therefore putting together (3.32) and Eq. (3.28) we get the thesis. [

In order to prove Theorem 3.1 some computational lemmas will be useful; let us start with the
following.
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Lemma 3.2. Let & be a conformal immersion of D* into (M™, h) then
7 (D.H) — i %(Dgji A H) = —2 <F1 ﬁo) 3@ (3.33)
and hence

D.H — 3w;(D.H) — i 4(D.ji AH) = -2 <ﬁ ﬁo) b —2m:(D,H). O  (3.34)

Proof of Lemma 3.2. We denote by (21, ;) the orthonormal basis of é*(TDZ) given by
q 0
Gi=et —.
ax,'
With these notations the second fundamental form h which is a symmetric 2-form on T D? into
(9T D)™ is given by
h= Z‘ h iy ® (€)* ® (€))*
ai,j (3.35)
with hflj = (D% (},ﬁa, Ej) .

We shall also denote
. . m—2
/’l,’j = ]I(E,', Ej) = Z /’l;-yj ﬁa.
a=1

In particular the mean curvature vector His given by
m—2

m—2

- I - -

H=> H"i, = 5 > " (h§) + h3y) i = 5+ hao). (3.36)
a=1 a=1

Let 7 be the m — 2 vector of T3 M given by n = | A --- A Hp. We identify vectors and
m — 1-vectors in T x M using the Hodge operator %, for the metric /; for the Hodge operator
we use the standard notation (see for example [29, Chapter 7.9.2])

(a, B) *n 1 = (ot A*p B)
for any couple of p-vectors « and B, where we set x; 1 := €| A €2 A 71; then we have for instance
x(MA€é)=¢er and *,(n Aeér) = —eéy. (3.37)

Since €1, 3, 7 - - - I;y_2 is a basis of T3 M. we can write forevery ¢ = 1---m — 2

m—2 2
Diig = Y (Diiq.iig)iig + » _(Diia, )i
B=1 i=1
and consequently
*i (i A DViig) = (D iy, €1) & — (D iig, €2) 1. (3.38)
Hence

x(DYi A H) = —(DYH, é1) é + (DYH, é) &,
= (H,7;(D*é))) é, — (H, 1;(D*éy)) &).
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Using (3.35), we then have proved

. = <Hh12>axq§+(ﬁ1§2> i
*p(DYiAH) = ( 2 A . (3.39)
(H, hn)axZ@ (H, h12) 0x
The tangential projection of DH is given by
nr(DH) = (DH, é1) é + (DH, &) é
= —(H, m;(Déy)) e; — (H, m;(De2)) e
Hence
= (—(H,h11) 85, & — (H, h12) 3y, ®
rr(DH):( s [ e 22, (3.40)
! —(H, h12) 8y, ® — (H, ) 8y,
Combining (3.39) and (3.40) gives
o - (ﬁ Zn hzz) O 45+2(H h12> Oy, &
—r(DH) — %,(D i A H) = ( ! 2 (3.41)
! 2(H, ha) 05, &+ (H, hop — i) 95,8

This last identity written with the complex coordinate z is exactly (3.33) and Lemma 3.2 is
proved. [

Before we move to the proof of Theorem 3.1 we shall need two more lemmas. First we have
the following.

Lemma 3.3. Let P bea conformal immersion of the disc D? into M™, called 7 .= x1+ix, e =
[0x, @| = |0y, P| denote

g =e"0, (3.42)

and let Hy be the Weingarten operator of the immersion expressed in the conformal coordinates
(x1, x2):

= | - 5 o .
Hy = 3 [H(el, e1) —l(ez, e2) —2i ey, 62)] .

Then the following identities hold

2
Dz[e*é.] = - H. (3.43)
and
D, [e7e.] = %ﬁo_ 0 (3.44)

-

Proof of Lemma 3.3. The first identity (3.43) comes simply from the fact that D70, - %A P,
from (3.48) and the expression of the mean curvature vector in conformal coordinates

—2A
H=% " Ao
2
It remains to prove the identity (3.44). One has moreover
L1 . .
Az .
D[¢*e] = D..# = 1D, 400 ®— D, 0 ®—2i D, 08|, (3.45)
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On the one hand the projection into the normal direction gives

ﬂﬁl:D”*a ES—Daz~ax2¢ 2i D, ¢ax2¢]_2e2‘1§o. (3.46)

On the other hand the projection into the tangent plane gives

&
= 3,8, [Dax1 30, i’s - DaX2<38x2§§ ~2i D, 0,9]) &
’ 3 ® =20 Dy 50,8]) &
x1

This implies after some computation

1D, 300 - D, éaxZ@ 2i D, 30, @]

=2¢" [01 —idy,A] & [axZ,\+zaxlA] é
=809.¢" e.. (3.47)

The combination of (3.45)—(3.47) gives

L e R
D, [ekez] == Hy + 28Ze)‘ e,
which implies (3.44). O

The last lemma we shall need in order to prove Theorem 3.1 is the Codazzi—Mainardi identity
that we recall and prove below.

Lemma 3.4 (Codazzi-Mainardi Idennty) . Let @ be_a conformal immersion of the disc D? into
(M™, h), called z :== x1 +ixp, e* = |0y, §Z5| |8x2(15| denote

G =e"0, o, (3.48)

and denote Hy the Weingarten operator of the immersion expressed in the conformal coordinates
(x1, x2):

Hy = % (1@, &) — 1@, &) — 2 161, &2)] -
Then the following identity holds
e oz (e (H, Ho) = (H, D.H) + (Ho, D)
+2(Riem" (&, &.)d, 6, H). O (3.49)

Proof of Lemma 3.4. Using (3.44) we obtain

e =2 . (0.3)] )

—2 <DZ [DZ (e—2A 3, ES)] : Fl> + 2(Riem" (&, 2,)9, &, H).
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Thus

(DzHo, Hy = —4 (D [0 0,8 H) + <DZ [6? AEB} , 1?>
+2(Riem" &z, ¢.)d, &, H)
— 201 (FIO, ﬁ) n (Dzﬁ, fl>~|—2(Riemh(Zg, ¢.)0, 0, H). (3.50)
This last identity implies the Codazzi—Mainardi identity (3.49) and Lemma 3.4 is proved. [

Proof of Theorem 3.1. Due to Lemma 3.2, as explained in Remark 3.1, it suffices to prove in
conformal parametrization the identity (3.29). First of all we observe that

4o % (nﬁ (DZ [ﬂﬁ(Dzﬁ)])) — e (D* [W(Dﬁ)]) — A H. (3.51)
The tangential projection gives
4e 2 r (D2 [nﬁ(DZFI)]) = 8o <Dz(7’[;,'(Dzﬁ)), EZ> &
18 <Dg(n5(szI)), ég) Z,. (3.52)

Using the fact that €, and ¢z are orthogonal to the normal plane we have in one hand using (3.43)

A
<Dg(nﬁ(DzH)), é’z> = e <nﬁ(DZH), Dz [e* zz]> = —% <DZH, H> (3.53)
and on the other hand using (3.44)
TN A 7 xz et T
<Dg(n',3(DZH)),eg> =—¢ <n,;(DZH), D:[e eg]> =-= <DZH, Ho>. (3.54)

Combining (3.52)—(3.54) we obtain

-

4e Py (DZ [nﬁ(Dzﬁ)]) — 4 [<DZI:I, FI) ¥+ <DZH, F10> 9, ES] . (355)
Putting (3.51) and (3.55) together we obtain
4¢P 0 (DZ [nﬁ(Dzﬁ)])
— A H —4e P [[(DZFI, ﬁ> n <Dz[‘7, F10>] zﬁiz's] . (3.56)
Using the Codazzi—Mainardi identity (3.49) and using also again identity (3.44), (3.56) becomes
4o~ (Dg [nﬁ(Dzﬁ) + (H, Ho) aga])
— AL H+20 ((ﬁ ﬁ0> Ho + 4(Riem” (&=, 2,)é., FI)E;) . (3.57)
The definition (1.6) of A gives

2
A(H) = Z (H, hij) hij;
ij=1
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hence a short elementary computation gives

-

Acy = 21H1? =271 (i i = o) Ging = ho) + 208, o) .
Using I:IO this expression becomes
ACH) —2)H? H = 20 ((FI F10> ?0) . (3.58)

Combining (3.57) and (3.58) gives

>

4e 0 (Dg [W(Dzﬁ) + (H, Ho) 65@]) — AVH+ A(H)—2/H* H
+ 89t ((Riemh (2=, 2.)é., fI)Eg) (3.59)

which is the desired equality and Theorem 3.1 is proved. [
4. Parallel mean curvature vs. constrained-conformal conformal Willmore surfaces

As an application of the Conservative form of the Willmore equation, in this section we
prove the link between parallel mean curvature surfaces and constrained-conformal conformal
Willmore surfaces mentioned in the introduction; notice that Proposition 1.1 gives a lot of
examples of constrained-conformal conformal Willmore surfaces.

Proof of Proposition 1.1. Observe that the proof in the Euclidean case was given by the second
author in [36], here we adapt the computations to the Riemannian setting. Up to a change of
coordinates, we can assume that & is a smooth conformal immersion. Since (M™, h) has constant
sectional curvature K, then writing Eq. (3.25) using the conformal parametrization gives that @
is constrained-conformal conformal Willmore if and only if there exists a holomorphic function
f(z) such that (see also (3.31))

4e7 9 (D [wa(D ) + (. Fo) 9:8]) = e 3(f ) Fo). .1
Now assume that H is parallel, that is 7 (D, H ) = m; (D3 H ) = 0. From the Codazzi—Mainardi

identity (3.49), observing that the curvature term vanishes as showed in the proof of Corollary 3.2
(it is nothing but RL (T ®)) we obtain

e~ (¥ (H, Fo)) = 0;

therefore f(z) == ¢** (ﬁ , ;10) is holomorphic. Since by assumption n,g(DZﬁ ) = 0, we can write
the left hand side of (4.1) as

4e 0D (2 (A i) e ) | = 4 N[F@Dse 2],

Now using (3.44) we write the right hand side of the last equation as 2e PR ( f (z)ﬁo) =

ey (21' f (z)ﬁ 0)- We have just shown that & satisfies the constrained-conformal conformal

Willmore equation (4.1) with holomorphic function 2ie* ( H , flo). O
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Proof of Theorem 1.3. One implication follows directly from Proposition 1.1 observing that
the constraint on the conformal class is trivial on smooth immersions of spheres by the
Uniformization theorem.

Let us prove the opposite implication by contradiction: we assume that the compact
Riemannian 3-manifold (M3, k) has a constant scalar curvature Scalg but it is not a space form
and we exhibit an embedded sphere which has constant mean curvature but is not conformal
Willmore.

First of all let us denote S, := Ric;, — % Scal h,, the trace-free Ricci tensor of (M, h) and
observe that under our assumptions

m := max || Sx||* > 0. 4.2)
xXeM

Indeed if ||S||> = 0 then the manifold is Einstein, but the 3-dimensional Einstein manifolds are
just the space forms (for example see [31, pp. 38—41]).
Now consider the function 7 : M — R defined as

55 1 5
= re ———Scal’ ~ 5y AScal _— Scal? (4.3
r(x): 378|| Sell? + == T (x) cal(x) = 378|| Sell? + i3z Sealh (4.3)

where in the last equality we used that Scal = Scaly. The function r we just defined is exactly
the function r defined at p. 276 in [30]; this can be seen using the irreducible decomposition of
the Riemann curvature tensor which implies (notice that we are assuming M to be 3-d, so the
Weil tensor vanishes)

1
IRiem” || (x) = gsmz(x) + 418,11

plugging this expression in the formula in [30] and taking m = 3, after some straightforward
computations we end up with (4.3). Let us recall Theorem 1.1 of [30].
There exists pg > 0 and a smooth function ¢ : M x (0, pg) — R such that

(i) For all p € (0, pp), if x is a critical point of the function ¢ (-, p) then, there exists an
embedded hyper-surface SIj whose mean curvature is constant equal to ; and that is a
normal graph over the geodesw sphere S, for some function which is bounded by a constant
times p> in C%% topology.

(i1) For all k > 0, there exists ¢; > 0 which does not depend on p € (0, pg) such that

lp(-. o) — Scal + p*rllckary < Crp’. (4.4)

Now, for pg small enough, we claim that at all points of global minimum of ¢ we have ||.S I> > 0.
If it is not the case let xf? be a point of global minimum of ¢ (-, p) and observe that (4.4) and (4.3)
yield

d)(xff, p) = Scaly + ———Scalj 2 p? — Cop*; 4.5)

1134

on the other hand, at a maximum point x5 for ||S||?, we have analogously

>3 Scal? p? llm +C (4.6)
113250 P° = 37gme” + Cop’; '

now (4.5) and (4.6) together with the crucial fact that m > 0 (ensured by the fact that (M, h) is
not space form) imply that for p small enough ¢ (x5, p) < ¢ (xf)b, p) contradicting the minimality

¢ (x5, p) < Scaly +
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of xZ’. Collecting Theorem 1.1 of [30] and what we have just proved we conclude the following:

for pg small enough, for every p < pg consider a minimum x,, a point for ¢ (-, p), then

@) [ISy, 11> > 0

(b) there exists an embedded CMC sphere S)E ,.p Whose mean curvature given by a normal graph
over the geodesic sphere S; , for some function which is bounded by a constant times
p> in C>“ topology. Observe that, since the graph function satisfies the mean curvature
equation, bootstrapping the C>* bound using Schauder estimates, one gets the graph function
is bounded in C*® norm by a constant times p°.

But now, since (a) holds, Theorem 1.4 in [25] implies that for small p the CMC perturbed
geodesic spheres constructed in (b) cannot be conformal Willmore immersions. The proof is
now complete. [

5. Conformal constrained Willmore surfaces in manifold in arbitrary codimension via a
system of conservation laws

Let us start with a general lemma for surfaces.

Lemma S.1. Let b be a conformal immersion of the disc D? into a Riemannian manifold (M, h)
and let X be the following L' + H™! vector field

X = —2i <f1,[310>8¥135—2i 7:(D, H); (5.1)
then the following system of equations holds
5 Ré'g, f()] —0 (SysX-1)

ﬁ . 5.2)
3 [zg AKX +2i DZH)] —0 (SysX-2)

where glven two complex vectors fields X Y € F(TM ®C): X = )}1 + l)?z, Y = 171 + il?z
with X1 Xz, Yl, Yz € I'(T M) we use the notation (X Y) to denote the quantity

(X, Y) = h(Xl, Y1) - h(Xz, Yz) +ih(X1, Yz) +ih(X2, Y1)

where, of course, h(-, -) denotes the standard scalar product of tangent vectors in the
Riemannian manifold (M, h). [

Proof of Lemma 5.1. First of all by Lemma 3.2 we can write X as
X = -2 <F1 ﬁ0>&ziﬁ —2imi(D.H) = iD,H — 3inz(D,H) + n(D.i A H).  (5.3)

Let us start by the first equation (SysX-1). Since ¢z is tangent and mj;(D, H) is normal to
(45) (T D?), the scalar product simplifies as

3 [<Eg, f()] =3 [(ez, ir (D, H)>] [(zz, wn (D7 A Fl))] . (5.4)
Identity (3.33) together with (3.27) gives

3 [(zg, inT(Dzﬁ)ﬂ =3 [(zg, wn (D7 A ﬁ))] . (5.5)
Putting together (5.4) and (5.5) we obtain (SysX-1).
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Now let us prove (SysX-2). Since ¢; A &; = 0 we have
3 [zg A f(] =3 [é’z A (—2i nﬁ(DZFI))]
R [zz A (—21’ DZH)] g [zg A (—2i nT(DZH)>] . (5.6)

In order to have (SysX-2) it is enough to prove that ¥ [Zg A (—21’ JTT(DZﬁ))] = 0. Using (3.27)
we write

nr(D.H) = 2(D.H, 2.)é: + 2(D.H, &:)é-, (5.7)

hence, again €z A €; = 0 implies that

3 [zg/\ (—21‘ nT(DZH))] =3 [Ez/\ (—41’ (D.H, 2@@)]

49%[((DZI;{,EZ)> Z, /\Eg]. (5.8)

Now use the fact that H is orthogonal to €1, €, and that 7;;(D;,é2) = L2 = Ip; = 7;(D;,€1) to
conclude that

4% [( (D.H, 25>) é. A 25]

1
2

Theorem 5.1. Let ® be a conformal immersion of the disc D* into a Riemannian manifold
(M h), then b isa conformal constrained Willmore immersion if and only if there exists an
— 4+ L yector field Y such that

3 [(é‘g, 17)] —0 (Sys-1)

S[en (G +2iD. )] =0 (Sys2) (5.9)

- 1~ bd S5 o5 (o> =
S[DgY]:—eZ)‘ (ER(H)+4§ﬁ[(Riemh(ez,eZ)ez,H)ez]> (Sys-3). O

Proof of Theorem 5.1. Let us first prove the “only if” part: we assume that & is constrained
conformal Willmore and prove that there exists an H~! 4+ L! vector field Y satisfying the system
of Egs. (5.9). _
Recall that @ is a conformal constrained Willmore immersion if and only if there exists an
holomorphic function f(z) such that Eq. (3.32) is satisfied, namely
ALH + A = 21H1P H = RUD) = 3£ (@) Ho) = (@ ho)wr

where fzo = ﬁo dz ® dz. We claim that the vector
Vometfe—2i (ﬁ H0> 9® — 2i 75 (D, H) (5.10)

satisfies the system. Recall the definition of the vector X given in (5 1), observe that Y =
e > fe-+ X. Since X satisfies the system (5.2) and since (¢, €;) = 0 = &z A €z we conclude that
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Y satisfies the first two equations of system (5.9). Now let us prove the third equation (Sys-3),
we have

3 [DZI?] - 23 [i D: (<FI ﬁ0> 00 + nﬁ(Dzﬁ))] +3[Da(e™ £22)]

-Qmp%«ﬁjm@&+nﬂmﬁ»]fﬂfm@*%ﬂ
+3[@:f) e e:].
Recall the identity (3.44), sum and subtract ¢2* (%ﬁ(ﬁ) 4490 [(Riemh (2, 2,)%., FI)E;]) and
get

o~ i 2A ] DL n : h /= >N\ 3204 o~ -1

;{Dﬂlz—% ERGD+4%BKMH@@QMDHW4 +3[(0:f) e 2]

5 o - > 1 ——
—mﬂdeLHQ%¢+nﬂmH»]+§sVHd
1~ - s =

—%Jx(§R(H)+¢miBRmmﬁ@megemIﬂe4>. (5.11)

Now recall that @ is conformal constrained Willmore if and only if the identity (3.31) holds,
moreover f is holomorphic so dz f = 0; therefore we can conclude that
- 1~ - b 2
%[Dgﬂ:-{M<5Ran+4m[mmmhqng,Hw4)

as desired.
For the other implication assume that there exists a vector Y satisfying the system (5.9) and
write Y as

Y = Aé. + Bé=+V

where A and B are complex numbers and V= n;,()?) is a complex valued normal vector to the
immersed surface. The first equation of (5.9), using (3.27), is equivalent to

JA=0. (5.12)
Observe that if we write

D.H=Cé.+Dé&+W
where W = JTﬁ(DZI:I), one has, using (3.43) and the fact that His orthogonal to &z

-

C:%%DJU:—%@@wﬁﬁ>fhzﬂﬂHﬁ (5.13)
Hence we deduce in particular

JC =0. (5.14)
We have moreover using (3.44)

D =2(¢., D.H) = -2(D(e7 &), H) & = —¢* (o, ). (5.15)
Thus combining (5.13) and (5.15) we obtain

D.H = —|H* 8.9 — (Ho. H) 9 + n7 (D H). (5.16)
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Using (3.27), the second line in the conservation law (5.9) is equivalent to

{;“s(i A—-20)=0
(5.17)

3 (ng [\7 +2ivT/]) —0.

We observe that & A [\7 + 2i W] and é; A [\7 + 2i W] are linearly independent since [\7 + 2i W]
is orthogonal to the tangent plane; moreover we combine (5.14) and (5.17) and we obtain that
(5.17) is equivalent to

I(EA)=0
21/\;~S<\7+2iﬁ/):0 (5.18)
BAT (i [\7 +2iVT/]) —0.
Combining (5.12) and (5.18) we obtain that the first two conservation laws of (5.9) are equivalent
to
A=0
{V/ = —2i W = —2i n3(D, H). (5.19)

Or in other words, for a conformal immersion & of the disc into R™, there exists a vector field Y
satisfying the first two equations of the system (5.9) if and only if there exist a complex valued
function B and a vector field Y such that

Y = Bé: — 2i m;(D.H). (5.20)
We shall now exploit the third equation of (5.9) by taking Dz of (5.20). Let

fi= "B +2i? (ﬁ Ho). (5.21)
With this notation (5.20) becomes

Y =e fo-—2i <1§ FI()) 3@ — 2i w3 (D, H) (5.22)

which is exagtly Eq. (5.10) (recall we defined a vector Y in that way starting from a conformal
immersion @ satisfying the constrained-conformal Willmore equation). Then repeating the
computations above (i.e. the ones for the “only if” implication) we get that Eq. (5.11) is still
valid, but since Y satisfies (Sys-3) we get

0 = 2 [0 (. i+ 7500 0)) | + 2 [ 7]
i (%R(ﬁ) P |:<Riemh(é'z’ é.)é,, ﬁ)@z]) +3[@:f) e ez (5.23)

Consider the normal and the tangential projections of (5.23). The tangential projection of identity
(3.28) gives

nr (—29% [Dg (<FI ﬁ0> 9 b + nﬁ(Dzﬁ))])

= —4e¥0 [(Riemh (-, 2,)%,, H)Ez] : (5.24)
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on the other hand, the tangential projection of (5.23) gives
0=rnr (—29{ [Dz ((ﬁ ﬁ0>ag§$ + nﬁ(DZI:I))])
t 4P [(Rlem (=, 8,)é., )ez] +3[0=f) e e, (5.25)
so, combining (5.24) and (5.25) we obtain
0=3[@:f) e ez]. (5.26)

The normal projection of (5.23) gives

0=m; (—2.% [Dg ((ﬁ H0> b + nﬁ(DZﬁ))] + %s [fHTo] + %R(ﬁ)) . 627

Therefore, putting together (5.24), (5.26) and (5.27) we conclude that (5.23) implies the
following system

4o~ 0 (Df [n,;(D H) + (H, Ho) 3255])
“2X(f(2)Ho) + R(H) + 8% ((Rlem (é-, é,)é., )ez) (5.28)
N (f*zf éz) = 0.
The second line is equivalent to
df ez — 0. fé, =0.
Taking the scalar product with ¢, and using (3.27), observe that (5.28) is equivalent to

4e R (Dz [ﬂﬁ(Dzﬁ) + (I:I’ I—}O) &Zé])

— e 2 X(f(2)Ho) + R(H) + 8% ((Riemh (@2, 8,)é., H)é’g) (5.29)
b1 =0.

The second line gives that f = f(z) is holomorphic and the equation in the first line is exactly
the equation of the conformal constrained Willmore surfaces (3.31); therefore we proved that
the existence of a vector field Y satisfying the system of conservation laws (5.9) implies that the
immersion @ is conformal constrained Willmore. [

6. Regularity for Willmore immersions

We start by using the divergence structure of the constrained-conformal Willmore equation in
order to construct potentials which will play a crucial role in the regularity theory.

Lemma 6.1. Let ® be a W' conformal immersion of the disc D* taking values into a
sufficiently small open subset of the Riemannian manifold (M, h), with second fundamental form
in L>(D?) and conformal factor A € L*®(D?). Assume disa constrained-conformal Willmore
immersion, then there exist the following potential vector fields:

(1) there exists a complex vector field (i.e. a vector field with values in the complexified tangent
bundle of M) L € L>*(D?) with VIL € L*>%°(D?) satisfying

7 _ v 2
{DZL_Y on D ©.1)

SL=0 ondD?,
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where Y is the vector given in (5.10) in the proof of Theorem 5.1;
(ii) there exists a complex valued function S € W22 ( D2y with V23S € L1(D?) for every
1 < g < 2 satisfying

6.2)

3. = (3,®,L) on D?
IS =0 ondD*

(iii) there exists a complex valued 2-vector field R e WL @220 ( D2y ywith V23R € L4 (D?) for
every 1 < q < 2 satisfying

6.3)

D.R=09,AL—2i0.9AH onD?
IR=0 ondD> O

Proof. (i): Let Y be the vector field given by (5.10) in the proof of Theorem 5.1 and observe that,
by our assumption of the immersion &, wehaveY € H-'+ L 1(D?). Moreover, since Y satisfies
Eq. (Sys-3) of (5.9), then

13DV 202y < CIH 202 (6.4)
Since & is taking values into a small open subset V. C M, by choosing Riemann normal
coordinates on V centered in #(0), we can assume that the functions

vl =18, vyl ec®nwl(D? (6.5)
are smaller than the € given in the statement of Lemmas A.1 and A.2; extend ykj to the whole C
and multiply them by a smooth cutoff function in order to obtain

vl e COnw2©), suppy! € Bo0), ¥l < €. (6.6)

Using ykj we can extend the operator D, to complex vector fields Ue LlloC (©) in the following
way

m
D, U/ = 8ZUj + Z yk] U*  in distributional sense.
k=1
Analogously extend Y/ € H™' + L'(D?) to functions ¥/ € H~! + L'(C), where H~'(C)
is the dual of homogeneous Sobolev space H!(C) (this is just a technical point for applying
Lemma A.1) such that
Y g1sp1e) < CIY =101 p2) < 00,
IS(DY )1y < CISDY )12y < CUSDY )22y < 00.
For convenience, in the following we identify Y/ and its extension. Now we apply Lemma A.1
and define L € L2 (D?) to be the unique solution to the problem
D.L=Y onD?
SL=0 ondD%
Observe that moreover the same lemma gives that V(Si) € L>°°(D?) which implies that
SL e LP(D?) forevery 1 < p < oo.
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Proof of (ii). Let us start with a computation; from (Sys-1) of (5.9), since by (i) we have
D, L_YonD2 then

0=3 (<3255, DZZ)> =3 (az<az &, L) — (D.3- B, i)) .
Using identity (3.43), by complex conjugation we obtain

21
) = —%(ﬁ, SL) € LI(D?) forevery | < g <2, (6.7)
where the L7 bound follows by the Holder inequality observing that by (i) we have V3L €
L*%(D?) then SL e LP(D?) for every 1 < p < oo; on the other hand, by assumption,
H e LX(D?). _

By (i), we have (9, ZF, Z) € L%°°(D?) and as before we extend it to the whole C keeping
controlled the norms: (0, 55, Z,) e L' N L%%(C) and J(d:(d, 35, Z,)) € L9(C) for every
l<qg<?2.

Now we apply Lemma A.2, with m = 1 and ykj =0, and define § € W12 (D?) to be the
unique solution to

l"ll

3(3:(9, 9,

3.8 = (3,®,L) on D?
3I§=0 on 8D2;
moreover V23S e L9(D?) for every | < g < 2 which implies, by Sobolev Embedding

Theorem, V3 S € LP(DZ) for all 1 <p<oo.
Proof of (iii). Since Y = D, L Eq. (Sys-2) in (5.9) gives

0= s[aziﬁADZZJrziazéB/\Dzﬁ]
- 3 [Dz (aZZzS AL —2id,® A FI) — (D38, D) AL +2i(D:9,®) A ﬁ] ,
using (3.43) we obtain
- = - o e >
S[Dg (BZ@AL —2i8zQ5AH)] =~ HASLeL/(D?
forevery 1 < g < 2, (6.8)

where the L9 (Dz) estimate comes from the Holder inequality since H e LZ(DZ) and SZ €
LP(DZ) for every I < p < oo. As in (ii) extend the complex valued vector field 9, AL —
2i0, o A HelL* '°(D?) to a complex valued vector field on ( C keeplng the norms controlled:
9, BAL—2i0.9AH e L' N L>®(C) ando[ (a SAL—2i0. DA H)] e L9(D?) for
every 1 < g < 2.

As in (ii), we apply Lemma A.2 in order to define Re W29 (D2) as the unique solution
to

D,R=8.9ANL —2ia,8 AH onD?
ISR=0 ondD?*

moreover V23 R € L1(D?) for every 1 < g < 2 which implies, by the Sobolev Embedding
Theorem, V3R e LP(Dz) foralll < p <oco. O
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Next we play with the introduced R and S in order to produce, in the following lemma, an
elliptic system of Wente type involving @, R and S.

Lemma 6.2. Let ® be a W' conformal immersion of the disc D* taking values into a
sufficiently small open subset of the Riemannian manifold (M, h), with second fundamental form
in L>(D?) and Conformalfactor A € L%®(D?). Assume disa constrained-conformal Wlllmore
immersion and let R € W@ ®)(D2) and S € W12 (D2) e given by Lemma 6.1; then R
and S satisfy the following coupled system on D?:

{DZE = (=" &, [ﬁ.iDzﬁ] T (i0,8) w7t ©9)

3.8 = (—iD.R, x5 71). O

Proof. By definition, R satisfies Eq. (6.3) on D?, i.e

D,R=09,AL—2i3,dAH. (6.10)
Taking the e contraction defined in (1.34) between # and Dzﬁ we obtain
fie DR = —(iLL) A3, &+ 2i(iLH) A 8, D
— [ (1)]9, D + 2i L H) A 8. D, 6.11)

where L is the usual contraction defined in (1.33).
For a normal vector N, a short computation using just the definitions of %, and L gives

sa[(ALN)Y A 1] = (=™ N A &

*l(ALN) A &) = (—1)" T N A&y,
where, as usual, €; and ¢ are the orthonormal bases of T s_lﬁ(Dz) given by the vectors 9; ;5, ) 2
normalized. Since 0, - % [81 b — ) 35], we get

*p[(FLN) A 3, B] = (=)™ N A (i3, D). (6.12)
Combining (6.11) and (6.12) we have

wnlii @ D.R] = (=)™ ga(L) A (i8. D) + 2i ()" H A (i3, ®), (6.13)
multiplying both sides with i (—1)" gives

(— )"+ syl @ ((iD.R)] = 8,8 A 75 (L) — 2i3.® A H. (6.14)
Combining (6.10) and (6.14) we obtain

(=)™ sylii @ (iD.R)] = DR — 8,8 A 7 (L). (6.15)
Observing that, by (3.27)

wr(L) = 2L, &)é. + 2(L, &),
then

8.8 (L) =09, A QL, é)é: = UL, 9, B)e, A e,
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using again (3.27), and the definition of S (6.2) gives

9.8 A (L) = (i9.5) %y 7. (6.16)

The combination of (6.16) and (6.15) gives the first equation of (6.9). The second equation is
obtained by taking the scalar product between the first equation and xj, 71 once one have observed
that

(%p 71, % (i ® D, R)) = 0.

This fact comes from (6.13) which 1mphes that x;, (71 @ D R) is a linear combination of wedges
of tangent and normal vectors to T @(Dz) This concludes the proof. [

Proposition 6.1. Let ® be a WH® conformal immersion of the disc D?* taking values into a
sufficiently small open subset of the Riemannian manifold (M, h), with second fundamental form
in L>(D?) and conformal factor A € L®(D?). Assume disa constrained-conformal Willmore
lmmerszon_gnd let R € Wi OO)(Dz) and S € Wi @ C":’)(D2) be given by Lemma 6.1; then the
couple (RR, NS) satisfies the following system on D>

{A@u'é) = (—1)" %[ Dii « DY (RR)] — %[ Dii VE(RS)] + F (6.17)

ARS) = (D(x4 1), DXRR)) + G

where F and G are some functzons (F is 2-vector valued) in L1(D?) for everyl < q < 2.
Moreover we denoted A(SHR) = Da 55 o ds(T{R) + Da 5 o (I)(%R) observe this differ

from the intrinsic Laplace—Beltrami operator by a factor e**. For a more explicit shape of the
equations see (6.25) and (6.27) in the end of the proof. U

Proof. Let us start by proving the first equation. Applying the D; operator to the first equation
of (6.9) we have

D:D,R = (—1)"*1i x, D: [ﬁ . Dzl_é] +iD: [9.8 % 71]
whose real part is

R(D:D,R) = (—1)" w3 (D [n oD R]) 3 (D: [0S % 71)) - (6.18)
Observe that

> 1 . . =
D:D:R = ; [(Daxl »+HiDy 3Dy 5~ ’Daxzés)] R

1 - i -
= ;AR=2[D, 5.0, 3]k (6.19)
where [Da)Cl & Dax2 Qg] = (Dax1 @D% »— Dax2 @Dax] ;é) is the usual bracket notation. An easy

computation in local coordinates shows that all the derivatives appearing in [DBX] & D3X2 ;15](13)

cancel out together with all the mixed terms, giving

[Da”@ ] (Z RIE, NE,; ) Z RU[(Riem(d,1 B, 0,2 B)E;) A Ej

i,j=1

+ E; A (Riem(d,1 @, 0,2 D) E )], (6.20)
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where as before {Ei}i: 1
(6.19) we obtain

m 18 an orthonormal frame of T (X)M . Putting together (6.18) and

.....

AMR) = 4(=1)" %, 3 (Dg [ﬁ . Dzﬁ]) — 43 (D: [0S # 7))

- [Da)q 3 Dy, 35] (IR). 6.21)

Using that the e contraction commutes with the covariant derivative (this fact follows by the
definitions and by the identity Dh = 0, i.e. the connection is metric) we compute

3 [Dg(ﬁ . Dzﬁ)] =3 [ﬁ e (D:D.R) + Dsii o DZE]
1. - R .
= L7 o [ARR) — (D, 3. D, 3R] +3 [Dzn . DZR] . (622
A short computation gives

R 11 R - R -

3 [Dzn . DZR] = [Daxl 310 Dy (SR + D, it e Daxzé(;sR)]
1 . R R -

+5 [Dax2 3o Dy 3R =D, GiieD, @(mR)] . (6.23)

Analogously, using that x;, commutes with the covariant derivative, another short computation
gives

- 1 .1 - ~ -
3 [DE(BZS*;, n)] = ZA(SS) *p N+ 1 [Bxl (39) Daxl 30 n) +0,2(35) Daxzaj(*h n)]

1 - -
+ 1 |:8x1 NS) Daxzii(*h n) — 9,2(NS) Dax1 3(n n)] . (6.24)
Combining (6.21), (6.20), (6.22), (6.23) and (6.24) we conclude that
AMRR) = (=1)" % [D8 gD, 3MR)—D, siieD, as(mk)]
+ [sz (MS) D, 135(*” 1) — 9,1 (NS) D, 243(*;, ﬁ)] +F (6.25)
where F € L4(D?) for every | < g < 2, and we used that Dii € L*(D?), R
w2 (D2, s € WHE®)(D?) IR € W4(D?), 3§ € W>4(D?) forevery 1 < g <
This is exactly the first equation of (6.17).

The second equation of (6.17) is obtained in an analogous way: applying the d; operator to
the second equation of (6.9) we obtain

€
2.

AS = 43:0,8 = —4i9:(D.R, *y 7t).
A short computation gives
AMS) = 43 [aZ(DZE, " ﬁ)]
= 3 (D, | G3R. % 71) + 2D, G3R. wii) = (D, 5. D, GINR. %, 7)

+(D, | FNR, D, 50 i) — (D, , PR D, 30 ). (6.26)
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Recalling that SR e W24(D?) and Re w22 (D2, and using (6.20), we conclude that
AMS) = (D, MR, D, 5 i) — <Daxzé(m1$), D, 3G )+ G 6.27)

where G € L9(D?) for every 1 < g < 2. This is exactly the second equation of (6.17). [

Now we are in a position to prove the C* regularity of constrained-conformal Willmore
immersions.

Theorem 6.1. Let & be a W conformal immersion of the disc D? taking values into a
sufficiently small open subset of the Riemannian manifold (M, h), with second fundamental
form in L>*(D?%) and conformal factor ) € L®(D?). If @ is a constrained-conformal Willmore
immersion then ® is C*°. [

Proof. Let us call A = (ERI?, NS) = (MR, NS) the vector of the components (in local
coordinates in the small neighborhood V' C M) of the real parts of the potentials R and S.
Using coordinates also in the domain D?, one easily checks that the system (6.17) has the form

VIS [axlB;; 924k — 928! axlAk] +F (6.28)
k
where F' € L4(D?) forevery | < g <2, VA" € L>*(D?), VB} € L*(D?).
Step 1: VA e leoc(Dz)' Let us write A as
Al=¢' +Vi4+ W onD? (6.29)
where ¢, Vi, W' solve the following problems
A(piz [8 1B£82Ak—323;;3 1Ak] on D?
| Xk: X X X X (630)
' =0 on aD?:
AV =F'" onD?
: 6.31
Vi=0 ondD?% ( )
AW =0 onD?

: : 6.32
Wi =A" ondD>. ( )

Since the right hand side of (6.30) is sum of L% — [2_Jacobians, by a refinement of the
Wente inequality obtained by Bethuel [5] as a consequence of a result by Coifman, Lions, Meyer
and Semmes, we have V(pi € L2(D2).

On the other hand, since F! € L4(D?), for every 1 < g < 2, it follows that Vi e W24(D?),
which implies by Sobolev embedding that VV' e L?(D?).

Finally, W' is a harmonic W!-2:°°(D?) function; therefore the gradient VW' € L2 (D?).

We conclude that VA! = V(pi +VVi4 VW € L%OC(DZ).

Step 2: VA € L{:)C(Dz) for some p > 2.

We first claim that there exists o > 0 such that

1
sup — IVA|? < 0. (6.33)
o
x0eB 1 (0),p<} P /By(x0)
2
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Since VB € L?(D?), by absolute continuity of the integral, for every € > 0 there exists a pg > 0
such that

sup / IVB|? < €. (6.34)
xoeB%(O) By (x0)

Consider p < pg (¢ > 0 will be chosen later depending on universal constants) and xo € B L0y
Analogously to Step 1 let us write

Al =" + VI W' on B,(xp), (6.35)
where ¢, VI, W' solve the following problems
A =3 [axlB;; 9.2AK — 9B axlAk] on B, (xo)
' X (6.36)
' =0 ondB,(x0);

AV =F" on B,(xo)

. 37
Vi=0 ondB,(xp); (6.37)

AW! =0 on B,(xo)

Wi = A" ondB,(x). (638)

Notice that ¢’, VI, W' are different from the ones in Step 1 since they solve different problems,
in any case for convenience of notation we call them in the same way.

Let us start analyzing ¢’ solution to (6.36). Observe that the right hand side of the equation
is a sum of jacobians which, by Step 1, now are in leoc(D2)~ By Wente estimate [44] (see also
[33, Theorem III.1]) we have

||V€0i||L2(3p(x0)) = C”VB”Lz(B,J(xO))”VA”LZ(Bp(xo)) = CGHVA”LZ(B/,(XO))y (6.39)

where, in the last inequality, we used (6.34).
Now we pass to consider (6.37). Call

Vi) = Viox +x0)  F'(x):= p>F(px + x0) (6.40)
and observe that, since V' satisfies (6.37), then Vi solves

7l i 2
{AV =F" onD 6.41)

Vi=0 on 8D2,

which implies, by W24 estimates on V! and Sobolev embedding, that

1 1
(/ |vf/"|2>2 <cC (/ |ﬁi|‘1>q . (6.42)
DZ DZ

Now, using that the left hand side is invariant under rescaling while the right hand side has a
scaling factor given by the area and the definition of F*, we obtain

1 1
. 2 2 . 3
/ IVViR) <cp*e / IFl19) < Cp* forsomea > 0, (6.43)
B, (x0) By (xg)

where in the last inequality we used that F' € LY(D?) and 1 < g < 2.
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At last we study the decay of the L? norm of the gradient of the harmonic function W'
solving (6.38). Notice that, since W! is harmonic, then A|VW!|> = 2|VZWi|> > 0. An
elementary calculation shows that for any non negative subharmonic function f in R"” one has
d/dr(r=" fBr f) = 0 (see also [33, Lemma III.1]). It follows that

/ VW ? < 32/ IVWi? < CSZ/ IVA|?, (6.44)
Bsp (x0) B, (xp) B (x0)

where, in the last inequality, we used that Wi solves (6.38).
Collecting (6.39), (6.43) and (6.44) gives

f IVAI> < c52/ IVA)? + C62/ IVA|? + Cp®
Bsp (x0) B (x0) By (x0)

where the strictly positive constants « and C are independent of €, §, xo and p. Now, in the

beginning of Step 2, choose € and pg such that Ce? < }‘, moreover choose § in (6.44) such that

Cs? < 4—1‘; it follows that for every xo € B ! (0) and every p < pp we have

2 1 2 o
IVA|I” < = IVA|* + Cp” for some a > 0.
Bsp (x0) By (xo0)

It is a standard fact which follows by iterating the inequality (see for instance Lemma 5.3 in [15])
that there exist C, « > 0 such that for every xo € B 1 (0) and every p < po

/ VAP < Co®, (6.45)
Bp(xo)

which implies our initial claim (6.33).
Now we easily get that there exists 8 > 0 such that

1
sup —3 |AA| < o0. (6.46)
xeB 1 (0),p<} P7 JBy(x0)
2

Indeed, by (6.33) and (6.28), for every xo € B ! (0)and p < é—lt we obtain

/ |AA|§/ |VB||VA|+f IF|
Bp(xo) Bp(XO) Bp(XO)

1

2 1
= IVBli2p2 [/B( )IVAIZ] + 1By (x0)| 4 | Fll Lap2) < CpP.
p (X0

By a classical result of Adams [1], (6.46) implies that VA € L’ (B1(0)) for some p > 2. With
2

loc
analogous arguments one gets that VA € LIIZ)C(Dz) for some p > 2.

Step 3: H € L!, (D?) for some p > 2.

From Step 2 we obtain that V(ERI?) and V(RS) are in L (D?) for some p > 2; recalling

loc
that, by Lemma 6.1, V2(IR) and V(35) are in L4(D?) for every 1 < g < 2 then, by Sobolev
embedding, VR and VS are in LﬁC(DZ) for some p > 2.
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Using Eq. (6.3) and observing that (9, b, 0z s_i) = %e”, a simple computation gives

20 — —
D.R.3:9 = %L —(L,3: )0, —ie™H. (6.47)

Using the definition of 9, and 9; we write

3 [(Z, 8: ). Zb] - %[—wxl b, RLYD 2D — (9,18, L)1 &
+ (0,20, MLYD1 & — (3,2P, IL)3, és]. (6.48)
On the other hand, (6.2) gives
(0.1 D, NL) = 20(3.5) + (3,2 ®, SL) (6.49)
(0,29, NL) = —23(3,S) — (3,1 D, SL). (6.50)

Inserting (6.49) and (6.50) in (6.48) we obtain after some elementary computations
3 ((35 b, 1), 53) =9 [BZS(iaz éﬁ)] — 2% [(aziﬁ, SL)o: 55] . 6.51)

Therefore, combining (6.47) and (6.51) we get that

21 N N N o
P H = -3 [DZRLaz q;] - %SL Y [8ZS(i85 gzs)] 9 [(3@, SL)o; q;] : (6.52)

since by Step 2 Dzﬁ and D,S are in Lf:)C(Dz) for some p > 2 and by Lemma 6.1 V(SL) €
L2 (D2?), we conclude that H € Lf;c(Dz) for some p > 2.

Step 4: Smoothness of b by a bootstrap argument. _ .
Since ¢ is a conformal parametrization, then A® = ¢** H and by Step 3 we infer that

b e Wli’cp (D?) for some p > 2. Now the Willmore equation in divergence form (see (3.30)

fgr the free problem and (3.31) for the conformal-constrained problem) becomes subcritical in
H: written in local coordinates it has the form

- ~ ~ 1.2
AH=H withH e W, * (D%

then H € Wﬁj (D?) and by Sobolev embedding H e L“%, notice that 427’; > p since
p > 2; reinserting this information in the same equation iteratively we get H e Wl:)’cp (D?)
for every p < oo; therefore b e Wli’cp (D?) for every p < oo. Inserting this information into
the same equation gives that H € Wli’cp (D?) for every p < oo, therefore & € Wlt’f (D?%)

for every p < oo... continuing this bootstrap argument gives that b e Wllfj’cp (D?) for every
k > 0,1 < p < oo which implies that ¢ € Cl%%(DZ). 0

7. A priori geometric estimates under curvature conditions
7.1. Diameter bound from below on a minimizing sequence

We start by computing the Willmore functional and the Energy functional on small geodesic
2-spheres in a Riemannian manifold (M™, h) of arbitrary codimension; the corresponding
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expansions in codimension 1 were obtained by the first author in [24,25,15]. First we introduce
some notation.

Let (M™, h) be an m-dimensional Riemannian manifold. Fix a point p and a 3-dimensional
subspace & < Tz M of the tangent space to M at p. Denote with SS C M the geodesic
sphere obtained by exponentiating the sphere in & of center 0 and radius p. An equivalent way

to define is the f0110w1ng consider normal coordinates (x!, ..., x™) in M centered at p such
that (ax] lo, dxz lo, =2 8x3 |o) are orthonormal bases of &, then S6 ={xH2+ 2+ (3?2 =
P3N {x* =-.. = x™ = 0}. Let us denote
— a a
R3(®) = > Kp<—. , — ) (7.1)
i =123 dxt o dx/ o
where K ; ( ax, los 537 |0) denotes the sectional curvature of (M, h) computed on the plane spanned

by (ﬁk), PPl |o)conta1ned inT;M.

Lemma 7.1. We have the following expansions for the Willmore functional, the Energy
functional and the area for small spheres SE 0 defined above:

2
WSS ) = |H|*djg = 41 — == R5(6)p* + 0(p?) (7.2)
psp <& 3
PP
F(sS )= IPdu, = 47 — 22 R5(S)p? 2 73
(,;,p)~—556|| g = 4T — == 7(6)p” +0(p). (7.3)
p.p
A(S3 ) = 4mp® + o(p?). (7.4)

In particular, if at some point p € M there exists a 3-dimensional subspace & < T5M such that
R;(86) > 6 then infase}-Sz (W + A)(P) < 4m and infa;e]_-sz (F+A)(P) <4r. O

Proof. Let r < Inj,, ,(p) be less than the injectivity radius of (M, h) at p, then the exponential
map Exp; : B,(0) C T5M — M is a diffeomorphism on the image. Call

T = Expﬁ(G N B, (0)),

the image under the exponential map of the subspace S. Observe that T is a 3-dimensional
submanifold which is geodesic at p (i.e. every geodesic in t starting at p is a geodesic of M
at p) so the second fundamental form Is., o4 of T as submanifold of M vanishes at p (for the
easy proof see for example [9, Proposition 2.9 p. 132]). Endow 7 with the metric induced by the
immersion and observe that by the Gauss equations applied to T < M we get that the sectional
curvatures of t at p coincide with the corresponding sectional curvatures of M at p. Therefore
the scalar curvature R*(p) of T at p coincide with R;(&) (see for example [7] p. 50 for the
definition of scalar curvature via sectional curvature):

R™(p) = Rj(S). (1.5)

Now consider the geodesic sphere S; , <> T in the Riemannian manifold T and observe that the

composition of the immersions S; , <> T <> M coincides with SG s call myg g, and
..., the normal projections onto the normal bundles respectively of S »,p Telative to M, of S ,,
relative to T and of t relative to M (i.e. for example in the second case we mean the intersection
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of the normal bundle of S , as immersed in M with the tangent bundle of 7) then we have the
orthogonal decomposition

7-[715,_)}\/[ = nﬁsgr + n;’lrf—>M' (76)
By definition of second fundamental form we get for all X, Y tangent vectors to S5 ,

Is. m(X,Y) = mjis_ ,(DxY) = mig.  (DxY) + 75, (DxY)

=I5, (X, V) + L u(X,Y). (1.7
Therefore we obtain
s, < s al < Ts o + Mo ml?, (7.8)
and recalled that Hs.__y = % 21‘2:1 [Is_. m (&, €)] where {€, &} is an orthonormal frame of
T:S5,p,
(ol < Vsl < 1s_.o + 3 el (7.9)

Since S5 , <> 7 is a geodesic sphere in the 3-dimensional manifold 7, we can use the expansions
of [24,25,15] for geodesic spheres in 3-manifolds (more precisely see Proposition 3.1 in [24] and
Lemma 2.3 in [15]) and obtain that as p — 0

1 2 _
; / s« Pdyig = 47 — R (D)9 + 0(4%) (7.10)
N
7 2 27 oo 2 2
s |Hs_ c|"dpg = 4w — ?R (p)p~ +o0(p). (7.11)
14

Observe that fSI;,, dig = 0(p?) and since I..,m(p) = O we have that |]I,9M|2|Sp.,p — 0 as

o — 0. Therefore fsp—,p |Hf(_>M|2d/,Lg = 0(p?) and integrating the estimates (7.8), (7.9) on S5 ,,
using (7.12), (7.13), we conclude that

1 21
: /S s wPdiag = 4 — SR (5)? + () (7.12)

PP
7 2 27 ooy o 2
|Hs_ m|"dug = 4w — ?R (P)p~ + 0(p”). (7.13)
Sp.p
The expansion of the area is straightforward.

The following lemma is a variant for weak branched immersions of a lemma proved by
Simon [39]; notice that a similar statement is also present in [15] in case of smooth immersions.
We include it here for completeness.

Lemma 7.2. Let & € Fs2 be a weak branched immersion with finite total curvature of S? into
the Riemannian manifold (M™, h). Assume W(®) + A(P) < A. Then there exists a constant
C = C(A, M) such that

N N 2
A(qs)gc[diamM(qﬁ(Sz))] . O (7.14)
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Proof. By Nash’s theorem, there is an isometric embedding I : M — R’ for some s € N. The
second fundamental forms of @, I o @ and I are related by the formula holding volg-a.e. on S?

I,,5CG,)=dll30l5C,)® ;o0 )(dd,dP).

Taking the trace and squaring yields for an orthonormal basis ¢; of @(TSZ) that volg-a.e. on s?
2

- - 1 -
|H, 31> = |Hz|* + < |H@|2+5|H1|2o .

2 1 .
2 ~1 o &, ¢
£ 2 o D(ej, e;)

Analogously, taking the squared norms, one gets
2 R 2 R
Y Lo d@.ép| <IlzP+ILIe 9.

i j=1

Mo3l* = 151" +

Integrating we obtain that  is a weak branched immersion with finite total curvature and
W o &) < W(D)+ CA(®) < Cpy. (7.15)

where C = %max |I[1|2.
Let {b!, ..., b"} be the branch points of & and for small ¢ > 0 let K. == S*\ UlNzl B.(b).
Then |k, is a weak immersion without branch points of the surface with smooth boundary K.

Recall that for a smooth vector field X on R?, the tangential divergence of X on (Io 215)(82) is
defined by

2
div, 3X =Y (@dX - f;. fi).
i=1

where ﬁ is an orthonormal frame on (I o 5)*(TS2). Now, from the first part of the proof of
Lemma A.3 of [34], the tangential divergence theorem ((A.18) of the mentioned paper) holds for
a weak immersion of a surface with boundary in R® without branch points and

/ﬁ divloasf(dvolng ) (X, D)dl
. .
(Io®P)(K) UN (1o P (3B (b1))]
—2/ _ (H,_ 3 X)dvolg, (7.16)
(Io®P)(K)

where V is the unit limiting tangent vector to o 35) (K¢)on (I o 55)(8 K g)orthogogal to it and
oriented in the outward direction. Since @ is Lipschitz by assumption and since X and v are
trivially bounded, it follows that

/ i (X,0)dl - 0 ase — 0;
UN [To D(3Be(b))]

therefore the tangential divergence theorem still holds on a weak branched immersion:

-

) div, 3 X dvol, = —2/ . (H, 3 X)dvol,. (7.17)
/<qu>)(5p2) fo® todysy 7
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Now, as in [39], we choose X (X) == X — Xo where Xy € (I o é)(Sz). Then, observing that
div, ;X = 2, by the Schwartz inequality we get
Al o &) < diamps[(I 0 B)(S2)] W(I 0 )2 A(I o D)2,

The last Lnequality, together with (7.15), the fact that A(/o 35) = A( 35) and diamps [ (/o 55) (Sz)] <
diamy; (#(S?)) ensured by the isometry I, gives that

- . L
A() < Cam [dlamM(¢(S ))] O

In the following lemma we collect some inequalities linking the geometric quantities of two
close metrics. This will be useful for working locally in normal coordinates (the analogous lemma
in codimension one and for smooth immersions appears in [15]).

Lemma 7.3. Let hi > be Riemannian metrics on a manifold M, with norms satisfying
A+l =l -2+l -1 forsomee e (0,1].

For any weak branched immersion with finite total curvature b e Fsp, the following inequalities

hold almost everywhere on X for a universal C < oo:

o volg, < (1 + Ce)volg,, where g12 = 5*(h1,2) and volgly2 are the associated area forms;

o I} < (14 Cle+8) L3+ C87 T2 o & forany s € (0, 1], where I := D" — D" and
D" is the covariant derivative with respect to the metric h;.

o |Hi|f < (1+C(e+8)|Hal3+CS7T|; o & forany s € (0, 1] and I defined above. [

Proof. To compare the Jacobians of & with respect to iy 2, weuse | - g < (1 +¢)| - |g, and
compute for v, w € T, X with g2 (v, w) =0

wAwly =l [wl}, — g1, w) < (1+ &)l lwl}, = (1 +e) lvAawl,.
This proves the first inequality. Next we compare the norms for a bilinearmap B : T, X' x T, X —
Tiﬁ(p)M for p not a branch point. Choose a basis v, of T), X such that g (vy, vg) = S and
82(Vg, vg) = Agbqp. Then

Ay = |voc|g2 =d +6)|Ua|g1 =1+e,

and putting wy, = vy /Ay We obtain

2 2
IBI} = Y 23251Bwa. wp)li, < (14 Ce) Y |B(wa. wp)lf, = (14 Ce)|BJ3.
o, =1 o, =1

Now denote by 7, , : T (p)M — (35*(TP2))“1,2 the orthogonal projections onto the normal
spaces with respect to i1 2. Then for any § € (0, 1] and almost every p € X we have the
following estimate (by approximation with smooth immersions locally away the branch points)

L2 = |5, (DM (V &) 2
< |ma, (D" (V &)}
< |75, (D (V@) + T o 3(VH, VH))]
< (14 5)|n,;2Dh2(V55)I? + Ca‘llflil o &
< (481 +Co)L3+Cs T, o P,
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This proves the second inequality. The proof of the third inequality is analogous:
1 1
I} = 3101 o) + 1@, 02) [ = 513, (D] B, $) + Dy (30, D)1

1
5|%(Dhl (80, §) + DI (8., D)1}

1 o
5|nﬁz<D’"(avl D) + D2 (3, )

+T 0 30y, B, 0y, ®) + I' 0 (0, P, 0, §))|

IA

IA

1 - - -
S0+ 8) |7, (D2 (3y, @) + D}2 (35, ®)|T + CS T} 0 &

<
< —(1+5)(1+Ce)|7tn2(D (9, ) + D2 (0, ®)2 + C57 T}, 0 &
< (1481 +Ce)H 5+ C5 T}, o é. O

Since we are assuming an upper area bound, the lower diameter bound will follow combining
Lemma 7.1 and the fact below (which generalizes to arbitrary codimension and non smooth
immersions, Proposition 2.5 in [15], the proof is similar but we include it here for completeness).

Proposition 7.1. Let M™ be a compact Riemannian m-manifold and consider a sequence
@k € Fg such that sup, (W + A)(@k) < A. If diam @k(Sz) — 0, then

lim A(@k) — 0, lim sup F(@k) > 4w and limsup W(@k) >4r. O
k—o00 k k

Proof. The first statement follows directly from Lemma 7.2. Let us prove the second one. After
passing to a subsequence, we may assume that the & (S?) converge to a point p € M. For given
€ € (0, 1] we choose p > 0, such that in Riemann normal coordinates x € B,(0) C R™

ol e SH =046 faa and (TG,

where, of course, | - |eycl is the norm associated to the euclidean metric given by the coordinates
and | - |, is the norm in metric #. We have iik (S c B »(xo) for large k. Denoting by I°, g/
the quantities with respect to the coordinate metric, we get from Willmore’s inequality and
Lemma 7.3

1 e |2 1 2 2 2
47 < E/Sz 1S 12 dpgg < (1+Ce)(1+5)§/Sz 5, 12 ditg, + C(6)€? Areag, (S?).

Since Areag, (S?) < C by assumption, we may let first k — oo, then € N\ 0 and finally § \, 0 to
obtain

liminf F( &) > 4.
k— 00
The proof for W is analogous. [

8. Proof of the existence theorems

Proof of Theorem 1.4. Let ;}sk C Fg be a minimizing sequence of | = F + A, as before we
can assume that @ are conformal; clearly there is a uniform upper bound on the areas and on
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the L2 norms of the second fundamental forms s_ik:
Sup/ |Ix|*dvol,. < C < oo, (8.1)
k S2 Pk
sup Areag(})A (Sz) < C < o0. (8.2)
' '

Since we are assuming that R5(&) > 6 for some point p and some 3-dimensional subspace G,
by Lemma 7.1 we have

inf  F(®) < 4. (8.3)
@6.7:52

Therefore, Proposition 7.1 yields
- 1
lin}cinfdiam(@()(Sz) > ¢ 0. 8.4

Now, thanks to (8.1), (8.2) and (8.4), we can apply the ‘Good Gauge Extraction Lemma’ IV.1
in [26] and obtain that up to subsequences and up to reparametrization of @ via positive Moebius
transformations of S? the following holds: there exists a finite set of points {a',...,a"} c S?
such that for every compact subset K cC S? \ {a!, ..., a"} (it is enough for our purposes to
take K with smooth boundary) there exists a constant Ck such that

| log |Vs_l%k| | < Cg onK forevery k. (8.5)

Since the parametrization is conformal, then V2P |2 = ™I 5%'2 (where, as usual, e =

[0,1 ;l')kl = |02 55k|), and the two estimates (8.1)—(8.5) give that 55k|1< are equibounded in
W22(K); therefore by the Banach—Alaoglu Theorem together with reflexivity and separability
of W22(K) imply the existence of a map @, € W2?(K) such that, up to subsequences,

B — B weakly in WE2(K). (8.6)

Now by the Rellich-Kondrachov Theorem 9, B — 0yi B a8 k — 00 strongly in L?(K) for
every 1 < p < oo and a.e. on K. It follows that $s, is a W N W22 conformal immersion of
K . Moreover by the lower semicontinuity under W22-weak convergence proved in Lemma A.8
we have

o2 .. L2
/K |]Iq§m| dvolg(3500 < hn}(mf/;( |H¢k| dvolg(}k, 8.7
and the strong L? (K) convergence of the gradients implies
Areag%k (K) — Areag%m(K). (8.8)

Iterating the procedure on a countable increasing family of compact subsets with smooth
boundary invading S\ {a', ..., a"}, via a diagonal argument we get the existence of a Wli)’coo N

Wlf)’cz conformal immersion @, of S? \ {al, oal } into M such that, up to subsequences,

..........

X dvolgék <C. (8.9)
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Now, thanks to the conformalityﬂof 52500 on 2 \{a Lo ay } and the estimate (8.9), we can apply
Lemma A.5 of [35] and extend P, to a weak conformal immersion in Fg possibly branched in
asubset of {a!, ..., a"}. Since ]I;530 e L%(S?, volgas ), inequality (8.9) implies

F1(®s) < liminf F1(&) = _inf Fy(d); (8.10)
k @Efsz

therefore 5500 is a minimizer of F7 in Fg. By Lemma A.5, the functional Fj is Frechét
differentiable at 5300 with respect to variations w € whoo n w(p?, T;ﬁw M) with compact
support in S? \ {b', ..., bN>}, where {b', ..., b~} are the branched points of 500. From the
expression of the differentials given in Lemma A.5 we deduce that @, satisfies the following
area-constrained Willmore like equation in conservative form away the branch points, and since
b is conformal, the equation writes

82 i (Dg [nﬁ(DZﬁ) + (H, H) 35225])
—2R(H) + 163 ((Riemh(é}, 2,)e., 1?)23)
+2H + (D R)(T §) + 2% 3(T &) + 2K (T $)H. (8.11)

Observe that the difference between this last equation and the Willmore equation (3.30) is just
terms of the second line which are completely analogous to the curvature terms on the right
hand side already appearing in (3.30) (see the definitions (3.8) and (3.9)). Therefore all the
arguments of Sections 5 and 6 can be repeated including these new terms and we conclude with
the smoothness of @, away the branched points. [

Proof of Theorem 1.5. The proof is completely analogous to the proof of Theorem 1.4 once we

observe that the lower bound on the areas A(%) > L > 0 together with Lemma 7.2 yields a

C
lower bound on the diameters:

- 1
diamy; @ (S?) > rok (8.12)

Indeed we _§till have (8.1), (8.2) and (8.4). Therefore, as above, we obtain the existence of a
minimizer 9o, € Fgr,

F($x) = inf F(®),
456.7'—82

satisfying the equation in conservative form
82 i (Dg [nﬁ(DZI:I) + (H, H) &ZEB])
— 2R(H) + 16% ((Riemh(Eg, 2.e., ﬁ)ég)
+(DR)(T &) +2R3(T ) +2K(T$) H (8.13)

(now without the Lagrange multiplier 2H) outside the finitely many branched points. The
smoothness of @, outside the branched points follows as before. [

Proof of Theorem 1.6. Recall the discussion after the statement of the Theorem, here we just
formalize that idea. First of all recall the precise Definition VIL.2 in [26] of a bubble tree of weak
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immersions; for the proof of the present Theorem we just need to recall (actually the rigorous
deﬁmtlon is more precise and intricate) that a bubble tree of weak immersions is an N_+ 1-tuple

= (f, ... &N), where N is an arbitrary integer, f e Whoo(S2, M™) and &' € Fg
for i = 1---N such that f(S2 = UZNZI P (S?) and f* [S?] = Zi:] Q’k[Sz], where for a
Lipschitz map Ei e WI°(S2, M) we denote a,[S?] the push forward of the current of integration
over S?. The set of bubble trees is denoted by 7" and, considered a nontrivial homotopy class
0 # y € m(M™), the set of bubble trees such that the map f belongs to the homotopy group y
is denoted by 7,,.

Consider the Lagrangian L defined in (1.23) and (1.25); up to rescaling the metric & by a
positive constant we can assume that K < 1 (or analogously instead of 1, in the definition
of L, take a constant C > maxy K). Consider a minimizing sequence Tk € 7T, of bubble
trees realizing the homotopy class y, for the functional L. Observe that by Proposition 1.2 we
can assume the &; are conformal. By the expression of L, there is a uniform bound on the F;
functional

2
lim sup Fl(Tk) = lim sup/ (1 + %) dvolg, < +o00; (8.14)

k—o00

moreover, since f; € y # 0, we also have

N
lim gfi; diamyy (@,@(SZ)) > 0; (8.15)

therefore we perfectly fit in the assumptions of the compactness theorem for bubble trees
(Theorem VII.1 1n [26]) It follows, recalling also Lemma A.8, that there exists a limit bubble
tree TOo = ( foo, R OO) minimizing the Lagrangian L in 7,. By the minimality, using
Lemma A.5, we have that each <I>’ satisfies the Euler-Lagrange equation of L outside the branch
points. As remarked in the 1ntroduct10n the Euler-Lagrange equation of L coincides with the
area-constrained Willmore equation. By the Regularity Theorem 1.2, we conclude that each @’
is a branched conformal immersion of S? which is smooth and satisfies the area- constralned
Willmore equation outside the finitely many branched points. [

Proof of Theorem 1.7. The arguments are analogous to the proof of Theorem 1.6. Indeed
observe that, fix any A > 0, for a minimizing sequence T; € 7 of the functional Wy, defined in
(1.26), under the A-area constraint

A(Ty) = Area(fi(S?) = A, (8.16)

the bound (8.14) still holds (by the constraint on the total area and by the boundness of K ensured
by the compactness of M). Moreover, by the monotonicity formula given in Lemma 7.2, the area
constraint (8.16) also implies (8.15). Then, as before, we apply the compactness theorem for
bubble trees and the thesis follows as above by recalling that the area constraint is preserved in
the limit:

A(Tso) = Area( foo (S?)) = Jim_Area( fi§H=A O
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Appendix
A.l. Useful lemmas for proving the regularity

In the appendix we prove some technical lemmas used in the paper. In the following we denote
by H ~1(C) the dual of the homogeneous Sobolev space H L(C) (for the standard definition see
for instance [12, Definition 6.2.5])

Lemma A.1. For j,l € {1,..., m} let )/lj € (CON W) (C) be such that supp y/ € B>(0) and

1

10)(C) denote, in distributional sense,

||ylj lLoo(C) < €. For every Ue (L
(D:UY =007 + ) ylU*. (A1)
k=1
Then for every Y € (IT-C){_1 + LY(C) with TS(DEI?) € (I-OI_l + LY(C) there exists a unique
U € L>%®(D?) with I(U) € W &) (D2) satisfying

{DZU =Y inD(D? (A2)

SU =0 ondD>.

Moreover the following estimate holds:

101202y + IVS@ll 2 o2y = € (W llg-1ip10) + ISP g1y - O

Proof. Let us first construct U/ € L>%(C) satisfying D,U/ = Y7/ on C; observe this is
equivalent to solving the fixed point problem in L>*°(C)

~ . 1 . n © o =
U/ = ——x ¥/ - JO%) =T(). A3
— ( ; Vi ) (A3)
We prove that the problem has a unique solution by the contraction mapping principle in L2
By the Young and Holder inequalities for weak type spaces (see Theorem 1.2.13 and Exercise

1.4.19in [11]) we have

RN ST
nz k

k=1

m )
J 7k
Vi U
k=1

1
<Cl|——
- b 574

L2 ((C) L2:00

LY(©C)
< Cel|U | 20y (A4)
‘We choose € > 0 such that Ce < % Now we claim that

<CIY/|,,
LZOO((C)

(A5)

Loy
XY +H1©)"

TZ
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Recall that ¥/ € L' + A~1(C) and Y71, g1 gy = inf{I1¥{ 1y + 1Y3 o1y 0 ¥ =
Y/ 4V} }; since we can assume Y/ # 0 otherwise trivially —%Z*Yj =0, wecanfind Y] € L1(C)
and ¥J € H~!(C) such that

@ + 1 i = 21 1oy (A6)
As before, by the Young inequality, we have
‘ LY < ClIY{ I (A7)
TZ L2%°(C)

On the other hand call }A’zj the Fourier transform of Yj’ , and observe that the Fourier transform of
_nLZ is (up to a multiplicative constant) é, we have by the convolution theorem
1

/«: Zcfc £

Moreover recalling that ||2]| 51 = fc |’§fl(“§)|2 and that

2 2

1 .
—— %Y/
7 2

(&)

_ J _ 5
/ 57 e &) = Y] (&)
IIYz’Ilgfl(C) = sup /Yg(g)h(g—)z sup / 2 h(g)g:/ 257
Il <1 /C Iigi<tJe & c| &
we get
‘—i_*yzf < —L_*Yzj < ClIY g1 cy- (A.8)
Tz L2%(C) Tz L2(C)

Combining (A.6)—(A.8) we get (A.5) which was our claim. Now the estimates (A.4) and (A.5)
imply that T : L>%(C) — L*>°°(C) is well defined and is a contraction; the existence of a

unique U satisfying (A.3) follows by the contraction mapping principle. Notice moreover we
have the estimate

11l 2e iy < CIY N1y o1 - (A.9)

Now let us consider ;“s(l} ). From the equation satisfied by U we obtain

1 . - . m ik
7007 = 0:0.07 = vy — (; vl %),
whose imaginary part gives

%Aﬁ(ﬁj) =33:Y) =3 (az <Z y,jl?k)) ) (A.10)

Since by assumption Ikaj l Lonwi2cy < C, then || Yoy ij Yk||L1+P?*1(<C) < C”Y”L1+I-°I*1((C)
and we have

IS@:Y D14 10y =

m
J(DzY7) -3 (Z v Yk)
k=1 L'+H~1(0)

ISDY D1y 1)+ CIY Il -1y

IA
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Eq. (A.10) together with (A.9) and the last estimate gives
IAS@D 1 g1 wresoe < IR@Y D -1e + € 1Pl 10

which implies, since ||J(U)/ l2.00c) < C||17||L1+151,1(C), that

IVSU) 2000y < C (||S(D2Yf)||y+,;4(@) - ||?||Ll+;,4(©) . (A.11)

Now, since VI(J/) € L>%(C), the function 3(U/) leaves a trace in H2*? (3 D?) and we
can consider the homogeneous Dirichlet problem

m

9.v/ +Zyk]Vk =0 onD?
k=1

IV =30/ onaD>.

(A.12)

We solve it again by contraction mapping principle; given W e w20 (D?) with W/ = 30/
consider V =: S(W) solving

m .

BZVj = —ZykjWk on D?
k=1

JV/ =30/ ondD?.

Then the following estimate holds (see hand notes: bring right hand side to the left using

convolution with nlz, so get homogeneous equation with different boundary data but still

controlled in H?2*? both real and imaginary parts using Hilbert transform, the estimates
then follow from the estimates for the Laplace equation, using Calderon—Zygmund theory for
estimating the gradients)

”V”Wl,(Z,oo)(DZ) f C (€||W||L2.00(D2) + ||3U||Wl,(2,oo)((c)>
and
[S(W1) = SW2)llw1.co0p2y < CellWi — Wallf2.00(p2y.

Therefore, for € > 0 small, § : W& (p?) —» W12 (D2) i5 a contraction and there exists
a unique solution of problem (A.12) satisfying the estimate

IV llwreso p2) < CISD) Iwrecoc)- (A.13)

Now we conclude observing that U/ := U/ — VJ/ e L>»(D?) is the unique solution to the
problem (A.2) and, combining (A.9), (A.11) and (A.13), it satisfies the estimates

101l 200 p2y + IVl 200 < € (||S<D2Yf>||u+;,4(© + ||?||L1+;,71(C))
as desired. [
Lemma A.2. For j,l € {1,..., m} let ylj € (CON W) (C) be such that supp y/ € B>(0) and

||)/lj||L0<>(<c) < €. For every U e (L}

10)(C) denote, in distributional sense,

m .
(D:U) = 0.U7 + ) ylU*.
k=1
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Let Y e (L' N L%>®)(C) with 3(D;z Y) € L1(C) for some 1 < g < 2. Then there exists a unique
U e WhCo)(D2) with J(U) € W>4(D?) satisfying

D.U=Y inD (DY
BN A.14
{3U=0 on 9D (A-14)
Moreover the following estimate holds:

|| U”LZ,OO(DZ) + ”Vﬁ”LZOO(DZ) + ||VZS(U) ||Lq(D2)

= C(IPlngas + 13D ) - O

Proof. As in the proof of Lemma A.1 we first solve the equation Dzlj =YinC proving the
existence and uniqueness of solutions to the fixed point problem in W (%) (C)

~ . 1 . n ‘o~ =
J— j_ igk) .
U/ = Z>x<<Y » ka> T (U). (A.15)

k=1
Analogously to the proof of Lemma A.l, for ¢ > 0 small but depending just on universal

constants, the L2 (C) norm of T(ﬁ ) can be bounded as
1T (W)l L200c) = CIY 10y (A.16)
and for U, U, € L>*(C) it holds that

ITU1) = T 200y < CelUt = Uall 2o cy- (A.17)

L% _Gradient estimate: we have

o2 5

Observe that the Fourier transform of the convolution kernel V% = V(0;log|z]) satisfies the
assumptions of Theorem 3 p. 96 in [40]; therefore
. m .
(v Ewer)
k=1

1 . LU
vV— Y/ — Ok
(v2)- (- Swer)
k=1
Vl<s <o
and by interpolation (see for instance Theorem 3.15 in [41] of Theorem 3.3.3 in [13])
1 j - Ik i - Jrrk
V— )« (¥ =D 9]0 Yi =3 "yl0
Tz =1 =1

< CIY |l ooo(cy + CellU |l 2o ) (A.19)
Combining (A.19), (A.18) and (A.16) we get, for small € > 0,

IVT (U)l 2000y = (A.18)

L2%9(C)

<C
L(©)

Ls(©)

LZ,OO((C) LZ,OO((C)

ITllwresoe = € (1Pl + 1Pl (A.20)
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SoT : WhZ2)(C) - W22 (C) is a well defined linear operator and the same arguments
imply that T is a contraction. Therefore there exists a unique U/ € W!Z%)(C) satisfying
(A.15) and

1Ullwrecoc < C (||?||L1(C) + ||?||Lz,oo(©) : (A21)

Noticing that (U) satisfies also

AU = 43(0:Y7) — 43 [az (Z ykjl?k):|

k=1
. m ;o~ m ;o~
= 43(D:Y7) — 43 (Z v Y") — 43 [az <Z v Uk>:| :
k=1 k=1

estimate (A.21), the assumptions on ykj , Holder inequality and standard elliptic estimates imply

IV @a ey = € (ISP Doz + 1P i) + 1Pl ) - (A22)

Now exactly as in the previous lemma it is possible to solve the corresponding homogeneous
problem on D?

m
VI =—Zyk]Vk on D?

0
‘ = (A.23)
IV/ =30/ onaD?
and the solution V/ satisfies the estimates
IV llwt.coop2y < CISD)lIweooc)- (A.24)

Moreover the imaginary part J(V/) solves the following problem

m .
AI(VY) +43 {az (Z v vkﬂ =0 onD?
‘ B P (A.25)
JVI =30/ onaD?%
then, estimate (A.22) and elliptic regularity imply
||V23(Vj)||Lq(DZ) =< c <||%(D2Yj)||Lq(D2) + ”?”U(C) + ||1?||L2~°°(C)> . (A~26)

Now, as in the previous lemma, the function U/ = U/ — V/ is a solution to the original problem
(A.14); moreover collecting (A.21), (A.22), (A.24) and (A.26) we obtain the desired estimate

1U 1o p2) + IV Lo p2)

< € (IRl an + 1¥ 1) + 1Pl - O

A.2. Differentiability of the Willmore functional in F2, identification of the first differential and
lower semicontinuity under Wli‘cz weak convergence

Let us start with two computational lemmas whose utility will be clear later in the subsection.
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Lemma A.3. Let & be a smooth immersion of the disc D?* into the Riemannian manifold
(M",h). Let X® 0V € Ipp(TepM @ TD?) and w € I'p2(TEM), recall the notation introduced
in (3.1)—(3.3) and (3.6). Then

(D35 (X ® D), ) = (X @ ¥, Dgid) — divgii + (X, 0)divg?, (A.27)

where i € I’ Dz(TDZ) is the vector field defined below. Let f1 f2 be a positive orthonormal
frame of T D?, write v = v f1 + v2f2, then define

U= (U1X, J))hfl + (U2X, lf))hfz.
Notice that u is independent of the choice of the frame f;, i.e. it is a well defined vector field on
D% O
Proof. Call ¢; = 55*( fi) the positive orthonormal frame of 55*(TD2) associated to fl f;; a
straightforward computation using just the definitions (3.1)—(3.3) gives
(DX ® (0! fi + v2f2)], W) = —(v1 Dz, X + 02Dz, X, b). (A.28)
Writing the right hand side as — (D, (v' X) 4 Dz, v2X), 0) + (X, @) (¢1[v"] + é2[v?]), where
e;[v;] denotes the derivative of the function v¢ with respect to ¢;, we can express (A.28) as
(DFIX® ' fi + > )], #) = (v' X, Dgyib) + (v*X, Dg, )
—al('X, )] — &[(W*X, w)]
+(X, i) (G111 +&lv?]). (A29)
Notice that the first line of the right hand side is exactly (f( ®v, Dyw). Observe that, through the

parametrization 55, we can identify T D? and 7!‘5*(TD2); moreover noticing that for fixedi = 1,2
we have (D, ¢;, ;) = %é} [(e;, e;)] = 0, after some easy computations we get that

an'l+ a0’ = fikk'1+ A1 =divg@) + (3, D fi + Dj, f), (A.30)

where, by definition, divy (V) == }7,_; ,(D 7, fi) and D is indented as the covariant derivative

on TD? endowed with the metric g = *h (notice that the covariant derivative in M
along @(Dz) projected on @*(T D2) correspond to the covariant derivative on (D2 g) via the
identification given by the immersion @)

Recall that we defined u := (vl)?, zf))hﬁ + (vz)}, J})hfz = ulﬁ + uzfz € T D?; an easy
computation gives

ALW' X, 0)] + ALK, )] = diveii + (X, ©)(5, D fi + D, fa). (A31)
Now combining (A.29)—(A.31) we get the thesis. [

Lemma A.4 (Integration by Parts in Willmore Equation). Let ® be a smooth immersion of the
disc D? into the Riemannian manifold (M", h) and let W € I’ p2(T3 M) be smooth with compact

support in D?. Then

1 " . o
/2 |:<§ng | Dol = 3Dy H) + i (g D) Aut 1) |
D
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—I?(FI)+R$(T§5), J)>]dvolg
- 1 . . - - -
:/ (<H —D}f [Dgi —37‘[,;(Dgw)]>+<*h (e Dyt Au H)). Dgw>> dvol,
D2 2

+/ (—I?(f])+RJa;(T35),J))dvolg. O (A32)
D2

Proof. Let us start considering f DZ(D;g[DgI:I 1, ﬁ))dvolg. Fix a point xg € D?, take normal

coordinates x’ centered in xo with respect to the metric g = %*h and call f; = % the
coordinate frame; observe it is orthonormal at xo and Df; = 0 at xo. By Lemma A.3, we have

(D [DgH1, ) = (DgH, Dgib) — divgii + (D H, b)divg fi + (D, H, )divg f

for some vector field i compactly supported in D?. Observe that, at xg, the condition D f; =0
implies

dive fi = (D}, fis fi) + (D, fis f2) = 0.

Therefore taking fl to coincide at xo with the frame associated to normal coordinates centered at
X we obtain

(Dgf[DgHY, W) = (DgH, Dgib) — div,gii; (A.33)

since all the terms are defined intrinsically, the identity is true intrinsically at every point xo € D?.
Now integrate (A.33) on D? and, observing that ii is compactly supported, use the divergence
theorem to infer

fIﬂ(D;g[Dgﬁ],J;)dvolg = /DZ<DgH,Dgw)dvolg.

Repeating the same argument we have also [, (Dg*[Dgi0], H)dvolg = [2(Dgib, Dg H)dvol,,
S0

/Dzu);g [DgH], W)dvol, = /D2<H, Dy*[Dgib])dvoly. (A.34)
Using analogous arguments one checks that also
/ (Dg* [ (Dg H)), i)dvoly = / (i (DgH), Dgib)dvol,
D? D?
= /D2<Dgﬁ, 7 (Dg ))dvolg
- /Dzui Dy* 77 (Dgh)])dvolg. (A.35)
Finally, along the same lines, one has
/ <D;g [*h ((*g Dgni) Ay ﬁ)] , J))dvolg
D2

= /Dz (w1 (g Dty Ay H ), Dyib ) dvol,. (A.36)
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The thesis follows collecting (A.34)—(A.36). O

Lemma A.5 (Differentiability of W and Identification of dW). Let b e Fs2 be a weak branched
immersion of S?* into the m-dimensional Riemannian manifold (M™, h) with branched points
(b, ..., bV} and let W(P) = sz |H;p|2dvolg§.b be the Willmore functional. Then W is Frechét

differentiable with respect to variations w € W1 N W22(D?, T3 M) with compact support in
S? \ (b, ..., bNY in the sense that

W (Expgltd]) = W(D) +1 dgW[H] + Rg[t], (A.37)

where Exp as[tﬁj](xo) denotes the exponential map in M centered in %(xo) € M applied to the

tangent vector tw € Tas(xO)M and where the remainder Rg[t] satisfies
sup HRg[t]‘ Bl + 18]y < 1
and supp W C K cC S?\ {b', ~--vbN‘3}} =Cj Ktz'

Moreover the differential d 5 W coincides with the Willmore equation in conservative form: for
every w € W N w22(D?, T3 M) with compact support in S2\ {b', ..., BNy,

- - 1 - - - - -
dzW[w] = ./SZ <<H, EDgg [Dgw — 3715(Dgw)]> + (%1 ((xg Dgn) Ay H), Dyw)

+(—R(H) + RE(T P), J;))dvolg. (A.38)

Also the functional F (g_l%) = sz I é|2dvolg is Frechét differentiable with respect to variations
we when WZ’Z(SZ, T&sM) with compact support in S? \ {bl e bN} in the sense above, and

d3Fli] = /S2 <<H, Dyg*[Dgih — 37;(Dg)]) + 2% (¢ Dgit) Ay H), Dgid)

+2(—R(H) + RE(T ®) — (D R)(T d)

—2R3(T ) — 2K (T )H, ﬁ)))dvolg. (A.39)

Finally also the area functional A(%) = Areagi(Sz) is Frechét differentiable with respect to

variations w € WH*° N wW>2(D?, T3 M) with compact support in S2\{b', ..., b} in the sense
above, and

d3AlD] = — /Sz (2H, W)dvol,. [ (A.40)

Proof. Let & « Fs and observe that the mean curvature H 3 € TaM" is a function of
(V2 (:l% \Y 55 35), where V2@ and V & are respectively the Hessian and the gradient of &:

(V29, Vo, &), (A41)

T

Hgz =
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where

H: (TS’ ®@T;M, TS’ @ TyM, M) — T3M, (€,4,7) v+ HE,§ (A42)
Observe that H is smooth on the open set given by | A g| > 0; moreover, for every go and
20, the map 5: — H (§ , 4o, Zo) is linear. Recall also that the area form dvolgéS associated to the
pullback metric g = &* 1 is of the form

dvolg, = f(V &, &) dvoly,
where dvoly, is the area form associated to the reference metric gy on (Sz, cp), and
fTSRTZM. M) >R, (4.2 f(G.7)

is smooth on the open subset |§ A g| > 0. Therefore the integrand of the Willmore functional
can be written as

|Hy|dvoly, = |FI*(V2®, V&, d)dvoly, (A.43)

where F(E,§,7) = H(E,§,2)F(G,2); clearly F is smooth on the subset | A | > 0 and, for
every §o and Z, the map & — F (&, o, Zo) is linear.

Let w € W22 n wWhoo(s?, T3M) be an infinitesimal perturbation supported in S?\
{bl, el bNEb}, where {bl, R bNEb} are the branch points of 55; consider, for small t+ > 0, the
perturbed weak branched immersion Expas[tﬁ)], where Expas[t@](xo) denotes the exponential
map in M centered in 715(JC()) € M applied to the tangent vector tw € T(}(XO)M . Observe that, by
definition,

I 2
/;z |HEXP(}§[IIZ)]| dVOlgExpaS[[ﬁJJ
= /2 |FI*(V2(Expzri]), V(Explriw]), Expzlri]) dvoly,.
S

Recall that, using the construction of conformal coordinates with estimates by
Chern—Heléin-Riviére, we can assume that on every compact subset K CC S2\{p', ..., b"N%},
the immersion & is conformal with ||(10g|Vq5|)||Loo(K) < Ck for some constant CK de-
pending on K. By conformality, it follows that on every compact subset K CC S?\
b, . szﬁ} there exists a positive constant cx such that |d¢> A d¢| > cx >
0. Slnce w is supported away the branch points it follows that, for ¢ small enough,
(VZ(Exp(p[tw]) V(Equ}[tw]) Exp@[tw])hupp(w) is in the domain of smoothness of F. By a
Taylor expansion in ¢ we get

] 2
/82 |HExp&>[nI)]| dVOIgExp;p[tJ;]
= /SZ |H35|2dvolg5§ + 2t /3;2 F(V2®, VD, d)- 85,-",-F(V B, ¢)3fixj wkdvolgo
+ 2t v/Sz ﬁ'(vz@, Vo, d)- aqlkI:L(VZ %’ Vo, @)axi wdeOIgo

+2t/ F(V2®, V&, &) - 04 F(V2®, VP, d)wkdvoly, + 1 / 0% jwko
S? i

xixJ rx$
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ijrs

xw! P (V@ &, Vi, w) +1 f % w Qk(vzqﬁ V&, b, Vi, w)
+z2/ S(V2@, V&, &, Vi, ), (A.44)
SZ

where, in the second line ng F depends just on (V 5 5) since F is linear in g? in the 5th line the

function P is smooth in its arguments with P(VQ') Q5 0,0) = 0, in the 6th line the function Q
is smooth in its arguments and linear in V2§ with Q(V2 @ \Y 45 515 0,0) = 0 and in the 7th line
the function S is smooth in its arguments and quadratic in V2 ¢ with S(V? d5 \Y @ q5 0,0)=0.

Therefore, called Rl‘f[ ] the sum of the last three lines of (A.44), we have that

sup ”R? t]‘ Bl + 18] e < 1

and supp w C K cC S?\ {b', ---vbN‘}}} = CQB,Ktz'

It follows that | |Hj |2dvolg. is Frechét-differentiable with respect to W22 N W1 variations
compactly supported away from the branch points, and the first variation d W3 [tw] is given by
the sum of lines 2, 3, 4 of (A.44).

Now we identify the first order term in the expansion of f |H |2dV01g(}) with the conservative
Willmore equation we derived before in the paper. Observe that it is not completely trivial since
the conservative Willmore equation has been proved for smooth immersions, while now Pisa
weak branched immersion. First of all, recall that if ¥ is a smooth immersion of the disc D2
taking values in a coordinate chart of M, then for a smooth variation w € Cgo(Dz, R™) with
compact support in D? we have that

/Dz |H, 517dvolg, =/ |l 2dvoly, + tdW ] + RY [11; (A.45)

where the remainder R ,% [#] has the same form as the sum of the last three lines of (A.44), and
where the differential d va[@]’ after the integration by parts procedure carried in Lemma A .4,
can be written as

N b 1 g N N
dWglw] = /‘DZ <<H,jp EDg; [Dg@w — 37{,;@(Dg;vw)]>> dvolg@
+ /Dz (1 (G, D) Ant Hy), Dy )
- Lo o
+ (—R(Hy) + R (T ), w)) dvoly .
Now let us start considering the case of e wheon W?22(D?) a weak conformal immersion

with finite total curvature without branch points taking values in a coordinate chart of M, and let
w e C° (D?, R™) be a smooth variation with compact support in D?.

Let ¢ be a non negative compactly supported function of C5°(IR) such that ¢ is identically
equal to 1 in a neighborhood of 0 and

n/<p(t)tdt= 1.
R



A. Mondino, T. Riviére / Advances in Mathematics 232 (2013) 608—-676 669

Call (1) := 72 ¢(t/¢). Denote for ¢ < 1/4 and for any x € D]Z/z,

Be(x) == @ (|x]) % & = /D e (lx — y]) D(y) dy.

By Lemma A.6 there exists 0 < &5 < 1/4 such that for any ¢ < ¢35 the map &, realizes a
smooth immersion from D% ) into the coordinate chart; moreover we have (notice that in order

to keep the notation not too heavy, in the following we replaced D% 1 by D?)

®, — & strong in W22(D?) (A.46)
H, — H strong in L*(D?) (A47)
iy — i strong in W2(D?) (A.48)
and
sup | @ [ly1.0(D?) < C < 00 (A.49)
0<e<egg
. - 1
inf inf |d, Ad®:| > — > 0. (A.50)
xeD?2 0<e=<eg C

Since 558 is smooth, the Willmore functional computed on éfs + 1w expands as in (A.45); observe

that, thanks to (A.46), (A.49) and (A.50), the remainder ﬁge [¢] satisfies

sup sup BRI 10| = e, (AS1)

O<e=<en [[Wlly1,00np22(p2y =<1

Observe moreover that, by (A.46), (A.47) and (A.49), we have that |Ijlg|2dvolgg is dominated

in Ll(Dz) for ¢ < g9, and converges almost everywhere on D? to |H |2dV01g; therefore, by the
Dominated Convergence Theorem, we have

/ |He |*dvolg, — f |H *dvol,. (A.52)
2 2

Moreover, usmg (A.46) and (A.50) we have that, for ||w]| Whoenw22(p?) < 1 and ¢ small enough,
sﬁg +t — D+t strongly in W22(D?) and Hds i

it still holds supy_, <, |l 458 + 10| 100 (D?) < C < oo. Therefore, with the same argument
above, we get

I H¢+ _ strongly in L?(D?); of course

2 2
/ |H¢ +t*| dvolgq§+ s / |H¢+t”| dvolgmm. (A.53)
Combining (A.44), (A.52) and (A.53) gives

W(d +tw) — W(d) W (B, + ti0) — W(B,)

dWz[w] = lim = lim lim
t—0 t t—>0e—0 t
7%
2 (2]

lim lim | dWj [w] wt ;

t—0e—0
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recalling (A.51), we obtain
dW@a[ﬁ)] — dWg[w] ase — 0. (A.54)

Therefore in order to prove that, as in the smooth situation, d WZzs is the Willmore equation in
conservative form, it is sufficient to show that

1 R .
/2 <<H8, zD e [Dg W0 — 3nﬁs(Dg8w)]>> dvolg,
D

+ / (o (Crg, Dcfic) Aw H ) s Dy, ) + (RO + RS (T @), ) dvol,
D? &
- 1 - -
— (<H, =D,* [Dgw — 371;;(Dgw)]>> dvol,
D2 2

+ /Dz ((*h ((*g Dyit) Am ﬁ) : Dgfu> + (—13(1?1) +RE(T D), 17;>) dvol,. (A5

We are going to check the convergence term by term.

*ge - Q] . L : o
Observe that Dy * [Dg, w] = g¢ DBXi b, Dax,- 3w and, using the definitions, one computes

(g7 D, 3,0, g;gﬁ))k = gl [02  uk + (Thy 0 B0, w7
+ ((grad, %, 8,0 B 0 D) wPd,; B
+ (K 0 B)d w1 + (IF, o D)wPd? ;&7
+ (I, 0 B)(Thy 0 BIwPd, 99,0 0" |
= fle+ fie with|ff,| < Ff € L®(D%) and
|f5.| < F} € L*(D?); (A.56)
where qu are the Christoffel symbols of (M, h) which are smooth and C! bounded by the

compactness of M. Notice that in the last equality we used (A.46) and (A.49). Comblmng
(A.46), (A.47) and (A.56) we get therefore that (He, D . [Dyg, w])dvolgF is dominated in L1 (D?)

and converges almost everywhere to (I-} , D;g [Dglfz])dvolg, then by the Dominated Convergence
Theorem

/ (He, Dy [Dg, b])dvolg, — / (H, Dg*[Dgib])dvoly ase — 0. (A.57)
DZ

Now let us consider the second summand in the first line of (A.55). Observe that
D;fS (70, (Dg, )] = g¢' D, & [m,(D, & w)]; using (3.10) we can write
3 i Pe xJ *e

D*gg [nne (Dgs J))]
= (1"l [(D, 4, )LD, 5 D)
+n,sl_((Dd qsns)I_D 35517))

+iicl (1D, D w))] (A.58)
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Writing explicitly the right hand side as done for (A.56), one checks that
Dy [, (Dg, 9)] = foe + foe with |f3e] < F3 € L(D?) and
|fasl < Fa e LA(D?). (A.59)

Combining (A.46), (A.47) and (A.59) we get therefore that (HE, D*“ [0, (Dgew)])dvolge is

dominated in L'(D?) and converges almost everywhere to (H , Dgg [ (Dgw)])dvolg; then by
the Dominated Convergence Theorem

/ (Hg, Dy [7n, (Dg, )])dvoly, — / (H, Dy [7r5(Dg)])dvol, as e — 0. (A.60)
D? D2
Now let us consider the first summand of the second line of (A.55). Observe that

0]
detg, €jp g8 — vl (A.61)
where ¢, is null if j = p and equals the signature of the permutation (1, 2) — (j, p) if j # p;
after some straightforward computations using the definitions (3.1), (3.2), (3.4), (3.5), (3.6), we
get

%
8e Bx/

<*h ((*gs Dgeﬁg) AM Ijlg) s Dgeﬂ))
_\/@gs Sjpgg *h((Da qsne)/\MH) Daqéﬁ'&»
= fs5. with|fs.| < Fse L'(D?. (A.62)

Using analogous arguments as before, by the Dominated Convergence Theorem we obtain
/ i (%1 ((kg, Dg,Tie) Ay Ijlg), Dg, w)dvoly,
D
N / (ki (kg Dgit) Apg H), Dgib)dvol,. (A.63)
DZ

Finally consider the last two curvature terms in (A.55). By the definition (1.5), the first one writes
as

2
(R(H,), ¥) <ZR1emh(Hs,Ef & nng(w)> (A.64)
i=1

for an orthonormal frame Zf of 358’* (T D?); observe that it is dominated in L' (D?) and converges
a.e.to (R(H), W) on D2, so as before

/ (R(Hy), w)dvol,, — f (R(H), W)dvoly. (A.65)
D? D2
Finally, by definition (1.7) and identity (A.61),
N N 1
Ry (Tdo) = [nT (Riemh(El,Ez)H)]

detg. g g &1, gP% (Riem" (8,; B, 0, Be) He, 0yt Be)0xa Do (AL66)
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From this explicit formula, as before, one checks that (RJ% (T 358), J})dvolgs is dominated in

L'(D?) and converges to (Ré;(T 35), w)dvol, a.e. on D?, then by the Dominated Convergence
Theorem

/(1?35 (T&sg),w>dvolgg—>/ (Ré(T@),J))dvolg. (A.67)
DZ 3

Combining (A.57), (A.60), (A 63), (A.65) and (A.67) we obtain (A.55) as desired. Let us recap
what we have just proved if & isa W' N W22 immersion of the disc D? into a coordinate
neighborhood in M and w € C°°(D2, R™) is a smooth variation with compact support in D2,
then the differential of the Willmore functional d éW[lZJ] coincides with the pairing between
the Willmore equation in conservative form and w. Now by approximation the same is true
for variations in W1 N w2 2(D2 R™) with compact support in D?. By partition of unity,
the same statement holds for & € Fs2 with branched points {b',...,b"} and any variation
w € Who N W22(D?, Tz M) with compact support in §? \ {5, . bN}.

The proof regarding the differentiability of F is analogous since I3 is a vectorial function
of (V2,V®, &) linear in V2®. Moreover for smooth immersions and smooth variations,
combining Corollary 3.1 and Lemma A.4, the first variation of F is exactly (A.39). With the
same approximation argument carried for W one checks that the same expression holds for a
weak immersion.

The proof regarding the differentiability and the expression of the differential of the area
functional is easier since dvol, is a function just of (V@ 45) and can be performed along the

same lines once recalled that in the smooth case the differential of the area functional is exactly
(A.40). O

Let us now prove the following approximation lemma used in the proof of Lemma A.S.

Lemma A.6. Let ¢ be a conformal weak immersion in Fy into R™ without branch points. Let
@ be a non negative compactly supported function of C;°(R) such that ¢ is identically equal
to 1 in a neighborhood of 0 and

ﬂ/(p(t)tdt: 1.
R

Denote ¢ (t) = =2 ¢(t/€). Denote for ¢ < 1/4 and for any x € Dlz/z,

u(0) = e« = [ e =31 803 d.

There exists 0 < €3 < 1/4 such that for any ¢ < &g the map P, realizes a smooth immersion
from D% 1 into R™; moreover we have

lim [g5 — g3l p2, = 0. A.68
b ”g@g g¢||L (012/2) ( )
we have also

lim (i g — g, 122, = 0. (A.69)

1/2

and

lim || g — Hj |l 252, = 0. O (A.70)
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Before proving Lemma A.6 we establish the following ¢-Poincaré inequality.

Lemma A.7. Let u € W'2(D?). Let ¢ be a non negative compactly supported function of
C3°(R) such that ¢ is identically equal to 1 in a neighborhood of 0 and

Zn/ o)t dt =1.

R

Denote ¢, (t) == g2 o(t/e). Fore < 1/4and x € Dlz/2 denote
ug(x) == @e(|x|) *u := /DZ @e(|x — yD u(y) dy.

There exists a constant C > 0 such that for any x € D% 1

1
|Be(x)| JB,(x)

lu(y) —ue(x)|*dy < C /B()sz(y) dy. O (A1)

Proof of Lemma A.7. For any x € D% 12 and 0 < ¢ < 1/4 we denote

_ 1
utr = u(y)dy = / xe(|lx —yD u(y) dy,
[B:(x)| JB,(x) D2

where x. (1) = (re?)~! on [0, €] and equals zero otherwise. The classical Poincaré inequality

gives the existence of a universal constant such that

lu(y) —u** > dy < C / IVul*(y) dy. (A.72)
[B:(x)| JB,(x) Be(x)
‘We have
1
lu(y) — ue(x)|* dy < 2 lu(y) — a* > dy
1B-(X)| /B ‘ 1B:(0)| JB.()
+ 2075 — u (0% (A.73)
and
B — up(x) = / Dte (1 — v — @e(lx — D1 u(y) dy. (A.74)
B (x)
Since

f Lo (1 — ¥ — @e(lx — D] dy = 0
B (x)

the identity (A.74) takes the form

B — () = /B Dl = 5D = gullx = 3D1 @) =) dy. (AT5)

Thus
2

[ —ue(0))* < Ce™

IA

/ lu(y) —u™*| dy
Be(x)

Cs_zf lu(y) — a®** dy. (A.76)
Be(x)

IA
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Combining (A.72), (A.73) and (A.76) gives (A.71) and this proves Lemma A.7. [

Proof of Lemma A.6. We first establish (A.68). Since @ is a weak conformal immersion, results
from [13] imply that there exists A € C%(D?) such that

g3 = e [dx{ + dx3],
and e* = |0y, %l = |0y, §5|. Then, for any § > 0 there exists ¢ such that
V6>03e>0Vx,yeDj, lx—yl<e=1-6<0 <145 (A.77)

Since & € W22(Dy, R™)

V6>03e>0Ve <eg sup / V23 2(y) dy < 82. (A.78)
B (x)

2
xeDl/2

Applying Lemma A.7tou =V & we deduce then that

VS>03e)>0Ve <gy  sup IVO(y) — VI, ()2 dy < 82 (A.79)

cent, 1B o,

Using the mean-value theorem we then deduce that

V6>0 3e0>0 stVe<e VYxeDi, dy €Bc(x) st

N N (A.80)
IVO(y:) — V& (x)| < /6.
Since
0< inf [V = inf 2e** < sup VI (A.81)
yEDlz/z y€D12/2 yeDlz/2
(A.80) implies fori = 1,2
V>0 dgp>0 Ve<gy st.Vxe Df/z Iy, € Be(x)
Ay, D (A.82)
s.t.1—8§M§1+8.
[0x; P(yx)]
Combining (A.77) and (A.82) we obtain fori = 1, 2
3. &
V8 >0 380>0V8<80VXED%/2]—5§M§1+5. (A.83)
[0x; ()|
Similarly, using (A.80), (A.81) and the fact that 9, $(y) - dy, D(y) = 0 we have
Ay, Be(x) - Dy, D
V8>OEI£0>OV8<80Vx€D12/2 19 Pe(x) - 9 PO _ (A.84)

IV &, (x)[?

It is clear that (A.83) and (A.84) imply (A.68). Finally (A.69) and (A.70) are direct consequences
of the fact that (A.68) and (A.81) hold together with the fact that &, — @& strongly in
W2’2(D%/2). Lemma A.6 is then proved. O
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Lemma A.8 (Lower Semi Continuity Under W22_-Weak Convergence). Let {Eﬁk}keN C Fs2 and
$oo be weak branched conformal immersions and assume that there exista', ..., a" € S? such
that for every compact subset (with smooth boundary) K CC S? we have

& — & weakly in W(K) (A.85)
sup sup | log |V315k| [(x) < Cx < oo forsome constant ckx depending on K. (A.86)
k xekK

Then the Willmore and the Energy functional are lower semicontinuous:

L2 .. o2
/KlH%c' dvol%OO < 11rr}61nf/K |H¢k| dvolg:pk,
[l (A.87)

.2 .. 2
/;(”14"&' dvolgaﬁOO < llmkmf/;{ ”I@k' dvolg(}k.

Proof. Since 35/( are conformal, then Flk = %e’”‘kAaik where Ay = log |9, §5k| = log 0,2 g75k|
is the conformal factor. Let us first show that

7 1 > 1 - -
Higy/volg = ——=— AP > ——=— APy = Hyoy/VOl,, inD'(K). (A.88)
2|3 1¢k| 2|3 1¢oo|
From (A.85) and the Rellich-Kondrachov Theorem we have that |9, (Pk| — 0,1 @Ool strongly
in LP(K) for every 1 < p < oo; moreover assumption (A.86) guarantees that |0, 1 <15k| >c>0
independently of k. It follows that
1

= — =
[0,1 Dy [0,1 Do

strongly in L?(K) forevery 1 < p < oc.

Since, by assumption (A.85), clearly A @k - A @oo weakly in L2(K), then (A.88) follows. In
order to conclude observe that (A.85) implies that @k are unlformly bounded in W22(K), then
assumption (A.87) and the conformality of @k give that Hk,/volgk are uniformly bounded in
L?(K). This last fact together with (A.88) implies that

Hy\/volg, — Hooy/Vol,, weakly in L?(K).

The thesis then follows just by lower semicontinuity of the L? norm under weak convergence.
The proof of the lower semicontinuity of | [T is analogous once observed that in conformal
coordinates |[|> = e=*|V29|2. O
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