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convergence of the Picard-Lindeld f iterations in L2(£2) to a solution of this problem which

admits a smooth density with respect to Lebesgue’s measure on R.
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1. Fractional Brownian motion

Fix a parameter % < H < 1. The fractional Brownian motion of the Hurst parameter H is a centered Gaussian process
B = {B(t), t € [0, T]} with the covariance function

1
R(t,s) = 3 (s + 2 — e — ).
Let us assume that B is defined in a complete probability space (§2, F.P). Then
tAS
R(t,s) = / K(t,r)K(s, r)dr
0
where K(t, s) is the kernel defined by
1y t H—3 H-1
K(t,s) = Cys? (r—s)""2r'"zdr
0

fors < t, where

1
HQH - 1) :
CGi=|oo 1|
B(2—2H,H— 1)
B(a, B) is the Beta function and K (t, s) = 0if s > t.
This means that R is non-negative definite and therefore, there exists a Gaussian process with this covariance [1].
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Malliavin calculus and stochastic integrals for the fractional Brownian motion

Let us recall the definition of the derivative and divergence operators and some basic facts of the stochastic calculus of
variation, taken mainly from Alés and Nualart [2].
Let # be the Hilbert space defined as the closure of the set of step functions € on [0, t] with respect to the scalar product

(110,11> 1jo,s1) 5 = R(t, s).
Then

t S
R(t, s) = ay, f / Ir — u/?"=2 dudr
0 0

where oy = H(2H — 1); then

(D, )% —aH/ f ul*=2¢(r)y (u) du dr

forall ¢ and ¥ in ¢. The mapping 1o ;; —> B(t) can be extended to an isometry between H and the first Chaos H; associated
with B, and we denote this isometry by ¢ —> B(¢). The elements of # may not be functions but distributions of negative
order to introduce the Banach space, | #| of measurable functions ¢ on [0, T] satisfying:

T T
Il = om/ / lp ()1 w)r — ul*=2 dr du < oo.
0 0

Given s = (sq,..., ) € [0, TT¥, we denote by |s| the length of s, that is k.
For a random variable, Y € D*P and s € [0, T]*.
We denote by DXY the iterative derivative DD, , ...Ds,Y.

Letf € CE "°°(R), the space of continuous functions defined on R infinitely differentiable with bounded derivatives.

Is|

Set IL(f:Y) = 22f<m><Y>]"[Dp,<p,>Y

where the second sum extends to all partition Py, ..., Py, of length m of s [3].
Let S be the set of smooth and cylindrical random variables of the form

X =f(B(¢1), ..., B(¢n)),

wheren > 1,f € (;°(R"), (f and all its partial derivatives are bounded) and ¢; € #; the derivative operator D of a smooth
and cylindrical random variable X is defined as

"9
DX — X]: a—}{j(B(@), o B(én) .
p

Let D be the iteration of the derivative operator D.
For any p > 1 the Sobolev space D*? is the closure of S with respect to the norm

k
IXI;, = EIXIP +E (Z ||D'X||';e) :

i=1

Lemma 1.1. Let {X,, n > 1} be a sequence of random variable in D*P, k > 1, p > 2. Assume that there exists X € D" such
that {D*=1X,, n > 1} converges to D*"1X in IP(£2) as n goes to infinity and moreover, the sequence {D*X,, n > 1} is bounded in
[P(£2), then X € DkP.

Lemma 1.2. Let {Z(t), t € [0, T} be a stochastic process such that for any t € [0, T], Z(t) € D"? and
SupE(IZ(0)*) < ki, supE(ID,Z(D)[*) < ka3
t r,t
then given r > 0 and deterministic continuous function f, the stochastic process {Y (t), t € [0, T]} defined as

_jzit—=r) ift>r
Y“)—{f(t) ift<r

belongs to D2 (| #]).

(1.1)
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2. The Cauchy problem for a stochastic delay differential equation

In the present paper we shall consider the Cauchy problem for a stochastic delay differential equation:
du(t) = Au(t) + b(u(t))dt + o (u(t —r)) dB(t), te][0,T] (2.1)
u@s) =), se[-r,0] (2.2)

where ¢y € C([—r, 0]) and the noise process {B(t), t > 0} represents a fractional Brownian motion with the Hurst parameter
H > % It is supposed that A is a closed linear operator which generates a strongly continuous semigroup {Q(t) : t > 0} on
areal separable Hilbert space #, [4-6].

Theorem 2.1. As a solution to this problem, we shall define a process {u(t), t € [—r, T]} that satisfies

t t
u(t) = Q¥ (0) + / Q(t —s)b(u(s))ds + / Q(t —s)o(u(s —r))dB(s), te€[0,T] (2.3)
0 0
u(s) = ¥ (0).
We shall assume that b and o are real functions that satisfy the following conditions:
Hypotheses (H):

(i) b and o are A-times differentiable functions with bounded derivatives up to order .
(ii) o is bounded and |Qb(0)| < C; for some constant C;.
(i) |Q ()] < qe** forall0 <t < T forsomea > 0,q > 1.
(iv) fOT [|Au(t)||ds < oo, almost surely.

The proof of this theorem is based on the following lemmas.

Lemma 2.3. Let {A(t), t € [0, T]} be a quadratic integrable stochastic process. Assume that b is a Lipschitz function defined on
R such that |Qb(0)| < C, for some constant Cy; then for a fixed T, < T, the stochastic integral equation

t
u(t) = ¥ (0) +/ Q(t —s)b(u(s))ds + A(t), te[0,Tq] (2.4)
0

u(t)=0 ift>T; (2.5)
admits a unique solution u(t) on [0, T].

Proof. Consider the classical Picard-Lindelof iterations
t
u™(t) = ¥ (0) + / Q(t — $)b™ (s))ds + A(t)
0
u® () = ¥(0) + A(t)

fort € [0, T;] and u™ (t) = O for any t > T; and all n, we have

2
E(quP(t) —u@@)*) = E

t
/ Q(t —s)b® (s))ds
0

< N, uniformly int.

We thus have

t
(1400 ~u ©F) = N [ B (s —u" s s
0

t sy $2 Snq

§N1f/ / / E(uV(s) — u@(s)|?)ds,. .. ds,ds;
0 0 0 0
Ny!

< N.

n!

From this we can easily prove that the Picard-Lindel&f iterations converge in L?(£2) on [0, T;] to a solution of (2.4) [3]. O

Definition 2.1. We shall say that the stochastic process {Z(t), t € [0, T]} satisfies condition (D m p)) if Z(t) € D™P for any
t € [0, T], sup, E(IZ(t)|P) < Cy and

sup sup E(IDf1Z(0) IP) < G

tor,ri=k
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whenm > 1,p > 2, k < m and for some positive constants Cy, C, in this case Z(t) € D"2(|#|) and
E\IZ|I%5 4 EIDZ |l 5¢/05)15¢) < A(C1 + €2)
proved in [7].
Lemma 2.4. Let {A(t), t € [0, T]} be a stochastic process satisfying condition (D m,p)). Assume that b has bounded derivatives

up to order m and that |Qb(0)| < C;; then for a fixed Ty < T, the stochastic integral equations (2.4) and (2.5) have a solution
{u(t), t € [0, T]} satisfying the condition (D(*, m.p)).

Proof. We have to prove that the Picard-Lindeléf iterations converge in L?(£2) to a solution of (2.6):

p
E(u(®)l’) < Ny E

A

p T
+E|k(t)|p+E‘/ ¥ (0)ds
0

t
/ Q(t — s)b(u(s))ds
0

t
NP (1 + f E(|u(s)|">) ds,
0

and by Gronwall's lemma that sup, E(Ju(t)|]’) < oo,t € [0, T]. Moreover for all k < m,u(t) € D*P, we have
SUP; SUP; =k E(|D’r‘u(t)|”) < ¢,. Now consider the hypothesis of induction for k < m, (Hy):

IA

(a) foralln > 0,u™(t) € D*P forall ¢.
(b) D*"'u™ (t) converges to D*~'u(t) in LP(£2) when n tends to co.
(c) sup, sup, sup, ;— E(Dku™ (t)|P) < oo.

Step (1). We prove (1:11): (b) is true because u™ (t) converges, when n tends to oo, to u(t) in LP(£2); for (a) and (c) we will
use another induction to check for all n > 0, the hypothesis (H,):

(i) u™(t) e VP forallt € [0, T].
(ii) sup, sup, E(|D;u™ (1)[?) < oo.

It is clear that u® (t) € D'? forall t and t € [0, T;]. So our hypothesis of induction (Ho) has been proved.
Assume now that the hypothesis (Hy) is true. Then from the definition of u™*?(t) it follows that u™*? (t) € D"P and for
any t € [0, T],

D™ () = / ' DLQ(E — )b $))1ds + Dy (0) + D) (2.7)
Then O

sup E(IDu™ P (0)]") < N, {supEmrw(ow + / " SUpEDL Q¢ — $)b(™ (s)]P)ds + sup E(|Drx<t>|f’)}
since r r o r

sup E(1D; v (0)") =0,

| t supE(D1Q(t ~ 91P)ds < [ t sup E(1D, " (9)")ds.
Then 0 0

t
sup E(|D,u™ PO P) <N, { / sup E<|Dru<"><s)|">ds} + sup E(ID;A(6)") < oc.
r 0 r r

Hence (I:IHH) can be easily proved.
Finally, we have the relationship

t
sup EID "V (0) =, [ sup EID,u® )P s + Ny
r 0 r
Iterating n times we get

t s
supE (ID,u™(0)P) < N, {/ [Np/ sup E(|D,u™ P (&)|P)de —I—Np“ds
r 0 0 r

t S
< (Np)? f / sup E(|D,u™"V (£)[P)dEds + (N,)2t + (N,)
0 0 r
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n k+1
NP

k!

=
k=0

t* < N, exp(Npt).

Then

sup sup sup E(|D,u™ (t)|P) < N, exp(N,T) < o0.
n t r

This means that (H;) has been proved.

Step (2). Let us assume that (Hy),i < k < m — 1is true. We want to check (I:Ik+1). We will prove (a) by doing another
induction over n similar to the step (1).
Let us consider, for all n > 0, the hypothesis (H,):

(i) u™(t) € D**1P forallt € [0, T]
(ii) sup, sup; ;i1 E(DKTu™ (£)[P) < oo.

From the definition of u® (¢) it is clear that (Hp) is true. Assuming that it is true for n, from the definition of u™* it follows
that for all t, u™+V(t) e D*'Pandforr, [r| = k+ 1

t
DI (1) = f I(Qb, u™(s))ds + D¥'A(t) foranyt € [0, Ty].
0

The proof of (b) and (c) is given by repeating the same method as in step (1). Using Lemma 1.1 we have

sup sup E(ID¥Tu(t)|P) <oo. O
t r,|r|=k+1

Lemma 2.5. Let {Z(t), t € [0.T]} beastochastic process satisfying condition (D m+1,p). Then the stochastic Stratonovich integral

t
At) =/ Z(s)dB(s), tel0,T]
0

is well defined and the stochastic process {A(t), t € [0, T1} satisfies condition (D, m,p), proved in [7].

3. Proof of the main theorem

To prove that Eq. (2.3) has a unique solution on [0, T], we first prove the result on t € [0, r]. Then by induction, we shall
prove that if Eq. (2.3) has a unique solution on [0, Nr], then we can extend this solution to the interval [0, (N 4+ 1)r] and this
extension is unique.

The hypothesis (Hy): for N < A, the equation

u(t) = Q)Y (0) + / Q(t — s)b(u(s))ds + / Q(t —s)o(u(s —r))dB(s), t e [0, Nr]
0 0

and u(t) = 0ift < N;, has a unique solution and u(t) satisfies condition (D(*,;_N.p)).
Step (1) check (Hy): Lett € [0, r] and define the process

t
A(t) :/ Q(t =)o (Y (s — 1) 1<y dB(s) t [0, T].
0

It is clear that
Q(t —s)o(Y(s — 1) € DV(|#])

and
DlQ(t —s)a[y(s — )]l = 0.

Since v is a deterministic continuous function, then A(t) € D%?,
DyA(t) =Q(s =)o (Y (v — ) 1y<t<r)

and

DA(t) =0 whenk > 2.
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Moreover for all k > 1, p > 2 we have that
SupE(IA(D)F) < Qo (Y (s —m)IIF <G
t

and
sup sup E(IDXA(D)IP) < Ca.

t v, |v|=k
So, A(t) satisfies condition (D, k p)).
From Lemmas 2.4 and 2.5, there exist a unique solution u(t) and satisfies condition (D, ;_; ,)-

Step (2): Assuming that (Hy) is true for N < X, we want to check (Hn+1)-
Consider the stochastic process {Y(t), t € [0, T]} defined as

pt—nt =<r
yt) =3u(t—r) r<t<(N+1Dr
0 t> N+ Dr.

SetZ(t) = Qo (Y(t)). Thenfort € [0, (N + 1)r], the problem becomes

u(t) = Q)Y (0) +/ Q(t —s)b(u(s))ds +/ Z(t) dB(s).
0 0

Let us define the process

t
Alt) = / Z($)lie<+nrydB(s) t €0, T]
0

from Lemma 1.2
(1) Z(t) € D"2(|7¢))
(2) fOT fOT ID,Z(s)||s — v|*H~2dsdv < oo
and
D,Z(t) = Du[Qo (Z(1))].
Now by using that the stochastic process Y (t) satisfies condition (D, X—N,p)) and that Qo has a derivative up to order X, it
is clear that for any t € [0, T], Z(t) € D*P forall k < ). — N and
Dz(t) = ,(Qo, Y(1)).

Furthermore, Y (¢) satisfies condition (D, ;_ ). From Lemmas 2.4 and 2.5, 2 satisfies condition (D, ;_y_; ,) and as we
did in step (1) we can finish the proof of this theorem (Comp. [8-21]).
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