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1. Introduction

Throughout the paper we assume that R, R, and N respectively stands for real number set, positive real number set
and natural number set.
Recall that the definition of a log-convex function.

Definition 1. Letf : [a, )] C R — R, .. Thenf is called a log-convex(concave) function, if
flax+ (1 —a)y) < FEE)* Fo)'™
holds for any x, y € [a, b], « € [0, 1].

The authors of [1] proved the following results on the log-convex functions.

Theorem 1. Let f : [a, b] € R — R, be log-convex (concave), denote

(b—a)fb) —f(a@) . .
M= 0) —mnf@ if f(a) # f(b);

(b —af(a), if f(a) = f(b).

Then

b
f f(Hdt < (=)M.
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The aim of this paper is to show some results on the log-convex functions. In Section 2, we give some integral properties
of the log-convex function, including a lower bound of its integral inequality. As an application, in Section 3, an estimation
formula of remainder terms in Taylor series expansion of e*(x > 0) is given. This result is better than the result in [2,3]
or [4].

2. Some properties of the log-convex function

Theorem 2. (i) Let f : [a, b] — [0, 4+00) be a strictly decreasing and differentiable function, f (x) > 0 for x € (a, b]. Define
F(x) = faxf(t)dt with x € (a, b]. Then F is a log-concave function.

(ii) Let f : [a, b] — [0, +00) be a twice differentiable log-concave function, f(x) > 0 and f'(x) > 0 for x € (a, b]. Define
F(x) = faxf(t)dt with x € (a, b]. Then F is a log-concave function.

(iii) Let f : [a,b] — [0, 4+00) be a twice differentiable log-convex function, f(x) > 0 and f'(x) > 0 for x € (a,b],
limy_, ot f2(x)/f'(x) = 0. Define F(x) = faxf(t)dt with x € (a, b]. Then F is log-convex function.

Proof. We only prove (ii), the other proof is similar.

Let
_ F'(F(x) — (F'(x))?
G(x) = 7 , Xe€(a,bl].
Then
X 4 . X _ 2
) = (f; foydt)” - [T fdt — f2(x)
frx)
* f2(x)
= dt — .
/a TOd =55
and
ron 2f (O (F' (%)) = FP(Of" (%)
G =f(x) — R
_ FOOf"®) — (f'(0)*
=f00 = =0
Then G is decreasing. We have
2
oo 2 o~y 12 <o,

and
F'(0)F (x) — (F'(x))* < 0.

The proof of (ii) is completed. O

Theorem 3. Let f : [a, b] € R — Ry, be log-convex (concave), c € (a, b), f’ (c) # 0 and f| (c) # 0. Then

b (f(c))? fL(©) (f(0))? fi(o)
/af Odt = ()77 [1_exp<_“_“) f© >}+ . [exp (“"”f(c))”] )

the equality holds if and only if f is a pe™-type function, wherep > 0,q € R.

Proof. Since f} (c) # 0, we can choose d € (c, b) such that f(d) # f(c). Forany t € (d,b) and o = (d — ¢)/(t — ©),
d = (1 — @)c + at hold. Then

f@) =f((1—a)c+at) < ()FE) @), @)
F©) = (2)(F ) 0 ()~ D/,
Therefore,

b b
[ s = @ [ a@y o gy anoa
d d

(f(c))d/(dfc) b f(d) t/(d—c)d
= (f(d))f/w*ﬂ/d (f(C)) ‘
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_ (d = O)(f ()9 (f(d))”/“"” (f(d))"/“’—”
T (F(@)/@(logf(d) — logf(c)) | \f(c) f(©)
(b—d)/(d—c)
@-or@ [(f @) - 1}
B logf (d) — logf (c)

Letd — c+, we have

f(d) [exp{(b — d)(logf(d) —logf(c))/(d—c)} — 1]
(logf(d) —logf(c))/(d—c¢)

e |0 - oerfigmg (0] ]

= f(0) dl_l)r?+ logf(d)—logf(c) = f(d)—f(c)
fd—f(©) d—c

(F(©))? { < f4<c>> }
= b — — 1.
o 1P\~ 9%

Similarly, we get

(F(0)? f0)
/f“)dt>(<) 7 © ( exp{_( ) ])

Hence

b c b
/f(t)dt:ff(t)dt—i—ff(t)dt

0))? 2 I (c
=@ [1-oe (o) [+ 7 e (e-o5E) -]
Because of (2), the above equality holds if and only if
flax+ A =a)y) = FE)* - Fu)'™
holds for any x, y € [a, b], @ € (0, 1). Then there exists q, m € R, such that
logf(x) =gqx+m,  f()=e"(""

The proof of Theorem 3 is completed. O

b
/ f®dt > (=) lim
¢ d—c+

Corollary 1. Let f : [a, b] € R — R, be a log-convex(concave) function, ¢ € [a, b] and f'(c) # 0. Then

b (f(c))? [ ( f’(C)) ( f (C)ﬂ
d _
/a fOdt= ()75 ) | e fo) P 7

Particularly, if f'(a) # 0, f'(b) # 0or f’((a + b)/2) # 0, we have

’ (f (@) [ < f’(a)) ]
d -1,
/a fdt = (=) @ | D

b (f (b))? f'(b)
/af(t)dtz(f) 0 [1—EXP(—( a f(b))] 3)

/f(t)dt>(<)();,((a:j3))2 [‘?XP(b;a ?((?b))>_exp( e f‘((z”)))}

2

or

with equality holding if and only if f is a pe™-type function, wherep > 0,q € R.

3. Some applications

In this section, we firstly introduce the Definition 2 and some lemmas as follows.
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Definition 2 ([5-7]). Letinterval C R, ,,f : I — R, .Then f is called a geometrically convex function, if

FEEYT < FO)Fu)'™
holds forany x,y € I, « € [0, 1].

Lemma 1. Let interval | € R, ., f : I — R be a differentiable function, then the following assertions are equivalent:

(i) f is geometrically convex.
(ii) The function xf’(x)/f (x) is increasing.

If moreover f is twice differentiable, then f is geometrically convex if and only if

XFQOF" () — (F'(®)*] +f(Of %) = 0 (4)
holds for any x € I.

Lemma 2 ([6,7]). Let f : [0,a) — [0, o0) be a continuous function, which is geometrically convex on (0, a). Then F(x) =
f(;(f(t)dt is also geometrically convex on (0, a).

Recall equality ¥ = Y ;% x'/il, let f,(x) = & — 1 x/il,n =0,1,2,...,x > 0.According to [2,3] or [4],
X
f®) < m (5)
withn + 1 — x > 0. We can improve the result as the following Theorem 4. In Ref. [8], Alzer proves

fic1 ) far1 (%) - n+1
(fn(x))? n+2

We get the upper bound of f,_1(x)f,11(x)/(f,(x))? in the the following Theorem 5.

Theorem 4. Let f,,(x) = e* — Z?:Oxi/i!, n=0,1,2,...,x > 0.Then

2 Xn+l
frx) < S (6)
Vo+1—x2+4x(n+De*"1+n+1—x) n
If 0 < x <, then
2 Xn+1
he < S (7)
\/(n—l— 1— %2 + 4x(n + 1)exp( “f;(lcg”) f+1-—x
Proof. It is easy to see thatf 1 ¢ x € Ryy — ¢* satisfies the conditions of (ii) in Theorem 2, where a = 0. So

fox) = fo _1(t)dt = e — 1 (x € R, ) is the log-concave function, and it is easily proved to satisfy the condltlons of

(ii) in Theorem 2. Repeating this, we find f,(x) = fo fo—1(t)dt (x € R44) are the log-concave functions.
Letb=x,a=0, f(x) = fa(x),n > 0in(3), we have

(Fux ))2[ ( f(X)>]
- (0)dt <
/ hode==e o 1\ e

(fn(x))2|: ( xfn_l(x)>]
n = 1— _ ) )
=5 S [T T e ®)
Further,
i1 @1 ®) < () [1 — exp (—an_l(X)ﬂ »
fa®)

xn+l X" P xfnfl (X)

(H). g (- E Ny A
eXp\ — f(%) - (fa(®) +<Tl! (n +1)'>fn() i+ 1! =
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Then
n X1 X1 a1 \2 Xfn—1(x) x2nt1
- (W - (n+l)!) + \/(F - (n+1)!) +aexp (‘ a0 ) BRICES T
he = - ,
_Hn_1
ZeXp( a0 )
2x2n+1
< nl(n+1)!
—_— 2 b
XN xn+1 Xfn—1(%) x2n+1 XN xn+1
\/(H - (n+1)!) +4exp (_ e ) CHEEn T (H - (n+1)!)
2Xn+1
=< : (9)
n!\/(n +1—x)24+4x(n+ 1)exp (—xf};&gx)) +nl(n+1—x)
On the other hand, taking into account that e* = Y% x/i!, we find
( n—1
xlef = ’.‘7) n
Xfa1(X) =" L X
) o o3
il il
i=0 i=0
R
n__
< X+ s =x+n+1. (10)
(n+1)!

Taking (10) into (9), we complete the proof of (6).
According to (4), f_; is a geometrically convex function. By Lemma 2, fo(x) = fgf,1(t)dt = ¢ — 1is a geometrically

convex function. Repeating this, f,(x) = fox fa_1(t)dt are a geometrically convex. Owing to (ii) in Lemma 1, we know

xfi (%) /fu(®) = Xfu_1(x)/fu(x) is increasing forx € Ri4. If0 < x < ¢, then xf,_1(x)/fu(x) < cfo—1(c)/fa(c). According
to (9), we have

2Xn+1

o) <

n!\/(n +1—x)2+4x(n+ 1) exp (— Cf};(lc()c)) +nl(n+1—x)
This completes the proof of the (7). O

Remark 1. (i) Itis clear that (6) and (7) are better than (5).
(ii) For the f,(x) in Theorem 4, according to e* = Zgoo x'/i!, we know that x**!/(n 4 1)! is the lower bound of f, (x).

Corollary 2. [etn > 1,n € N

"1 2 1 1
e— — < .
Z' n-n!

< . —
— i /n24+4n+1)e"2+4n nl

Let x = 1in (6), we easily prove Corollary 2.
Owing to inequalities (8) and (10), the following Theorem 5 holds.

Theorem 5. Let f(x) = e — > ' (x/il,n=0,1,2,...,x > 0. Then

fra 000 _ (_xfn_mx)
)2 = )

) <1—exp(—x—n—1).
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