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Numerous indentation tests in the micrometer and nanometer scale have shown that the measured hard-
ness decreases significantly with increasing indentation depth, and this is known as the indentation size
effect (ISE). However, several other nanoindentation results for polycrystalline materials show that the
indentation hardness increases with increasing indentation depth because of the grain boundary (GB)
effect. In this work, we propose a new model for the indentation test using the modified strain gradient
plasticity theory. The GB effect is considered by evaluating the density of GNDs on the GB. Using the pro-
posed model, the indentation hardness of polycrystalline materials in micrometer-scale structures is
investigated, and compared with experimental results from other researchers.

� 2013 Elsevier Ltd. Published by Elsevier Ltd. Open access under CC BY-NC-ND license.
1. Introduction

Indentation tests are commonly used to measure the mechani-
cal properties of thin films and small volumes because of their fast,
convenient and nondestructive characteristics (Oliver and Pharr,
1992). However, indentation experiments exhibit the indentation
size effect (ISE) for the micrometer and nanometer scale. Numer-
ous indentation tests in the micrometer and nanometer scale have
shown that the measured indentation hardness increases signifi-
cantly with decreasing indentation depth (Abu Al-Rub and Voyia-
djis, 2004; Cao et al., 2006). The classical plasticity cannot
predict the size effect because the constitutive equation of classical
mechanics does not involve an intrinsic materials length scale as a
parameter for the deformation.

Nix and Gao model (1998) based on the geometrically necessary
dislocations (GNDs) with the Taylor dislocation model (Taylor,
1938), together with indentation results for various materials, have
led to the development of the mechanism-based strain gradient
(MSG) plasticity theory. In this model, the ISE model was suggested
as the linear dependence of the square of the indentation hardness
to the reciprocal of the indentation depth by considering the GNDs,
and agrees with many experimental results. However, several
other nanoindentation results show that the Nix and Gao model
cannot predict the indentation hardness with a small indentation
depth, in particular because of the tip rounding, grain boundary
(GB) effect and change in the storage volume for GNDs (Elmustafa
and Stone, 2002; Feng and Nix, 2004; Xue et al., 2002; Yang and
Vehoff, 2007)

Yang and Vehoff (2007) performed the nanoindentation test in
the center of individual grains to study the effect of indentation
size and grain size on the nanohardness. In this test, for larger
grains the hardness always decreases with the increase in indenta-
tion depth, the classical ISE. However, for smaller grains the hard-
ness exhibited a behavior opposite to that of coarse grains: it
increases with increase in the indentation depth, because of the
GB effect. In the Nix and Gao model, the GB effect is not considered
because the constitutive equation does not include the constituent
grain size as a parameter for deformation.

In this paper, a model for the grain size and the ISE is proposed
and compared with experimental results for polycrystalline mate-
rials using the modified MSG plasticity. This model can explain
both the hardening and softening effects experienced in the poly-
crystalline materials by considering the GB effect.

2. Gradient plasticity theories

2.1. MSG plasticity

Taylor’s dislocation model (Taylor, 1938) gives the shear flow
stress in terms of a dislocation density as:

s ¼ alb
L
¼ alb

ffiffiffiffi
q
p

; ð1Þ
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where a is an empirical constant usually ranging from 0.2 to 0.5, l
the shear modulus, b the magnitude of the Burgers vector and q the
dislocation density.

The dislocation density is composed of the density of the statis-
tically stored dislocations (SSDs), which accumulate by trapping
each other in a random way, and the density of the GNDs, which
is required for the compatible deformation of various parts of the
specimen.

Nix and Gao (1998) started from Taylor’s hardening law be-
tween the shear strength and the dislocation density in a material:

s ¼ alb
ffiffiffiffiffiffi
qT
p ¼ alb

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qS þ qG

p
; ð2Þ

where qT is the total dislocation density, and qS and qG are the den-
sities of the SSDs and GNDs, respectively. If the Taylor factor, m, is
used, the uniaxial flow stress of the material can be described as:

r ¼ ms ¼ malb
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qS þ qG

p
: ð3Þ

The Taylor factor m acts as an isotropic interpretation of the
crystalline anisotropy at the continuum level: m ¼

ffiffiffi
3
p

for an iso-
tropic solid and m ¼ 3:08 for the face-centered cubic (fcc) poly-
crystalline material.

In the absence of qG, the flow stress can be derived using the
power-law hardening rule (Bishop and Hill, 1951a,b):

r ¼ rref eN ¼ malb
ffiffiffiffiffi
qs
p

; ð4Þ

where rref is the reference stress for the uniaxial tension, e the effec-
tive strain and N the work hardening exponent (0 6 N < 1). The
effective strain in the deformation theory of the MSG plasticity
can be defined as:

ee ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2
3
eijeij

r
: ð5Þ

The gradient in the strain field is accommodated by the GNDs,
so the effective strain gradient is described by the deformation
shape:

g ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
4

uk;ijuk;ij

r
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
4
gijkgijk

r
: ð6Þ

From Eqs. (4)–(6), the flow stress for the MSG plasticity is ob-
tained as (Nix and Gao, 1998):

r ¼ rref

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e2N þ lg

q
; ð7Þ

where l is the material characteristic length described as:

l ¼ m2a2 l
rref

� �2

b: ð8Þ

Generally, the flow theory of MSG plasticity theory is needed for
complex indentation test (Qiu et al., 2003). However, in this study,
deformation theory of MSG plasticity was used for simplicity be-
cause the difference between deformation and flow theory of
MSG plasticity is vanishingly small.

2.2. Modified strain gradient theory

The modified strain gradient theory proposed by Lee et al.
(2009) is based on the assumption that the metallic polycrystalline
materials are plastically nonhomogeneous. When a material de-
forms, each grain in the material deforms by different amounts
depending on its orientation. Thus, overlaps and voids tend to oc-
cur on the GBs, and are corrected by shear displacement. This shear
displacement is interpreted as local shear by the GNDs (Ashby,
1970). Therefore, two types of GNDs are considered during defor-
mation in this theory: one type occurs in the slip system because
of the strain gradient and the other on the GB because of incompat-
ibilities associated with potential overlaps and voids. To calculate
the density of the GNDs on the GB, the following assumptions
are used.

1. The grains are approximately cubic and arranged randomly.
2. The density of the GNDs on the GB is proportional to the small

strain.

For deformation of the polycrystalline materials, the two types
of the GNDs are generated (Lee et al., 2009). Then the total density
of the GNDs is:

qG ¼ qGS þ qGG; ð9Þ

where qGS and qGG are the densities of the GNDs on the slip planes
and the GB, respectively. Each density of the GNDs is related to the
effective strain gradient as:

qGS ¼
rgS

b
; ð10Þ

qGG ¼
gG

b
; ð11Þ

where gS and gG are the strain gradients caused by the slip plane
and the GB, respectively, and r is the Nye factor, which depends
on the deformation shape and the slip plane. The Nye factor is em-
ployed to relate the macroscopic strain gradient to scalar measures
of the GNDs density in polycrystalline materials. In general, the fac-
tor has a value of 1 for single crystals and 1.85 for the bending
deformation and 1.93 for the torsion deformation of FCC polycrys-
talline materials (Arsenlis and Park, 1999). A value of 1.9 is assumed
in this paper in order to determine the characteristic length for the
polycrystalline materials in nanoindentation test.

The effective strain gradient caused by the density of the GNDs
on the slip plane, gS, is generally calculated from Eq. (6).

From Eqs. (4)–(6) and Eqs. (9)–(11), we propose the flow stress
relationship for the polycrystalline materials as:

rMSG ¼ rref

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e2N þ lðgS þ gGÞ

q
: ð12Þ

Then, the corresponding indentation hardness can be obtained
by choosing the Tabor’s factor of 3:

HMSG ¼ 3rMSG ¼ 3rref eN
P

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ lðgS þ gGÞ=e2N

P

q

¼ HA

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 9

H2
A

 !
� ðm2a2l2bÞðgS þ gGÞ

vuut ; ð13Þ

where the classical indentation hardness value, HA, is given by:

HA ¼ 3rref eN
P : ð14Þ
3. Indentation model for polycrystalline materials

For the nanoindentation model, the indenter tip was assumed
as a rigid circular cone. Fig. 1 shows the simplified axisymmetric
indentation model, where a is the radius of the contact area and
h the indentation depth. The angle between the tip and the surface
of the specimen was h. In this study, the indenter tip angle was
converted to 19.68�, which is equivalent to the Berkovich tip. The
relationships between a, h and h are given as:

A ¼ 24:56h2 ¼ pa2; tan h ¼ h=a: ð15Þ

Nix and Gao developed the equation for the ISE in single crys-
tals by considering the density of the GNDs around a conical in-
denter. In this model, to calculate the density of the GNDs they
assumed that the indentation is accommodated by circular loops



Fig. 1. Simplified axisymmetric indentation model.
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of the GNDs with the Burgers vectors normal to the surface
plane. As the indenter penetrates into the surface, the GNDs
on the slip system are required to account for the permanent
shape change at the surface. Then, the total length of injected
dislocation loops to form the shape of conical indenter is given
as:

k ¼ pha
b
¼ pa2 tan h

b
; ð16Þ

where b is the Burgers vector.
It is assumed that the evolution of GNDs during the indenta-

tion is primarily governed by a large hemispherical volume with
the radius of contact area a. However, the GNDs will spread be-
yond the hemispherical, because of the strong repulsive force be-
tween GNDs for very small indentation depth. To modify the
plastic zone radius, Durst et al. (2006) proposed that the radius
of the plastic zone is assumed to be f � a, where f P 1 can be
interpreted as the ratio of the radii of the plastic zone and the
contact. It is assumed that all injected GNDs loops remain within
a hemisphere with radius c. Then, the volume of the plastic zone
is:

VP ¼
2
3
pc3 ¼ 2

3
pf 3a3: ð17Þ

Therefore, the density of the GNDs on the slip systems is deter-
mined as:

qGS ¼
k

Vp
¼ 3

2f 3bh
tan2 h: ð18Þ

From Eqs. (10) and (18), the strain gradient caused by the slip
plane is given as:

gS ¼
3

2f 3h
� 1

r
� tan2 h: ð19Þ

For a conical indenter, it is assumed that the displacement is
proportional to the indentation depth h and the strain field should
depend only on the normalized indentation depth, h/a based on the
assumption of a self-similar deformation field (Biwa and Storakers,
1995; Storakers et al., 1997). Then, the average plastic strain is gi-
ven by:

eP ¼ kðh=aÞ ¼ k tan h; ð20Þ

where k is the constant usually ranging from 0.2 to 0.4. A value of
0.2 is assumed in this paper. The average strain is independent of
the indentation depth.

It is assumed that the GNDs on the GB are considered in the
plastic region only to calculate the density of the GNDs on GB.
The radius of the plastic zone varies directly with the indentation
depth. Therefore, the density of the GNDs on the GB changes with
the range of indentation depth as shown in Fig. 2. For a radius of
plastic zone, c, is smaller than half of the grain size, d/2, as the
GB is not included within the plastic zone as shown in Fig. 2(a),
the GNDs is not generated on the interface. Then, density of the
GNDs on the GB is defined as:

qGG ¼ 0: ð21Þ

For this case, one can assume that there is no GB effect, and be-
cause the grain can be treated as single crystal in this range,
the Nye factor, r, and Taylor factor, m, have values for single
crystals:

r ¼ 1; m ¼
ffiffiffi
3
p

: ð22Þ

From Eqs. (13), (19), (21), and (22), the indentation hardness
can be obtained by:

HMSG ¼ HA

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 27

H2
A

 !
� 3a2l2b tan2 h

2f 3

� �
� 1

h

vuut : ð23Þ

For d=2 6 c <
ffiffiffi
2
p

d=2, parts of the GB are contained within the
plastic zone, as seen in Fig. 2(b) and increase with increasing
indentation depth. Assuming that the normal strain in the direc-
tion of indentation is the dominant component, we consider that
the GNDs are generated on the GB, which is perpendicular to the
indentation direction. Because the number of the GNDs on the
polycrystalline GB is given as ePd=4b based on the Ashby relation-
ship (1970), the total length of the GNDs on the GB between r and
r + dr can be calculated as:

dlG ¼ 2pr
ep

4b
dr: ð24Þ

Integration of Eq. (24) from 0 to
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2 � d2

=4
q

yields the total
length using the probability of the GBs in the plastic zone,
N0 ¼ c

d=2, as:

lG ¼ 2
Z ffiffiffiffiffiffiffiffiffiffiffiffiffi

c2�d2=4
p

0
2pr

ep

4b
dr � c

d=2

� �
¼ pep

b
c3

d
� cd

4

� �
; ð25Þ

The density of the GNDs can be obtained as:

qGG ¼
lG
VP
¼ 3ep

bf 3a3

c3

d
� cd

4

� �
: ð26Þ

As the Nye factor, r, and Taylor factor, m, have values for the
polycrystalline material, the indentation hardness can be obtained
from Eqs. (13), (19), and (26):

HMSG ¼ HA

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 812a2l2b

H2
A

 !
� 3

3:8f 3h
tan2 hþ 3ep

bf 3a3

c3

d
� cd

4

� � !vuut :

ð27Þ

As seen in Eq. (27), the indentation hardness increases with the
increase in the indentation depth because of the GB effect in this
depth range.

For c P
ffiffiffi
2
p

d=2 as shown in Fig. 2(c), the GB probability in the
plastic zone is N0 ¼ 1þ ðc�d=2Þ

d . Therefore, using the procedure pro-
posed by Lee et al. (2009), the length and density of the GNDs on
the GBs are given by:

lG ¼ 2
Z c

0
2pr

ep

4b
dr � ðN0Þ � p

4
¼ p2ep

8
� c

2

b
� N0; ð28Þ

qGG ¼
lG
VP
¼ 3pep

16bf 3a3
N0: ð29Þ



Fig. 2. The occurrence of GNDs on the grain boundary according to relation between the radius of plastic zone and the grain size. (a) For c < d=2, (b) For d=2 6 c <
ffiffiffi
2
p

d=2, (c)
For c >

ffiffiffi
2
p

d=2.
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The indentation hardness can be obtained from Eqs. (13), (19),
and (29):

HMSG ¼ HA

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 812a2l2b

H2
A

 !
� 3

3:8f 3h
tan2 hþ 3pep

16bf 3a3
N0

 !vuut :

ð30Þ

As seen in Eqs. (23), (27), and (30), the proposed model consid-
ers the GNDs on both the slip plane and Gb.
4. Results and discussion

Fig. 3 compares the hardness predictions by the proposed mod-
el with the experiment result of Yang for the Ni plate specimen
(Yang and Vehoff, 2007). In this test, the dependence of the hard-
ness on indentation size and on grain size was studied by perform-
ing a nanoindentation test at the center of the individual grains
and by varying the grain size and indentation depth. As seen in
Fig. 3, the hardness decreases monotonically with increasing
indentation depth for a grain size of 80 lm which is considered a



Fig. 3. Comparison of the experimental data and the predicted indentation
hardness by proposed bending model for (a) 0.85 lm grain size, (b) 1.35 lm grain
size, and (c) 80 lm grain size.

Table 1
Mechanical parameters derived by fitting of experimental data (by Yang and Vehoff).

d (lm) a HA (GPa) l (GPa) f

80 0.48 2.15 83 3.2
1.35 0.44 3.52 83 4.3
0.85 0.43 4.21 79 4.2
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large grain. However, for smaller grain sizes, hardness increases
with increasing indentation depth at a specific range. Nix and
Gao model cannot predict this result because it does not consider
the GB effect. Generally, for small indentation depth as shown in
Fig. 2(a), the flow stress is governed by the continued nucleation
and activation of new sources because the grain is considered as
single crystals in this case. Then the flow stress in this range is soft-
ened by the presence of dislocations as in the case of the Nix and
Gao model. Plasticity is initiated by dislocation nucleation at theo-
retical shear stress. As plastic deformed volume is contacted with
GBs as shown in Fig. 2(b), the hardening is preceded due to the
GB. The GBs are regarded as obstacles to dislocation motion or a
source of dislocations. Therefore the dislocation pileup or disloca-
tion forest is generated in regions close to the GBs. Then higher
stress is required to move dislocations through these pileup or for-
est. This effect caused by the GB is considered by calculating the
density of the GNDs on the GB in this model. The proposed model
agrees with experiments, as shown in Fig. 3.

In calculating the hardness, the material parameters were
determined by curve fitting and the results are shown in Table 1.
The relationship between HA and the grain size in Table 1 follows
the Hall–Petch relation (Hall, 1951; Petch, 1953). Generally, for
indentation test, value of the empirical constant a = 0.5 is chosen
due to the complex stress field dislocation substructures (Durst
et al., 2007). Therefore, fitted empirical constant a has from 0.43
to 0.48 in our study, which is reasonable. The average calculated
shear modulus is about 81.67 GPa, which agrees well with that in
Meyers and Chawla (1999), and the range of the parameter f is
from 3.2 to 4.3, which agrees well with the reference value. (Ty-
miak et al., 2001)

To estimate the size effect using the proposed model, the inden-
tation hardness in Eq. (30) was normalized by the classical inden-
tation hardness, HA. The normalized indentation hardness is then
given as:

HMSG

HA
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ l0

A
d
þ A

2f
þ 3 tan h

4f 3

� �
1
h

� �s
for c P

ffiffiffi
2
p

d=2

)l0 ¼ 81a2l2b

H2
A

; A ¼ 3pep

16
:

ð31Þ

As shown in Eq. (31), the normalized hardness is related to the
grain size and the indentation depth. This relation shows a linear
relationship between HMSG and 1=h, which corresponds to the Nix
and Gao model, and agrees with the indentation data for the poly-
crystalline material with fine grains by Cao et al. (2006). This rela-
tion also predicts that the specimen with smaller grains has higher
hardness at the same indentation depth, which agrees with the
Hall–Petch relation.

5. Conclusions

We have investigated the indentation hardness for polycrystal-
line materials in micrometer and nanometer scale structures. The
following conclusions are drawn.

1. We propose a new model for predicting indentation hardness of
the polycrystalline materials using the modified MSG theory.
The density of the GNDs is calculated based on the nonhomoge-
neity of the polycrystalline materials and the slip plane.

2. The total density of the GNDs changes with indentation depth.
For small indentation depth (c < d=2), the grain can be consid-
ered as single crystals because the GNDs is not generated on the
GBs. However, for middle depth range (d=2 6 c <

ffiffiffi
2
p

d=2), the
GB effect is considered by the density of the GNDs on GBs,
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which act as obstacles to dislocation movement. Then, the hard-
ness increases with the increase in indentation depth in this
range. For a larger depth (c >

ffiffiffi
2
p

d=2), the GNDs density
decreases with increasing indentation depth and increases with
the decrease in the grain size. The predicted hardness by the
proposed model agrees fairly well with the experimental results
conducted by Yang and Vehoff (2007).

3. We have demonstrated that the proposed model can explain
the indentation hardness in polycrystalline materials. The pro-
posed model shows that the grain size is an important factor
in estimating the ISE for the polycrystalline materials in the
micrometer and nanometer scale.
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