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Abstract

In this paper, a new notion of J-proximal mapping for a nonconvex lower semicontinuous subdifferentiable
proper functional on Banach space is introduced. The existence and Lipschitz continuity of J-proximal map-
ping of a lower semicontinuous subdifferentiable proper functional are proved. By applying the concept, we
introduce and study a new class of completely generalized quasi-variational inclusions in reflexive Banach
spaces. A novel and innovative iterative algorithm for finding the approximate solutions is suggested and
analyzed. The convergence criteria of the iterative sequences generated by the new iterative algorithm is also
given. These algorithm and existence result generalize many known results under Hilbert space setting in
recent literature to reflexive Banach spaces. (©) 2002 Elsevier Science B.V. All rights reserved.

Keywords: Completely generalized quasi-variational inclusion; Subdifferentiable; J-proximal mapping; Iterative
algorithm; Reflexive Banach space

1. Introduction

In recent years, variational inequality theory has been become very effective and powerful tools
for studying a wide class of nonlinear problems arising in many diverse fields of pure mathematics
and applied sciences, such as mathematical programming, optimization theory, engineering, elasticity
theory, and equilibrium theory of mathematical economy and game theory etc, for example, see
([1-19,21-28,30-38]). Variational inequalities have been extended and generalized in different di-
rections by using novel and innovative techniques both for own sake and for its applications. Some
useful and important generalizations of variational inequalities are the generalized set-valued mixed
variational inequalities and generalized quasi-variational inclusions including the nonlinear term.
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One of the most interesting and important problems in the variational inequality theory is the
development of an efficient iterative algorithm to compute approximate solutions.

Under Hilbert space setting, there is a substantial number of iterative algorithms for finding the
approximate solutions of various variational inequalities, see ([1-4,8-10,12,14-19,21-28,30-38]).
The most effective numerical technique is the projection method and its various variants, auxiliary
principle technique, Newton and descent framework. The applicability of the projection method is
limited due to the fact that it is not easy to find the projection except in a very special case and it
strictly depends on the inner product property of Hilbert spaces. Due to the presence of nonlinear
term, the project method cannot be applied to suggest any iterative algorithms for generalized mixed
variational inequalities and generalized quasi-variational inclusions in Banach spaces.

Recently, Cohen [7] and Ding [11,13] have extended the auxiliary principle technique to sug-
gest and analyse an innovative and novel iterative algorithm for computing the solution of mixed
variational inequalities in reflexive Banach space. Chang et al. [6] and Chang [5] have studied
some classes of set-valued variational inclusions with m-accretive operator and ¢-strongly accretive
operators in uniformly smooth Banach spaces.

Motivated and inspired by the research work going on in this field, in this paper, we first introduce
a new notion of J-proximal mapping for a lower semicontinuous subdifferentiable proper (may not be
convex) functional on Banach spaces. Then, the existence and Lipschitz continuity of the J-proximal
mapping of the functional are proved under suitable conditions in reflexive Banach spaces. By using
the new concept and a similar technique of resolvent operator in Hilbert spaces, we introduce and
study a new class of completely generalized quasi-variational inclusions with nonconvex functional
in reflexive Banach spaces. A novel and innovative iterative algorithm for finding the approximate
solutions is suggested and analysed. The convergence of the iterative sequences generated by the
new algorithm is also discussed. The new algorithm and existence result generalize many known
results under Hilbert space setting in recent literature to reflexive Banach spaces. We emphasize
that there are not any monotonicity and accretive assumptions on the set-valued mappings in our
theorem. Our result and method are new and different from those in the known literature.

2. Preliminaries

Let £ be a Banach space with the dual space E*, (u,x) be the dual pairing between u € E*
and x € E and CB(£*) be the family of all nonempty closed bounded subset of E*. H(-,-) is the
Hausdorff metric on CB(£*) defined by

H(A,B) = max {sup d(u,B),sup d(4, v)} , VA,BeCB(E"),
ucA vEB

where d(u,B) = inf,cpd(u,v) and d(4,v) = inf,c4 d(u,v).

Definition 2.1. Let A:E — CB(E*) be a set-valued mapping, J:E — E* and g:E — E be two
single-valued mappings.

(1) 4 is said to be A4-Lipschitz continuous with Lipschitz constant 414 > 0 if
H(Ax,Ay) < A4|lx — y|, Vx,y€E.
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(2) J is said to be a-strongly monotone (a > 0) if
(Jx —Jy,x — y) = a|x — y||’>, Vx,y€E.
(3) g is said to be k-strongly accretive (k € (0, 1)) if for any x, y € E, there exists j(x—y) € F(x—y)
such that
(j(x = y),9x — gy) = klx — ¥,

where # :E — 2F" is the normalized duality mapping defined by

F)={f €™ (fox) = Xl - LA IS =103, vxek.

Definition 2.2. Let ¢ :E — R U {400} be a proper functional. ¢ is said to be subdifferential at a
point x € E if there exists a point f* € E* such that

o(y) — o) = (f*,y—x), VycE,

where f* is called a subgradient of ¢ at x. The set of all subgradient of ¢ at x is denoted by 0¢p(x).
The mapping 0@ : E — 25" defined by

0p(x)={f"€E™: o(y)— o(x) = (f",y —x), VyeE}

is said to be subdifferential of ¢ at x.

Definition 2.3. Let £ be a Banach space with the dual space E*, ¢:E — R U {400} be a proper
subdifferentiable (may not convex) functional and J:E — E* be a mapping. If for any given point
x* € E* and p > 0, there is a unique point x € £ satisfying

(x =x*,y —x) + pp(y) — po(x) 2 0, Vyek. (2.1)

The mapping x* — x, denoted by J,?”’ (x*), is said to be J-proximal mapping of ¢. We have
x* — Jx € pdg(x), it follows that Jpaq’(x*) =(J + pop)~1(x*).

Remark 2.1. If £ is Hilbert space, ¢ is a convex lower semicontinuous proper functional on £ and
J is the identity mapping on E, then the J-proximal mapping of ¢ reduces to the resolvent operator
of ¢ on Hilbert space.

Let A,B:E — CB(£*) and C,D,F:E — CB(E) be set-valued mappings. Let N:E* x E* —
E*, f:E — E* and g,m:E — E be single-valued mappings. Let ¢:E x E — R U {400} be such
that for each fixed z€ E, ¢(-,z) is a lower semicontinuous subdifferentiable (may not be convex)
proper functional on E satisfying g(x) — m(y) € dom(d¢(-, z)) for all x,y € E where 0¢(-, z) is
the subdifferential of ¢(-, z). We consider the following completely generalized quasi-variational
inclusion (CGQVI): find x €E, u€ Ax, ve Bx, we C(x), z€ D(x) and y € F(x) such that

(f(w) = N(u,0),h = (g(x) = m(»))) Z @(g(x) —m(y),z) — ¢(h,z), VheE. (2.2)
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Special cases:

(I) If C(x)={x} and f(x)=—f" for all x € E where f* € E* is a given element, and N,(u,v)=
—N(u,v) for all u,v€ E*, then the CGQVI (2.2) reduces to the following generalized set-valued
quasi-variational inclusion (GSVQVI): find x € E, u € A(x), v € B(x) z € D(x) and y € F(x) such that

(Ni(u,0) = [, = (g(x) —m(p))) = @(g(x) —m(y), z) — ¢(h, z), VhEE. (2.3)

The GSVQVI (2.3) is new which, includes the generalized set-valued mixed variational inequalities
introduced and studied in [32,33,35,36] and many authors under Hilbert space setting and in [5,6]
under Banach space setting as very special cases. Most classes of quasi-variational inclusions and
generalized quasi-variational inequalities studied by many authors in Hilbert spaces are all very
spacial cases of the GSVQVI (2.3), see [1,2,4—18,21-28,30-36].

() If f* =0, D(x) ={x} for all x€E and ¢(x,z) = ¢(x) for all x,z € E, the GSVQVI (2.3)
reduces to the following generalized mixed implicit quasi-variational inequalities (GMIQVI): find
x€E, ucA(x), veB(x) and y € F(x) such that

(N(u,v),h = (9(x) = m(»))) = ¢(g(x) — m(y)) — ¢(h), VheH. (2.4)

(II1) If E =H is a Hilbert space, F(x) = {x} and m(x) =0 for all x€ H and N(u,v) =u+ G(v)
for all u,v€ H where G:H — H is a given single-valued mapping, then the GMIQVI (2.4) reduces
to the following set-valued mixed variational inequality (SVMVI): find x € H, u € A(x) and v € B(x)
such that

(u+ G(v),h — g(x)) + o(h) — @(g(x)) =0, YhecH. (2.5)

The SVMVI (2.5) and its special cases were introduced and studied in [32,33] and many other
authors. The problems has many important and significant applications in pure and applied sciences,
see, for example, [8,9,21,27,35,36].

(IV) If E=H is a Hilbert space, K : H — 27 such that K(x) is a nonempty closed convex subset

of H for each x € H, and
()1 0, if x e K(x),

(p X)= ¥ fry i
K +o0o, if x € K(x),

then the GMIQVI (2,4) reduces to the following general generalized quasi-variational inequalities
(GGQVI): find x€ H, u€ A(x), ve B(x) and y € F(x) such that

g(x)em(y) +K(x), (N@wv), h—(g9(x) —m(y))) =20, VheK(x). (2.6)

(V) If F(x) ={x} and m(x) =0 for all x €X, then the GGQVI (2.6) reduces to the following
generalized quasi-variational inequality (GQVI): find x € H, u € A(x) and v € B(x) such that

g(x)eK(x) and (N(u,v),h—g(x)) =0, YheK(x). 2.7)

In brief, for appropriate and suitable choices of N(-,-), 4, B, C, D, F, g, f, m and the underlying
space E, we can obtain many known and new classes of generalized variational inequalities and
generalized set-valued quasi-variational inclusions as special cases of the CGQVI (2.2), for example,
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see [1-19,21-28,30-38]. Furthermore, these types of generalized quasi-variational inclusions can
enable us to study many important nonlinear problems arising in mechanics, physics, optimization
and control, nonlinear programming, economics, finance, regional structure, transportation, elasticity
and various applied sciences in a general and unified framework.

Lemma 2.1 (Ding and Tan [20]). Let D be a nonempty convex subset of a topological vector space
and f:D x D — RU{£o0} be such that
(1) for each xe D,y — f(x,y) is lower semicontinuous on each compact subset of D,
(ii) for each finite set {xi,...,xn}€D and for each y = > ", Ax; with ;>0 and
iy A =1, mini<i<m f(xi,¥) <0,
(iii) there exists a nonempty compact convex subset Dy of D and a nonempty compact subset K
of D such that for each y € D\K, there is an x € co(Do U {y}) satisfying f(x,y) > 0.
Then there exists y €D such that f(x,p) <0, VxeD.

Now we give some sufficient conditions which guarantee the existence and Lipschitz continuity
of the J-proximal mapping of a proper functional on reflexive Banach space.

Theorem 2.1. Let E be a reflexive Banach space with the dual space E* and ¢ :E — R U {+00} be
a lower semicontinuous subdifferentiable proper functional which may not be convex. Let J : E—E*
be an a-strongly monotone continuous mapping. Then for any p > 0, and any x* € E*, there exists
a unique x € E such that

(x =x",y —x) + pop(y) — pp(x) =0, Vy€eE. (2.3)
That is x :J,? ?(x*) and so the J-proximal mapping of ¢ is well defined:

Proof. For any given J:E — E*, p > 0 and x* € E*, define a functional f:E x E — R U {+o0}
by

Sx) =" —Jx,y —x) + pp(x) — pp(y), Vx,y€E.

Since J is continuous and ¢ is lower semicontinuous, we have that for any y€E, x — f(y,x)
is lower semicontinuous on E, then f(y,x) satisfies the condition (i) of Lemma 2.1. We claim
that f(y,x) satisfies the condition (ii) of Lemma 2.1. If it is false, then there exists a finite set
{yi,....ym}€E and xo =>_1" | A;y; with 2; >0, >, 4; =1 such that

(x* = Jxo, yi —x0) + po(x0) — po(y;) >0, Vi=1,...,m.

Since ¢ is subdifferentiable at x,, there exists a point f* € E* such that
pp(¥;) — po(xo) = p(f*, yi —x), Vi=1,...,m.

It follows that

(x* —Jxog—pf*yi—x0) >0, Vi=1,....m.
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Then we have
0< Z)Ax* —Jxo—pf T yi—x0) = (X" —Jxg— pf*, x0 —x0) =0,
i=1

which is a contradiction. Hence f(y,x) satisfies the condition (ii) of Lemma 2.1. Now take a fixed
y€dom ¢. Since ¢ is subdifferentiable at p, there exists a point f* € E* such that

p(x)— (P = (f*x—J), VxeE.
Hence we have
J(.x) = (" = Jx, = x) + pp(x) — po(P)
2y —Ip—x)+ & =JP ) —x)+p(fTx— D)
> of| § — x|* = (x| + 3+ pll £ IDIF — ]
= |17 = x|l [l P = xl = ™| + (120 + ol S~ ID]:

Let r=1(|lx*|| + |/ + pll /*]), K={u€E: ||p—u| <t}. Then Dy={p} and K are both weakly
compact convex subset of E and for each x € E \ K, there exists a y € co({Dy U {p}) such that
f(»,x) > 0. Hence all conditions of Lemma 2.1 are satisfied. By the Lemma 2.1, there exists an
X € E such that f(y,X) <0, Vy€E, that is

(JX =x",y = X) + po(y) — pp(x) =0, VyckE.

Now we show that X is a unique solution of the auxiliary variational inequality (2.3). Suppose that
X1,Xy € E are arbitrary two solutions of the auxiliary variational inequality (2.3). Then we have

(fxr =x%,y —x1) + po(y) — pep(x1) =0, Vy€EL, (2.9)

(oo =x*,y = x2) + pp(y) — pp(x2) =0, Vy€E. (2.10)
Taking y =x; in (2.4) and y =x; in (2.5), adding these inequalities, we have

(Jxy — Jxp, x1 — x2) < 0.
Since J is a-strongly monotone, it follows that

o||x; —x2H2 < (Jxp — Jxg,x1 —xp) < 0.

Hence we must have x; = x;. This completes the proof. [

Remark 2.2. Theorem 2.1 shows that for any strongly monotone and continuous mapping J : E —
E*, and p > 0, the J-proximal mapping Jpa ?:E* — E of a lower semicontinuous subdifferentiable
proper functional ¢ is well defined and for each x* € E*, x =J;(x*) is the unique solution of the
auxiliary variational inequality (2.3). We emphasize that the functional ¢ may not be convex in
Theorem 2.1.
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Theorem 2.2. Let E be a reflexive Banach space with the dual space E*, J:E — E* be a a-strongly
monotone continuous mapping, ¢:E — R U {+oc} be a lower semicontinuous subdifferentiable

proper functional, and p > 0 be a arbitrary constant. Then the J-proximal mapping Jpa ? of ¢ is
1/a-Lipschitz continuous.

Proof. For any given x*, y* € E*, let x:Jpa“’(x* ), y:Jpe(”(y* ), then x*—Jx € pdo(x), y*—Jy € pdp(y).
Hence

po(u) — pp(x) = (x* —Jx,u —x), VU€E, (2.11)

pp(u) — pp(y) = (y* —Jy,u—y), VuekL. (2.12)
Taking u = y in (2.11) and ¥ =x in (2.12), adding these inequalities, we obtain

y —Jx,y—x) < (y—xy" —x").
Since J is a-strongly monotone, we have
olly = xI? < (v —xy" =2 < |ly = x| |y* ="
which implies Jpe ? is 1/a-Lipschitz continuous.
Remark 2.3. If £ is Hilbert space, ¢ is a lower semicontinuous convex proper functional on £ and

J is the identity mapping, then the Lipschitz continuity of J-proximal mapping is the nonexpansive
property of the resolvent operator of ¢ on Hilbert space.

3. Main result

In order to obtain the main results, we need the following lemma which is Lemma 2.1 of Chang
et al. [6].

Lemma 3.1. Let E be a real Banach space and F :E — 25" be the normalized duality mapping.
Then, for any x,y € E,

b + pIP < [lx? + 2{y, j(x + )
Sfor all j(x +y)e F(x+ p).

We first transfer the CGQVTI (2.2) into a fixed point problem.

Theorem 3.1. (x,u,v,w,z, y) is a solution of the CGQVI (2.2) if and only if (x,u,v,w,z, y) satisfies
the following relation:

g(x) = m(y) + I (g(x) — m()) = pf(w) + pN(u,v)), (3.1

where x €E, u€ A(x), v€B(x), we C(x), ze€D(x), y€Fx, p >0 and J;"P("”) =(J + poo(-, z))~!
is the J-proximal mapping of ¢(-, z).
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Proof. Assume that (x,u,v,w,z, y) satisfies relation (3.1), i.e.,
g9(x) — m(y) = J370D(J(g(x) — m(y)) — pf (W) + pN(u,v)).
Since J,f(”("z) = (J + pdep(-,z))~", the above equality holds if and only if
J(g(x) —m(y)) — pf(w) + pN(u,v) € J(g(u) — m(y)) + pOp(g(x) — m(y),z).
By the definition of the subdifferential of ¢(-,z), the above relation holds if and only if
@(h,z) = @(g(x) — m(y),z) = (N(u,v) = f(w),h — (9(x) —m(y))), VheE.
Hence we have

(f(w) = N(u,v),h — (g(x) —m(¥))) = p(g(x) —m(y),z) — @(h,z), VhEE,
ie., (x,u,v,w,z, y) is a solution of the CGQVI (2.2).

Remark 3.1. By Theorem 2.1, for any given a-strongly monotone continuous mapping J : £ — E¥,
the J-proximal mapping J,,a ? of a lower semicontinuous subdifferential proper functional ¢ is well
defined. So, we can transfer the CGQVI (2.2) to the fixed point problem (3.1). We can choose some
special J such that it is easy to find the solution of the fixed point problem (3.1).

Algorithm 3.1. Let 4,B:E — CB(E£*) and C,D,F :E — CB(E) be set-valued mappings, f:E — E*
and g,m:E — E be single-valued mappings with g(E) =E, J:E — E* be a-strongly monotone
and continuous, and ¢ :E x E — R U {400} be a lower semicontinuous subdifferentiable proper
functional in the first argument such that for each x, y,z€ E, g(x) — m(y) € dom d¢(-, z). For any
given xo € E, uy € A(xg), vo € B(xp), wo € Cxo, zo € Dxo and yg € Fxo. By g(E) = E, there exists a
point x; € E such that

g(x1) = m(y0) +J 27T (g(x0) — m(y0)) — p.f (wo) + pN (o, vo)).

By a theorem of Nadler [29], there exists u; € Axy, v; € Bx;, wy € Cxy, z; € Dx; and y; € Fx; such
that

iy — wol < (1+ DHAx1 Ax). [[or — vol| < (1 + DH(Bx, Bxo),
HW[ — W()H < (1 + l)H(Cxl,Cxo), ||Zl —Z()H < (1 + I)H(DXI,DXO),
[y1 = woll < (1 + DH(Fx1, Fxo).

By induction, we can define the following iterative sequence {x,}, {u,}, {v.}, {wn}, {z,} and
{yn} for solving the CGQVI (2.2) as follows:

9xni1) = m(yy) + IO (gCen) = m(ya)) = .S (Wa) + pN (it 0],

1
Uy EAX,,, ”un+l - un” < <1 + ) H(Aanrlann)a
n+1
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1
U, € Bx,, an+1 - UnH < (1 + >H(an+17an)’
n+1

1
Wy € Cxpy |[Wii1 — wyl| < <1 + > H(Cx,1,Cx,),
n+1

1
2y € DXy, ||Zny1 — zal] < <1 + ) H(Dx,1,Dxy),
n—+1

1
Yn € Fxpy ||Vnr1 — | < (1 + P 1) H(Fx,.1,Fx,), n=0,1,2,..., (3.2)
n

where p > 0 is a constant.

Theorem 3.2. Let A,B:E — CB(E*) and C,D,F:E — CB(E) be Lipschitz continuous with the
Lipschitz constant A4, A, Ac, Ap and g, respectively. Let gm:E — E and f:E — E* be Lip-
schitz continuous with the Lipschitz constants iy, A, and Zy, respectively and g is k-strongly
accretive (k € (0,1)) satisfying g(E)=E. Let N:E* x E* — E* be Ay,-Lipschitz continuous in the
first argument and Jy,-Lipschitz continuous in the second argument. Let ¢ :E x E — R U {400}
be such that for each fixed z € E, ¢(-,z) is a lower semicontinuous subdifferentiable proper func-
tional satisfying g(x) — m(y) € domdq(-,z) for all x,y,z€ E. Let J:E — E* be a-strongly mono-
tone and Aj-Lipschitz continuous. Suppose that there exists a constant p > 0 such that for each
X, yEE, x*€E*

175909 *) = ISP )| < pallx — | (3.3)
and the following conditions are satisfied.

2[25(g + Zndr '] 3 = 2005, 0F + 182
o2 2

0<p< (2k + 3)0 — 4[23(Ag + Amd s ) + 02(22 20 + u2i3)]
812242 + (A, 2t + 7y 25)?] '

)<k<1,

(3.4)

Then the iterative sequences {x,}, {u,}, {vn}, {wn}, {z.} and {y,} generated by Algorithm 3.1

(2.2).
Proof. Obviously, we have

I”

||xn+1 —Xu|| = ”g(anrl) - g(xn) - g(xn+l) + g(xn) — Xn+l +xn”2'

By Lemma 3.1, we obtain

”xn+1 _anZ < ”g(anrl) - g(xn)H2 - 2<g(xn+l) —g(xXn) + Xnp1 — Xn, j (X011 _xn)>- (3.5)
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By Algorithm (3.1), we have

g(xn—H) = m(yn) +J/§’(p(.’zn)['](g(xn) - m(yn)) - pf(wn) + pN(u,,, Un)]'

Hence, we have

19Cen1) — gCe)|* = m(ya) + ST (gCGen) — m(ya)) — pf (Wa) + PN (14, 0)]
—m(u-1) — SO II (G nm1) — m(Yae1))
_pf(wn—l ) + pN(un—la Upn—1 )]H2

Since ||x + y||*> < 2(||x||* + [|¥||*), by the assumptions and Theorem 2.2 we have

HlgGeni) — gl

< 52T (9Cen) = m(ya)) = .S (W) + pN (14, 1,)]
— I (GCen1) = m(a1)) = pL 1) + N1, 00 )]
+[[m(pn) = m(a1) + I (GE1) = m(n = 1)) = pf Wa1) + PN (41, 001)]
— ISP (Glup1) = m(ya-1)) = pSWa1) + pN (11,0, )]|

< 3 W (9ea) = M) — P O0) + pN Gty 1)
—J(gCn1) = m(3u1)) + pf Wa1) = pN 1, 00| + 2/[m(30) = m(y—1)|?
+ 2|75 LI (g(n1) = m(y—1)) = p.S Wa1) + PN (1, 04-1)]
—J2CA DL (g 1) = m(y—1)) = pS Wa1) + PN (1, 0,11

4 2
< % HJ(g(xn) - m(yn)) - J(g(xn—l) - m(yn—l))HZ + 7,02(”f(wn) - f(Wn—l)H2

4 2
+ sz ”N(una Un) — N(u,,, Un—l) + N(um vn—l) — N(up—1, Un—l)Hz

+2[lm(yn) = m(ya-OI? + 263|120 — za—s |- (3.6)
By the Lipschitz continuity of J,g,m,F and (3.2), we have
[/ (g(xn) — m(x,)) = J(g(xn—1) — m(ya—1))||

< ;“J(Hg(xn) - g(xn—l)H + Hm(yn) - m(yn—l)H)

S Ar(gllxn = Xn—ill + Znllyn = yua[l)
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\ 1
< ;“J </’Lt}‘|xn _xn—IH + Am <1 + ) H(Fxn:Fxn—l))
‘ n

1
< i‘] </th + /"LmlF (1 + n>> ||x,, —x,,_1||. (37)

By the Lipschitz continuity of f and C, we have

1
1S W) = fWae)|| < Apllwn — waei || < Ay <1 + n) H(Cx,, Cxp_y)

< Arhe (1 + ;) X, — x0—1]]- (3.8)
By the Lipschitz continuity of N(-,-) in the first and second arguments, we have
[N (tt, ) — Nty Uy—1) 4 N(thy, V1) — N(thy—1, 001 )|
<IN Gty v) = N Qs =0l [N s 091) = N (a1, 051 )|

< 2w llon = vnt || 4 Awg [ty — ttn—1 ]|

1 1
< )L,NZ (1 + n> H(an,an_l) + /ﬁ{]\/1 (1 + n) H(Axn,Ax,,_l)

, 1
< ()LM)”A + }LNZ/LB) (1 + }’l> ||x,, —x,,_lH.

(3.9)

By the Lipschitz continuity of m, D and F, we have
lm(yu) = m(yo—1)|| < Am <1 + ;) H(Fx,, Fx,—1) < Anhr <1 + ;) 6 — Xn_1]], (3.10)
lew — 20| < (1 T 1) H(Dx,. Do 1) < <1 " 1) e — 2l G.11)

By (3.6)—(3.11), we obtain

4 i NY 82 ., ., 1\
?/LJ (ig‘i'im/LF <1+n>) —+ 0(2 /Lf'}uc 1+;

1gCxns1) — gCxn)|* <

8p? s N, 1\
+?(/1N1/1A + }sziB) 1 + E + 4/L,m/1F 1 + ;

1 2
+ 41273, <1 + n> [

8p? 242 2 1\?
?(){f/{c + (vt + Ay dp)7) [ 1+ =

n
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4 12 1 1 ? 12 12 1 2
+ ? 5 /ﬁ{g + /lm/LF 1 + ; + 4/Lm)L,F 1 + Z

1 2

+ 41273 <1 + n)

Since g:E — E is k-strongly accretive, by (3.5), we have

1w — x0—1]l- (3.12)

||xn—1 —x,,||2 < Hg(xn+l) - g(xn)Hz - 2<g(xn+l) - g(xn) +xn+1 — Xn, j(xn+l _-xn)>

8p? 1\
< —2(/13(-)% + (Jwi 2a + Ay 28)) <1 + )
o n

4 ,/, \ Y 292 1y
+@/1J /Lg+/bm/1F 1-'—; +4/1m)»[;~ 1—‘—;

1 2
+ 4u* 33, (1 + n)

s = xn1 ]| = 2k + 2)|xpr — x|

It follows that

et — 2 < {8pz(,1};£c+(le/1AHNMB)z(l 1y
ntl — Xn||” <

(2k + 3)a2

. A[23(Ag + dmdr (L 4+ D)2 + 2 (G223 + p?I5) (1 + 1) I "
2k + 3)o2 T An

= Hﬁnxn — Xn—1 ||2>

where

0, =
8p2(23 3% + (i Aty g )P Y142 Y + ALG(Ag + 2 e (142) + 022223 + 1223 ) (141 )]
(2k+3 )02

Let

8p2(/1§)%~ + (An, Ad + v, A8)%) + 4[;5(/19 + AmAr)? + ocz(iﬁa/lfp + ﬂzi%)]
- 2k + 3)o2 ‘

Clearly, 0, — 0 as n — oo. Condition (3.4) implies that 0 < 0 <1 and so 0 < 0, < 1, when n is
sufficiently large. It follows from (3.13) that {x,} is a Cauchy sequence in E. Let x,, — X. Since the
mappings 4,B,C,D,F are Lipschitz continuous, it follows from (3.2) that {u,}, {v.}, {w.}, {z.}
and {y,} are also Cauchy sequences, we can assume u, — 4, v, — 0, w, — W, z, — Z and y, — 7,
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respectively. By Algorithm 3.1, we have
gCa1) = m(yn) + I, 2T (gn) = m(ya)) = pf (wa) + pN (g, 02)] (3.14)
By the Lipschitz continuity of f,g,J, N(:,-), the condition (3.3) and Theorem 2.2, we have
152021 (gxn) = m(va)) = pf (Wa) + PN (11, 01)]
—J DI (GE) — m(§)) — pf(P) + pN (@, 0]
< 2L (gen) = mya)) = p.f () + pN (e, 0]
—J30 LI (g(£) — m()) — p.f () + pN (@, )]
+ 270 DI (g() — m()) — p.f () + pN (4, 0)]
—JCILI(g() — m(P)) — pf(OF) + pN (@, )]
< i[HJ(g(xn) = m(yn)) = J(g& = m(P)| + pll (W) = fOD)]
+ PN Cu, v0) = N(@, 0)|| + pl|zn — 2| — 0 as n — oc.
Hence, by letting n — 400 in equality (3.14), we obtain
g(®) = m(P) + JPII(g(R) — m($)) — pf(F) + pN(d, D)].
Now we prove that & € AX, 0 € BX, w € Cx, z € DX and y € Fx, respectively. Since u, € Ax,, we have
d(U,Ax) < || — uy|| + d(un, Ax,) + H(Ax,, AX)
< ||d — up|| + Aallx, — £ — 0, asn — oc.

Hence d(i1,AX) — 0 and so i € AX since AX € CB(E*). In a similar way, we can also prove that

AAAAA

This completes the proof.

Remark 3.2. In Theorem 3.2, by suitable choices of N(-,-), 4, B, C, D, F, f, g, m and the space
E, we can obtain many new results and generalizations of some known results in ([1-19,21-28,30
—38]). We emphasize that the existence result and algorithm of solutions for the CGQVI (2.2) are
given in reflexive Banach spaces. Furthermore, the methods given in this paper are quite different
from the methods given in the previous known literature ([1-19,21-28,30-38]). We emphasize that
there are no any monotonicity and accretive assumptions on set-valued mappings in Theorem 3.2.
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