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Abstract

We study queries over databases with external functions, from a language-independent per-
spective. The input and output types of the external functions can be atomic values, flat relations,
nested relations, etc. We propose a new notion of data-independence for queries on databases with
external functions, which extends naturally the notion of generic queries on relational databases
without external functions. In contrast to previous such notions, ours can also be applied to
queries expressed in query languages with iterations. Next, we propose two natural notions of
computability for queries over databases with external functions, and prove that they are equiv-
alent, under reasonable assumptions. Thus, our definition of computability is robust. Finally,
based on this equivalence result, we give examples of complete query languages with external
functions. A byproduct of the equivalence result is the fact that Relational Machines (Abiteboul
and V. Vianu, 1991; Abiteboul et al., 1992) are complete on nested relations: they are known
not to be complete on flat relations.

1. Introduction

Database functionalities are important both in the context of traditional relational
databases, and in that of object-oriented databases. The object-oriented database man-
agement system O, [14] allows the query language to invoke any method written in
the programming language C. An O, query can be parsed, compiled, optimized, and
executed, without knowing what the external function does. At execution time, the ex-
ternal function is called, as an ordinary library function. In an object-oriented system
like O, the set o1 1ser-defined methods can vary for a given database, as new methods
are inserted, or old methods are deleted from the database. SQL3 [15] offers a more
limited approach, in which the number of user-written functions is fixed a priori, and
is independent of the database:! we call these user-written functions external func-
tions. While the practical aspects of integrating external functions in query languages
is well understood, a language-independent study of queries in the presence of external
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functions has received less attention. In this paper we make such a study, in the frame-
work of a fixed number of external functions. We believe that most of our techniques
will carry over smoothly to the object-oriented setting.

Chandra and Harel [10] study queries (without external functions) from a language-
independent perspective. They give a precise characterization of the ‘“‘reasonable”
queries, namely as those which map isomorphic databases into isomorphic results. This
definition emphasizes that queries are data independent, i.e. the only observation they
can make about the individual values in the database is their equality or inequality.
Chandra and Harel called this condition the consistency criterion, but we will follow
terminology which later became standard and call such queries generic. They also dis-
cuss the case of databases with inzerpreted functions: unlike our external functions,
these are fixed functions over a fixed domain.

Giving a precise, language-independent characterization of the “reasonable” queries
is important, because it offers us an upper bound on what a query language may
express: namely, each query expressed in a reasonable query language will be generic
and Turing-computable. Chandra and Harel define a query language to be complete
if it can express all generic and Turing-computable queries. Moreover, they give an
example of a complete query language, QL.

In this paper we investigate how the language-independent characterization of generic
queries carries over to databases with external functions. An example of a “reasonable”
(i.e. data-independent) query in this context may be: “return the set of all employees
of a company, with their salary x replaced with P(x)”; here P is an external function,
implementing the company’s salary raise policy. P should be thought of as a library
function, written in a general-purpose programming language like C. This query is no
longer generic as described above. Indeed, one can prove that generic queries do not
“invent new values”, that is all atomic values in the query’s result must have been
in the database too. Obviously our query does invent new values, as it computes new
salaries. But it is arguably still “reasonable”, in the sense that the only observations
it makes about the individual values in the database are their equality, inequality, and
applications of the external function P.

We propose a definition for “reasonable” queries in the presence of external func-
tions (Definition 3.2), and call such queries external-function domain independent.
The inputs and outputs of the external functions can be scalar values, relations, nested
relations, etc. We show that all queries expressed in reasonable query languages with
external functions are external-function domain independent.

Next we address the issue of computability of queries with external functions. We
propose two natural definitions for computable queries with external functions. The
first definition assumes that external functions are computable themselves, and, hence,
can be finitely encoded: then we say that a query is computable if there exists some
Turing Machine which, when given an encoding of the input database and encodings
of the external functions, computes an encoding of the output of the query. The second
definition relies on a model of computation which is closer to the way external functions
are handled in real database systems, namely as library functions. To do that, we
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essentially extend the Turing Machine with oracles, i.e. devices which can compute
P(x), for some external function P and some input x. Then a query with external
functions is computable if it can be computed by such an extended machine. We
prove that, when the external functions are totally defined, then the two definitions of
computability coincide (Theorem 6.2). We believe this result to be evidence for the
robustness of the notion of computability.

Finally, we define a query language with external functions to be complete if it can
express exactly those queries which are both external-function domain independent and
computable. We give examples of complete query languages with external functions.

Subtle differences separate our two notions of computability when the external func-
tions are partial: the first definition allows parallel execution of the external functions,
while the second definition restricts queries to sequential execution of the external
functions; see Example 6.6 and Proposition 6.5.

Abiteboul and Beeri [1], and Escobar-Molano et al. [16] propose two related
language-independent definitions for “reasonable” queries with external functions. Their
main purpose was to identify which of the queries expressible in certain logic-based
query languages with external functions were “reasonable”. Both definitions work well
in conjunction with query languages without iterations: they, however, fail for languages
with some forms of iterations, like fixpoints, or while, etc. as we show in Example 4.3.
We explain here the connection between our notion of external-function domain inde-
pendence and the definitions given in [1, 16], see Theorem 3.12. Computability of
queries with external functions is not addressed in [1, 16], and no previous attempt has
been made to define complete query languages with external functions.

Abiteboul and Vianu [5] introduce the notion of loose Generic Machine, later sim-
plified to Relational Machines in [4]. Their purpose was to define order-independent
computations on databases. In order to compute a query with a Turing Machine, we
first have to encode the input database; thus, we introduce artificially an order on that
database. By contrast, in a Relational Machine the input database is not encoded, but
stored in relational registers. At each step, the machine can perform either a traditional
Turing Machine move, affecting the tape and the state, or a first-order computation on
the relational registers, affecting one of its relational registers: the latter computation are
obviously order-independent. It turns out that Relational Machines are not complete:
in particular, they cannot compute the parity of an input set [5].

We extend the Relational Machines in a natural way to databases with nested re-
lations and external functions, by replacing the relational registers with nested rela-
tional registers, and the first-order computations on the registers with computations in
the Nested Relational Algebra with external functions. We call these machines Rela-
tional Machines for Complex Objects. In particular, a Relational Machine for Complex
Objects may apply in one step an external function P on the value(s) in one of its
registers: this can be viewed as an oracle inquire. Our second definition of computabil-
ity is based on Relational Machines for Complex Objects. Our result (Theorem 6.2),
stating that the two notions of computability coincide, implies that, by extending the
Relational Machines from flat relations to nested relations, we obtain completeness.
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Abiteboul et al. [3] also achieve completeness by using a different extension of the
Relational Machines, namely with reflections. A Reflective Relational Machine has
the ability to dynamically create queries, and to answer them in constant time. This
technique is orthogonal to our way of obtaining completeness, namely by extending flat
relations to nested relations. Parallelism arises in Reflective Relational Machines from
their ability to compute any first-order query in one parallel step: as a consequence,
interesting connections to parallel complexity classes are proven in [3]. Here we are
concerned with a different kind of parallelism which arises in conjunction with queries
over databases with external functions: the ability of a query to initiate the computation
of several external functions in parallel, and to wait until one of them terminates.
Relational Machines for Complex Objects do not have this ability; however, Turing
Machines expecting a finite encoding of the external functions do. This observation
allows us to prove that our two notions of computable queries over databases with
external functions differ, when the external functions are partial.

The first description of a complete query language can be found in [10]: it is a dy-
namically typed language, in which an integer » can be encoded as some set of tuples
of width n. Other complete query languages use different tools to achieve completeness:
e.g., object inventions in [2], and untyped sets in [23]. Our examples of complete query
languages with external functions are illustrations of how these known techniques can
be extended to obtain completeness in the presence of external functions.

Our queries over databases with external functions are related to higher type com-
putability. A number-theoretic function of type N — N is a type 1 function; a function
(NMNY x N'— N is a type 2 function [11,24]. Functions of type level n are those
which expect as inputs functions of type level <n—1 [6]. From this perspective, our
queries on databases with external functions are of type 2, in that they take as inputs
scalar functions. Qur emphasis, however, is on “data-independence”, an issue that is
not present in the theory of higher-type computability, since the objects of discourse
there (the natural numbers) are fully interpreted.

Hirst and Harel [22] consider recursive databases, i.e. databases over a countable
domain in which each relation, considered as a set of tuples, is recursive. We could
view each external function of a database as infinite binary relations, by considering its
graph. Still, our notions of external-function domain independence and computability
are totally different from those of genericity and computability of [22]. The first reason
is because the graphs of recursive functions are in general not recursive, but recursively
enumerable [21]. Even if we restrict the external functions of a database to having
recursive graphs, there is a deeper reason for which their framework differs from ours.
Namely, Hirst and Harel observe (this is a consequence of [22] Corollary 1) that, for
a fixed type, there are only finitely many recursive generic queries of that type.? By

2 Thus, their notion of recursive generic query, when applied to finite relations, does not coincide with
the traditional notion of computable, generic query. This is a significant departure from the case of finite
databases.
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contrast, there are infinitely many computable, external-function domain-independent
queries for a given type.?

Section 2 contains background and motivation: we review first some basic notions,
like genericity, domain independence, computability, complex objects, etc., then define
databases with external functions. We show, through an example, why the classical no-
tions of genericity and domain independence fail in this case. Section 3 introduces the
new concept of external-function domain-independent query: Section 3.1 contains the
definitions, Section 3.2 explains the intuition behind this concept, while Section 3.3 es-
tablishes the relationships between external-function domain independence and the em-
bedded domain independence of [16]. Section 4 reviews the Nested Relational Algebra
with external functions, an algebraic query language for complex objects, and proves
that each query expressed in this language is indeed external-function domain inde-
pendent: this result remains true even for extension of the Nested Relation Algebra
with various forms of iterations. Section S introduces the two concepts of computabil-
ity: the computability notion based on Turing Machines and encodings of the external
functions is presented in Section 5.1, while the computability notion based on exten-
sions of Relational Machines is introduced in Section 5.2. We prove in Section 6 that
they coincide, on databases with external functions which are totally defined. We give
examples of complete query languages with external functions in Section 7.

2. Background and metivation

Recall from [10] that a database instance is 2 = (D; Ry, ..., Ry ), where R; C D*%. Here
D is called the domain of &, while Ry,...,R; are its relations, and are required to
be finite. The numbers ay,...,a; are called the arities* of Ry,...,R;. We say that
(ai,...,ax) is the type of the database 2. A database query of type (ai,...,ax)—b
is a partial function F mapping any database instance 2 of type (ai,...,a;) to some
finite relation F(2)C DP.

Moreover, it is usually required that the query be be generic, domain independent
and computable.

Definition 2.1 [10,23]. A database query F is generic iff for any database instance
2 =(D;R,...,R) and any isomorphism A:D — D', F(D'; A(Ry),...,MR)) = AF(D;
Ry,....Re)).*

3 For example, let P be an external function, and consider two constants a,b. Then for every k>0, the
boolean query O =(P%)(a)=b), with QO undefined when 3; <k(P(a) is undefined), is computable and
external-function domain independent. Obviously all queries Qp, 01, (5, ... are distinct.

4 Called ranks in [10].

3 Throughout the paper £ = E’ means that either both expressions E, E’ are undefined, or both are defined
and equal.
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A database query F is domain independent iff for any database instance 2 =(D;
Ri,...,Ry) and for any set D' DD, F(D;Ry,...,Ry)=F(D';R,,....R;).

A database query F is computable iff there exists a Turing Machine which, when
given an encoding of a database instance 2 =(D;R),...,Ry) on its tape, halts iff F(2)
is defined, and in this case will leave an encoding of F(Z) on its tape.

Genericity and domain independence are independent conditions. They can be com-
bined into a single condition:

Fact 2.2. A query F is generic and domain independent iff for any two database
instances 9 =(D;Ry,...,Ry) and 9" =(D';R},...,R}) and for any injective function
A:D—D for which A(R\)=R},...,M(Ry) =Ry, we have F(2')= MF(2)).

The use of external functions in databases leads us naturally to structures whose
domain is no longer the active domain of the database but an infinite one containing
the active domain. Indeed, most of the external functions we will consider in this paper,
like +, succ, make_object, etc. have infinite domains and codomains. Therefore, we
consider database instances with an infinite domain D (but still with finite relations
Ry,...,Ry), which is contrary to the traditional view that database instances have finite
domains. However, because database queries are required to be domain independent,
this is not a significant departure from the case with finite domains.

We want to allow external functions with arbitrary types of inputs and outputs, i.e.
scalars or relations. For example, an external function with one input could have (1)
a scalar input and a scalar output, or (2) a scalar input and a relation as an output, or
(3) a relation as an input and a scalar as an output, or (4) relations both as inputs and
outputs. Instead of considering several cases we adopt a uniform approach by working
in the context of complex objects, and replacing first-order structures with higher-order
structures. The definitions below are consistent with [23, 18, 25,7, 9].

Definition 2.3. We define complex object types by the grammar ¢::=d|t x - - - x t|{¢}.
(Here d is a special symbol.) For any set D and type ¢ we define dom(¢,D) to be:

dom(d,DYE D

dom(t; x -+ % t,,,D)défdom(tl,D) X -« X dom(t,, D)
dom({t}, D) E P;,(dom(t, D)).

The empty product (obtained by taking n=0 in #; x --- x ) is denoted with unit;
for any D, dom(unit,D)={()}. Also, we abbreviate ¢ x - -- x ¢ with ¢",
N ——

n times

Definition 2.4. A database schema is ¢ =(t,...,4), while a database instance over
6 is @ =(D;Ry,...,Ry), with R; € dom({t;},D), for i=1,k.
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All the results in this paper hold also for multi-sorted databases (with more than one
base type, e.g. Z,string,R,...), but in order to keep our formalism simple, we shall
restrict ourselves in the sequel to only one base type D. To accommodate values of
different base types, we may assume D=7 UstringURU ...

Definition 2.5. For any schema o and type ¢, a query F of type ¢ — ¢ is a partial func-
tion mapping a database instance over 6, & =(D;Ry,...,Ry) into F(2) € dom({t},D).

In this paper we consider databases with external functions, by augmenting database
instances with a number of external functions P,,...,F,. That is a database instance now
becomes 2 =(D;A,...,P;R,...,R;), where Ri,...,R; are as before, while
P,...,P are partial functions “over D”. In their simplest form, the external func-
tions are scalar, i.e. of type D" — D, as in [16], but we allow external functions of
any types, i.e. P;:dom(u;,D)— dom(v;,D), where u; -.d v; are arbitrary types called
the domain and codomain of P;.

Definition 2.6. A database schema with external functions is o = (1 — vy,...,4; — vy;
t,...,tt). A database instance over ¢ is 9=(D;P,...,P;Ry,...,R;), where R; €
dom({t;},D), i=1,k, and P, : dom(u;, D) — dom(v;, D) is a partial function. 2 is called
total iff all functions P;, j=1,] are total, otherwise it is called partial.

The active domain of a database instance & is the set of all atomic values mentioned
in Ry,...,Ry, i.e. the smallest set Dy C D for which R, € dom({t;},Dv),...,R; € dom
({t+},Do). Note that the active domain is always finite, although D may be infinite
(because all relations Ry,...,R; are required to be finite). Unless otherwise specified,
we shall assume throughout the paper that the database schemas and instances are with
external functions.

Example 2.7. Consider the schema ¢ =(d x d —d,{d} — d;d®) (recall d° means d x
dxdxdxd). As an example for a database instance over o, consider 2= (D;
raise_salary,new_ID; R) where

D = StringsU Int, RC D’

ID  Name Dept. Manager Salary

15023 Smith Customer Serv.  Lucy 20000
R= 15024 Lucy Customer Serv. Dale 40000
15046 Jones Sales Dale 30000
15028 Dale  Management Brian 50000

The external functions raise_salary and new_ID encapsulate domain-specific knowledge
of the particular company. Thus, raise_salary(n,s) will return a new salary for the
employee with name »n, assuming its old salary is s. This may depend on the company’s
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policy, even on the particular contract signed by that employee. Typically, such a
function is written in a general-purpose programming language — like C — and is
part of the database instance. Note that raise_salary(n,s) may be undefined for certain
values of n and s, e.g. when »n is an integer, or s is a string. In a similar fashion,
new_ID(S) will return a new identifier not present in S, ie. new_ID(S)¢ S. Most
likely, it encapsulates the company’s policy of assigning new id’s to employees.

Consider the following queries: “compute new salaries for each employee as follows:
each employee receives one raise, except for the managers who receive two raises”.
Here F:0 —d?. On our particular instance, F would return

Name New_Salary
Smith raise_salary(“Smith”,20 000)

F(2)= Lucy raise_salary(“Lucy”, raise_salary(“Lucy”, 40 000))
Jones raise_salary(“Jones”,30000)

Dale raise_salary(“Dale”, raise_salary(“Dale”, 50 000))

For another example, consider: “assuming there is only one manager not recorded as
an employee, return its name and a new id for him”. Here G: ¢ — d*:

Name New_ID

G(2)=
Brian  new_ID({15023, 15024, 15046, 15028})

Obviously, a query over the database of Example 2.7 may not necessarily be domain
independent in the traditional sense, because it has the ability of generating new atomic
values by calling the external functions. The first goal of this paper is to investigate
the notion of domain independence of queries with external functions.

Unlike the interpreted functions of [10] which are fixed, our external functions are
closer in spirit to those in [1,16]. In these papers, the authors define two related
notions of domain independence: the bounded-depth domain independence in [1], and
the embedded domain independence in [16]. Strictly speaking, the embedded domain
independence implies that of bounded-depth domain independence, but they rely on the
same idea. Both notions are used only in conjunction with query languages without
iterative queries, and, as we show in this paper, fail when extended to languages with
iterations. We describe a fixpoint query which is not embedded domain independent in
Example 4.3. In this paper we introduce a new notion, called external-function domain
independence, which is more general than the embedded domain independence, and
show that all queries expressed in query languages with iterations (fixpoints, loops,
structural recursions, etc.) are external-function domain independent.

Our second goal in this paper is to investigate the computability of queries
in the presence of external functions. The complexity and the computability of
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number-theoretic functions of higher type have been considered before [21, 11, 24], but
computable queries in the presence of external functions have not been considered
previously. We propose here two natural definitions for computability of queries with
external functions, and prove that they are equivalent under reasonable assumptions.

Previous work [30, 1, 16] has been concerned with identifying recursive sets of first-
order formulae, which define domain-independent queriecs. We do not address this
problem here, but consider only algebraic query languages instead, where all queries
are domain independent. We believe that the notion of embedded allowed formulas
from [16] could be extended to a higher-order logic with fixpoints, such that all “em-
bedded allowed” formulas define an ef-domain independent, computable query, but this
has to be addressed in future work.

3. External-function domain independence

3.1. Definitions

Allowing the external functions to be partial, as opposed to total, constitutes a key
technical tool in our definition of domain-independent queries over databases with
external functions. To test whether a query F is domain independent when applied
to some database instance 2 =(D;P,...,P;R;,...,R;), we would like to probe it
with databases with smaller domains, ¢ = (Dg; Pos,...,Pos;R1,...,Ry), where Dy CD
contains the active domain of %, and Pg,,..., Py are the restrictions of B,...,P. If
Dy is chosen arbitrarily, then Pyy,..., Py will be partial, in general.

We will define a database morphism A:% — @' to be a partial, injective func-
tion A : D— D’ between the domains of two databases, which “preserves the struc-
ture” of these databases, in a sense to be made precise. First notice that any partial
function A:D — D’ can be lifted from the base type to partial functions at any type
t, A, :dom(t,D)— dom(t,D’), as follows:

2a(0) E ax)

)&tlx...xtn<x1,...,xn) déf()utl(.xj),. ..,l,n(x,,))

2 oD E {20, )}

In all cases, 4,(x) is undefined whenever one of the subexpressions on the right-hand
side is undefined. We abbreviate A, with A, whenever the type ¢ is implicit in the
context.

Definition 3.1. Let ¢ be some database schema, and &, 2’ two database instances over
c:D=(D;P,...,P;R,....R), 2" =(D'; F,...,P/;R,...,R}). A database morphism
A2 — 2 is a partial injective function A:D — D', such that the following two
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conditions hold:

1. For every i, A(R;) is defined and A(R;)=R].

2. For any® x € dom(u;, D) for which both P(x) and x’ défA(x) are defined, P/(x) and
A(P;(x)) are defined too, and they are equal: P/(x") = A(P;(x)).

We represent condition 2 above as the following diagram:

x — Py(x)

o4

M) —— BJ(ix) = MBE)).

Whenever both left and upper arrows are defined, then the bottom and right arrows
are defined too, and the diagram commutes.

Alternatively, let us write e; Ce;, whenever expression e; is undefined, or e; =e,.
For two functions fi, f2, let fi C f> mean that Vx, fi(x)C f>(x), or, equivalently,
graph( f1) C graph(f). Then, from the diagram above we can see that A is a database
morphism iff A(R;)=R! for all i, and Pjo A"'C A~ o P/ for all j (to be precise,
Pioly, ! Elg 1 o P/, but recall that we drop the type ¢ from 4,).

Note that the totally undefined function A:D— D’ is not a database morphism.
Indeed, A has to be defined at least on the active domain of D: moreover, we will
show that it has to be defined on every atomic value “accessible” from the active
domain by repeated application of the external functions, see Lemma 3.6.

Consider the particular case in which the schema ¢ has no relation symbols (i.e.
k=0) and all external functions are scalar, i.e. 6 =(d" —d, d" —d,..., d" —d;).
Then a database instance & =(D;Py,...,P;;) coincides with a partial algebra [17].
Moreover, the total database morphisms 1: % — &’ are precisely those functions which
are injective and for which A=} is a homomorphism of partial algebras of [17].

Definition 3.2. Let ¢ be a database schema and ¢ some type. A database query of type
¢ —t is a partial function F mapping a database instance over ¢, 4 =(D;Py,...,P;
Ri,...,Ry), to F(2)€dom({t},D). F is external-function domain independent, or,
shortly, ef-domain independent, iff for every database morphism Ai:2 — &', if F(2)
is defined, then so are A(F(2)) and F(2'), and they are equal: A(F(2))=F(2').

6 Recall that B; : dom(u;, D) — dom(v;, D).
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We represent this condition as in the following diagram:

F
9D — F(9)

7 —" . WF@)=F2").

As for the case of a database morphism, whenever the upper arrow is defined,” then
the bottom and right arrows are defined too, and the diagram commutes. From here
we can infer again that F is a ef-domain independent query iff Fo A~'C A~ o F, for
every database morphism A. Also, note that A(F(2))C F(2’).

This notion generalizes the classic notions of genericity and domain independence
(Definition 2.1) to databases with external functions. Moreover, ef-domain indepen-
dence extends the C-genericity of [23]. The latter is intended to characterize queries
expressed in languages which can refer to some constants C in the domain. A query
is called C-generic iff it is invariant w.r.t. all isomorphisms which leave the constants
in C unchanged. Although constants are not explicitly present in our definition of a
database schema, they can be represented as functions of type unit —d.

Fact 3.3. Let 6 =(;t1,...,4) (i.e. there are no external functions). Then a query F
is ef-domain independent iff it is generic and domain independent in the sense of
Definition 2.1.

Moreover, when o contains only atomic constants (i.e. functions of type unit — d),
then a query is ef-domain independent iff it is C-generic [23] and domain independent.

Proof. We use Fact 2.2. Suppose F is ef-domain independent, and let 4:D— D’ be
as in Fact 2.2. Then 1 is a database morphism and, by Definition 3.2, we have either
(1) both A(F(2)) and F(2') are defined and equal, or (2) both A(F(2)) and F(Z')
are undefined, or (3) F(2) is undefined and F(2') is defined. In cases (1) and (2)
we are done. To refute case (3), consider A~!: D' — D. It is still a database morphism
80, since F(2') is defined, so must be F(2).

For the converse, assume F satisfies the conditions in Fact 2.2, and let 1: 2 — 2’ be
a database morphisms, where & =(D;;Ry,...,Ry). Let Dy C D be the active domain of
2, and let .@odéf(Do;;Rl,...,Rk). Assume F(29) is defined. Since F is domain inde-
pendent we have F(2)=F(%,). Moreover, A is totally defined on the active domain,
so its restriction A : Dy — D’ satisfies the conditions of Fact 2.2. Hence, 4(F(Zy)) is
defined too, and A(F (D)) = A(F (D)) =F(Z).

The relationship with C-genericity is obtained similarly. 0

" The left arrow is always defined.
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3.2. Intuition

The definition of external-function domain independence captures, in a single condi-
tion, three rather independent, and more intuitive properties of queries. We will show
in this subsection that a query is external-function domain independent iff it is simulta-
neously (1) monotone, i.c. more defined on more defined databases, and (2) forward-
looking, i.e. it only applies the external functions forwardly, like in P(x), P(P(x)),...,
and not like in P~!(x), and (3) isomorphism preserving, i.e. maps isomorphic database
instances into isomorphic results.

First we define an “approximation” of a database instance. We say that & approx-
imates 9', written 2C 9, ff 9=(D;P,,...,P;R1,....R)), 2'=(D';P},...,P; Ry,
...,R;) (i.e. they have the same relations), D C D', and P, EPJ-’, for all j=1,1. In this
case the inclusion 4:2 — 2’ is a total database morphism.

The term approximation is borrowed from denotational semantics [26, 19]. There a
function f approximates another function f” if graph(f)C graph(f’). We emphasize
that, in our context, the term “approximation” refers only to the domain and the ex-
ternal functions, and not to the relations. For a schema ¢ without external functions
(i.e. I=0), a database & approximates another database &’ iff D C D' and R; =R;, for
i=1k.

Definition 3.4. A query F is monotone if whenever 9 C @', we have F(2)C F(2').

Next we will define a query to be forward-looking if it uses the external functions
only in a restricted way, namely only as subroutines. That is, a forward-looking query
may start by applying the external functions Py,...,P; to inputs built from the active
domain of the database. In the process it may construct new atomic values, and it
may use these to build new inputs for the external functions, etc. A forward-looking
query, however, is not allowed to compute P~!(x), or to ask global questions about
the external functions, like “is P injective?”.

Let 2 =(D;Pi,...,Pi;Ry,...,Ry) be a database. For every n 20 we define term”(Z)
C D inductively by n:

term®( D)™ atoms(R)U - - - Uatoms(Ry)

term" (D) &f term™(2)U {atoms(Py(x)) | x € dom(u;, term™(2)),j = 1,1}

where atoms(x) is defined to be all values in D mentioned in the complex object x.
Note that term®(2) is the active domain of 2.

The definition of term™(2) is the same as in [16], where it is introduced in order
to define embedded domain independence, reviewed here in Section 3.3.

Definition 3.5. The accessible domain D of some databases 2 is fo3-4 Uy so term™(2).

The accessible approximation of & is Qdéf(D-;f’l,...,PI;Rl,...,Rk), where f’, is the

restriction of P; to D, for j=1,1.
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Obviously, the accessible domain extends the active domain.

The accessible approximation is a very special approximation of a database 2.
Namely, it has the property that the inverse pqéfi_l of the inclusion database mor-
phisms 4, with p: 2 — 9, is a database morphism too. To see that, let x € dom(u;, D),
and let p(x), Pi(x) be defined. Since p(x) is defined, we have xedom(uj,D_)g
dom(u;,D), and p(x)=x. Since P,(x) is defined, obviously 13j(x) is defined too. We
have to prove that p(Pi(x)) is also defined, which is in general not true when p
is the inverse of some arbitrary approximation. But here, since x € (4;, D), we have
atoms(x) C term"(9) for some n>0; hence, atoms(Pi(x))C term™'(2), so Py(x)¢€
dom(v;, D), and, therefore, p(Pi(x)) is defined too.

Lemma 3.6. Let 1.: 9 — @' be a database morphism. Then A is totally defined on D,
the accessible domain of 9.

Proof. We prove by induction on n that A is defined on term"(2). For n=0 this is
obvious, since /4 is defined on the active domain. For the induction step, observe that
any atomic value in term"*'(2) is in some atoms(P;(x)), with atoms(x) C term™(D).
By induction hypothesis x’ = A(x) is defined, hence A(P;(x)) must be defined too. [

Definition 3.7. A database query is forward-looking iff for any database instance &,
if F(2) is defined, then F(2) is defined too, where & is the accessible approximation
of 2.

Finally, we call a query isomorphism preserving iff for any database isomorphism®
LD — P, we have F(9')=NF(2)).

Proposition 3.8. A query F is ef-domain independent iff it is monotone, forward-
looking, and isomorphism preserving.

Proof. Let F be ef-domain independent; obviously it is isomorphism preserving. Let
2 be an approximation of ', 2C %', and 1: D — P’ be the inclusion database mor-
phisms. We have F(2)=AF(2))CF(2'), hence F is monotone. To prove that it
is forward-looking, we consider the database morphism p: 2 — 9, for some database
instance &. Then whenever F(2) is defined, F(2) must be defined too.

Conversely, consider a monotone and forward-looking query F. Let 1: 2 — 2’ be
a database morphism, and assume F(9) is defined. Recall that A is totally defined
on D, hence 2" défl(gz) is an isomorphic image of the accessible approximation 9:
let 1:9— 2" be the restriction of A to the domain D. Then we decompose A in a

canonical way as: 9 —— 9§ 4, 9" 9. Since F(2) is defined, so is F(2), and
they are equal (because & is an approximation of &). Hence F(2") is defined too,

81.e. a total, bijective database morphism, whose inverse is also a database morphism.
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and equal_with MF(2)), because 4 is an isomorphism. Finally, F(2') is defined and
equal to A(F(2))=MF(2)). O

3.3. Connection with related work

Escobar-Molano et al. [16] define embedded domain independent queries, in the
context of relational databases and scalar external functions. We extend their notion
straight-forwardly to complex objects and external functions with arbitrary domains and
codomains. For this, following [16], we first say that two databases instances with the
same relations 9 =(D; Py,...,P;;Ry,...,R;) and @' =(D'; Pi,...,P};R,,...,Ry) agree
up to level n iff (1) term™*'(2)=term"*'(2'), and (2) for any j, P; and P/ agree
on any input whose atoms are in term™(%), i.e. Vx € dom(u;, term"(2)), Pi(x) :Pj' (x).
Then we call a query F embedded domain independent at level n, or em-domain
independent at level n, if F(2)=F(2') whenever 2 and &’ agree to level n. Finally
we say that a query F' is em-domain independent, iff it is isomorphism-preserving and
there is some » for which F is em-domain independent at level n.

Abiteboul and Beeri in [1] define bounded-depth domain independence, which co-
incides with that of em-domain independence over database instances whose external
functions are closed under inverses. They need closure under inverses because they con-
sider a logic-based query language, in which queries like {x | P(x)= y} are allowed.

Intuitively, em-domain independence allows some query to repeatedly apply the ex-
ternal functions at most # times, for some n which is independent on the database
instance 2. This condition is indeed satisfied by the queries expressed in languages
without iterations, like those considered in [1, 16], but fails once an iterative construct
(like fixpoints) is added to the language, see Example 4.3. For iterative queries, the
number n of applications of the external functions is still finite, but may depend on the
particular database instance. To overcome this limitation of em-domain independence,
we strengthen it, by switching the quantifiers. We call a query F to be strongly em-
bedded domain independent (sem-domain independent), iff it is isomorphism-preserving
and for any database instance & for which F(9) is defined, there is some » such that:
for any other database instance 2’ which agrees with 2 up to level n, it is the case
that F(2)=F(2'). Call n the level of F at 9. Obviously em-domain independence
implies sem-domain independence. Note that when F(2) is undefined there may not
exist such an n (because F may loop inspecting the whole accessible domain D).

In the rest of this subsection we will compare our notion of ef-domain independence
to sem-domain independence. Sem-domain independent queries are forward looking, but
the converse is not true, because forward-looking queries may use the entire accessible
domain D, and not just a finite approximation of it, term”: we will show below that
forward-looking and continuous queries are sem-domain independent (this is implicit
in Theorem 3.12).

On the other hand, sem-domain independent queries are not necessarily monotone.
We will show that monotone sem-domain independent queries are ef-domain indepen-
dent.
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First we define continuous queries. For that we start by defining the least upper
bound of a directed family of databases. Let & be a set of database instances of the
same signature. We say that & is directed iff it is nonempty and V9,,2, € &, 39 € S
such that 2, C 2 and &, C 2. Note that all databases in & share the same relations
Ry,...,R;, and differ only in their domain and their external functions. But external
functions from any two such databases are “compatible”, i.e. the union of their graphs

is still a function. For a directed family of database instances & we define its least

upper bound | | & déf(D;Pl,...,PI;Rl,...,Rk) where D is the union of the domains of

all databases in &, and the graph of P; is the union of all graphs of the corresponding
functions of the databases in . Note that this is indeed the least upper bound, in the
sense that V', if ZC 9’ for all € &, then | JS C 2.

Definition 3.9. A query F is called continuous iff for any directed set of database
instances &, | J{F(2)| 2 € &} exists and F(|J &)= | H{F(2)|2< 7}.

Here |J{F(2)| 2 € &} denotes the least upper bound of the relations F(2) with
9 € &. In short, it exists if and only if either F(2) is undefined for all £ € & or all
values F(2) which are defined are equal. In the latter case the least upper bound is
equal to this unique value.

Proposition 3.10. A4 query F is continuous iff for any database instance % for which
F(9) is defined, there exists some finite approximation 9 of it, i.e. Dy is finite and
DoC D such that F(2y)=F(9).

The proof uses standard arguments in the theory of continuous functions on algebraic
cpo’s; see e.g. [26, 19]. We will use mostly the characterization of continuous functions
of Proposition 3.10 throughout the paper.

Obviously, all domain independent queries over databases without external functions
are continuous, since it suffices to take Dy to be the active domain, which is finite.
We also have:

Proposition 3.11. Any sem-domain independent query is continuous. Hence, any em-
domain independent query is continuous too.

Indeed, it suffices to take Dy = term™ (D), where n is the level of F at @.
Now, we can establish the relationship between our notion of ef-domain indepen-
dence (Definition 3.2) and that of em-domain independence of [16].

Theorem 3.12. A query F is ef-domain independent and continuous iff it is sem-
domain independent and monotone.

Proof. First, we show that any sem-domain independent query F is forward-looking.
For some database instance 9, if F(2) is undefined, then there is nothing to prove, so
suppose F(9) is defined and let n be the level of F at 9. Take (2)™ to be the database
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approximation of 2 defined by the domain term""'(2). Then F((2)")=F(2) be-
cause (2)™ and 2 coincide up to level n. But the accessible approximation 2 of @
also coincides up to level n with (2)™, hence F((2)")=F(2). So F(2)=F(2),
and, in particular, the latter is defined.

This implies that monotone sem-domain independent queries are ef-domain indepen-
dent; we know from Proposition 3.11 that they are also continuous.

Conversely, let F be an ef-domain independent, continuous query; by Proposition 3.8
it suffices to show that F' is sem-domain independent. Let & be some database instance
for which F(2) is defined. Because F is forward-looking, F(Z) is defined too and
equal to F(Z). Now we use the fact that F is continuous, and find some finite ap-
proximation 9yC & for which F(%,)=F(Z). Pick some n for which the domain
of &y is included in term"(Z) (this is possible because &, is finite). It implies that
F(90)=F(2™), because Py is an approximation of 2. We prove that the level
of F at @ is at most n. Indeed, pick some other database 2’ which agrees with &
up to level n. That means that 2™ is an approximation of both & and 2’, and since
F(2™) is defined, we have F(2)=F(2'). O

Finally, we show that the characterization of Theorem 3.12 is tight, i.e. that the
additional conditions of continuity and monotonicity are necessary.

Example 3.13. The following query F is ef-domain independent but not continuous.
Consider the database schema ¢ =(d — d;d), and define F:6 —d to be

FD; PR LR if the set {P™(x)|x €R, n>0} is infinite,
>7 777 | undefined  otherwise.

Obviously, F is not continuous. Moreover, it is easy to check that the query is mono-
tone and forward-looking, hence ef-domain independent.

Example 3.14. The following query F' is em-domain independent (hence sem-domain
independent) but not monotone. Consider the same schema ¢ =(d —d;d), and let F
be the query

F(D'P'R)d—e-f R if Vx€R, P(x) is defined,
7T 10 otherwise.

Then, obviously, F is embedded domain independent at level 0, because it only in-
spects the active domain, but it is not monotone. To see that, take some database
(D; P; R) with R#0(, in which P is totally defined, hence F(D; P;R)=R. Consider the
approximation in which P is totally undefined: we have F(D;0;R)=0. It is defined,
but not equal to F(D;P;R).

We end this section with a brief comment on continuity, i.e. the property of a query
to depend only on a finite approximation of the database. Certainly, we would expect
all queries expressed in a query language with external functions to be continuous,
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because during any computation we can inspect only a finite fragment of a potentially
infinite input. The fact that ef-domain independence does not enforce continuity seems
worrisome. However, we will see in Section 5 that all computable queries are contin-
uous. Thus, in our setting, continuity is a consequence of computability, and not of
domain independence.

4. A language

We will present in this section a database query language with external functions,
and we will show that all queries expressed in this language are ef-domain independent.
They remain ef-domain independent even when we extend the language with various
forms of iterations. By contrast, queries expressed with iterations need not be em-
domain independent.

Let X be a signature, that is X is a set X ={p,,..., p;} of I symbols, and each sym-
bol p; has an associated domain u; and codomain v;, where u;,v; are types. To empha-
size the domains and codomains, we will write the signature as X = {p;:u; —vy,...,
piiup— v}, and call py,..., p; external function symbols. We define the Nested Re-
lational Algebra over X, /' Z#H(Y), following the formalism in [9], as an algebra of
functions. The constructs are given in Fig. 1.

For any database 2 =(D;Py,...,P;;) (i.e. which has only external functions, no
relations), every expression f:s—t in the language N/ Z4/(2) denotes a function
f o :dom(s,D)— dom(t,D), as described shortly. We will drop the index & from fg,
and write s,t instead of dom(s,D), dom(t,D), whenever the database & is implicit
from the context.

Every expression p;:u; — v; denotes the function P. id’ denotes the identity at type

s, gof is function composition, !* : s — unit is !’(x)d—i—f( ) forall x €5, (fl,...,f,,)(x)déf

(Fi@®),-.., fa(x)), > is the ith projection. Next, map(f)({x1,...,xa )2 {F(x1),
e fO) 1O ) D E U Ux,. The function p5" is the
“monad strength” of [9], and compensates for the fact that in this presentation of
NARA (L) we do not have free variables: p;’t(x,{xl,...,x,,})dg{(x,yl),...,(x,y,,)}.

(*, U* have the obvious meanings. Again following [9], we view the type {unit}

pi€EX fir—s gis—t
pjiuj— id :s—s (go f):r—t
fiis—n oo fris—ot ,
(G : . Tynln . (z=1,n)
155 — unit (flrees fn)iS—H X oo Xy m X e Xty b

fis—t
map(f):{s}—{}  nus—{s} W {{sH -0 pTisx{d—{sxa}

0% :unit — {s} U {s} x {s} — {s} =:D x D — {unit} not : {unit} — {unit}

Fig. 1. The language /R A ().
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as encoding the booleans with {} standing for false and {()} standing for true.
Then =(x,y) is defined to be {()} when x=y, and {} when x# y. Similarly,
not({ })= {()}, and nor({()HE {}.

N R (L) can express the following functions: cartesian product, x:{s} x {t} —
{s x t}; equality at every type ¢, =:¢ x # — {unit}, membership test at type ¢, member :
t x {t} — {unit}; set difference —:{t} x {t} — {t}; selection a¢,:{t} — {¢} over any
predicate p:t— {unit} defined in the language; unmnesi:{s x {t}} — {s x t}; nest:
{s xt} —={s x {t}}. See [9] for more details and discussions.

Each expression f:{t;} x .-+ x {} — {t} in /R (Z) induces a query F of type
6 —t, where 6 =(u; — vy,...,u4; = v ty,..., %), which on a database instance 2 = (D,
Pi,....,B;Ry,...,R;) computes the relation F(@)déff(Rl,...,Rk>. As a query language,
NRA(2) is essentially equivalent to Abiteboul and Beeri’s extended algebra without
powerset [1] with external functions py,..., p;.

Proposition 4.1. Every query expressed in NRA(L) is ef-domain independent.

Proof. We will prove the following slightly stronger statement, by induction on the
structure of an expression f:

For any two database instances 2 =(D;P,,...,R;) and 2'=(D";P|,...,F;) and
any database morphism A:2 — &', it is the case that fp o A7!C A Yo for. Tt is
“slightly stronger” in that it does apply even to functions f which, technically, are not
queries. We illustrate some of the cases for f.

p;. Here Bo A~ CA~! o P’ follows from the definition of a database morphism.

go f. We have

gofoi'Cgoilof by induction hypothesis for f
C A ' ogo f by induction hypothesis for g.

The other higher-order constructs {f1,..., f,) and map(f) are treated similarly.

U. Assume A~'(x')UA~Y(y') is defined. This only means that x=A"'(x') and
y=2A"Y(y") are defined; obviously x’ = A(x), ¥’ =A(y). Then A(xU y) is defined too,
because of the way A is extended from base types to set types, and A(xU y)=x"Uy".
Hence, A~!(x' U y') is defined too, and equal to x U y, which proves A~ 1(x')U A~1(3")=
A~1(x’ Uy’). So we have shown U oA~ ! C A 1o U.

All other first-order constructs id, !, n,0,n, u, p2,not, and = are treated similarly. O

Next we consider extensions of A/#.o/(2) with various kinds of iterations. Fig. 2
gives the typing rules for these iterative constructs.

For the fixpoint construct we adopt the inflationary semantics: fix(f)(z)= U, 50X

where xo & , Xnt1 U f{(z,x,). By convention, fix(f)}(z) is undefined when any of

X, is undefined, or when | Jx, is infinite. The variable z is meant to compensate for the
lack of free variables in the language. See [18,20,27] for fixpoints on complex objects.
We denote with A/ R/ (2, fix) the extension of /XA (2) with the fixpoint construct.
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firx{}— {1}
fix(f):r—{t}
fit—ot
loop(f):{s} xt—t
er—t [:sXt—t
sri(e,i):r x {s} — ¢

err—t firxs—ot uitxt—ot

der(e, fou):r x {s} >t

Fig. 2. Iterative constructs.

The loop construct has the following meaning: loop(f){x, y) = f™(y), where n=|x|.

The structural induction on the insert presentation is defined by sri(e,i){z,?) défe(z),
srie, i)z, {x} U y) défi(x, sti(e,i){z, y)). In order for it to be defined, i has to be com-
mutative and idempotent, see [8]. Again, the variable z is meant to compensate for
the lack of free variables.

Finally, the divide and conquer recursion on sets [29], dcr(e, f,u), is defined by
der(e, f,u)(z, (Z))dge(z), der(e, f,u){z, {x})déff<z,x), and dcr(e, f,u)(z,yUy’)dgu(dcr
(e, fLu)(y),der(e, f,u)(y')), when yNy ={. The function dcr(e, f,u) is defined only
if u is commutative, associative, and has e(z) as identity. This form of recursion

is of interest because it captures the parallel complexity class NC over flat, ordered
databases [29].

Proposition 4.2. All queries expressed in any of the languages below are ef-domain
independent.

NRA(Z, fix), NVRA(Z, loop), NRA(Z,sri), ¥YRA(Z,dcr).

Proof. The proof consists in extending the induction in the proof of Proposition 4.1
to the case when f is one of the iterative constructs. In all cases, we have to prove
that our statement holds, by induction on the number of steps of the iterative construct.
We illustrate this for the der construct, for which the induction on the number of steps
becomes a structural induction on a finite set. We shall abbreviate dcr(e, f,u) with dcr.

We prove by induction on the set ' that whenever der(A71(z'), A71(y")) is defined,
so is A~(dcr(Z', ¥")), and they are equal. We consider the cases when 3’ is (1) 0, (2)
{x'}, and (3) ¥{ U ;.

(1) 0.
der(27Y(z),0) =e(A~'(z')) by definition of dcr

C A Y(e(z’)) by induction hypothesis on e
= A7 (der (2, 0)).
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(2) {x'}.
der(A71(2), A7 ({x'})) = der(A71(Z), {A71(x')}) by definition of 1
= f(A71(2"),A71(x")) by definition of dcr
CA7Y(f{z,x")) by induction hypothesis on f
=A"1(der(z',{x'})) by definition of decr.

(3) ¥ Uy
der(A71(2"), A7 (y1 U L))
=der(A7'(2), A" () UATI(34)) by the definition of A
=u{der{(271(2"), A7 (), der(A71(2"), 271(34))) by definition of der
Cu{A~der{z, y})), A" (der(Z, ¥5))) by induction hypothesis on y| and y}
C A~ (u(der(Z', ), der(z’, y5))) by induction hypothesis for u
=2"!der{z’,y1Uy})) by definition of der. O

While all queries in #/%#2/(2) are em-domain independent, the following example
proves that the queries in /R (X, fix) are not:

Example 4.3. Consider X = { p}, where p:d —d is some unary external function, and
let f:{d}—{d} be the query f(z)=fix(A(z,x).zUmap(p)(x))(z)°. That is, f(z)
applies repeatedly p to all elements of z, until no new element is generated. If the
set of all generated elements is finite and all calls to p are defined, then f(z) returns
that set; else it is undefined. Then f is sem-domain independent, but not em-domain
independent (nor is it bounded-depth domain independent [17).

S. Computable queries

In the previous section we offered examples of query languages #(X) parameterized
by some signature 2. By adding new language constructs we obtain more powerful
query languages: e.g., we have /RA(2)C NRA (X, dcr) = NRA(Z,loop) = N BsA
(Z,sri), see [28]). For fix, we have, for =0, /R (fix)= N R (loop), while for
certain X, N RA(Z,fix) & NRA(Z,loop), because, over total database, the former
language can express partial queries, while the latter expresses only total queries.

The question arises, when do we stop adding new constructs to a query language
ZL(2)? We expect each query expressed in a reasonable query language to be ef-domain
independent. In addition, all such queries are computable, in a sense made precise in
this section. Hence, a good criteria for stopping to enrich a database language is to test

9 We use a more liberal notation of queries in A%/ (Z, fix) with variables. Here A{z,x).zUmap(p)(x)
denotes the function g such that g(u)=7;(u) Umap(p)(my(u)). See [95] for a discussion.
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whether it can express all ef-domain independent computable queries: we call such a

query language complete.

Chandra and Harel [10] call a database query F (on databases without external
functions) computable iff there is some Turing Machine T which, whenever presented
with an encoding of an input database instance &, computes an encoding of F(2)
(and diverges when F(2) is undefined).

There are two ways of presenting external functions as inputs to some Turing
Machine T
1. Require all external functions to be Turing computable, i.e. recursive [21], as

number-theoretic functions, and replace each function £, by its Godel number e, i.e.

a number representing the encoding of the Turing Machine computing F. Provide

T with both encodings for Ry,...,Ry, and the / numbers e,...,e; as inputs. Then

T will compute an encoding of F(Z). We will discuss the notion of computability

resulting from this model in Section 5.1.

2. Extend the Turing Machine 7 with oracles [21], one for each function B. That is
T still receives on its input tape only the encoding of Ry,..., R, as in the case
without external functions, but now at any time during its computation, 7 may
choose to ask one of the / oracles, say oracle j, for the output of A(x), for some
value x encoded on the tape. We will follow this idea, but combine it with order-
independent computations [5] in Section 5.2.

The second approach is somehow broader, in the sense that it applies to database

instances where the external functions are not necessarily computable, a case which is

of little interest in practice. But when the external functions are computable and total,
then we will prove that the two notions coincide. Interestingly, from a theoretical point
of view, the two notions differ on partial databases: a Turing Machine which receives

Gddel numbers e,...,e; on its tape can perform more complex computations than a

Turing Machine with oracles.

We will restrict ourselves for the remaining of this paper to database instances
with countable domain D, and for each such database instance consider some fixed
enumeration of its domain, A : N — D,

5.1. Computations with Gédel numbers

Definition 5.1. A database instance @ =(D; Py,...,B;Ry,...,Ry) is a computable data-
base instance iff all external functions Py,...,F are computable.

Definition 5.2. A query F is computable iff there exists a Turing Machine 7 such
that for any computable database instance &, when T is started with an encoding of
Ry,..., Ry and with the Godel numbers ey,...,e; of the external functions in 2 on its
tape, halts iff F(2) is defined, and in this case leaves an encoding of F(2) on its tape.

First, we prove that any computable, ef-domain independent query is continuous.
For this we need the following recursion-theoretic lemma. Let ¢g, ¢1,... be a standard
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enumeration of all recursive functions [21]. We write @.(x)| when @.(x) is defined,
and @.(x)] otherwise. Also, we denote with @}(x) the result of letting the Turing
Machine encoded by e run for at most y steps: i.c., @2(x)= @.(x) if it takes at most
y steps to compute on x, and @?(x) is undefined otherwise.

Lemma 5.3. Let f:N— N be some recursive function with the property @.C @ =
f(@)C f(e). (That is, whenever graph(p.)C graph(¢.) and f(e) is defined, then
f(e')Y=f(e).) Then Ve, if f(e) is defined, then there is some ey such that @, is a
finite function, ¢., C @., and f(ey)= f(e).

The lemma essentially says that, whenever f maps encodings of functions to numbers
in a monotone way, then f(e) is fully determined by the action of f on the encodings
of the finite approximations of ¢,.

Proof of Lemma 5.3. Suppose that for all ¢y for which ¢, C ¢, and ¢, is finite,
f(eo) is undefined. Then we give a semi-decision procedure for K (here K is the
complement of K = {z/¢.(z) }), which is a contradiction. Indeed, let £(z) be defined by
Pk ()= (I 91(2) then @ (y) elsel)'®. When z € K, that is ¢,(z)1, then @iy = @,
because ¢(z)1, @3(z)1, p2(2)1,..., hence @iy (¥) = @e(¥), Vy. When z €K, then gy,
is a finite restriction of ¢,. Indeed, then ¢,(z)]. Let y be the number of steps performed
by @:(2). Then @) (0)=@e(0);..., Prx)(y — 1) =@e(y — 1), and Vy' 2y, gpr)(y) is
undefined. So f(k(z))} iff z€ K. This implies that K is r.e., which is a contradiction.

O

The lemma immediately implies:
Corollary 5.4. All computable, ef-domain independent queries are continuous.

Proof. Let F be some computable, ef-domain independent query, and let
QZ(D;RI""aRk;PI"":PI)

be some computable database instance, s.t. F(2) is defined. Fix the encodings for
Ry,...,R;, and let the Godel numbers for Pj,...,H vary, on the input tape of the
Turing Machine computing F. Call f the function computed by that Turing Machine,
ie. f(ey,...,e;) returns the encoding of F(D;P,...,P;Ry,...,Ry), for fixed Ry,..., Ry,
and for any functions Pi,...,H with Godel numbers ej,...,e;. Since F is ef-domain
independent, it follows that f is monotone, i.e. whenever ¢, T Pels-- -5 Pey [ @er, WE
have f(ei,...,e;) T f(e],...,e;). Then, by applying Lemma 5.3 / times, once for each
argument, we get that, for given ey,...,e; for which f(ey,...,e;) is defined, there are
finite approximations ef,....ef (i€. P C @eys..., 00 T @, and @,..., @0 are finite)
such that f(e?,...,e?) is defined, and, by monotonicity, equal to f(e,...,e;). So it suf-
fices to chose as finite approximation 2, déf(Do;Rl,. .»Ri; PY,...,P), where B?,...,P?

18 »Y(z)T means that ¢,(z) does not converge after y steps, and is a decidable property.
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are the functions encoded by P55 P and D, is the active domain (all atoms in
Ri1U -+ URy) union all atoms in the graphs of P?,..., P, to get F(Zo)=F(2). O

Finally, we can define complete query languages £ relative to some class € of
database instances.

Definition 5.5. Let € be a class of database instances. A query language & is complete
over ¢ iff it can express all computable, ef-domain independent queries over databases
from ¥.

The reason for defining computability only relative to a class € of database instances
is that we need to impose three kinds of restrictions on databases: (1) a restriction
to computable databases (in this Subsection), (2) a restriction to fotal databases (in
Section 6), and (3) a restriction to database instances whose external functions provide
some limited arithmetic power (in Section 7).

5.2. Order-independent computations with oracles

Our second notion of computable queries is based on a variant of Turing Ma-
chines with oracles. In [21], oracles are introduced to compare the relative degrees
of computability of number-theoretic functions: the interesting cases are when the or-
acles are noncomputable functions. For different purposes, Abiteboul and Vianu in [5]
introduce the notion of loose Generic Machine, later simplified to Relational Ma-
chines in [4]. These perform order-independent computations on their input databases.
In some sense they can be also viewed as Turing Machines with oracles, where the
oracle performs, on request, first-order transformations on a relational store. The Rela-
tional Machines do not gain more computational power than the Turing Machines, but
allow a clear separation of the unordered data in the relational store from the ordered
data on the tape.

Here we borrow ideas from both extensions of the Turing Machines, and define Rela-
tional Machines for Complex Objects (RMC) over a signature X, where Z={p; :u,
—U1,..., priu;— v}, to be a one tape, deterministic Turing Machine extended with
a fixed number of relational registers, Ry, Ry,...,R, of types to,4,...,t,, respectively.
Register R; will hold values of type {#;} throughout the computation. The instructions of
M consist of traditional Turing Machine instructions, and some additional instructions
affecting the relational store only. The latter can have one of the following two forms:

Conditional if R; =0 then goto q else goto q': inspect the content of some register
R; and enter in state ¢ or ¢/, depending on whether R; is empty or not.

Assignment R; < h(R; ,...,R;); goto g: Replace the content of register R; with A(R;,,

R;), where h:{t;} x --- x {#,} — {t} is a query in the language /' R.(Z), then
enter state g. In particular, # may be one of the external functions in Z, or may be
some expression involving external functions from Z: we view this assignment as an
oracle inquire, asking for the value of 4 on particular inputs. We keep in mind that
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h may be partial: if 4 is not defined for the current values of R;,...,R;,, then M’s
computation never terminates.

In order to run an RMC M we have to fix first the external functions Pi,...,B. Then
M starts with an empty tape, with some input relations in the registers R,,..., Ry,
and with all other registers initialized to (). During its execution M may write on
the tape, move the tape’s head, change the values of the registers during assignment
instructions, and test the values in registers during conditional instructions. During an
assignment instruction it may invoke some of the external functions P,..., B: since they
are partial functions, and assignment may be undefined, and then we say that the entire
computation of M is undefined. If M ever stops (by entering a terminal state), then the
result of the computation is the value in Ry; otherwise its computation is undefined.

We associate to each RMC M with & designated input registers a database query
F as follows. On some database instance & =(D;Py,...,B;R1,...,Rt), F(2) is the
result of running M on the inputs Rj,...R; and with the external functions bound
to P,...,B. The type of F is 0 — #y, where ¢ =(u; —vy,...,4; > v;ty,..., 4 ). Here
u; —vy,...,u; — vy are from 2, while #y,#,...,# are the types of the first k+1 registers
in M.

There are two key differences between RMCs and the Relational Machines in [4].
The first is the presence of external functions in RMCs. The second is the fact that
RMCs handle complex objects, as opposed to only flat relations. This latter fact
alone marks a significant difference between RM’s and RMCs, which we explain
next.

For some first-order structure /, and for each £ >1, define the equivalence relation
=; on k-tuples from 7 to be: u=; 7 iff for every first order formula ¢ with &k free
variables, I |= (i) iff I |= @(?). Relational Machines cannot break equivalence classes
under =;, and hence they cannot compute every generic (in the sense of Chandra and
Harel [10]) and computable query [S]: for example, they cannot compute the parity
of a unary relation. RMCs, on the other hand, can break equivalence classes. In fact,
it follows from Theorem 6.2 below that, even without external functions, RMCs can
compute precisely the generic and computable queries, both on flat relations and on
complex objects. Here we illustrate in the following two examples how to compute
parity with an RMC.

Example 5.6. The following RMC computes the query powerset: (;{d})— {{d}}. It
has four registers Ro, R1,Ra, R3 of types {d},d,{d},{d}, respectively: Ry is the output
register, R; the input register. M has five states go, 41,92, 93,44, With go the initial state
and g4 the final (or terminal) state. Its instructions are

go:  Ro — n(B) Umap(A{x, y).n(x)U y)(R; x Ro) goto g1

q1: R3 — Ry —R; goto ¢»

q>:  if Ry=0 then goto q4 else goto q;

q3: R, — Ry goto qq

q4:
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Given some set {x|,...,x,} in register R;, M starts in state go where it stores {0} in
Ry: note that 4 here denotes function abstraction. M does » iterations through the states
40,91,92,43: at each step it increments Ry to {0} U{{x}Uy|x€Ry, y €Ry} such that
at step k, Ry contains all subsets of R; of cardinality <k. R, is used to store the
previous result: when no progress is made, M halts. Note that M does not use its tape
at all.

Example 5.7. Any RMC can compute, and write on its tape, the cardinality of any of
its registers. Indeed, it suffices to observe that the RMC in Example 5.6 takes exactly
n iterations to compute the powerset of some set {x,...,x,}. As a consequence it can
compute parity.

Example 5.8 (Encoding of ordered databases on the tape). Here we show how a
RMC can write on its tape an encoding of an ordered database, stored in its reg-
isters. Assume R;,R;,R; to be of types #;,d,d x d respectively, and assume that for
some given relation in R;, R; contains the active domain D= {oy,...,0,} of R (i.e.
all atoms mentioned in R;), while R; contains a total order (sometimes called a per-
mutation) 0; < -+ <0,, i.e. Ry ={(0;,0;) | i<j}. This induces a function i:Ny— D,
where No = {0,1,...,n— 1}, namely /l(i)défom. Then a RMC M can write on its tape
an encoding of the relation R; using the numbers in the set Ny, more precisely, an
encoding of S; € dom(t;,Ny) for which A4, (S;)=R;. To prove this, observe first that,
for any type ¢ and any S € dom(t,Ny), M can compute A(S). Indeed, take ¢=d. Then
S is a number, and A(S)= o051, which can be computed by iterating S times on Rj.
For a set type t ={¢'}, M will iterate over every element v in the set S (recall that S
is stored on M’s tape), compute A(v), and collect the results in a set register. Simi-
larly for a product type. Then, in order to find S, M will generate in some order all
relations S; in dom(t,, Ny), and will test whether A(S;)=R;.

We consider only deterministic RMCs in this paper, i.e. for which for any state g
and any tape symbol a there is at most one instruction matching ¢g,a. A computation
may fail due to one of the following reasons: (1) it may loop, or (2) it may not have
a matching instruction for the current, nonfinal state and tape symbol, or (3) it may
perform an assignment for which the function 4 is not defined. In cases (2) and (3)
we will say that the machine is stuck.

Note that M computes the query F(Z) without the need of encoding 2 on M’s
tape: this is the idea behind the order-independent computation of [5]. An assignment
R; < W(R;,,...,R;) in which h is one of the external function symbols in X, or is an
expression mentioning one or more such function symbols, makes an implicit call to
the oracle for that external function.

Definition 5.9. Some query F is called RMC-computable over some class € of data-
base instances, iff there is some RMC M computing F over ¥, i.e. for every database
instance & in ¢, M computes F(2).
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Proposition 5.10. Any RMC-computable query F is ef-domain independent and
continuous.

Proof. Let F be computed by M. To show that F is ef-domain independent, consider
a database morphism 4: %2 — %', and consider the two runs of M over 2 and 2’. We
prove by induction on the number of steps ¢ that either M got stuck on & earlier, or
1. after ¢ steps, both M on & and M on &’ have exactly the same tape content, have
the head in the same position, and are in the same state, and
2. if we denote with Ry, ...,R, and Ry,...,R, the content of M’s register at step ¢ when
run on & and %', respectively, then R} = A(R;), for i =0,7.
We illustrate the more interesting cases, when the next instruction is a conditional or
an assignment. For a conditional if R;=0..., note that R; and R} are either both empty,
or both nonempty, due to R/ =A(R;). For an assignment R; — A{R;,...,R;), goto q,
if A is undefined for the run of M on 2 then there is nothing to prove. Else, we also
have that A(R;),...,A(R; ) are defined, so, by Definition 3.2 and Proposition 4.1 we
have that A(R],...,R},) is defined too and A(A(R;,...,R;))=h(R],...,R}).
Continuity follows from the fact that M performs only a finite number of moves.
Suppose F(2) is defined. Then M’s run on & will halt after a finite number of moves.
Let Dy be the set of all atomic values present at any time during the computation in
M’s registers: Dy is finite. The database &, obtained by restricting & to the domain
Dy is a finite approximation of D and F(%2y)=F(2). O

Relational Machines for flat relations are not complete [5], e.g. they cannot com-
pute parity. By contrast, even for X~ ={, Relational Machines for Complex objects are
complete: this is a Corollary of Theorem 6.2. This striking difference comes from the
ability of RMC to simulate parallel computations through the use of complex objects:
to perform an order-dependent computation, an RMC would start by computing its
active domain, then it would generate the set of all possible order relations on the
active domain, finally perform in parallel the order-dependent computation for each
order relation. The next lemma shows how these parallel computations can be done.

Lemma 5.11 (The Map Lemma). Let M be some RMC computing the function F:
t—t'. Then there exists some RMC M’ computing map(F): {t} — {t'}.

Proof. Assume M has r + 1 registers Ry,...,R, of types t,...,4. For simplicity, as-
sume that M has only one input register R;. In this case t={#},t' ={t} (recall
that, by convention, each register R; holds a value of type {#}). On some input
{*1,...,%,}, M' will have to simulate the n computation threads of M on each x;,
j=1,n. Suppose first that M has no conditional instruction. Then we design M’ to
have r+ 1 registers Ry,...,R., with R! of type {n} x {#;} (so the value of R is of
type {{t} x{#}}). M will have a separate input register of type {#} (hence its
value is of type {{#}}), and a separate output register of type {f}. Suppose that
when we run M on x;, register R; contains y; at time ¢. Then we design M’ such
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that its register R/ contains at time ¢ the value {{x1,¥1},...,{Xs yu}}, i.e. all the n
values of R; from the n computation threads, tagged with their original input. M’
will have the same instructions as M, except for the assignments R; «— A(R;,...,R;),
which are replaced by R} « H'(R},...,R;). Here h’ will (1) compute R} x---xR],
(2) select from the result only those values which have the same tag, to obtain a
set whose elements are tuples of the form ((x;, yi), (X, ¥i,),---» (X ¥4))» (3) apply
map(A{(Xjs ¥i,}s- -+ (s Vi) (¥js B{Pir»- - -» ¥4,)) ) to the previously computed set.!! It is
casy to see that M’ simulates » parallel threads of computation of M on some input
{x1,...,%4}, in a synchronous way. Finally, we add a prologue to M’ to load the reg-
ister R} from its input register, and an epilogue to extract the result from the register
Ry

Now consider the more complex case, when M has conditionals. Here the synchro-
nism is no longer possible, because the n threads of computations will, in general, take
different branches. Let us define a trace t € {0,1}* of the computation of M on input
x; to be the sequence of 0’s and 1’s corresponding to the conditional instructions of
that computation: 0 stands for the then branch, 1 stands for the else branch. That is,
7 will have a length equal to the number of conditional instructions executed during
that particular computation. Several computations of M, say on inputs x;,,x;,,..., can
be performed in parallel, as before, as long as they have the same traces. On the other
hand, there are at most » distinct traces for the n computations of M on x,...,x,. So
we design M’ to generate on its tape all possible traces, i.e. all sequences in {0, 1}%,
in some order. For each of them, M’ simulates in a synchronous parallel way the
computations of M on those inputs x; which have that particular trace. As it proceeds
with the computation for one trace, M’ will be eliminated from its registers Ry,..., R,
all values tagged with x;’s which have a different trace: the “wrong” x;’s will become
obvious when the computation reaches conditionals, since some values in the register
R] subject to a conditional will want to take the other branch than that given by the
current trace. So as M’ proceeds with the simulation of the computations correspond-
ing to the current trace, the set of active tags x; shrinks, starting from the original set
{x1,...,xn}. If M’ reaches M’s final state, it adds the active values currently remaining
in R} to another working register, say R, ,. If not, M’ will stop when it exhausts the
current trace, i.e. when it needs to take a branch no longer recorded in the current
trace. In both cases M’ continues with the next trace.

M’ will stop altogether when it observes that all original n inputs xi,...,x, occur
as tags in the register R} ,: in this case all » computations have been performed, and
M’ extracts the values from R)_, into the output register.

Should any of the n computation threads get stuck, then so will M’, when it reaches
a trace leading to that stuck computation. Should M loop forever on some of the n
computations, then M’ will loop forever too, generating ever longer traces, without
being able to finish all » computations. [

I That is, the function is map(A{{(x1, ¥1)s- .., ks Vi) 3-Le1, B(D15- s ).
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Now, we can prove completeness of RMCs with no external functions. Namely, let T
be a Turing Machine computing some generic, domain-independent query F. We build
some RMC M computing 7: on some input x, M starts by constructing the active
domain of x, say 4={o0y,...,0,}, and then generates all n! permutations of 4. Each
permutation allows M to simulate T [5]. Next, we use the map lemma to simulate T’ on
all n! orders: since the original Turing Machine T defines an order-independent com-
putation, all n! computations will lead to the same result, which we extract at the end
from a singleton set. Theorem 6.2 extends this idea to RMCs with external functions.
As we shall see, the external functions add significantly to the complexity of the proof.

6. Equivalence of the two notions of computability

We shall assume in this section that all database instances are computable (i.e. their
external functions are computable).

Proposition 6.1. Any RMC-computable query is computable.

Proof. Let M be a RMC, with registers Ro,Ry,...,R,, computing the query F. We
design T to simulate M as follows. 7 will maintain on its tape both a copy of M’s
tape, and encodings of the contents of the registers Ry, Ry,...,R,. Then T will simulate
M’s moves in an obvious way. The more interesting part is the simulation consists in
the simulation of an assignment instruction R; «— A(R;,...,R; ), because here T has
to compute s given the encodings of R;,...,R;,. The interesting part is when h is (or
contains) some external function, say p;. Then T uses the Gédel number e; to simulate
the Turing Machine computing P;. O

The converse of Proposition 6.1 is more involved, and only holds for queries on
total databases.

Theorem 6.2. Let F be a computable, ef-domain-independent database query. Then
F is RMC-computable over the class of computable, total databases.

Proof. We will prove that for any computable, ef-domain-independent query F there
exists some RMC-computable query F’ such that F and F’ coincide on computable,
total databases. Let T be the Turing Machine computing F. Recall that T expects on
its input tape both the encoding of Ry,...,R;, and the Godel numbers ey, ...,e; of the
Turing Machines computing P,,...,P.

We will design a RMC M which simulates 7. M will be able to simulate T only on
total databases (on partial databases, M may be undefined, even when T is defined).
We take F’ to be the query defined by M.

At a first glance, M may simulate 7 as follows: it will start by computing the active
domain of its input registers, say {oj,...,0,}. Next it will generate all permutations
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on {oj,...,0,}. Given one such permutation, it will use the numbers 0,1,...,n — 1
to encode the values in Ry,...,R; on its tape, as in Example 5.8, will un T on
this encoding, and will decode the result in some register R;. Finally, we apply the
Map Lemma to argue that M can perform these computations simultaneously, for all
permutations of the active domain. The problem is that, before simulating 7, M needs
to write on 7’s tape the Godel numbers ey,...,e; of the external functions P;,...,P,.
This is difficult, since the external functions are hard-coded in M as oracles: M may
ask for the value Pi(x) for some x and any external function P;, but it does not
know the Godel number of P;. Moreover, this number also depends on the particular
enumeration of the infinite domain D of the database 2. The idea here is to let M
search for a finite approximation 2y of £ on which T halts (hence F(2y)=F(2)).
M will generate successively all encodings of finite databases %, on its tape (including
the Gddel numbers ey, ...,e;), for which there exists a database morphism 4: % — 2,
and will run T on each of them. It will stop when it finds some %y on which T stops.
We expand this idea in the sequel.

It is easier to describe first a nondeterministic RMC M simulating T, and then
explain how to transform M into a deterministic one. M receives its inputs in Ry,..., Ry,
and starts by computing the active domain Dy in Ryq, say Re1={o01,...,0,}. Later,
the active domain will be extended to larger subsets of the accessible domain D, such
that at any time R4, ={01,...,0n}, With m>n (and m =n initially). M uses Ry, to
keep a subset of all permutations of the extended active domain: initially, R;.» contains
all n! permutations of {01,...,0,}. The types of Rgy; and Ryio are d and {d xd},
respectively.

On the other hand, M keeps on its tape the isomorphic image Ap of some fi-
nite approximation of 2, more precisely an encoding of a finite database instance
Ho=(No; O1,...,01; 51, .. .,Sk), whose domain consists of m numbers Ny = {z1,2,...,
zn} CN, with z; <z < -+ - <z, (the same m as the cardinality of Dg). The external
functions Q,...,Q; of the database .44 will be stored as encodings of their graphs
— which are finite — rather than as Godel numbers. Storing a finite function Q as a
graph {(x1,Q(x1)),..., (x4 O(x,))} is stronger than storing its Gdel number, because
it allows us to ask the question “is Q(x) defined ?”. Initially, No={0,1,...,n — 1},
and (y,...,0; are totally undefined. Any permutation in Ry, of the elements in Dy,
0i, <0;, < - -- <0y, induces a function A9 : Ny — D, by lo(zl)défo,-],...,Ao(zm)"éfo,-m. M
maintains the invariant that for any permutation in Ry, the function Ay induced by
it defines a database morphism Ay : 45— 2. The relations S; =4 (R, Yoo Se=4g !
(Ry) are not stored explicitly, and, in fact, they are different for 1y’s induced by the
different permutations in Ry.,. However, all databases (No; Q1,..., 0154y 1(R1), v dy !
(Ry)) will be isomorphic, and we denote with @ their image under Jg. Thus, 2, will
be a finite approximation of 2 isomorphic to A%.

Finally, M keeps a number s on its tape, representing the number of steps M will
allow T to run on .44. Initially, s =0.

Each step of the simulation consists of two parts:



308 D. Suciul Theoretical Computer Science 190 (1998) 279-315

1. First M simulates T on the database instance .4; for s steps. To see how this is
done, assume some permutation in Ry., to be given, and let Ay be its associated
function. M computes encodings of A; I(Rl),...,;to_ 1(Rk) as in Example 5.8, then
computes the Godel numbers '? ey, ...,e; for the functions Q,,...,Q;, then runs T
for s steps; if T terminates, then M decodes the result in one of its registers, say
Ryy3. Of course, M cannot pick one particular permutation from Ry.,: here we use
the Map Lemma to argue that M can run several simulations of I" in parallel, one
for every permutation in Rj,,. Since these permutations will produce isomorphic
databases .44, all simulations will produce the same result in Ry3, hence if any
simulation of 7 terminates in s steps, then all terminate in s steps and produce
the same result. In this case M halts successfully. Else, if the simulations do not
terminate, then M enters the second part.

2. Nondeterministically M chooses one of the following ways of extending A4 or s:
(a) M increments s, or
(b) M starts over again, with a new subset No = {z},...,z,} of n distinct numbers,

21 < o <zZpy. O1,...,0; will be initialized with the totally undefined functions,
M assigns the active domain {oy,...,0,} to R4y, and the set of all its n!
permutation to Ry.,. This step is not really necessary for M to do the right job,
but it simplifies our argument below that M is complete.

(¢) M extends the active domain Dy of &. For this M nondeterministically picks
some external operation P; and applies it to all possible inputs made up from the
atoms in the current active domain Dy = R4 = {01, ...,0n}. Here it is important
for P, to be total, else this step does not terminate. New atomic values may be
generated in this way, and M adds them to the active domain, extending Ry
to Rey1 ={01,...,0m}, with m’ =m. Next, M extends Ny from {z1,22,...2m},
with z; < -+ - <z, to {z},2},...,2,,}, with zj < --- <z,,. Finally, M extends
all permutations of {01,...,0,} in Rgy2 in all possible ways to permutations
of {o1,...,0m }. The invariant that all Ay’s corresponding to the permutations
in Ry, are database morphisms is preserved, because the external functions
0s,...,0Q; have not been modified.

(d) M extends some external function Q; of A5 (Q; is picked nondeterministically
from Q,...,Q)). For this M picks some input x € dom(u;, Np) on which Q; is
undefined (if there is no such x, then this nondeterministic branch fails), and
some output y € dom(v;,Ng). Next M extends O; by defining Q}-(x)d;f y. To
maintain the invariant, M selects now from Ry, only those permutations for
which the corresponding 4y is still a database morphism. All we need to check
is whether Ao(y)=F(19(x)). Again, it is important that P; be total, else it is
impossible for M to decide whether P;(4o(x)) is undefined. If R;,, becomes
empty, then M fails on this nondeterministic branch.

121t is possible to compute the Gédel number from the graph representation of a finite function.
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If M ever halts successfully (in step 1), then it computes the right result, i.e. the
output of 7 on (the encoding of) &, because M computes Ao(F(.A5)) for some finite
database #,, where Ag:. 4/ — 2 is a database morphism: but then, since Ao(F(A5))
is defined, it is equal to F(2). We only have to argue that “M is complete”, i.e.
it has at least one terminating computation (recall that M is nondeterministic), when
F(2) is defined. Assume M has no halting computation. Let 1:N — D be the standard
enumeration of the domain of 2, and consider the set of all finite databases .49 gen-
erated by M during any of its computations, for which at least one of the morphisms
Ao 1 Ny — 2 corresponding to some permutation in Ry, is included in 4 (ie. 4 E A
or, equivalently, graph(io) C graph(1)). Let & be the set of databases of the form
Do = (M), with AG as above, for which 9y is a approximation of the accessible ap-
proximation of & (Definition 3.5). Note that & is directed, since for any two databases
D0, 2y € &, M has the choice of extending the domain of %, and its external function
such as to include the whole domain of 2}, and similarly, it can extend the graphs of
the external functions such as to include the graphs of those in 2. Let

We prove that & is the accessible approximation of 9. Obviously Z is included in the
accessible approximation. For the converse, first we show that D contains the active
domain of 2. Here we use step 2b above: eventually, M will choose to start over
again with No = A~1(Dy), where Dy is the active domain of 2.

Second, we show that all external functions are totally defined on the domain of 9,
which implies that & is the accessible approximation. Indeed, suppose this were not the
case, i.e. for some j and some x Edom(uj,D), Isj(x) is not defined, and let y &f Pi(x).

Let 9y be some finite database in & containing x, and let AH=(No;Q1,..., 00

S1,...,8;) be its preimage under Ai. Also let xodéf/l‘l(x), yodéfl_l(y). Assume first

that atoms(yy) C Np; then M has the choice of extending Q; s.t. O;(xo)= yo (step 2d
above), obtaining some database A7 then A(Ay) €% and we conclude that 13j(x) is,
in fact, defined, which contradicts our assumption. Now assume atoms(yo) € No: then
using step 2c above, M has the choice of extending the domain of A4 to include
atoms(yy), and we are back to the first case. This concludes the proof that @ is the
accessible approximation of Z.

By Proposition 3.8, F is forward-looking, hence, since F(Z) is defined, F(9) is
defined too (and F(2)=F(2)). Since F is also continuous, there exists some finite
approximation of & on which F is defined. Since the family & is directed, we may
assume without loss of generality, that such an approximation is some %, €.% But
then T had to terminate on 45 = A"1(Zp): this gives us a terminating computation for
M, contradiction.

Finally, M can be made deterministic using standard techniques [12]. Namely, ob-
serve that the nondeterministic choices during a computation of M can be encoded by
a string of natural numbers. Thus, the deterministic version M’ of M systematically
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generates all strings of natural numbers, and simulates M on each of them, until it
reaches a successful computation. O

In the absence of external functions, Theorem 6.2 implies
Corollary 6.3. Relational Machines are complete for complex objects.

We conclude this section by showing how Theorem 6.2 fails on partial databases: in
this case the two notions of computable queries no longer coincide. What distinguishes
them is the fact that the RMC-computable queries are sequential, in a sense related to
the notion of sequential function in [13], while computable queries need not be.

Definition 6.4. A query F is sequential iff for any database & =(D;Py,...,P;R,,...,

Ry) for which F(2) is undefined, one of the following holds:

1. F(2') is undefined for any 2’ for which 2 is an approximation (i.e. 2 C &’
implies F(2') is undefined), or

2. There exists j and x € dom(u;, D) such that for all @' J 9, if F(2') is defined then
P/(x) is defined.

In case condition 2 above holds, then we call the pair (j,x) a sequentiality index
of F at 2. This terminology is consistent with that in [13]. Note that the sequentiality
index need not be unique, see the comment below.

The intuition behind Definition 6.4 is that F is sequential iff it invokes the external
functions sequentially, say in the order P, (x;),P;,(x1),P;(x3),..., and if it waits for
the computation of P, (x,) to terminate before proceeding any further. If F diverges on
some database &, one of two things may happen. Either all the calls to the external
functions above are defined, but the F’s computation is infinite: then case 1 above
holds, because if &’ is some extension of 2, F(2') will end up in the same infinite
computation. Or one of the calls to the external functions stalls, say P;,(x,), is unde-
fined, which, of course, causes F to be undefined. Then case 2 above holds: indeed,
for any extension 2’ of &, the computation of F(2') will reach the same point in
which it computes P;,(x,), so this one must be defined if F(2') is defined.

One can prove that any function computed by a RMC is sequential, because a RMC
applies the external functions one at a time, in a sequential manner:

Proposition 6.5. A/l RMC-computable queries are sequential.

Proof. Let ¥ and 2 be as in Definition 6.4, let M be a RMC computing F, and
suppose condition 1 does not hold. Recall that M is undefined when run on database
2 if it either (1) runs into an infinite computation, or (2) gets in a configuration
in which no instruction applies, or (3) tries to execute some assignment instruction
R; —h(R;,,...,R;) for which the function A is not defined. (1) and (2) cannot be
the case, since there is some extension %’ of 2 on which M halts. Since (3) holds,
there must be some external function P; which 4 tries to apply on some input x, and
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which is undefined on x in %. Then (j,x) is a sequentiality index of F at 2. Indeed,
let 2 C 2', and suppose F(Z') is defined. Then P/(x) must be defined in 2’, or
else M would get stuck when running on 2’ in the same place in which it got stuck
on 2. O

The sequentiality index (j,x) is not unique. For example, consider the query
F(D; Py, Py, R)E map(x. (Py(x), P2(¥)))(R)

and some database instance 2 on which F is undefined, where R = {xy,...,x,}. Then
one of the following 2n expressions must be undefined:

Pl(xl),...,Pl(x,,), Pz(X1),...,P2()C2).

Each of the 2n pairs (j,x;), i=1, n; j=1,2, for which Pi(x;) is undefined, is a
sequentiality index for F at 9.

However, computable queries need not be sequential, because a Turing Machine
may simulate in parallel several computations of external functions. The following is
an example of a computable, ef-domain independent query which is not sequential:

Example 6.6. Consider the schema ¢ =(d — d;d), and the following query F:

F(@)de_f R, when 3x € R; such that Pi(x)=x,
" | undefined otherwise,

where 9 = (D; Py;R;). This query is ef-domain independent, and computable. To see
that it is computable, suppose R; = {x,...,x,}; a Turing Machine T can perform in
parallel the computation steps for P;(x;),...,P1(x,), and stop when one of these com-
putations, say for P;(x;), finishes with P;(x;)=x;. Thus, T will not get stuck when
some other compufation, say for Pi(x;), never terminates. However, this query is not
RMC-computable because it is not sequential. Indeed, consider the partial database in
which Ry = {x;,x2} and P(x;)= P1(x2) = undefined. Then F(2) is undefined, but nei-
ther (1,x;) nor (1,x;) is a sequentiality index for F at &, because we may extend in
two different ways the database & to a database 2’, such that F is defined on 2’, by

either defining P; (xl)‘ii_fxl or by defining P; (xz)déf x.

7. Complete query languages with external functions

We give in this Section examples of complete query languages with external func-
tions. All use the same technique for gaining completeness: some combination of exter-
nal functions which allow the representation of natural numbers. For some type u and
two expressions z 1 unit — u and s:u —u in A/RHL(Z, fix), we denote €, the class of
total databases in which the elements z,5(z),s?)(z),...,s%)(z),... are distinct.
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Proposition 7.1. For any expressions z,s as above, N R (X, fix) is complete w.r.t.
the class €.

Proof. We represent natural numbers as a subset of the type u, namely {z,s(z),s®(z),
...}. First, we show that /Z.7(2, fix) can express all number-theoretic recursive func-
tions. More precisely, call some function f:N¥ — N “representable” if there exists
some expression f':u* — {u} in /R4 (Z,fix) such that, in any database 2 € %,,,, the
interpretation of /7 is f”(x)={f(x)}; more precisely, Vn >0, f'(s"(z))={sV™)(z)}.
Then we show that all recursive functions f are representable. For that, we have
to prove that the functions zero and successor are representable, and that the class
of representable functions is closed under composition, primitive recursion and under
minimization. For illustration we show here closure under minimization. For clarity
assume k= 1. So let f : N> > N be some function represented by f’, and consider
g(x)défyy.( f{x,y)=0). We write in #/#H(Z,fix) a fixpoint expression which, at it-
eration #, will produce the intermediate result r, = {(z, f'{x,2)), (s(z), f'{x,5(2)}), ...,

(s")(z2), f(x,5")(z)))}, but which will stop increasing its intermediate result when

f'{x,5"(z)) = {z}. Such an expression is fix(h), with hix,r) S if 3y, {z}) €r then

r else {(z, f'{x,z)) Y Umap(A{y,q).(s(¥), f'{x,s(»))))(r). Now we can construct
g .¢'(x) will start by computing » = fix(h)(x); if it terminates, then g’ returns {y},
where y is such that (y,z) €r.

In view of Theorem 6.2, to prove that /ZAL(Z,fix) is complete it suffices to prove
that it can express any RMC-computable query. Let M be some RMC. A configura-
tion of a RMC with » + 1 registers Ry,...,R, of types f,...,t can be represented
as an r + 4 tuple of type {fH} x {n} x -+ x{t,} x {u} x {u} x {u x uxu}: the first
r + 1 components describe the content of the relational registers, the last three com-
ponents describe the current state of M, the head position, and the tape content 7.
Both current state and head positions are singleton sets of the form {s™(z)}, where n
is the state number or the head position, respectively. The tape content 7' is a set of
pairs (s®)(z),5'“)(z),s“)(z)), where i, c, and ¢ are numbers denoting the fact that cell
i contains the character ¢ at time ¢. The one-step-move relation on configurations is
expressible in the language: it consists in doing some arithmetic to deal with the next
and previous cells, and some operations on the registers, which are expressible in the
language by the definition of a RMC. Finally, one has to iterate the one-step-move
function until a final state is reached. [

We use Proposition 7.1 to show that various languages with some arithmetic capa-
bility stemming from their external functions are complete.

Object inventions: Consider some base type 1 whose elements are called object ids,
and some external function make_object : {1} — 1 which “generates” new ids: more pre-
cisely, we consider € to be the class of databases for which make_object(x) ¢ x, for all
x of type {1}. Intuitively make_object(x) generates an id which was not previously in
use: the set x consists of all id’s currently in use, so make.object can construct a new
one. It can be thought of as a Skolem function of the following higher-order formula,
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stating that the type 1 is infinite: Vx: {1}.3y : 1.y ¢ x. Other base types and/or total
external functions may be present (recall that all results presented here work also in the
context of multiple base types, see Section 3). Then A/ A (X, fix) satisfies the require-
ments of Proposition 7.1, by taking udéf{l}, 2% and s(x)qf:fxu {make_object(x)}.
It has been known previously that object inventions in conjunction with fixpoints give
rise to complete query languages [2]. Here we use related tools to obtain completeness
in the presence of external functions.

Untyped sets: Consider some base type u whose meaning is a restriction® of
the untyped sets in [23]. That is, the class 4 of databases we consider interprets
u as follows: it contains all finite sets which can be constructed from elements in
D and from other elements in u. For example, x ={a,{b,c}} is a legal element of
u, where a,b,c €D are atomic elements. We give this semantics to ¥ by including
two external functions in X: mky:d —u and mk,: {u} —u in X their intended se-
mantics is mk,(a)=a and mk,(x) = {x}. For example, the x above can be expressed
as mk,(n(mky(a)) Un(mk,(n(mk(b))Un(mky(c))))). Let € be the class in which
both mk, and mk, are injective and have disjoint codomains. Then by Proposi-
tion 7.1 N RH(Z,fix) is complete w.rt. . Indeed, it suffices to take zdgmku((b),
and s(x)% mk,({x}). That is, the natural numbers are represented by @, {0}, {{0}},
{{{0}3}},.. -

Natural numbers: Obviously, if we include N among the base types and give names
to some arithmetic functions, say 0,1,+, in X, then /(2 fix) will be complete
w.r.t. to the class € of databases in which N, 0, 1,+ have the standard interpretation.

8. Conclusions

We have proposed the notion of external-function domain independence to charac-
terize the “reasonable” queries over databases with external functions. Next we have
proposed two natural definitions for computability of queries on databases with external
functions, and shown that they are equivalent when the external functions are totally
defined. Thus “computability with external functions” is a robust notion. A natural
question to ask next is how to define query complexity in the presence of external
functions. Here one gets different notions depending on which model of computation is
adopted. For example, we could define some query F to be in PSPACE either when it
is computed by some PSPACE Turing Machine expecting both an encoding of the in-
put relations and the Godel numbers of the external functions, or when it is computed
by some RMC whose tape and relational store are polynomially bounded. It is not
clear, however, that these two definitions are equivalent, leaving open the question of
what a good definition for a PSPACE query might be. This issue has to be addressed
in the future.

13 For clarity we do not include tuples in the set of untyped sets u. This could be achieved, e.g. by adding
an injective external function u X u—u to 2.
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