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1. INTRODUCTION

The purpose of this paper is to present a complete formal classification
of germs of analytic vector fields in R? with nilpotent linear part.' The
topological study of this bifurcation was initiated by Takens [Ta] and
Bogdanov [Bol, Bo2]}, and was taken up more recently in [DRS1, DRS2].
Here we concentrate on uniqueness aspects of the formal normal forms for
such singularities.

The (formal) classification for vector fields whose linear part is the
harmonic oscillator was obtained in [Ba—-Ch]. In that case the classical
normal form (i.e., what we call in this paper the first order normal form) is
well known to commute with the linear part, which makes it S'-symmetric.
More important yet, this insures that the linear part plays no role when
refining the first order normal form to higher order ones, a process that is
required if one is to obtain uniqueness. By contrast, in the nilpotent case
the linear and nonlinear parts of the first order normal form have different
symmetries (see [Cu—Sal]). This makes the problem considerably more
difficult, as one has to contend with the presence of the linear term whose
effects persist through all higher order normal forms.

First results concerning uniqueness for nilpotent vector fields were
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derived in [Ba-Sa], where in addition to the Hamiltonian version of the
present problem a classification for the non-semisimple (1: — 1}-resonance
was obtained. (See [vMe] for an extended treatment of the Hamiltonian—
Hopf bifurcation.) Another recent contribution to the developing theory
(this time concerning the (1:2)-resonance) can be found in [Sa—vMe].

Our strategy is an adaptation to the particular situation of the abstract
method proposed in [Ba]. The reader interested in an informal description
should consult the introduction to [Ba-Sa], where also a more thorough
list of references can be found. For a formal treatment he or she is also
referred to the first three sections of [ Ba—Sa]. Here, besides describing the
results of this paper, we shall restrict ourselves to only a few general
comments.

The first component of our work is a tight description of the Lie algebra
Vect(R?; 0) of formal planar vector fields in terms of a “good” basis for it.
We use the Clebsch-Gordan decomposition to break up Vect(R?; 0) into a
direct sum of two Lie subalgebras, Eul and Ham, whose homogeneous sub-
spaces correspond to the irreducible representations of sl(2; R). This leads
to a remarkably simple description of the structure constants for this
algebra. The reader will find them in Theorem 3.7. Needless to say, this
result was instrumental for the successful application of the abstract
method to the nilpotent problem.

From the combined work of several authors (cf. [Cu-Sal] and also the
references therein, ) it has become clear in recent years that the classification
problem for nilpotent vector fields is intimately related (via the Jacobson—
Morozov Lemma) to various representations of si(2; R) on Vect(R” 0). It
is our feeling that in order to make progress on uniqueness questions in
higher dimensions along the lines of this paper, a detailed description of the
Lie-theoretic properties of Vect(R”; 0) generalizing those of Vect(R?; 0) will
have to be found.

A second ingredient (which pervades most aspects of our work and is
indeed central to it) is the notion of “(multi-}-graded Lie algebra.” The way
this comes about and why it is relevant is roughly as follows. When
proceeding from a first order normal form to higher order ones, one is basi-
cally trying to use up all the symmetry left to produce further normaliza-
tion. “Normalization,” in turn, means removal of as many additional terms
as possible. This process, which has to be performed without changing
lower order terms already in “satisfactory” form, invoives solving long
sequences of equations whose purpose is to insure that certain com-
mutators vanish, so that undesired disturbances will indeed not occur. (To
alert the reader, we point out that such sequences of equations are hidden
in the innocuous looking Definition 2.1.) Here is where the gradings make
their appearance. The more gradings you have the better off you are
because of the added control. Of course, in order for this motro to make
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sense, the operators involved must be homogeneous relative to at least one
of these degrees. In our work we proceeded backwards, and constructed
good gradings, tailoring them to our needs in such a manner that the
relevant operators did possess the required homogeneity properties.

We hasten to point out that these constructions were made possible by
the presence of two standard gradings on Vect(R?; 0), namely, those given
by the eigenspaces of the “Euler” operators ad(x(6/0x)) and ad(y(d/dy)).
In generalizing to higher dimensions, one should expect the » Euler
operators on R” to play a similar role relative to Vect(R"; 0).

As for specifics, we found out that the typical formal nilpotent vector
field falls within three categories (labeled Cases I-IIT) that we treat in
separate sections. Cases I and II are essentially complete, whereas the
results on Case III are preliminary at this time. In all instances we found
what we believe to be a phenomenon not yet reported in the literature,’
namely, that of highly periodic number-theoretical patterns for the unique
normal forms, which depend on the nature of the subdominant terms that
occur in first order normalization. The main results of this paper are
encapsulated in Theorems 5.2.6 and 6.2.7 for Cases I and II, respectively.

The organization of the paper is as follows: in Section 2 we introduce
notation as well as the abstract framework for “infinite order” normal form
theory on graded Lie algebras. Section 3 contains the Clebsch-Gordan
decomposition and the Structure Theorem for Vect(R% 0). This leads in
Section 4 to the classical (first order) normal forms and to the trichotomy
alluded-to above. The ensuing Cases I-1I1 are studied separately in
Section 5-7.

2. PRELIMINARIES

Here we set notation and recall a number of basic concepts to be used
throughout the paper. For background as well as for a proof of the
theorem below, the reader is referred to [Ba] or [Ba-Sa].

In this paper a graded Lie algebra will be a Lie algebra £ =112 %
such that £ =0 for j<y, and [%, £L1EZ,, for all j, ke Z. We write
elements xe,ff as formal series x Xyt o +Xx;+ .-, where x;€% is

homogeneous of degree J- To any such ,EV we associate the following objects

(1) Jilx):=3%_ X;, the kth jet of x.

(2) The non-linear projection n,: & — %, defined by

]Y(l

n(x)——{x7 if x=x,+---withx,#0
70 if x=0.

? With the exception of [Ba-Sa], essentially a subcase of the present work.
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(3) The degree function ¢ defined by

Nt if 7wo(x)e L\{0}
5("‘)‘{00 if x=0.

(4) The decreasing filtration % = #(ZL) =13, Z-

The % satisfy [%, #. 1<%, and form a basis of neighborhoods of 0
for a topology for which the Lie bracket is a continuous operation and all
series of the form 3 x; with x;€% converge. A sequence x"—0 iff
O(x") — 0.

In what follows and for technical reasons that do no limit the scope of
our applications, we make the blanket assumption that, unless statement to
the contrary is made, the homogenecous subspaces % of all graded Lie
algebras are finite dimensional.

The following additional conventions and notation will be in use:

(5) R[[x]1=TII;Z, %, the graded ring of formal power series, where
#=Z(R") is the space of homogeneous polynomials of degree j.

(6) Vect;(R") is the space of homogeneous vector fields X=
Y. p;0/0x; with p,e # _|(R"). (Note the shift j+j+ 1.)

(7) Vect(R")=]T;Z _, Vect,(R")is a graded Lie algebra. Vect(R";0) :=
Fo(Vect(R™)) represents the subalgebra of fields with a rest point at the
origin.

(8) For XeVect(R") as above and fe R[[x]], X(f) denotes the Lie
derivative Y p,df/0x;. In particular p,= X(x;).

(9) Ham(R"):=T]2 , Ham;(R") is the graded Poisson algebra of
Hamiltonians on (T*R"=R"@R" Y dx; A dy,), where Ham,(R"):=
2., ,(R*™). The required index shift is now j—j+2, and the Poisson

bracket is given by

(10) For he Ham(R"), X, denotes the Hamiltonian field defined by
the derivation ad(h) on R[[x, y]]. Thus X,(f)= {h f}. With these sign
conventions the map A+ X, is a graded Lie algebra homomorphism
Ham(R")->Vect(R?"), which is injective as a map Ham(R"; 0)— Vect(R**; 0).

(11) When dealing with an algebra ¥ endowed with several degree
functions &', the superscriupt (n) will be in use to signify objects
associated to the appropriate degree, such as £ (", # "), and the like.
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(12) The notation

{IR

U v

will be used to signify “u is congruent to v (mod &%).”

We now recall certain results from the general theory of formal normal
forms on a filtered Lie algebra .#. This theory concerns itself with
classification of conjugacy classes modulo the group exp ad(%;) of filtration
preserving automorphisms of #. More generally, we will need to study
automorphism groups of the form % =expad(#), where # is a closed
homogeneous subalgebra of .%. (Recall that a subalgebra 7 is said to be
homogeneous iff the following condition holds for arbitrary x=3 x,& ¥:
x€ f<=Vjx;e #). For a fixed element xe ¥, we introduce the sequence
R =R (x, §) <% of maximally removable subspaces by:

He=mo([x, £ N L. (2.1)

Remark. These spaces are %-invariant and depend only on the #-orbit
of x (cf. [Ba—Sa, Prop. 2.7]).

We will say that two subspaces %, ¥~ of a vector space %" are transversal
(resp. strictly transversal) if U + V" =W (resp. % ® ¥ = #"). The following
is the basic result on existence and uniqueness of normal forms that we wilt
use in the sequel.

THEOREM 2.2. Let x€& be a fixed element with é(x)=y< 0 and
no(x) = x,. Suppose that a sequence of subspaces { N, }, ., transverse to R,
in %, has been chosen. Then

(1) There exists ze ¢ such that if y=expad(z) x, then y, e .4, for
k>y.

(2) If the &, N, are strictly transversal Yk >y, then the above normal
Jorm is unique (relative to the group 9).

Remark. The proof for # = %, given in references [ Ba, Ba—Sa] applies
word for word to this (slightly more general) situation.

A classical way of constructing normal forms is to choose the .4}, strictly
transverse to [x,, % _, N #]. Since the latter is clearly a subspace of %,
it follows that the .47 are transverse to the %,, but not necessarily strictly
so, which is the reason why the forms found in the literature are not
necessarily unique. In any case when the choice of the .4, has been made
in this fashion, we will refer to the corresponding normal forms as “first
order,” whereas the terminology “second order” will refer to normal forms
which are first order relative to a newly defined ad hoc grading {on the
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algebra #). Here we think of ath-order normal forms as successive
approximations to the unique normal form of the above theorem , which
will be accordingly referred to as “infinite order.” This language is only
meant to be suggestive, and although a rigorous formal definition of such
successive approximations can be given to all orders, we will refrain from
doing so in this paper.

The following result is standard but it is included here because we have
no readily available reference.

PROPOSITION 2.4. Let x, ye & such that y =exp ad(z) x for some ze %,.
F 4
If [z, x] £ [z x],, then y,=x, for k< j and

yi=x;+ [z x];. (2.5)

Proof. Since ze #, [z, x]e & =>ad(z) (X)eF, 1_J,Hwhenk>2
The result follows from y=x+ [z, x]+ Y-, ad(z)* (x)/k! ’HJ( )+
[‘3 x]j l

PROPOSITION 2.6. Let x=x,+x;+hot Let A, be a sequence of
subspaces of &, such that [x,, &,_,n F]1nA;=0; and let z=2z;,+ h.o.t. be
such that [z, x] = [z, x];+ h.o.t. with [z, x];€ A;. Then

(1) [x%2];=0if i<+ jo.
(3) [25 x]}.+]0_’[zl+jo yax ]+[ joyxl]'
Proof. Clearly [z, x];=0 when j < j,+7, so let j > j,+7. We have

o J=jo
[29 x]j= Z [Zj-n’xn]__‘ Z [zj—n’ xn]
n=y n=vy
Moreover [z;_,, x,]1=0if y<n <4, so that
g i
R A
[ Jo+ A - 'y’x]+[j(]" ] if .]'—_.]0__—i
We see that z;_,e[x,, &_,1nA; when j—j, <4 so that z, eker ad(x,)

when j, < k<]0+l y. B

F;
COROLLARY 2.7. Let x =' x,+ x;, y=exp ad(z) x for some ze F, N §
and suppose that x and y are both in first order normal form relative to some
sequence N strictly transverse to [x,, %_,n #1. Then

(1) yl+jo=xl+j0+[ o+ — y’x ]+[ jo’x&]'
(2) yj=x; for j<i+ jo.
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(3) The first non-zero term beyond x, is a first order normal form
invariant of x for the group ¥.

Proof. Apply the proposition in conjunction with (2.5).

3. CLEBSCH-GORDAN FOR PLANAR VECTOR FIELDS

Consider the Euler field

~

0 d )
E:=x—+ y—eVecty(R").
X oy

We denote by Eul(R?; 0) the graded algebra obtained from R[[x, y]] with
its natural grading and the Lie bracket (see (8) of Section 2 for notation):

L/, g1=fE(g) — gE().

The reader can easily verify that this is indeed a Lie algebra satisfying the
required properties.

In this section we will show that Vect(R?; 0) is bigraded and decomposes
into a direct sum of two subalgebras isomorphic to Ham(R;0) and
Eul(R?; 0), respectively. This fact will permit an easy calculation of the
structure constants relative to a conveniently chosen basis, and at the same
time will give us tight control over various subrepresentations of interest in
this paper.

DEerINITION 3.1.

(3.1a) 1,: Ham(R;0) — Vect(R?; 0), h—X,;
(3.1b) 1,: Eul(R?%; 0) — Vect(R?; 0), g+ gE;

(3.1c) p,: Vect(R?*) - Ham,(R), XHE:IF—Z— (yX(x) —xX(y));
‘ - , 1 (0X(x) 8X(y)
(3.1d) p,: Vect(R*) — Eul(R?), XHk+2( ox oy )

We view the p; as defined on all of Vect(R?; 0) by linear extension of (3.1c)
and (3.1d).

Two properties of E worth noting here are

(i) E(f)=HK, feZ(R?)
(i) [E X1=kX, XeVect(R?).
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PrOPOSITION 3.2. The following hold:

(1) proty=1dy .0 Consequently m, =1, p, satisfies nl=m,.

(2) paoty=1dg,ge). Consequently m,:=1,° p, satisfies nI=T,.

(3) The; are graded Lie algebra monomorphisms and their images are
subalgebras of Vect(R?;0) isomorphic to Ham(R;0) when j=1, and to
Eul(R?; 0) when j=2.

(4) m+m=1dy g2 This gives rise to the Clebsch-Gordan decom-
position

Vect(R? 0) =1,(Ham(R; 0)) ®1,(Eul(R%* 0)) = R[[x, y]]® R
Proof. (1) Let he Hamy(R)= 2, , ,(R?) so that E(h)= (k +2) h. Thus

oh @ oh 0
O

_ 1 (,%Jr %)
“kr2\Tay " Vo

(2) Let geFEul(R*)=2(R?) so that E(g)=kg. Note that
P> = (1/k +2) div on Vect,(R?), and that for any function f and vector field
X, div(fX)=X(f)+ f div(X). Thus

1 1
P2012(8)) = 5 div(gE) == (E(g) + g diV(E)) = .

(3) Follows from (1) and (2).
(4) Let X = pd/ox+ q0/dy e Vect,(R?) so that both p=X(x) and
g=X(y) are in %, ,. We have

1 dp Oq
(g +m5) X—k+2 (h(yp~xq)+ L <6x+ 6y>)

it (a(yp—xq)g_a(yp—xq)g+<a_p+a_q)E)
k+2 Oy 0x ox dy \0x 0oy

1 0 0
~3 (BN -+ @+ B 5

8 d
= —_ —::X
”ax+qay |
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To calculate the structure constants of Vect(R?; 0) we shall make use of
the above decomposition. Since the 1; are monomorphisms, brackets of the
form [1;(h), 1;,(g)] can be readily computed from the brackets on Ham and
Ful. The mixed brackets are somewhat more involved and will be
calculated next.

PROPOSITION 3.3. Let he Ham,(R) and g € Eul,(R?). Then

1

[1,(h), lz(g)]=m

(—k(k+2)X,,®(m+2){h g} E). (34)

Proof. Note that p(gX,) = ((k + 2)/(m + k + 2)) gp(X,) = ((k + 2)/
(k+m+2))gh and that since div(X,)=0,div(gX,)=X,(g)=1{h g}
Thus

[1i(h), 12(g)] = [ X, gE]

= {h’ g} E+g[X,, E]
={h g} E—kgX,
—k(n, +7,)(gX,)+ {h g} E
=kt (p (X)) —kiy(p2(g X))+ {h g} E

i

k+2 .
_ e e §
2 e s pAv(EX) + {k, g} E
1
—_—— (o / .
k+m+2( k(k+2) X+ (m+2){h, g} E). |

To introduce a second degree observe that E acts semisimply both on
R[[x, ¥]1] and on Vect(R? 0) with spectrum Z , . Since in either instance
this action is a derivation, one could define the homogeneous components
of these algebras as being the eigenspaces of E. Then the derivation
property would automatically take care of the correct behavior of such
gradings relative to multiplication (associative or Lie as the case may be).
We refer to the Euler grading as standard or total, and denote the corre-
sponding degree function 6*. Following the procedure just outlined, we
introduce a new grading on the four algebras R[[x, y]], Vect, Ham, and
Eul, the “x-degree,” given by the Euler field in the x-direction xd/0x, and
we denote the corresponding degree function 6'*. Here we view Ham and
Eul as subalgebras of Vect via the inclusions ;.

Remark. Contrary to an earlier assumption the §“-homogeneous
components in any of these algebras are infinite dimensional. Observe,
however, that any linear combination of 6 and 8™ with positive
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(integral) coefficients will produce a new degree for which the finite

dimensionality assumption holds. We will make use of this fact later on.
Writing uf to indicate typical elements satisfying 6"(uf) = [ and
39 (uk) =k, we define bases {a}} of Ham(R;0) and {b”,} of Eul(R* 0) as

follows:
a;{___xl+1yk+1—l’ —1<l<k+1, k>0

bh,=x"y™ ", O<n<m, mz0.

Noting that b” =a""",, a straightforward calculation using the defini-
tions yields

{ap, a .} =((I"+ D)k +2)~ I+ 1)Kk +2)) a) (3.5a)
[b%, b". = (m' —m) b"*", (3.5b)

a. by, =a’, (3.5¢)
{al, b"} = (n(k +2) —m(I+ 1)) bLt" (3.5d)

It is clear from (3.5a) and (3.5b) that Ham and Eul are brigaded Lie
algebras. Using the Clebsch—Gordan decomposition we are now in a
position to introduce a suitable basis for Vect(R?; 0). Define

A§€=mzl(a§(), —1<I<k+1, k20 (3.6a)
B" =1,(b"), 0<n<m, mz=0. (3.6b)

TueoreM 3.7. (Structure Constants of Vect(R?; 0)).

n+1 I+1
Ay, 3] = ke m2) (22520 i, (378)
(B, B,]=(m—k) By, (3.7b)
. mm+2)(n I+1Y .
[Ai,Bm]=m+k+2<;—k+2) Bl —kqnt! . (3.7¢)

Proof. (a) and (b) follow from (3.5). For the mixed case we use the
latter together with (3.4) to obtain

1
k4+m+2

o aten m(m+2)(£_l+1) lin
B kA"*’"@k+m+2 m k42 biinE

m+2

(—anLbf”®_ {a;c’ b:ln} E)

AI Bl =
[ B, k+2
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For further reference we list here a few useful special cases:

[4. 47 ]=(n—m—1) 4"+ (3.8a)
[AL, B" = (n—m) B"*! (3.8b)
(45 An =+ 1) 4, (3.8¢)
{4, B, 1=nB; ! (3.8d)
+m+2)(n+1 .
[, gy =2t D (3.8¢)
L nn (m+2)n . N
[4,, B, zm8n1+1u'—#14y+rln (3.8f)
0 gn viv+2)(m+1) i
= B A 38
LB, 45] (m+v+2)m+2) men ¥ ey (35g)
[B), B, ]=(m—v) B}, (3.8h)

4. FIRST ORDER NORMAL FORMS AND THEIR INVARIANTS

Consider a planar vector field X in equilibrium at the origin with a
non-zero nilpotent linearization. In the notation of Section 3 and up to
linear conjugation, we may and will assume X to be of the form

X=-x—+ =43+ - 4.1}

where the dots represent terms in %. From the work of Takens ([Ta]) we
know that there is a formal near-identity transformation sending X to its
(first order) normal form

G 8
XM= —x—+f(y)5-+g(») E.
ay ox

which for simplicity of notation will be relabeled X. To place this result in
our context we briefly recall the theory of first order normal forms for fields
with nilpotent linearization N as presented in [Cu-Sal]. By 1. of
Theorem 2.2 with ¢ = %, one can always conjugate X=N+3,.; X, 10
an clement Y=N+3 ., Y., where the Y, belong to an arbitrary comple-
ment to imad(N) in Vect,(R"”). Using standard properties of sl(2, R)-
representation theory, such a complement is automatically given by
ker ad(M), where M is any linear nilpotent field such that N and M
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generate a Lie algebra isomorphic to sl(2, R). In our case, and using the
structure constants (3.7), one can readily check that for N=A} an
appropriate choice is M = 4, ". In fact from the properties of the x-degree
it is immediately seen that ad(Al) raises upper degree by 1, whereas
ad(4, ") lowers it by the same amount. It follows that

im(ad(N)] Vect,(R?)) =span{4;, By }[ X0,/ 1
so that for a compiement one can take the two-dimensional space
ker(ad(M)| Vect,(R*)) =span{A; ', BY}.

Therefore the first order normal form has a representation

o

X=Ai+ Y wd;7'+ ) BB, 1<pu<w,1<v<w, (42)
k=u k=v
where it is understand that while either sum may be absent, our notation
is such that p < oo =, # 0 and similarly v < oc =, # 0. We leave it to the
reader to check that (4.2) coincides with Takens’ result.

Following [Ba-Sa] we construct a new degree 6 on Vect(R?) defined
on bihomogeneous elements by

5@ =25 + min(y, 2v) 8, (4.3)

so that 82(A44) = 6P(B) =2k + I min(y, 2v). The reason for this seemingly
bizarre choice will become apparent in the next few sections. For now we
can only say that the idea is to assign the same (new) degree to Ay and to
either A, ' or to B depending on whether u <2v or not. Thus

0 (Ag) =04, N=p it u<2v,
and

5(2)(A(1))=5(2’(B?)=2V if n=2v

In what follows we will occasionally abbreviate Vect!" and # as
introduced in item 11 of Section 2 to Vect; and %, respectively, reserving
superscripted notation for degrees other than the standard 5%

PROPOSITION 4.4. Let Z e %, be such that Y =exp ad(Z) X is also in first
order normal form. Then Ze F (.

Proof. Write Z=3,. | Z/, where Z’/ is 6*)-homogeneous of degree j
and observe that Ze# =2Z'=%,.,Z, so that 6P(Z)=2+
Jjmin(y, 2v) >0 unless j= —1. Thus it suffices to show that §@(Z ~1)>0.
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By (2.5) and (3) of Corollary 2.7 [Z, X] Z {Z,X],,,, where 1:=
min(u, v). For the Oth order 6*-homogeneous component we then have

[Z L X' 1+[2%Xx°]+[Z2x 1= ) [ZX]
kza+t

From X°=¥,.,8B) and X '=%,.,%.4;7', it follows that
[Z° X°1+[Z, X1 ]eF,  + F 1 S F,uy, 50 that [Z7, X ], ..
But X'=4A4}, and ad(4)) is injective on Vect'™™) (see (3.8)). Thus
Z 'e%,,and

NZ Y= 2(A+1)—min(y, 2v)

=242 min(y, v)— min(g, 2v)

2 if u<gy
=244 2v—p if v<u<2y
0 if 2v<yp

=2 in all cases. §

To examine the properties of the indices u, v, we again suppose that Y is
conjugate to X via a near identity transformation and is also in first order
normal form. Thus

Y=expad(Z) X forsome Ze%.

Moreover, one has the representation

Y=dAj+ Y A7+ Y BB 1<p/ <0, 1<V <,

k=p J=v

which is generally distinct from that of X.

ProPOSITION 4.5. The indices p, v have the following invariance proper-
ties:

(2} min(y', v')=min(y, v). Moreover if m:=min(y,v)<oo then
Ly =0y and B, = P,

(b) p<2viff w' <2v'. In such case p' =y and o), = o,.

() u>2viff W >2v'. In such case vV =v and f,=p,.

(dy u=2v iff  =2v". In such case W' =pu, v'=v, and if finite, then
a,=o, and f,=p,.

Proof. (a) Use (3) of Corollary 2.7 with & = Vect, # =%, y=0, and

_ 41
x,=Ag.
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(b) By Proposition 4.4, Ze ¥ so that we can apply Corollary 2.7
this time to & = Vect® with # =%, y=y, and x, =45 +a, 4"

(c) We argue as in (b), with & =Vect?®, #=%P, y=2v, and x, =
Ao+ pvBY.

(d) The same argument applies here with £ = Vect®, ¢=F),
y=u=2v,and x,=Ag+a, 4"+ pvBI. |

COROLLARY 4.6. The new degree (4.3) is an invariant of X in its
conjugacy class mod exp ad(F {").

COROLLARY 4.7. If v< u<2v then (¢, v )= (u, v).

Proof. By (a) we may assume v, u finite. When u=2v the result
follows from (d). On the oter hand when v<pu<2v, (b)=u'=pu, so
that from (a) we get min(y’, v') =min(g, v)=v<yu=y'. But this implies
v=min(u’,v)=v". |

Remark 4.8. Despite the corollary, the pair (g, v) is nof an unrestricted
first order normal form invariant of X. Indeed, one can show that any X
for which u<v has a conjugate in first order normal form with v/ #v.
Similarly any field with g >4v has another form for which u’# u. True
invariants will come out of our higher order normal forms below. On the
other hand, a more careful analysis shows that the pair (g, v) is a first
order normal form invariant on the range v<p<3v+ 1, which is larger
than the one given by the last corollary. This fact, however, has limited
interest. What matters to us is that the trichotomy pu<2v, u=2v, and
#>2v, is a true invariant of the field obtainable form any one of its first
order normal forms. Because of this we will study separately the following
cases:

Lop<2v, (4 =80(A,") = p<2v=52(B).
IL u>2y,  09(4)=0P(BY)=2v<p<2u—2v=569(4,").
UL p=2v,  6(4l)=52 A, )= (B)=2v=p.

Since 6 is a degree, we can in Case I consider B? as a perturbation of
the (Hamiltonian) problem A+ acﬂA;‘ + ---, while in Case II we consider
A, ' as a perturbation of the problem A+ f,B9. In this respect Case II
seems to be the most difficult, since it cannot be formulated as a perturba-
tion problem of either 4, * or B}, but only of a combination of the two.
As usual however the exceptional situation is made slightly easier by the
explicit knowledge of the relation u=2v, but complicated by the extra
parameter.
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5.Case It p<2v

5.1. Second Order Normal Form

We assume X to be in first order normal form (4.2) but now write
X=A+B, where A=A"+ .- + A*+ ---, B=B"+ --- + B*+ ---, and
5D(A4*)=6(B*)=1. We point out that in Cascl the lowest &7-
homogeneous component of X is

Ar=Aj+a, 47",
whereas that of B is

B> =p,B"

Now define I':=ad(4;')>ad(4*), and note that since 6P(4, )=
I 4#y= —p, I is a §®-homogeneous operator of degree 0, and thus
an endomorphism on each Vect'?(R?; 0).

Remark. The purpose of introducing I” is to make the study of
im ad(4*) in the space of first order normal forms ker ad(4; '), finite
dimensional.

To calculate I'(A%) and I'(B%), recall that from (3.8) we have
[45" [4g, 4,1 =+ 2) I~k ~1) A,
[4y" [45. B 1=+ 1) —k) By,

L, [a=t aty] U DEETD) s

k+2 Kw
_ _ K- k+2) , , s
(45 14" B3 Sk rai2 Bl — A,
Combining these we get
W+ k+u+2) ,_
Ay =(—k—1)(I+2) A, +a, L+2 )Aijﬂ,

KI—1Hk+2)y

{2
k+ut

o, lnd

We now order the basis {A%, B%} of Vect?(R%0) as follows: B}, <A},
and B < B, A} < A, whenever [' <.
The above formulas show that relative to this ordered basis the matrix

503/99:2-2
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of I' is triangular, and from this we can readily determine its spectrum. To
make the problem finite dimensional, let I'; := I'| Vect ?(R?).

. e . +2 . .
Prorosition 5.1.1. I, is invertible unless 2¥E20 or i in which cases
ker(I",) is one-dimensional.

Proof.  First we claim that 0 is an eigenvalue of multiplicity at most 1
on each §'*-homogeneous subspace of Vect(R?% 0). Indeed the only basic
elements associated with this cigenvalue are of the form 45*' or Bf. But
no two elements of such form can have the same §-degree as the relations

3P(BY) < 8P4 ) < (B

show. This establishes our claim.

From the algebraic multiplicity of 0 as an element of spec{I;) being zero
or one, it follows that the same is true of its geometric multiplicity. Thus
dim ker(£7;) < 1. On the other hand Oespec(l;) iff (I—k—1)(I+2)=0,
~1<I<k+1, A=2k+1lu or ({[—k)}I+1)=0,0<I<k, A=2k+ Iu. This
clearly is the case iff =k + 1 or /=k with A= 2k + lu, which gives 1 “£” 0
or u. 1

We now study ker(I";) in the non-trivial cases. Notice that the congruen-

ces 0 and g mod(u-+2) split into four cases mod(2u +4):0, —2, u, and
u+2. These will be treated separately in the ensuing paragraphs.

PROPOSITION 5.1.2. Let 2 *2%0, say A=k(2u+4). Then ker(I',) is
spanned by a unique element ZJZéHBg’,z. Moreover [A*, Z] is a non-
vanishing multiple of A, 5, -

Remark. %, refers to the standard filtration.
Proof. With o} := (a,)", the mth power of a,, let

k k
—_ I 2k —2m m 2k —2m
Z= Z aybm82k+pm z apamA2k+1um’
m=0

n =l

where the coefficients «,,, b,,, are recurrently defined by the relations

20k — m)(2k + 2 + pm)

2) )b =

and

2k+1—-2m

2 1 E=
((p+2)m+ D+ 1ya,,, et 21 om

QRk+(m+1)ypu+2)a,+ub,,
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with initial conditions a,=0 and b,=1. Since the b,, are clearly non-

negative, it follows that the a,, are positive, and in particular that a, ,, #0.
Using the brackets in (3.8) we have

[4% Z]

l

k k
m 1 2k —2m m 1 2k —2m
- Z I‘x,uam[AO’AZkerm]Jr Z 'xybm[AO’Bﬂc—i—,um
m=1 m=0

k k
m+1 -1 2k —2m m+ 1 —1 2k —2m
- Z O(” am[Au ’A2k+um]+ Z au bm[A,u 7sz+_um
n=1

m=0

a:’am((,u—i—Z)m—!—l)Az"_z’”“

2k + pm
1
k
-y aZ”bm(/z+2)mB§’,§Ii':1“
m=0
k 2k+1-2m
_ Z O!m+lam
K 2k+ 24 um

m=1

I
1 Dim

"

(Qk +(m+1) p+2) A% 21

2k + p(m+ 1)

k
m+1 2k—2m—1
— Y artlh,ud

2k+{m+1)p
m=0

k—1
+ 2 a’:+1bm

2(k —m)(2k+2+pum) op 0y
2k+2+,u(m+1) 2k + (1+mdu

= —ocf,“akﬂ((u—{—,?)(k—}- 1)+1) A(‘ﬂl+2)k+y7é0~ |

m=0

L+ 4

PROPOSITION 5.1.3. Let 2 %27 =2, say A=k(2u+4)—2. Then ker(I';)
is spanned by a unmique element Z QAg';_l such that [A*, Z] is a non-
vanishing multiple of Ay 2y, 4 1-

Proof. Since the mapping 1,:h— X, is a bigraded Lie algebra
monomorphism from Ham(R;0) to Vect(R?% 0), the resuit follows from
Proposition 8.8a in [Ba-Sa]. ||

2u+4

ProposiTiON 5.1.4. Let 2 2 u+2, say A=(k—1)Qu+4)+pu+2.

Then ker(I",) is spanned by a unique element Z s B3~ 1 such that [ A", Z7]
is a non-vanishing multiple of By, , ,, .

Proof. Note that 6Y(B%~1)=2(2k—1)+pu(2k—1)=1 and that the
same holds for arbitrary clements of the form X3;_{7 2. We therefore
define

k—1 k
_ R2k-—1 . — m 2k—1-—-2m __ m k—1—-2m
Z—BZk71+ - Z aymeZk——1+ym Z auamAZk—l+um
m=0 m=1
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with
2k —1-=2m)(2k + 1+ pum)
2 1 =
(4 2)0m+ 1) by 1+ um+1)
2{k —m)
2k+1+pum

ms

(e+2)m+ D)+ 1) a,,, = (Rk+1+(m+1) p) a,,+ pb,,,

a,=0, and by=1. As before, the positivity of the coefficients of the
recursive relations defining the a,, and b, imply that b, #0. From (3.8)
we have

k k-1
[4%,Z]= - Y ala,[45, A%2 701+ Y onb,[46, B 15 m
m=1 =0
k
- Y antla, At AT
m=1
k-1
+ Y art'h A4, BT
m=0
k
=Y ala,((u+2)m+1) A% 17 .,
m=1
k—1
— ¥ atb(n+2)ymBy 1,
m=1
_..kil amtlg 2(k_m) 2%k —2—2m
= u m2k+}.+ﬂm 2k —14+p(m+1)
k—1
- a:+1bmﬂA§§:§:—%;n+m}u
m=0
k-1 2k —1=2m2k+1+um
+ 3 arin,! e S T
= 2%+ L+ pm+1)
=0+ 2) kB e #0. 1
PrOPOSITION 5.1.5. Let %2 % 1 say A=k(Qu+4)+ p. Then ker(I';)

is spanned by the Hamiltonian field X up+1, where a*:=(x*/2)+
o, ( y**2/u+ 2) is the Hamiltonian for the field A", and the superscript k + 1
represents ordinary (k + 1)th power.

Proof. Obviously X -1 €kerad(4”)cker I Therefore the result
follows from the straightforward verification that §@(X uyes1)=41. |}
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For further reference we summarize the results of this section in the
following:
THEOREM 5.1.6. I, is invertible unless 2."*2% 0
such cases ker(I",) is one-dimensional. Furthermore:
() If 4290, say A=k(2u+4), then ker(I';) is spanned by a
unique element of the form Z T
multiple of Ay,

, —2, 4, or pu+2. In all

B2 such that [ A%, Z] is a non-vanishing
+2)+pu

2) I 2*2Y-2, say A=k(2u+4)~2, then kex(I",) is spanned by a
unique element of the form zZ A%,f* 1» Such that [ A*, Z] is a non-vanishing
multiple of Ag, )4, -

(3) Ifi(2”+4)/1+2 say A=(k—1)2u+4)+pu+2, then ker({;) is
spanned by a unique element of the form Z /25 B2 such thar [A*, Z] is
a non-vanishing multiple of B}, . »,_,.

4) If 4 et ),u, say A=kQu+4)+ u, then ker(I',) is spanned by a

-/‘k-v»l

unique element of the form Z= Xy = A5+ in the kernel of ad(A4*).

. P . 4
COROLLARY 5.1.7. T is injective on Vect{™ n Vect(Z)  unless 2#2%0
or —2.

Proof. I is homogeneous of 6-degree 0 (mod 2) so that by unique-
ness the elements Z e ker(I") of (1)-(4) are 6*-homogeneous of degrees 0,
0, 1, and 1, respectively. |

COROLLARY 5.1.8. Let Z* be 6®-homogeneous. Then Z* € ker ad(4*) if
and only if 2 (2”E+4)y, say A=k(QQu+4)+u, and Z* = cXuy+1 for some
ce R. Moreover

k+1 a

A__ mmzk 2m+1
zh=Y, a4 :

2k+ um
m=0

where ay = c and the rest of the coefficients satisfy the recursive relations

22+ pm+ 1)+ 2)k—m+1)
(1 +2)2k + pm +2)

aps 0sm<k (519)

A1 =

Proof. The form of Z* is a straightforward verification using (3.6a). }

Before stating the main result of this section, we direct the reader’s atten-
tion to the paragraph following Remark (2.3). With ¢ :=F " nF ), the
normalization that follows will take place in the §?-graded Lie algebra
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Vect®(R?;0) relative to the group ¥ :=exp ad(#). To formulate it, we
introduce the second order normal form space

AP =span{d4; ', By}, where j>p, jEu—1,pandk#Epu+ L.
(5.1.10)

PROPOSITION 5.1.11. A" @ A Vect? is strictly transverse to ad(A4*)
(Vect? ) for A>p.

Proof. By [Ba-Sa, Prop. 3.4] ker ad(4, ') n Vect!? is transverse to
im ad(4*)|(Vect?) nF V)

for each 4> p. The generators of kerad(4,"') are {A“} and {B]}. By
(1)~(3) of Theorem 5.1.6 we can remove all terms A2 5, o Ains )4 u—1
and BJ(# +2y-1» With k, j>1, and still have transversality. The resulting
space is precisely 4",

To see that the sum A'() +[4% Vect?] is direct, assume
We A2, n[A* VectP], say W=[4* Z]. Since 4#"* ckerad(4s"),
we have Zeker [;. Thus Z is as described in Theorem 5.1.6. In cases
(1)-(3) of that reference one must have Z=0, since the images of such
elements have been removed from .4°*; and in case (4) Z e ker ad(4*), so

that W=[4% Z]1=0. |

THEOREM 5.1.12 (Second Order Normal Form). Let X= —x(0/dy)+ ---
be a nilpotent field admitting a first order normal form as in (4.2) with
w<2v. Then a second order normal form for X has the same type of repre-
sentation but with o, =0 for k na? ) —1 oru, and B,=0 for k ==y pu+1
forkzpu+1.

Proof. The rtesult follows from the above Proposition and (1) of
Theorem 2.2. |

We will now show that the pair (u, v) that enters the second order nor-
mal form is an invariant of the field (still under the assumption u < 2v).

LEmMMA 5.1.13. Let A=A*+ --- be a Hamiltonian field, and let

F)
Z=Z'+ --- +Z" be a solution of the equation [Z, A] TR, Then Z
extends to a solutzon Zof [Z,A]=0.

Proof. By Corollary 5.1.8 the centralizer of A* is the set of Hamiltonian
fields Xy where H is a power series in a”. The result follows from [Ba-Sa,
Prop.5.2].

Remark 5.1.14. Strictly speaking the result of [Ba-Sa] would directly
apply only if Z had been assumed Hamiltonian. However, for the proof in
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that paper to be valid here we only need that the first homogeneous
component of Z be Hamiltonian and in ker ad(4*), which is indeed the
case in view of our hypothesis and Corollary 5.1.8.

LEMMA 5.1.15. Let O0# Ze ¢, be such that no([Z, X1)€ A" ?). Then

(1) Z=Z*+ --- for some 221 and 0 # Z* e ker ad(4*).
(2) There exists a homogeneous element W*+2"~# such that

{2)
A+2v+1

[Z X] 3"; [W/,{+2v—u’ AR+ [Z’l, Bzv]_
(3) [Agh [WHH>—+ 41+ [Z% B¥]]=0.
0

Proof. Writing Z=Z"+ ... with Z*#0, we shall prove by induction
on re [y, 2v] that

#e

[Z. X] é {0 if u<r<2v

1.1
[WA+2 =8 4r] 4 [Z* B>] if r=2vw (5.1.18)

Note that (1) then follows from r = g, (2) from r=2v, and (3) from (2) and
the fact that either

[W+2 s g1]+ [Z% B> =no([Z, X])e A" Sker ad(4, 1),

or the left hand side of this equality vanishes.
To start the induction, observe that [Z* 4*] # 0 implies

N PDsny([Z, X])=[2Z* A*] €im ad(4%),

Paul
MJ

which is impossible by Proposition 5.1.11. Now assume [Z, X] 0 for

some re [ p. 2v]. Writing X A+B with A=A*+ --- and B= Bz‘

ﬂ‘l)
we clearly have [Z, B] 0 so that [Z, A] Q‘O as well. By
Lemma 5.1.13 we can extend Z*+ -+ Z**F17E to a  solution

Z=Z—-W*tr—#4 ... of [Z, A]=0. Thus

r+A

(2)

Firrat yl r
[Z,X] = [Z 4]+[Z° B]

(

¥
[l

UZ, A+ [ WA R AT+ [ 2% BT

33
&

I

F

o Iwrer s AR+ (20 B,

This concludes the induction if »=2v. If on the other hand r <2v then
B' =0, so that [Z* B"]=0. But in that case [W**"~# A*]#0= 4P 3
n([Z, X])=[W**"~# A4*]eim ad(4*). This contradicts Prop.5.1.11,

1)
and we conclude [ W+~ #, 4¥]=0, so that [Z, X1 £ 0. J
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COROLLARY 5.1.17.  For pu<2v the pair (p, v) of the second order normal
form is an absolute invariant of the nilpotent field X.

Proof. Let both X and Y=expad(Z) X be in second order normal
form, with X as above, and Ze # (). By Proposition44e F M nF P = g,
whereas by (2.5) the first §®-homogeneous component of Y differing from
the corresponding X-component is 7y([Z, X]). By hypothesis this must
belong to .47, so that applying (2) of the proposition, we conclude that
([ Z, X])ZA+2v+ 1220 +2>2v=56P(B*). |

5.2. Infinite Order Normal Form (Case 1: y<2v)

PROPOSITION 5.2.1. Let Z*#0 be a 6P-homogeneous element in
ker ad(4*) N F 1. Then

(1) A=kQu+4)+ pfor some k=1 and Z* = bX gy for some beR;

(2) There exists We Vect'? N Vect®)

Siov—u (evcn) @nd a constant ¢ #0 such
that

[W, A”] + [ZA, Bzv] =CAI:(;14+2)+u+v'

(3) Ifv WL 1, then W is unique.

Proof. (1) Corollary 5.1.8 implies that 1 and Z* are of the indicated
form, and furthermore Z*e # "=k >1. (The latter is because X, =
Ar¢FD)

(2) Without loss of generaity we may assume that 5= 1. Let

k k
_ m 2k —2m m 2k —2m
W= Z cmauﬁvA2k+v+um+ z bmauﬂv32k+v+um’
m=0

m=0

with {b,,}X {c,}&+", defined by the recursive relations

2k —m+1)
2 b =—" 7 -
(Q+pu)m+v)b,, 2k+,um+v+2<(2k+”(m 1Y+v+2)b,,_,
v(v+2)
m!(2k+um+2)a"’>’ (5-222)

(2K + pm + v)(2k —2m + 3)
1 =
OHl+mlut2) en =" - D xve2  m!

2%
—ub,_, +(——’:f‘—m) a,, (5.2.2b)
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where b_;=c_,=0, and the a, are given by (5.1.9) with a,=1. Using
(3.8) we have

[4%, W]+ B>, Z*]

= [Ah+a A7, W1+ 6,8, Z%]

uu’

k
=~ Y calf v+ Emp+2)) A3 000

m=0
k

+

! (2k+um+v+2)(2k 2m+3)A2k72m+1
Cm~1 u 2k+,u(m—1)+v+2 2k + pm + v

+

BB+ 2) m+v) BE 2%

Qk+pm—1)+v+2) o s
2k+um+v+2 2k +um4 v
k+1

a,,
b s B AR B L T2k ) AR ST

2k +um+v

m—1%, "B, 2(k—m+1)

m= 0
2v(v+2)k—m+1) Ue—2m+1
(2k+um+v+2)(2k+ﬂm+2) 2k +pum+v?

n

+
3
M» §M+ EMW LM* 'M

+

a,
'

which in view of the coefficients’ definition reduces to

((2+,u)k+u+v+2€~ R+uwyk+u
Qrpkevez THT TRy

=(V+ l +(k+ 1)(l‘l+2))a£+lﬁvck+1Al:(y4 PAT SR S

\
/c-l-l
ak+1) B, A2k+u(k+l)+x

We need to show that ¢, ,, #0. From (5.2.2b) we see that it suffices to
prove

ub,, 4 <&E (2k + pm)
m!

for all 1<m<k. In order to simplify the argument we introduce new
coefficients as follows:

-~ am
Om= 12k + um + 2)

b,=02k+um+v+2)b,,.
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Then
_ 2Ak—m+1)

At = a,

(m+1)(p+2)
and

b (p+2ym+v)=2k—m+1)b,, _,+22(v+20k—m+1)d,,.

As one can easily check, solutions to these recursion relations are given by

. [(k+1 2 "’&
=\ m u+2) %
- k 2 \"
= — 2 2)(k + 1) ay.
SR
This means that we must prove for m>1

ub,, < a2k + um)(2k 4 pm + 2)(2k + p(m — 1) +v + 2),
which on account of the above explicit solutions becomes
umu+2)(v +2) < (2k + um)(2k + pm + 2)2k + u(m—1) +v+2).

But since k> 1 one has when m>1:

um <2k + um,
U+2<2k+um+2,

and

v+ 2<2k+pum—1)+v+2,

which establishes (2).

(3) Clearly the difference between any two solutions belongs to
ker(I)n Vecty?) ,,_ nVect{D) . By (1), A+2v—u 124 9y, The result
follows from our hypothesis v (#%2) 0, —1, together with Corollary 5.1.7. |

To properly state our uniquencss result for Case I: u < 2v, the pair (y, v)
will henceforth refer to the second normal form invariant given by
Corollary 5.1.17.
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Remark 5.23. Note that v "% —1. (This follows from Theorem 5.1.12
(a+2)

and p+1 =" —1).
Let

A =span{d; ", By}, (5.2.4)

where j>pu, jFEu—1, jZu+v when j>u+v, and k#u+1. Let
& =11, #,, where the %, are the removable spaces ([ X, #)] Vect'?
introduced in (2.1). We have

PROPOSITION 5.2.5. (1) A~ Vect? is transverse to R; for 1> p.
(1+2)
(2) Ifv"# 0and Ze ¢, then n([Z, X]) e A=) = Z =0,
(3) Ifv m%z} 0 then the transversality in (1) is strict.

Proof. (1) Proposition 5.1.11 together with the definition (5.1.10) of
A"®, imply that it suffices to prove A}, ,,, . €& Let Z% W, be asin
Proposition 5.2.1. Using the Clebsch—-Gordan decomposition write
X=A+ B where 4=X, for some Hamiltonian geR[[x, y]]. We have
A=A+ - and 4*= X ,.. Now the power k + 1 of the Hamiltonian is of
the form o *'=(a")**'+ ..., where the omitted terms represent a
Hamiltonian whose associated field has 6'* higher than A=46%(Z%) =
8K uyer. Let Z=bXp=Z*+ --. (cf. (1) of Proposition 5.2.1). It is
clear that [Z A]=[Z*% 4*]=0, so that [Z+ W, X]=[Z' W]+

[B*, A"+ -~ =cAg} 34 uev+ -+ by (2) of Proposition 5.2.1. But this
establishes 4.}, ;) ., .€Z% as we wanted.

(2) Assume 7w ([Z, X]e 4™ for some Z#0. Then by
Lemma 5.1.15 one has Z=Z*+ ... for some 0+ Z*eker ad(4*), and

@ »
[z, x] 772 (wi+r—r 447+ [ZY B>]

for an appropriate homogeneous W**?' =% Since v(#%m(), -1, we can
apply (3) and (2) of Proposition 5.2.1, to conclude that

[WA'{'ZV—/;, Aﬂ1+[Z;L, BEV:’:CA

-1
Eu+2y+p+v
for some ¢+#0. But this implies

Agniaysnry=7ol(1/0)[Z, X]) € 4™,

in contradiction with the definition of A" (.
(3) This is immediate from (2). |
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THEOREM 5.2.6 (Infinite Order Normal Form). Every nilpotent field

with p < 2v is formally conjugate via a near identity transformation to a field
of the form

X =Aft+a, A7 o, A ]

sV
—1 z: 0
+ Z OCJ'Aj + ﬂJ'B/
j>u jizv
(w+2) (u+2)
J#E u—Llpuu+v j#E u+1

(nt2) . . . .
If v # 0 then this form is unique, and its symmelry group among near
identity transformations is trivial. Specifically, if Y =exp ad(Z) X is also
in infinite order normal form, then Z=0 and Y = X (),

Proof. For existence first transform to first order normal form in
Vect(R% 0) with its standard filtration # ), and then apply (1) of
Theorem 2.2 to A7) relative to the Lie subalgebra ¢ of Vect(z’(R 0).

Uniqueness relative to the group exp ad(# (") (when v i 0), foliows
from Proposition 44 together with (2) of Theorem 2.2. Finally, the last
statement is a consequence of (2) of Proposition 5.2.5, together with the
fact that ¥=X*) and (2.5) imply ([ Z, X])=0. |}

6. Case II: 2v<

6.1. Second Order Normal Form

Since 6® as defined by (4.3) has values in the even integers when 2v < y,
division by 2 will simplify notation in this chapter. Redefine (4.3) as
follows:

544y = 5@(BL) =k + V.

Assume X to be in first order normal form (4.2)

X=A5+ Y oA + Y BiBY, 1<v<oo,2v<pu<oo,
k=up k=v
and write X=X"+ X"+ --- + X’ + -+, where 6?(X’) =},
X*=4L+8,B,
and X* represents the first non-vanishing 8-homogeneous component of X

beyond X* (which is supposed to exist whenever this notation is used.
Otherwise we write X =X").
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Let [:=ad(A4;5"')oad(X”). Since ¥4y )= —v=-8P(X"), I''is a
homogeneous operator of degree 0, and thus an endomorphism of the
finite-dimensional vector space

Vect (R 0) := { Y € Vect(R? 0)) | 67U Y) = j}.

The action of I" on a basis of Vect{”(R* 0) is described in the following
formulas:

MAy)=(U~k—=1)(1+2) AL+ B, k(I+ 1) A}

k+v
Bovlv+2)(14+1) Bi-1
(k+2)k+v+2) **+v

I(By)=(+1)({—k) B, +B,i(k—v) B}

k+vo

with 6®(4})=6%(B,)=j. Ordering the basis {A}, B,} of Vect®(R* 0)
as before (ie, Bj <A,, and B, <B;, A\. <A, whenever [’<[), we
immediately see that [ is upper triangular with eigenvalues
(I+2)(I—k-1), —-1</<k+1, k+vi=j
and
(I+1)1—k), O<iI<k,  k+vi=]

Setting k = j— v/ we can thus write down a list of the roots z,, w, of the
characteristic polynomial of I'; :=I'| Vect{(R?; 0) as follows:

2=+ 2)(0(v+1) = i+ 1), —lsls[ji-l],
v+ 1

and
wo=(1+ 1)((v+ 1) I j), Osls[——J——J.
v+ 1

Thus

i+ 1

=0 U

Z[ <?j ” v+1’

and
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(v+ 1

ProPOSITION 6.1.1. ['; is invertible unless j "0 or —1. In these two

J
cases ker(I';) is one-dimensional.

Proof. This follows from the above together with the observation that

whenever j "£" 0 or —1, the algebraic multiplicity of zero as a root of the
characteristic polynomial is one. |}

We now turn to the study of ad(X™). For the rest of this section
the relation = with no over-writings will indicate congruence
mod(im ad(X*| F "' n F ), and we will use the letters a, b to indicate
generic positive constants whose value may change from equation to
equation.

PROPOSITION 6.1.2. Let 8'*(B%)>v. Then r>=1 and for 1< j<k there
exist constants b=b(r, k, j) >0 such that

B=b(B,) ( 1_[ (r+nv )B',‘ﬂ{ (6.1.3)
Moreover,
BB B i r>v
Bk={0 if r=v (6.1.4)

~b(B) B, if l<r<w

Proof. The only basic element B¥ with r=0 is BJ (cf. (3.6b)), so that
®(B*)>v implies r > 1. Using (3.8) we obtain

[X°, B 1= —(r—k+1) B+ B,(r—v) B* .

r+v

Since r>1 and 6(B4 1) =56 (B*)—v>1 we have B*'e F{VnF ¥ so
that (6.1.3) is established when j= 1. The cases j> 1 follows by induction
on j, and (6.1.4) is a consequence of (6.1.3) with j=k. |

PROPOSITION 6.1.5. Let 6P(A¥)>v. Then r> 1 and
A*=a(B, )k“A,HkH)v-i—b(ﬁ B, .. (6.1.6)

for some constants a>0 and b’ >0 unless k=0, in which case b’ =0.

Proof. In view of (3.6a) if r=0 then k<1 so that §*(4%)> v implies
r=1. Using (3.8) we obtain

v 2)k
X' A = —(r—k+2) A% Akl Bov(v+ k1
[ I= —lr=kF DA+ b S T+ D)
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Since r>1 and §(A4*~ 1) =6 (4¥)—v>=1 we have A e F VN F
This establishes (6.1.6) when k=0 as well as the case j=1 of the followmg
relations,

Af=a(BY AT L+ b(B.Y B,H‘, (6.1.7)
where a = a(r, k, j) and b= b(r, k, ) are positive constants and 1 < j<k. In
view of (6.1.3) we see by induction on j that (6.1.7) holds in all cases.

Finally (6.1.6) is a consequence of (6.1.7) with j=% and (6.1.6) with
k=0. |

PROPOSITION 6.1.8. Let B be 0% -homogeneous with 6(B)=
3N A*)>v. Then for all a’'€R there exist constants c, d, and an element
ZeFVNF P such that

’Ak+B—CAr+(k+1)‘+d‘Br+kt [XV, Z]

Moreover if a' #£0 then ¢ #0 for at least one such representation. Finally if
a' =0, B=b'B* with b'#0, and r # v, then c=0 and d +#0.

Proof. Decompose B into bihomogeneous components and apply
(6.1.6) to a’A* and (6.1.4) to the components of B. If a’=0 and B is
bihomogeneous, the result follows from (6.1.4). ||
PROPOSITION 6.1.9. For each j”%l 0, /=20 and j#v(v+ 1), there exists
a unique Z’ eker(l;) such that [X*, Z/] = B .. Every element of the form

B with k"EV v k>v, k#v(v+2) is in the zmage of ad( X)W F 'V F P,

Proof. For j vLb O J#Fv(v+1),j=0, set k=j/(v+1)eN. We have
[X, Bi]1=B,k—v) B% . Since 6*(Bf)=j, this proves existence when
k=0.1f k>0, then k+v>v, so we can apply (6.1.4) to Bf , to conclude
that

(X", B{=cBY, 1., With ¢#0.

Thus for some Z, [ X*, Z] —CBWH)H Taking the jth 6‘*-component of
Z gives the desired existence modulo a non-vanishing constant. Since
0% Z’eker(I;), uniqueness follows from the one-dimensionality of this
space (Proposition 6.1.1). Finally the second statement of the proposition
is a consequence of the first. |

Remark. The exclusion of k=v is due to the fact that although B%=
[X", —(vB,) "' By, By is not in M F?.
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ProposITION 6.1.10.  For each j ‘VEU —1 with j>v, there exists a unique
Z’eker(I;) such that [X*, Z') = A; e C;BJ? it For this Z/ the coefficient
¢ of B}, does not vanish. For every k "EVy 1 with k>2v we have
A}, =cB) for some ceR.

Proof. Let k:=(j—v)/(v+1)eN, and consider 4%*' (whose §?-
degree is j). Using (3.8) we have

v v(v +2)
L 1= p, (kat s+ S B ).

Applying (6.1.6) and (6.1.4) we obtain

[XV,A§+11=ﬁvk( 18}(1»2 }+2V+bﬁk+130

v(v+2)
b’ k+1 Xv, Zr ,
B ) 4 X 2]
with positive constants a, b, and b. From this the existence of a
homogeneous Z’ with the desired properties readily follows. Since 04 Z7¢
ker(I";), uniqueness follows from its one-dimensionality (Proposition 6.1.1).
Finally, the last statement of the proposition is a consequence of the
first. |

ProrosrTioN 6.1.11.
kerad{X")=<{X"> @ (B)).

Proof. Recall that I'=ad(A4;')oad(X"), so that ker ad(X”) = ker(I).

By Proposition 6.1.1, ker()#0 only if j"£"”0 or v. If j"£"0 but
j#Ev(v+1), we see from Proposition 6.1.9 that [X’, Z/]#0 for some
Z’ eker(I';). Since the latter is one-dimensional, this implies that for such
J, ad(X™) is injective on ker([)). Likewise Proposition 6.1.10 implies the
injectivity of ad(X") on Vect‘z’ for j “£Yy and Jj>v. The only possibilities
left are j=v and v(v+1). Smce ker ad(X’)mVect" is at most one-
dimensional, the result follows from ad(X*)}(X*)= 0 dI(X*)y=v, and
ad(X")(B}) =0, 6*(B))=v(v+1). 1

In order to further normalize X we will specify for each k>v the
following subspace 4" of Vect{*:
CAZLD if kCEy k£v(v+2)
NP = <B°> if kCEY v 1Lk£2y (6.112)
{ATL>®(BY in all other cases.
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PROPOSITION 6.1.13.  For all k>v, V"' is strictly transversal to ad(X")
(Vect? nF ).

Proof. Let 4 =im(ad(X*)|F 'V F ). By (6.1.4) and (6.1.6) we have
Vect(?) = 4+ ({A L) ® (BYD)

and by Propositions 6.1.9 and 6.1.10 we can drop from the above {B}>
when k “E" v but k # v(v+2), and cither (A, ! > or (B%), say <A;!.>,
when k“£"v—1 but k2v. Thus Vect® =4 +.#>. To show that
this sum is dlrect suppose that [X", Z*"*]e 4" for some k> v. Since
,rf‘v""‘z’gker(ad(A”) >ad(X"))=ker(l"), we have by Proposition 6.1.2 that
k—v®EY00r —1. Moreover, by Proposition 6.1.11 if k —v=vor v(v+ 1),
[X',ZF"*]=0, so the transversality is strict. If k—v “L£Y0 put
k#v(v+2) then A"P={A4;} > and by Proposition 6.1.9 [X*, Z*]e
(B%yn{A7!,>=0. Finally if k—v"2"” -1 but k#2v then
[X*, Z¥ " ]e P =(B?> implies (Prop. 6.1.10) that Z*~*=0. }

THEOREM 6.1.14 (Second Order Normal Form). Every nilpotent field X
with 2v < u can be conjugated to a field of the form

XP=X"+ 3y X Xea P v<i<o

k=2

(where as usual X*#0 if A<co.) Both A and X* are invarianis of the
original field X relative to the group of near identity transformations of
(R%0).

Proof. By passing to first order normal form we may assume that
X=X"= ..., In this context existence follows from Propositions 6.1.13 and
Theorem 2.2 with % =Vect'” and ¢ =%"nF?. Invariance of X*
relative to exp ad(#,) fol]ows from Proposition 4.4 and (3) of Corollary 2.7
again applied with F=ZF{V 7@ |

6.2. Infinite Order Normal Form (Case 11: 2v < u)

Unlike the case u<2v where the transition from second order normal
form to infinite order normal form involves the removal of infinitely many
terms, we will show below that in the present case we obtain uniqueness by
removing a single additional term whose nature depends on the invariant
X* of Theorem 6.1.14.

As before we write X using the 6 grading in the form
X=X"+X*+ ---, (or X=X") but assume X to be in second order normal
form. Note that when 1 < oo then

X' =A*+ B =a, A7}, +B,B%, af, +Bi#0.

505/99/2-3
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A+v

Let A: (B> @ Vect?) .= Vect?] , . ,, be the operator defined by
A(aB’ +Z**)=[Z**”, X*] + [aB., X*].
With #, = RZ(X", F "V~ F?) as defined in (2.1) we have

PROPOSITION 6.2.1. im(A)S %, , yy 41

Proof. If Ze (B> ® Vect'?) » we have

A+ve

[Z,X]1=[Z, X+ X'+ --- 1=A(Z) + hot. |

PROPOSITION 6.2.2. There exists Zge (B> @® Vect?) . with non-zero
B)-component such that for some beR one has

A‘IV1+2)+l+ng+v(v+1) if o, #0
Bg+v(‘,+1) i o, ,=0but B,#0

Proof. Use (3.8) to obtain

A(zo)z{ (6.2.3)

viv+2) .,

(8 X =, (G4 A1, ~ T B )+ A= B,

and apply Proposition 6.18 to the right hand side. ||

Next consider the operator

A:=ad(45")o4: (B ® Vect?] ,— Vect?)

2
£+ v £+ ve?

and observe that A(ker(4))skerad(4q ') N Vect?) | =<4 12> @
<B(A').+v(v+1)>'

ProrosiTioN 6.2.4. With Z, as in (6.2.3) we have

(1) ker(d)=<KZ,)@ker([';, ) and in particular dimker(4)=
1 + dim ker(/; , ,2).

(2) A:ker(4)— (A7}, i1,> ®LBY, 2D is injective unless 1 =2v and
oy # 0, 0r A=v(v+2)and «; , ,=0.

3) Arker(4)— AL yuin)) ®BY, ywiy> Is an isomorphism if
ACEY yorv—1 (except when A=2v and o; , ,#0 or when A=v(v+2) and
a;,.,=0); a space transversal 1o A(ker(4)) in kerad(4, ') Vect?) > is
<B?_+v2> ifa/l+v7é07 and <A;-:v(v+1)> lfa/'.+v=0'

Proof. (1) Since A|Vect? .=1I,,, the representation ker(4)=
(Zy>Dker(I, , 2) follows from the fact that the B)-component of Z, does

not vanish.
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(2) By (6.2.3) A(Z,)+0. This together with (1) implies injectivity
whenever ker(l, +‘o)_O By Proposition612 the only other cases to
consider are 1+v2 =0 or —1, ie, A"E=" v or v—1. Assume ACETY
By (6.1.12) and X‘e 1) we see that och;éO (unless A= v{(v+2) and
o,,,=0, a case that we have ruled out). It follows from (6.2.3) that
im(A|ker(4)) contains an element with non-vanishing A4-component as
well as B; sy (Use Proposition 6.1.9 with j=A+v? and note that

A(ZAPY=[Z**",X"]). It follows that A: ker(d) = <A} hi2)0®
{BY, w+1)y is an isomorphism (both spaces are two-dimensional) which
proves what we want when A """ v. Finally, assume 1 “£" v~ 1. A second
check with (6.1.12) will establish that now «; H—O (Remember that we
have ruled out the case 1=2v with «, ,#0.) By (6.2.3) B/l+\(’\/+lje
im(A|ker(4)) and by Proposition 6.1.10 (with j=24+v2"%" —1) this
image also contains an element with non-vanishing A-component. Thus
Arker 4 — (A7} 12> @B, 41, is again an isomorphism, and this
establishes 2.

(3) The surjectivity follows from (1) and (2) (as well as from the
proof of (2)), and the last statement is an immediate consequence of

6.2.3). 1

We summarize the information of item (3) of the above Proposition in
Table I, where the slots are occupied with €, ,(, ., » a space transversal to

A(ker(4)) in ker ad(4 ‘WmVectHwH’ (A“‘(H,))(—B (B viny s
and where 4 = 4/1+v(v+2) and B= B, ,,- Observe that since X, € 4717,
the omitted items in Table I cannot occur (cf. (6.1.12)).

We now introduce the following subspaces of Vect®):

%+ vt 1) (cf Table I)
4/‘(32)_ <Ak+\>
A=

if k=A+v(v+1)
if kLY kstv(v42), A+v(v+1)

(B} > if k”%”v—1,k#2v,/1+v(v+1,)
(AL >®(BY in all other cases.
TABLE I
=v-—1 =v
A #£v—1,
o,y #2v 2v #v(v+2) v(v+2) v
#0 — (B> 0 0 (B>
0 0 0 — (4> (4>
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PROPOSITION 6.2.5. For k>v the A"\ are strictly transverse to the H.

Proof. When k+#A+v(v+ 1), 4 coincides with 4" so that trans-
versality follows from Proposition 6.1.13. On the other hand when
k=A+v(v+1) we have (by the same proposition)

VeCtaz-?— v(v+ 1) = J‘V 3124,— v(iv+1) (—B ad(Xv)(VCCtslzj— \,2)
— 0
= (<A/1+lv(\'+2)>®<B/1+v(v+1)>)+‘@/1+v(v+l)
(by Proposition 6.2.4)
S (€rr sy T Alker(4)) + R, oo 41
.-g (gll+v(v+l)+im(A)+“%/1+v(v+l)

(by Proposition 6.2.1)
< Civir )T Bais vy 1y

which proves transversality when k=2 + v(v+ 1).

We now show that the sum A7{*) + %, is direct for all j> v. For suppose
0£[Z, X1=[Z, X} + ---, with [Z, X]/ e 4" for some Ze F "' nF P
(cf. (2.1)). We can write Z = Z7 + h.o.t. with Z?£0 for some j, > 1. By (2)
of Proposition 2.6, Z* eker ad(X") for j, <k < j,+ A—v. (Note that since
A2 2 A7, the hypothesis [ X, Vect?) 1 # ("] =0 is met by Proposi-
tion 6.1.13.) By Proposition 6.1.11 and the fact that X* ¢ # (", we conclude
that j=v(v+1), that Z*=cB’ for some c#0, and that Z*=0 for
v(v+1)<k<v(v+1)+i-—v. Moreover by Proposition 2.6, j= i+ j,=
A+v(v+1), and

[Z°", X"]+¢c[B}, X*]

— [z X]/‘.+v(v+1){=0 if j>A+v(v+1)
’ eN ey I j=A4+v(v+1)
From Table I we see that A", =%, .. +1,=0 under the current

assumptions, so that [Z*** X"]+c[B}, X*]1=A(Z**” +¢B’)=0. By
(2) of Proposition 6.2.4 we must have Z**" 4 ¢B’ =0, but this contradicts
c#0. |

COROLLARY 6.2.6 (of the proof). Let [Z,X]=0 for some ZeF".
Then Z=0 unless XV = X" in which case Ze {B*). |

Remark. The transversality of Proposition 6.2.5 in the special cases
A=2v but a,;,,#0 and A=v(v+2) but «,,,=0 need not hold. In our
next (main) result we refer to these cases as exceptional.

THEOREM 6.2.7 (Infinite Order Normal Form). Let X be a vector field
admitting a first order normal form X = X"+ ..., with dots representing
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higher order 6'®-terms. Then X is conjugate to X'™' = X" or to a field of the
Sform

X =x"+Xx"+ 3% X%

k>4

with 0# X*eker ad(A5 ") N Vect'? and X*e A"\ Moreover in the non-
exceptional cases the above representation is unique. More precisely, the
following strong uniqueness result holds: if Y'™)=exp ad(Z) X is another
such form then Z =0 unless X =X" in which case Ze {B’>. In either case
Y= = X( o ).

Proof. Existence and uniqueness relative to the group % :=
exp ad(F ' n F?) follows from Theorem 2.2 and the strict transversality
of the .47{*). Uniqueness relative to the group of near identity transforma-
tions follows from Proposition 4.4 together with uniqueness relative to 4.
Finally, the last two statements are consequences of Corollary 6.2.6. §

7. Cask II: p=2v

Our results in this case are incomplete. Since the methods parallel
previous sections we shall be succinct. As before define

I'=ad(A4, ")oad(4§+a,A4," + B,BY).
We have
TA =(I—k—1)(I+2) AL + B, k(I +1) A1~}

k+v
alk+2v+2)I(1+1)
(k+2)

+ B, v(y+2) I+ D)/((k+2)(k+v+2)) B,

I—1)k+2)
FB.=(I+1)(I—k)BL+2e 2~ N7 <) g2
k ( + )( ) k+ (k+2v+2) k + 2v

=20, WA, + Bk —v) B,

k+v:

-2
Ak+2v

With 6% as in (4.3), observe that I” is homogeneous of degree 0 and there-
fore maps each homogeneous subspace into itself. We set I, := ["| Vect'?.

PROPOSITION 7.1. I, is invertible unless 1 “%”0 or p. In such cases
dim ker(I";)= 1.
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Proof. Use the above formulas with an appropriate ordering of the
basic elements. |

ProposITION 7.2. (1) If A%EY0, say A=k(u+2), then ker(I';) is
spanned by a unique element Z of the form Bi+ .-
+2)

2) If == u, say A=k(u+2)+u, then ker(I';) is spanned by a
unique element Z of the form Ay*'+

PlOOf (1) For convenience we write the lowest order operator as
Xt =A 4 a,,p24,," + B,B2, and let

k+1

Z=BII:+ = Z ﬂmAk+vm+ Z b BmBk+vm

m=2 m=0

Then

k+1
(X zZ]=— Z WB (v 1)m 4 1) Ak mit

- Z b V(v + 1) mBL T

m=1

oy 2 i CMBT(k+(2+m)v+2)(k—m+1)

m=2

k—1
+a2vﬁ3 Z bmﬁ:n

k—m—1
(k—vm+2) Ak+(m+“)y

(k+vm+2)k—m) _,_. |
(k+(m+2)v+2)  krom+2y

— oy, Z b ﬁm+22vAk m—1

k+(m+2)y

vv+2)k—m+1) ‘s
(k+ (m+2)v+2)(k+my+2) krim+by

+B, Z cmPV
k+1
+ Z ﬁm+1(k+vm)Ak+(m+l)v
k
+Bv Z bmﬁ:n(k—i_(m_ ) )B];+T:n+1)v
m=0
k+1

= - Z cmﬁT((V+1)m+1)AlI§+Tm+l

k
- Z bmﬁ:n(v_‘_l) B:+’»ﬂm+1

n=1
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k+2 (k+vm+2)k—m+3)
, m Ak-m+l

+a2vmz=:4 cm—-ﬁv (k+V(/7’l—2)+2) k-+vm

k+1 k+vim—2)+2)k—m+2)

m BkAm+1

+a2v mZ::me~2ﬁBv (k+mv+2) k+vm

k+2
— e 3, b o BTVALITTY

m=2
+kil Cm——lﬁ(;n V(v+2)(k_n1+2) z;:nnjl

i k+(m—1)v+2)k+mv+2)

+ ) Cu 1 BVl +v(m—1)) AT
m=3
k+1

+ Z bm,lﬂzl(k—!-(ﬂ’l—Z) V)B,It:;t"nm—'—l'

m=1

For this expression to be in first order normal form, one must have

_ (k+vm +2)(k—m+3)
{(v+1ym+1)c,,=05,Cp_» (k+v(im—2)+2) B

+k+vim—1))c,

(k+vim—2)+2){k—m+2)
(k+mv+2)

vy +2)(k—m+2)
kT (m—1) v+ 2)k+mv+2)

+b,,_(k+(m—2)v)

2va2vbm,2

(V+ 1) mbm =a2vbm—2

+

and then the commutator equals
[X*, Z]=cpo((v+ INE+2) + 1)ﬁls+2A(;i~1)k+2v

+B5 b v+ 1) k4 1) B?x’+l)k+1'

(2) Let
k+2 k+1
Z=A "+ = Y VAR Y b BB
m=0 m=1

Then



242 BAIDER AND SANDERS

k+2
[Xﬂ’ Z]: - z cmﬁ:n(v_'_ 1)n1AIIi1:v':n+2

m=1

k+1

—~ X buBY((v+ )ym—1) BEIT 2

m=1

k
k+Q2+m)v+2)k—m+2) ,_
m+2 Ak m
+a2v z‘cmﬂv (k+vm+2) k+{(m+2)v

m=A1

tym+2)k—m+1)
(k+(m+2)v+2) k+(m+2)v

k
k
+a2v Z bmﬁ:n+2(

m=1
k+1

m+2 k—
— 0y Z bmﬁv 2v‘AkJr’(?n+2)v

m=1

+"i‘ o pt v(v+2)k—m+2)
m=0

k+2

+ X BV ke vm) AT,
m=0

k—m+1

k+(m+1)v+2)k+mv+2) k+(m+ 1)y

k+1

+ 2, buBY T kA (m—1)v) BELOH,
m=1
k+2
== Y BT+ mAL
m=1
k+1
— 2 buB(v+1)ym—1) BET0 "2
m=1
k+3
(k+vm+2)k—m+4) . ..,
. " r,n A r'n+-
+(X_ m§7c ZB‘ (k+v(m_2)+2) k+vm
k+2
(k+v(im—2)+20k—m+3)
b m m+
+a2vm§3 m—Zﬂy (k-l—mv+2) k+vm
k+3
-, Z bmAZﬂrszilrvnm‘{_z
m=3
k+2 NNk —
£ Y e pr o DO RED e
i (k+(m—-1)v+2)k+mv+2)
k+3
+ Y Cmo BT+ vm—1)) AFTT
m=1
k+2

+ Z bm—lﬁT(k_*_ (m—z) V) Bll:;vmm-'—z'

m=2
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For this expression to be in first order normal form, one must have

(("i+ l)mﬁ_ l)bm:aZ\'bm~2

1y me. = _ (k+vm+2%k—m+4)
(‘ + me, = %x.Cpy . 2 (k+\’(m—2)+2)

+(k+v(m_]))cin 1

(k+v(m—2)+20k—m+3)
(k+mv+2)
viv+2)k—m+3)
(k+(m—1)v+24k+mv+2)
+b,”,,1(k+(m—2) V)

- 2"“2\' hm -2

+ Cm-— |

and then the commutator equals

[X/"Z]=Ck+3(y+1)(k+3)ﬁf+3A,l

tv+ 1)k + 3y

+B5 b oA+ D +2) = 1) B v |

Remark. In both cases one now has the following options:

(1)

Scaling x and y (this is equivalent to expanding the generating

algebra of the group of near-identity transformations to include B{) in such
a way that |a,,| =1. Then one can try to prove that the commutators are
not zero by the techniques used in the previous sections.

(2)

Prove that the resultant of the two coefficients appearing in the

commutator (as functions of x,,) is not zero. This has been checked in the
second case for k< 10.

[Ba]
[Ba—Ch]
[Ba—Sa]

[Bol]

[Bo2]

[Cu-Sal]
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