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Abstract

We give existence and characterization results for some Artin–Schreier type function fields over finite fields with prescribed
genus and number of rational places simultaneously.
c© 2006 Elsevier B.V. All rights reserved.

MSC: 11G20; 14G05; 14G50

1. Introduction

Let Fq be a finite field of characteristic p with q elements. Let E be an algebraic function field and assume that Fq
is its full constant field. Hasse–Weil inequality states that for the number of rational places N (E) we have

q + 1 − 2g(E)q1/2
≤ N (E) ≤ q + 1 + 2g(E)q1/2,

where g(E) is the genus of E . E is called maximal or minimal if N (E) is q + 1 + 2g(E)q1/2 or q + 1 − 2g(E)q1/2

respectively. Note that for g(E) ≥ 1, if E is maximal or minimal, then q1/2 is an integer. Let n ≥ 1, h ≥ 0 and

S(X) = s0 X + s1 Xq
+ · · · + sh Xqh

∈ Fq2n [X ]

be an Fq -linearized polynomial of degree qh in Fq2n [X ]. Let F be the algebraic function field over Fq2n given as

F = Fq2n (u, v) with vq
− v = uS(u). (1.1)
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1 This paper was written while this author was visiting Institut de Mathématiques de Luminy, CNRS, Marseille, France.
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For q even, we further assume that h ≥ 1. Since the full constant field of F is Fq2n , throughout the paper a rational
place of F means an Fq2n -rational place of F . Using [9, Proposition 3.7.10], we obtain that the genus g(F) of F is

g(F) =
q − 1

2
(−2 + (qh

+ 2)) =
(q − 1)qh

2
.

Recall that the Hermitian function field H over Fq2n is

H = Fq2n (x, y) with yqn
+ y = xqn

+1. (1.2)

Algebraic function fields over finite fields have many applications to coding theory and related areas [7,9,10]. In
this paper we systematically study the Artin–Schreier type function fields of the form (1.1). We prove the existence of
a large class of function fields in this form with prescribed genus g and number N of rational places simultaneously,
where the tuple (g, N ) satisfies

(g, N ) =

(
(q − 1)q ĥ

2
, q2n

+ 1 ∓ (q − 1)qn+
k̂
2

)
,

for an integer 0 ≤ ĥ and an even integer 0 ≤ k̂ ≤ 2ĥ. We give characterizations of all function fields in the form
(1.1) whose number of rational places is distinct from q2n

+ 1. In particular, we prove the existence of maximal and
minimal function fields of the form (1.1) for each possible genus and show how to construct them. Moreover if F is
maximal, then we prove that F is a subfield of H , the extension H/F is Galois and we determine its Galois group
Aut(H/F) explicitly. Some of our results generalize some results of [2], which correspond the case of q = 2.

In Section 2, using some results from [6], we give some properties of a corresponding quadratic form (cf. (2.1)).
Using the results of Section 2, we determine the number of rational places of F in Section 3. We give the existence
of some special classes of function fields in Section 4. An important idea of the paper is in Section 5. Under natural
conditions we prove the existence of a degree q extension of F , which is also in the form (1.1) and is of the same
type as F with respect to Theorem 3.1 of Section 3. In particular if F is minimal or maximal, then we even give an
algorithm for constructing such a degree q extension F(t) of F , which is minimal or maximal respectively. Using
these degree q extensions inductively and the special classes of function fields obtained in Section 4, we obtain our
existence results and some of our characterization results. We also give concrete examples illustrating our results. In
Section 6, we show that these degree q extensions and their compositions are Galois extensions of F if N (F) > q2n

+1
and we determine the Galois group of the composed extensions with respect to F . We also prove that if F is maximal,
then F is a subfield of H , the extension H/F is Galois and we obtain the Galois group Aut(H/F) explicitly.

Throughout the paper Tr(·)will denote the trace map from Fq2n to Fq , i.e. for a ∈ Fq2n , Tr(a) = a+aq
+· · ·+aq2n−1

.
We begin with an observation on the number N (F). We note that N (F) = 1 + q|VS|, where VS = {a ∈ Fq2n :

Tr(aS(a)) = 0} (see the proof of Theorem 3.1). In the next section we will consider the corresponding quadratic form
a ∈ Fq2n 7→ Tr(aS(a)) ∈ Fq .

2. A quadratic form

Let BS be a symmetric Fq -bilinear form on Fq2n given by

BS : Fq2n × Fq2n → Fq

(a, b) 7→ Tr(aS(b)+ bS(a)).

BS is alternating if q is even. Let

QS : Fq2n → Fq

a 7→ Tr(aS(a)).
(2.1)

Note that QS is a quadratic form attached to BS satisfying QS(λa) = λ2 QS(a) and

BS(a, b) = QS(a + b)− QS(a)− QS(b)
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for each a, b ∈ Fq2n and λ ∈ Fq . In this section we will give some properties of the quadratic form QS . Let WS be the
radical of BS :

WS = {a ∈ Fq2n : BS(a, b) = 0 for each b ∈ Fq2n }.

WS is an Fq -linear subspace of Fq2n and we have:

Lemma 2.1. WS consists of the roots of the polynomial

h−1∑
i=0

sq i

h−i T
q i

+ 2sqh

0 T qh
+

h∑
i=1

sqh

i T qh+i
∈ Fq2n [T ]

in Fq2n and we have dim WS ≤ 2h.

Proof. From the properties of the trace function it follows that Tr(aS(b) + bS(a))= Tr
(
b
{∑h

i=0(si a)q
−i

+
∑h

i=0 si aq i
})

, for any a, b ∈ Fq2n . Hence for any a ∈ WS , we have
∑h

i=0(si a)q
−i

+
∑h

i=0 si aq i
= 0 or equivalently

h∑
i=0

(si a)q
h−i

+

h∑
i=0

(si aq i
)q

h
= 0. (2.2)

We complete the proof observing that the polynomial in (2.2) is of degree q2h . �

Throughout the paper, k denotes the Fq -dimension

k = dim WS

of the Fq -linear space WS . Recall that VS is the subset of Fq2n defined as

VS = {a ∈ Fq2n : QS(a) = 0}.

Observe that when q is odd, we have QS(a) =
1
2 BS(a, a) for any a ∈ Fq2n and hence WS ⊆ VS .

Definition 2.2. Let V be a vector space over Fq of dimension m. Let B be a symmetric Fq -bilinear form on V andQ a
quadratic form attached to B satisfying Q(a + b) = B(a, b)+Q(a)+Q(b) and Q(λa) = λ2Q(a), for each a, b ∈ V ,
λ ∈ Fq . For an Fq -basis E = {e1, . . . , em} of V , we define the polynomial representing the quadratic form Q with
respect to the basis E as the polynomial fE ∈ Fq [X1, . . . , Xm] with quadratic terms:

fE (X1, . . . , Xm) =

∑
1≤i≤m

fi,i X2
i +

∑
1≤i< j≤m

fi, j X i X j ,

where fi,i = Q(ei ), 1 ≤ i ≤ m and fi, j = B(ei , e j ), 1 ≤ i < j ≤ m. Indeed, for each (a1, . . . , am) ∈ Fm
q we have

fE (a1, . . . , am) = Q(a1e1 + · · · + amem). (2.3)

Moreover, fE is the unique polynomial with quadratic terms satisfying (2.3) for each (a1, . . . , am) ∈ Fm
q . It is easy to

observe also that if B is nondegenerate on V then there is no basis E of V such that fE is expressible in less than m
variables.

Recall that k is the dimension of WS as a vector space over Fq .

Proposition 2.3. Assume that q is odd. There is an Fq -basis E of Fq2n and d ∈ Fq \ {0} such that the polynomial fε
representing QS with respect to E (cf. Definition 2.2) is

1
2
(X2

1 + X2
2 + · · · + X2

2n−k−1 + d X2
2n−k). (2.4)
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Proof. If k = 2n, then fE is the zero polynomial and the statement holds trivially. Assume that k < 2n. Let W S
be an Fq -linear subspace of Fq2n such that WS ∩ W S = {0} and dim W S = 2n − k. We have Fq2n = WS ⊕ W S

as vector spaces over Fq . Let BS and QS be the restrictions of BS and QS respectively, onto W S . Then BS is
a nondegenerate symmetric bilinear form on W S and QS is a quadratic form attached to BS , where BS(a, b) =

QS(a + b) − QS(a) − QS(b) for a, b ∈ W S . For an Fq -basis, Ē , of W S , let f̄Ē denote the polynomial representing
QS with respect to Ē . As BS is nondegenerate, it follows from [3, Theorem 4.9] that there exists an Fq -basis
Ē = {e1, . . . , e2n−k} of W S and d ∈ Fq \ {0} such that f̄Ē is given by (2.4). Let {e2n−k+1, . . . , e2n} be an Fq -
basis of WS . Then E = {e1, . . . , e2n} is an Fq -basis of Fq2n and it easily follows that the polynomial representing QS

with respect to E is equal to f̄Ē considered as a polynomial in Fq [X1, . . . , X2n]. �

Proposition 2.4. Assume that q is even. We have that k is even. Moreover if WS ⊆ VS , then there is an Fq -basis E of
Fq2n such that the polynomial fε representing QS with respect to E (cf. Definition 2.2) is either

X1 X2 + X3 X4 + · · · + X2n−k−1 X2n−k (2.5)

or

X1 X2 + X3 X4 + · · · + X2n−k−1 X2n−k + X2
2n−k−1 + d X2

2n−k (2.6)

where d ∈ Fq satisfies TrFq/F2(d) = d + d2
+ d4

+ · · · + d
q
2 = 1.

Proof. As in the proof of Proposition 2.3 we assume that k < 2n without loss of generality. Moreover we define
W S, BS and QS similarly. Note that BS is a nondegenerate, symmetric and alternating bilinear from on W S and q is
even. Then it follows from [3, Corollary 2.11] that dim W S and so k are even integers. For an Fq -basis, Ē , of W S , let
f̄Ē denote the polynomial representing QS with respect to Ē . It follows from Definition 2.2 that there is no basis Ē of
W S such that f̄Ē is expressible in less than 2n − k variables. Using [6, Theorem 6.30] we obtain that there is a basis
Ē of W S such that f̄Ē is either given by (2.5) or by (2.6) where d ∈ Fq satisfies TrFq/F2(d) = 1. As in the proof of
Proposition 2.3, we complete the set Ē to a basis E of Fq2n by elements from WS and using WS ⊆ VS , we obtain that
the polynomial representing QS with respect to E is equal to f̄Ē considered as a polynomial in Fq [X1, . . . , X2n]. �

3. Number of rational places of F

In this section, using the results of Section 2, we determine the number of rational places of F (defined by (1.1))
in terms of the dimension of the radical WS and the zeros of the quadratic form QS .

For an Fq -basis, E , of Fq2n , let fE (X1, . . . , X2n) denote the polynomial representing QS with respect to E .

Theorem 3.1. The number of rational places of F is given as follows:

(1) Assume q is odd and let d be as in Proposition 2.3. We have:
(i) If k is odd, then N (F) = 1 + q2n .

(ii) If k is even and (−1)n−
k
2 d is a square in Fq then N (F) = 1 + q2n

+ (q − 1)qn+
k
2 .

(iii) If k is even and (−1)n−
k
2 d is a nonsquare in Fq then N (F) = 1 + q2n

− (q − 1)qn+
k
2 .

(2) Assume q is even. We have:
(i) If WS 6⊆ VS then N (F) = 1 + q2n .

(ii) If WS ⊆ VS and there is an Fq -basis, E , of Fq2n such that fE is given by (2.5) in Proposition 2.4 then

N (F) = 1 + q2n
+ (q − 1)qn+

k
2 .

(iii) If WS ⊆ VS and there is an Fq -basis, E , of Fq2n such that fE is given by (2.6) in Proposition 2.4 then

N (F) = 1 + q2n
− (q − 1)qn+

k
2 .

Proof. There is only one rational place in F over the place at infinity of the function field Fq2n (u). The other rational
places of F correspond to the elements a ∈ Fq2n satisfying Tr(a(S(a))) = 0. Moreover for each a ∈ Fq2n with
QS(a) = Tr(a(S(a))) = 0, there are q rational places in F , so that

N (F) = 1 + q|VS|. (3.1)
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We first prove Case (2)(i). Assume that q is even and WS 6⊆ VS . Let φ : WS → Fq be the restriction of QS onto
WS . Then φ is an additive homomorphism and it follows from the assumptions that φ is surjective. Hence for any
α ∈ Fq we get

|{x ∈ WS : QS(x) = α}| =
|WS|

q
. (3.2)

Observe that for a ∈ Fq2n and x ∈ WS , QS(x + a) = QS(x)+ QS(a). Then for any coset a + WS of WS in Fq2n

we have

|{x ∈ a + WS : QS(x) = 0}| = |{x ∈ WS : QS(x) = QS(a)}|. (3.3)

Considering all disjoint cosets of WS in Fq2n and using (3.1)–(3.3), we complete the proof of Case (2)(i).
From here until the end of the proof we assume that if q is even, then WS ⊆ VS . Hence for the remaining cases, if

α ∈ WS then QS(α) = 0.
Let W S be an Fq -linear subspace of Fq2n such that Fq2n = WS ⊕ W S . For a ∈ Fq2n , let a1 ∈ WS and a2 ∈ W S be

the uniquely determined elements such that a = a1 + a2. As a1 ∈ WS ⊆ VS we have

QS(a) = QS(a1)+ BS(a1, a2)+ QS(a2) = QS(a2). (3.4)

For q odd, let d ∈ Fq \ {0} and E be an Fq -basis of Fq2n such that the polynomial fE (X1, . . . , X2n) is given by
(2.4). For q even, let E be an Fq -basis of Fq2n such that fE (X1, . . . , X2n) is either given by (2.5) or by (2.6) with a
corresponding d ∈ Fq . Let N ( fE (X1, . . . , X2n−k, 0, . . . , 0)) be the number of solutions of the equation

fE (X1, . . . , X2n−k, 0, . . . , 0) = 0

in F2n−k
q . Using (3.4) we obtain that

|VS| = qk N ( fE (X1, . . . , X2n−k, 0, . . . , 0)). (3.5)

If q is odd and k is odd, by [6, Theorem 6.27] we have

N ( fE (X1, . . . , X2n−k, 0, . . . , 0)) = q2n−k−1. (3.6)

If q is odd and k is even, then by [6, Theorem 6.26] we have

N ( fE (X1, . . . , X2n−k, 0, . . . , 0))

=

{
q2n−k−1

+ (q − 1)qn−k/2−1 if (−1)n−k/2d is a square in Fq ,

q2n−k−1
− (q − 1)qn−k/2−1 if (−1)n−k/2d is a nonsquare in Fq .

(3.7)

Using (3.1) and (3.5)–(3.7), we prove the cases in (1).
If q is even and WS ⊆ VS , then by [6, Theorem 6.32] we have

N ( fE (X1, . . . , X2n−k, 0, . . . , 0)) =

{
q2n−k−1

+ (q − 1)qn−k/2−1 if (2.5) holds,
q2n−k−1

− (q − 1)qn−k/2−1 if (2.6) holds.
(3.8)

Using (3.1), (3.5) and (3.8), we prove the remaining cases in (2). �

In the following corollaries, which are direct consequences of Theorem 3.1, we give maximality and minimality
criteria for F . Recall that k = dim WS .

Corollary 3.2. Assume that q is odd. Let d ∈ Fq \ {0} be as in Proposition 2.3. Then F is maximal if and only if
k = 2h and (−1)n−hd is a square in Fq . Moreover F is minimal if and only if k = 2h and (−1)n−hd is a nonsquare
in Fq . In particular if F is maximal or minimal, then h ≤ n.

Corollary 3.3. Assume that q is even. Then F is maximal if and only if WS ⊆ VS , k = 2h and (2.5) holds. Moreover
F is minimal if and only if WS ⊆ VS , k = 2h and (2.6) holds. In particular if F is maximal or minimal, then h ≤ n.

Lemma 3.4. For any q, if k = 2n then F cannot be of type Theorem 3.1(1)(iii) or (2)(iii). In particular, if h = n
there is no minimal function field F of the form (1.1).
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Proof. Otherwise N (F) = 1 + q2n
− (q − 1)q2n

= 1 − (q − 2)q2n . This is already a contradiction for q ≥ 3. If
q = 2, this means that N (F) = 1, |VS| = 0 and |WS| = q2n , which is a contradiction since WS ⊆ VS . �

4. Some examples

In this section we give existence results for some special function fields corresponding to Theorem 3.1(1)(ii),
(1)(iii), (2)(ii) and (2)(iii). We begin with maximal and minimal function fields.

Lemma 4.1. Assume that q is odd. Let C be the family of function fields

C = {Fq2n (x, y) with yq
− y = sx2

: s ∈ Fq2n \ {0}}.

Each function field in C is either maximal or minimal. Let M+ and M− denote the numbers of maximal and minimal
function fields in C respectively. We have

M+ = M− =
q2n

− 1
2

.

Proof. For s ∈ Fq2n \ {0} and S(X) = s X we have WS = {0}. Using Theorem 3.1 we obtain that each function field
in C is either maximal or minimal. Hence we have

M+ + M− = q2n
− 1. (4.1)

By Hilbert’s Theorem 90 we get

M+

q2n
+ (q − 1)qn

q
+ M−

q2n
− (q − 1)qn

q
= M, (4.2)

where M = |{(s, x) ∈ (Fq2n \ {0}) × Fq2n : Tr(sx2) = 0}|. Indeed assume that s ∈ Fq2n \ {0} such that the
function field Fq2n (x, y) with yq

− y = sx2 is maximal. Its genus is q−1
2 and hence its number of rational places is

1 + q2n
+ (q − 1)qn . Using Hilbert’s Theorem 90 (cf. [9, Proposition VI.4.1]) we obtain that

|{x ∈ Fq2n : Tr(sx2) = 0}| =
q2n

+ (q − 1)qn

q
.

Then considering all such s ∈ Fq2n \ {0} we have

|{(s, x) ∈ M+ × Fq2n : Tr(sx2) = 0}| = (M+)
q2n

+ (q − 1)qn

q
.

Similarly we get

|{(s, x) ∈ M− × Fq2n : Tr(sx2) = 0}| = (M−)
q2n

− (q − 1)qn

q
.

Using (4.1) and the definition of M we obtain (4.2).
For x = 0 and any s ∈ Fq2n \ {0} we have Tr(sx2) = 0. For x ∈ Fq2n \ {0}, the number of s ∈ Fq2n \ {0} such that

Tr(sx2) = 0 is q2n

q − 1. Therefore we have

M = q2n
− 1 + (q2n

− 1)
(

q2n

q
− 1

)
=

q2n
− 1

q
q2n . (4.3)

Using (4.1)–(4.3) we complete the proof. �

Remark 4.2. There are only two Fq2n -isomorphism classes of fields in the family C of Lemma 4.1, each of size
(q2n

− 1)/2. Indeed, let F1 = Fq2n (x, y) with yq
− y = x2 and let Fζ = Fq2n (x, y) with yq

− y = ζ x2, where
ζ ∈ Fq2n \ {0} is a primitive element. For s ∈ Fq2n \ {0}, the function field Fs = Fq2n (x, y) with yq

− y = sx2

is Fq2n -isomorphic to F1 or Fζ if s is a square or not in Fq2n respectively. The content of this remark is due to the
anonymous referee.

For q even, there exists s1 ∈ Fq2n \ {0} such that the polynomial sq
1 T q2

+ s1T splits in Fq2n , for example s1 = 1.



E. Çakçak, F. Özbudak / Journal of Pure and Applied Algebra 210 (2007) 113–135 119

Lemma 4.3. Assume that q is even and s1 ∈ Fq2n \ {0} such that the polynomial sq
1 T q2

+ s1T splits in Fq2n . Let C(s1)

be the family of function fields

C(s1) = {Fq2n (x, y) with yq
− y = sx2

+ s1xq+1
: s ∈ Fq2n }.

Each function field in C(s1) is either maximal, minimal or otherwise has q2n
+ 1 many rational places. Let M+, M−

and M0 denote the numbers of the corresponding function fields in C(s1) respectively. We have

M+ =
q2n−2

+ qn−1

2
, M− =

q2n−2
− qn−1

2
, M0 = q2n−2(q2

− 1).

Proof. Let s ∈ Fq2n and S(X) = s X + s1 Xq . By Lemma 2.1 we have dim WS = 2. Using Theorem 3.1 we obtain that
either the corresponding function field in C(s1) is maximal, minimal or otherwise has q2n

+ 1 many rational places.
Then we have

M0 + M+ + M− = q2n, (4.4)

and

M0
q2n

q
+ M+

q2n
+ (q − 1)qn+1

q
+ M−

q2n
− (q − 1)qn+1

q

= |{(s, x) ∈ Fq2n × Fq2n : Tr(sx2
+ s1xq+1) = 0}|

=
q2n

q
(q2n

+ q − 1). (4.5)

Using (4.4) and (4.5) we obtain that M0 < q2n . Therefore there exists s ∈ Fq2n such that for S(X) = s X + s1 Xq

we have WS ⊆ VS . For a ∈ Fq2n , let Sa(X) = (s + a)X + s1 Xq . For a ∈ Fq2n we have WSa = WS and hence

WSa ⊆ VSa ⇐⇒ Tr(ax2) =
(
Tr(

√
ax)

)2
= 0 for each x ∈ WS .

The vector space Hom(WS,Fq) of Fq -linear maps from WS to Fq consists of the Fq -linear maps sending x ∈ WS to
Tr(ax) as a runs through Fq2n . Consider the Fq -linear map

L : Fq2n → Hom(WS,Fq)

a 7→ La,

where La(x) = Tr(
√

ax) for x ∈ WS . Then L is onto and KerL = {a ∈ Fq2n : WSa ⊆ VSa }. Therefore the number of
elements a ∈ Fq2n with WSa ⊆ VSa is

|Fq2n |

|Hom(WS,Fq)|
=

q2n

|WS|
= q2n−2.

This implies that

M+ + M− = q2n−2. (4.6)

Using (4.4)–(4.6) we complete the proof. �

We will prove the existence of maximal and minimal function fields for all possible cases of h later in Theorem 5.9
using Lemmas 4.1 and 4.3 and the results of Section 5.

Next we will show the existence of some special function fields corresponding to Theorem 3.1(1)(ii), (1)(iii), (2)(ii)
and (2)(iii) with k = 0 and some h ≥ 1. We begin with a technical lemma. For h ≥ 1, let h̄ be the integer defined as
h̄ = gcd(h, n).

Lemma 4.4. For h ≥ 1 and s ∈ Fq2n \ {0} we consider the polynomial

sT + sqh
T q2h

∈ Fq2n [T ]. (4.7)
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If q is odd and h/h̄ is even, then for each s ∈ Fq2n \ {0}, the polynomial in (4.7) has no nonzero root in Fq2n . If q is
even and h/h̄ is odd, then there exists s ∈ Fq2n \ {0} such that the polynomial in (4.7) has no nonzero root in Fq2n .

Proof. Let ω be a generator of the multiplicative group of Fq2n and s = wθ , where θ is an integer. Assume first that
q is odd and h/h̄ is even. We need to show that there is no integer l such that

wl(q2h
−1)

=
w(q

2n
−1)/2

wθ(q
h−1)

,

which is equivalent to

l(q2h
− 1) ≡

q2n
− 1

2
− θ(qh

− 1) mod(q2n
− 1). (4.8)

Note that gcd(q2h
− 1, q2n

− 1) = q2h̄
− 1. There exists a solution l of (4.8) if and only if

θ(qh
− 1) ≡

q2n
− 1

2
mod(q2h̄

− 1). (4.9)

As h/h̄ is even, we have that n/h̄ is odd and that (q2h̄
− 1) divides (qh

− 1). So (4.9) holds if and only if (q2h̄
− 1)

divides q2n
−1

2 which is not the case because

q2n
− 1

2
= (q2h̄

− 1)
1 + q2h̄

+ q2h̄·2
+ · · · + q2h̄·( n

h̄
−1)

2

where n/h̄ and so the sum 1 + q2h̄
+ q2h̄·2

+ · · · + q2h̄·( n
h̄
−1) is odd. This completes the proof of the first part.

Next we assume that q is even and h/h̄ is odd. Using similar methods we reach that there exists a nonzero root of
the polynomial (4.7) in Fq2n if and only if

θ(qh
− 1) ≡ 0 mod(q2h̄

− 1). (4.10)

As h/h̄ is odd, we have that (q2h̄
− 1) does not divide (qh

− 1). Therefore there exists an integer θ such that (4.10)
does not hold. This completes the proof. �

Remark 4.5. With the notation of Lemma 4.4, using similar methods we also obtain the following related results:
If q is odd and h/h̄ is odd, then the number of s ∈ Fq2n \ {0} such that the polynomial in (4.7) has a nonzero root

in Fq2n is q2n
−1

q2h̄−1
(q h̄

− 1). Moreover if θ1 is an integer satisfying

θ1(qh
− 1) ≡

q2n
− 1

2
mod(q2h̄

− 1),

then the set of s ∈ Fq2n \ {0} such that the polynomial in (4.7) has a nonzero root is{
ωθ1+(q h̄

+1)(i+ j (q h̄
−1))

: 0 ≤ i ≤ q h̄
− 2, 0 ≤ j ≤

q2n
− 1

q2h̄ − 1
− 1

}
.

If q is even and h/h̄ is even, then for each s ∈ Fq2n \ {0}, the polynomial in (4.7) has a nonzero root in Fq2n .
For both the cases that q is odd and q is even, if the polynomial in (4.7) has a nonzero root in Fq2n , then its exact

number of roots in Fq2n is q2h̄ .

We use Lemma 4.4 in the following propositions of this section.

Proposition 4.6. For q odd and h ≥ 1, let C be the family of function fields

C =

{
Fq2n (x, y) with yq

− y = sxqh
+1

: s ∈ Fq2n \ {0}

}
.
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Assume that h/h̄ is even. Then for each function field in C, its number of rational places is either

q2n
+ 1 + (q − 1)qn, or q2n

+ 1 − (q − 1)qn . (4.11)

Let M0,+ and M0,− denote the numbers of function fields in C with the corresponding numbers of rational places in
(4.11) respectively. We have

M0,+ = M0,− =
q2n

− 1
2

.

Proof. For S(T ) = sT qh
with s ∈ Fq2n \ {0}, it follows from Lemmas 2.1 and 4.4 that dim WS = 0. Hence using

Theorem 3.1 we obtain that for each function field in C, its number of rational places is either q2n
+ 1 + (q − 1)qn or

q2n
+ 1 − (q − 1)qn . Then we have

M0,+ + M0,− = q2n
− 1. (4.12)

Using Hilbert’s Theorem 90 we get

M = M0,+
q2n

+ (q − 1)qn

q
+ M0,−

q2n
− (q − 1)qn

q
, (4.13)

where M = |{(s, x) ∈ (Fq2n \ {0})× Fq2n : Tr(sxqh
+1) = 0}| =

q2n
−1

q q2n . Using (4.12) and (4.13) we complete the
proof. �

Remark 4.7. As in Remark 4.2, if h/h̄ is even, there are two Fq2n -isomorphism classes of fields in the family C in

Proposition 4.6, each of the same size (q2n
− 1)/2. The function fields F1 = Fq2n (x, y) with yq

− y = xqh
+1 and

Fζ = Fq2n (x, y) with yq
− y = ζ xqh

+1, where ζ ∈ Fq2n \ {0} is a primitive element, are two representative function
fields of these isomorphism classes. Indeed it is enough to notice that gcd(q2n

− 1, qh
+ 1) = 2 when q is odd and

h/h̄ is even.

For q even, h ≥ 1 and h/h̄ odd, it follows from Lemma 4.4 that there exists s1 ∈ Fq2n \{0} such that the polynomial

s1T + sqh

1 T q2h
has no nonzero root in Fq2n . Using similar methods to above we prove the following proposition.

Proposition 4.8. For q even, h ≥ 1, and s1 ∈ Fq2n \ {0}, let C(s1) be the family of function fields

C(s1) =

{
Fq2n (x, y) with yq

− y = sx2
+ s1xqh

+1
: s ∈ Fq2n

}
.

Assume that h/h̄ is odd and the polynomial s1T + sqh

1 T q2h
has no nonzero root in Fq2n . Then for each function field

in C(s1), its number of rational places is either

q2n
+ 1 + (q − 1)qn or q2n

+ 1 − (q − 1)qn . (4.14)

Let M0,+ and M0,− denote the numbers of function fields in C(s1) with the corresponding numbers of rational places
in (4.14) respectively. We have

M0,+ =
q2n

+ qn

2
and M0,− =

q2n
− qn

2
.

Remark 4.9. For h ≥ 1, Proposition 4.6 gives results on the case where q is odd and h/h̄ is even, and Proposition 4.8
gives results on the case where q is even and h/h̄ is odd. For h ≥ 1, using Remark 4.5, now we consider the remaining
cases below.

Assume that q is odd and h/h̄ is odd. Then the number of rational places of a function field in C of Proposition 4.6
is either

q2n
+ 1 + (q − 1)qn, q2n

+ 1 − (q − 1)qn,

q2n
+ 1 + (q − 1)qn+h̄, or q2n

+ 1 − (q − 1)qn+h̄ .
(4.15)
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Let M0,+, M0,−, Mh̄,+, and Mh̄,− denote the numbers of function fields in C with the corresponding numbers of
rational places in (4.15) respectively. We have

M0,+ = 0 ⇐⇒ Mh̄,− = 0, and M0,− = 0 ⇐⇒ Mh̄,+ = 0.

For example

q = 3, n = 3, h = 3 ⇒ M0,+ = 0,M0,− > 0; and
q = 3, n = 6, h = 3 ⇒ M0,− = 0,M0,+ > 0.

Assume that q is even and h/h̄ is even. Then for each s1 ∈ Fq2n \ {0}, the number of rational places of a function
field in C(s1) of Proposition 4.8 is either

q2n
+ 1 + (q − 1)qn+h̄, or q2n

+ 1 − (q − 1)qn+h̄ .

In particular for each s1 ∈ Fq2n , the number of rational places of a function field in C(s1) can be neither
q2n

+ 1 + (q − 1)qn nor q2n
+ 1 − (q − 1)qn .

Later in Theorem 5.13, using Propositions 4.6, 4.8 and the results of Section 5, we will prove the existence of a
large class of function fields corresponding to Theorem 3.1(1)(ii), (1)(iii), (2)(ii) and (2)(iii).

5. Some degree q extensions of F

In this section we prove the existence of a degree q extension F(t) of F such that F(t) is also of the form (1.1)
and F(t) is of the same type as F with respect to Theorem 3.1. If F is minimal or maximal, then we even give
an algorithm for constructing F(t). Using these degree q extensions inductively and the special function fields of
Section 4, we obtain the existence of a large class of function fields of the form (1.1) with prescribed genus g and
number of rational places N simultaneously, where the tuple (g, N ) satisfies

(g, N ) =

(
(q − 1)q ĥ

2
, q2n

+ 1 ∓ (q − 1)qn+
k̂
2

)
,

for an integer 0 ≤ ĥ and an even integer 0 ≤ k̂ ≤ 2ĥ. We also give characterizations of all function fields in the form
(1.1) whose numbers of rational places are distinct from q2n

+ 1.
We begin with an important technical result. We recall from Section 1 that F = Fq2n (u, v) with vq

− v = uS(u)

where S(X) = s0 X + · · · + sh Xqh
is an Fq -linearized polynomial of degree qh .

Proposition 5.1. Let c ∈ Fq2n \ {0} and consider the extension F(t) of F where tq
+ ct = u. Let D(X) ∈ Fq2n [X ] be

the Fq -linearized polynomial satisfying

D(X)q = S(Xq
+ cX)− s0cX, (5.1)

and let R(X) ∈ Fq2n [X ] be the Fq -linearized polynomial

R(X) = cS(Xq
+ cX)+ D(X)+ s0cXq . (5.2)

Note that deg R(X) = qh+1 and using (5.1) we also have

R(X) = cD(X)q + D(X)+ s0cXq
+ s0c2 X. (5.3)

Let s ∈ F(t) be defined as s = v − t D(t). Then we have

F(t) = Fq2n (t, s) with sq
− s = t R(t). (5.4)

Proof. We first consider the subfield Fq2n (s, t) of F(t). As v = s + t D(t) and u = tq
+ct , we have Fq2n (s, t) = F(t).

Using (5.1), (5.2) and the identity vq
− v = uS(u), we obtain that sq

− s = t R(t). Using [9, Proposition III.7.10] and
the fact that deg t R(t) = 1 + qh+1 is coprime to q , we get [Fq2n (s, t) : Fq2n (t)] = q. Hence T q

− T − t R(t) is the
minimal polynomial of s in Fq2n (t, s) over Fq2n (t), which completes the proof. �
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For c ∈ Fq2n \ {0}, let R(X) ∈ Fq2n [X ] be the Fq -linearized polynomial of degree qh+1 defined by (5.2). Let
BR : Fq2n × Fq2n → Fq be the bilinear form defined as

BR(a, b) = Tr(a R(b)+ bR(a)).

Let Q R : Fq2n → Fq be the quadratic form attached to BR given by Q R(a) = Tr(a R(a)). Moreover let WR be the
radical WR = {a ∈ Fq2n : BR(a, b) = 0 for each b ∈ Fq2n } and VR be the subset VR = {a ∈ Fq2n : Q R(a) = 0}.

Proposition 5.2. For a, b ∈ Fq2n we have

BR(a, b) = BS(aq
+ ca, bq

+ cb) (5.5)

and

Q R(a) = QS(aq
+ ca). (5.6)

Proof. For a ∈ Fq2n , using (5.1) and (5.2) we get

aq R(a)q = cqaq S(aq
+ ca)q + aq S(aq

+ ca)+ sq
0 cqaqaq2

− s0caqa.

Then using the identity Tr(a R(a)) = Tr(aq R(a)q) we obtain that

Tr(a R(a)) = Tr(caS(aq
+ ca))+ Tr(aq S(aq

+ ca)) = Tr((aq
+ ca)S(aq

+ ca)),

which proves (5.6). Now the proof of (5.5) follows from (5.6) and the identity

BR(a, b) = Q R(a + b)− Q R(a)− Q R(b)

which holds for each a, b ∈ Fq2n . �

Lemma 5.3. The map η from the set {c ∈ Fq2n \ {0} : the polynomial T q
+ cT splits in Fq2n } to the set of Fq -linear

subspaces in Fq2n of codimension 1 given by

η(c) = {aq
+ ca : a ∈ Fq2n }

is one to one and onto. In particular for each Fq -linear subspace H in Fq2n of codimension 1, there exists a uniquely
determined c ∈ Fq2n \ {0} such that H is the image of the Fq -linear map

ϕc : Fq2n → Fq2n

a 7→ aq
+ ca.

Proof. Let w1, . . . , w2n form a basis of Fq2n . There exist (ε1, . . . , ε2n) ∈ F2n
q \ {(0, . . . , 0)} such that

H = {α1w1 + · · · + α2nw2n : α1ε1 + · · · + α2nε2n = 0 and α1, . . . , α2n ∈ Fq}.

As in the proof of [8, Theorem 3.1], let b ∈ Fq2n \ {0} such that Tr(bw j ) = ε j for j = 1, . . . , 2n. Then

H = {α ∈ Fq2n : Tr(bα) = 0}. Let c = −bq2n−1
−1 and ϕc : Fq2n → Fq2n be the Fq -linear map defined by

a 7→ aq
+ ca. For a ∈ Fq2n and ā = ϕc(a), we have Tr(bā) = 0 since bc + bq2n−1

= 0. Therefore Imϕc ⊆ H
and dim Imϕc ≤ 2n − 1. As dim Kerϕc ≤ 1, we obtain that Imϕc = H. It is clear that c is uniquely determined by
H. Note that the number of distinct Fq -linear subspaces in Fq2n of codimension 1 is q2n

−1
q−1 . Moreover the polynomial

T q
+cT with c ∈ Fq2n \{0} splits in Fq2n if and only if −c is a q −1 power in Fq2n . Hence the number of c ∈ Fq2n \{0}

such that T q
+ cT splits in Fq2n is also q2n

−1
q−1 . This completes the proof. �

Lemma 5.4. Assume that c ∈ Fq2n \ {0} such that the polynomial T q
+ cT splits in Fq2n \ {0} and let Hc be the image

of the Fq -linear map ϕc : Fq2n → Fq2n sending a to aq
+ ca. Let R(X) be the Fq -linearized polynomial of degree

qh+1 defined in (5.2) using this c. We have

dim WR ≤ dim WS + 2.
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Moreover if Hc contains WS , then we also have

ϕ−1
c (WS) ⊆ WR,

and in particular

dim WS + 1 ≤ dim WR .

Proof. Let U be the Fq -linear subspace of Fq2n defined by

U = {u ∈ Fq2n : BS(u, βq
+ cβ) = 0 for each β ∈ Fq2n }.

For α ∈ WR , since for all β ∈ Fq2n we have BR(α, β) = BS(α
q

+ cα, βq
+ cβ) = 0, the image ϕc(WR) of WR under

ϕc is contained in U . Moreover Kerϕc ⊆ WR and hence

dim WR − 1 = dimϕc(WR) ≤ dim U. (5.7)

Let e ∈ Fq2n \Hc and define the Fq -linear map

ψ : U → Fq

u 7→ BS(u, e).

As Span{Hc, e} = Fq2n , we observe that Kerψ = WS . Moreover dimψ(U ) ∈ {0, 1} and hence

dim U ≤ dim WS + 1. (5.8)

Using (5.7) and (5.8) we obtain that dim WR ≤ dim WS + 2.
Assume further that Hc contains WS . Let α ∈ ϕ−1

c (WS) and a = αq
+ cα ∈ WS . Using (5.5) we get

BR(α, β) = BS(a, βq
+ cβ) = 0 for each β ∈ Fq2n . This proves that ϕ−1

c (WS) ⊆ WR . �

Recall that k denotes the dimension of the Fq -linear space WS .

Proposition 5.5. Assume that k is even, k ≤ 2n − 2 and the number of rational places of F is

1 + q2n
+ (q − 1)qnqk/2

(cf. Theorem 3.1). Then there exists c ∈ Fq2n \ {0} such that the polynomial T q
+ cT splits in Fq2n , the image Hc of

the map ϕc sending a ∈ Fq2n to aq
+ ca ∈ Fq2n contains WS , for the Fq -linearized polynomial R(X) of degree qh+1

defined in (5.2) using this c we have

dim WR = dim WS + 2,

and the number of rational places of the function field F(t) defined in Proposition 5.1 using this c is

1 + q2n
+ (q − 1)qnqk/2+1.

Proof. As dim WS = k, the number of Fq -linear subspaces of codimension 1 in Fq2n containing WS is

q2n−k
− 1

q − 1
. (5.9)

Let S be the subset of Fq2n \ {0} consisting of c such that the polynomial T q
+ cT splits in Fq2n and the image HC of

the map ϕc sending a ∈ Fq2n to aq
+ ca contains WS . Using Lemma 5.3 and (5.9) we obtain that |S| =

q2n−k
−1

q−1 .

For c ∈ S, let R(X) ∈ Fq2n [X ] be the Fq -linearized polynomial of degree qh+1 and F(t) be the function field
defined in Proposition 5.1 depending on c. By Lemma 5.4, we have that dim WR is either dim WS + 1 or dim WS + 2.
Then from Theorem 3.1 we get the number of rational places of F(t) is either 1 + q2n , 1 + q2n

+ (q − 1)qnqk/2+1 or
1 + q2n

− (q − 1)qnqk/2+1.
Let T be the subset of the cartesian product S × Fq2n defined as

T = {(c, a) ∈ S × Fq2n : Tr(aS(a)) = 0 and a ∈ Imϕc}.
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We will determine the cardinality of T by first fixing a ∈ Fq2n and varying c ∈ S. If a ∈ Fq2n \ VS , then there is no
c ∈ S such that (c, a) ∈ T . Note that WS ⊆ VS . If a ∈ WS , then for each c ∈ S we have a ∈ Imϕc by definition of
S. From Hilbert’s Theorem 90 we get

|VS| =
1
q

(
q2n

+ (q − 1)qnqk/2
)
.

For a ∈ VS \ WS , there are exactly q2n−k−1
−1

q−1 distinct Fq -linear subspaces in Fq2n of codimension 1 containing WS and

a. Then there are exactly q2n−k−1
−1

q−1 distinct c ∈ S such that a ∈ Imϕc. Therefore the cardinality |T | of T is given by

|T | = qk q2n−k
− 1

q − 1
+

(
q2n−1

+ (q − 1)qn+k/2−1
− qk

) q2n−k−1
− 1

q − 1
. (5.10)

Now we estimate |T | by fixing c ∈ S and varying a ∈ Fq2n . Assume the contrary, that there is no c ∈ S such that the
number of rational places of the corresponding function field F(t) is 1 + q2n

+ (q − 1)qnqk/2+1.
For c ∈ S, as F(t) = Fq2n (u, v, t) with

vq
− v = uS(u) and

tq
+ ct = u,

the number of rational places of F(t) is 1 + q2
|{a ∈ Fq2n : Tr(aS(a)) = 0 and a ∈ Imϕc}|. By the assumption above,

for c ∈ S we have |{a ∈ Fq2n : Tr(aS(a)) = 0 and a ∈ Imϕc}| ≤ q2n−2 and hence

|T | ≤
q2n−k

− 1
q − 1

q2n−2. (5.11)

Using (5.10), (5.11) and some straightforward calculations we obtain (q − 1)q3n−k/2−2
+ q2n

+ q2n−2
≤ (q −

1)qn+k/2−1
+ 2q2n−1, which is a contradiction since k ≤ 2n − 2. �

Note that there is no function field F of the form (1.1) with dim WS = k = 2n and N (F) = 1+q2n
−(q−1)qnqk/2.

(cf. Lemma 3.4). Now we prove an analog of Proposition 5.5.

Proposition 5.6. Assume that k is even, k ≤ 2n − 4 and the number of rational places of F is

1 + q2n
− (q − 1)qnqk/2

(cf. Theorem 3.1). Then there exists c ∈ Fq2n \ {0} such that the polynomial T q
+ cT splits in Fq2n , the image Hc of

the map ϕc sending a ∈ Fq2n to aq
+ ca ∈ Fq2n contains WS , for the Fq -linearized polynomial R(X) of degree qh+1

defined in (5.2) using this c we have

dim WR = dim WS + 2,

and the number of rational places of the function field F(t) defined in Proposition 5.1 using this c is

1 + q2n
− (q − 1)qnqk/2+1.

Proof. The proof is similar to the proof of Proposition 5.5. Let S and T be the sets defined in the same way as in the
proof of Proposition 5.5. We have |VS| =

1
q

(
q2n

− (q − 1)qnqk/2) and

|T | = qk q2n−k
− 1

q − 1
+

(
q2n−1

− (q − 1)qn+k/2−1
− qk

) q2n−k−1
− 1

q − 1
. (5.12)

Assume the contrary, that there is no c ∈ S such that the number of rational places of the corresponding function field
F(t) is 1 + q2n

− (q − 1)qnqk/2+1. This implies that |{a ∈ Fq2n : Tr(aS(a)) = 0 and a ∈ Imϕc}| ≥ q2n−2 and hence

|T | ≥
q2n−k

− 1
q − 1

q2n−2. (5.13)
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Using (5.12) and (5.13) we obtain (q − 1)qn+k/2−1
+ q2n

+ q2n−2
≥ (q − 1)q3n−k/2−2

+ 2q2n−1, which is a
contradiction since k ≤ 2n − 4. �

We will use the following important theorem from [5].

Theorem 5.7. Let E1, E2 be two algebraic function fields with the same finite full constant field. Assume E1 ⊆ E2.
Then the L-polynomial (cf. [9, Definition V.1.14]) of E1 divides the L-polynomial of E2. In particular if E2 is a
maximal (resp. minimal) function field, then E1 is also maximal (resp. minimal).

In the next proposition, when F is maximal or minimal, we give an algorithm for constructing an extension F(t)
of F in the form (5.4) which is also maximal or minimal respectively. In this case, Propositions 5.5 and 5.6 give only
existence results.

Recall that if F is maximal or minimal then k = 2h (cf. Corollary 3.2 and Corollary 3.3). We will use the following
observation in the next proposition. If F is maximal with h ≤ n − 1 or F is minimal with h ≤ n − 2, then WS ( VS .
Indeed otherwise WS = VS and as dim WS = 2h we have

N (F) = 1 + qq2h . (5.14)

We also have

N (F) =

{
1 + q2n

+ (q − 1)qhqn if F is maximal,
1 + q2n

− (q − 1)qhqn if F is minimal.
(5.15)

Using (5.14), (5.15) and h ≤ n − 1 (resp. h ≤ n − 2) if F is maximal (resp. minimal), we obtain a contradiction.

Proposition 5.8. Assume that F is maximal with h ≤ n − 1 or F is minimal with h ≤ n − 2. We apply the following
algorithm:

1. Choose e ∈ VS \ WS .
2. Choose f ∈ Fq2n with BS(e, f ) 6= 0.
3. If h = n − 1, then let H = Span {WS ∪ {e}}. If h < n − 1, let l = n − 1 − h and choose { f1, . . . , f2l} ⊆ Fq2n such

that Span { WS ∪ {e, f } ∪ { f1, . . . , f2l} } = Fq2n . For 1 ≤ i ≤ 2l, let f̂i ∈ Fq2n be defined by

f̂i = fi −
BS( fi , e)
BS( f, e)

f.

Let H = Span
{

WS ∪ {e} ∪ { f̂1, . . . , f̂2l}
}

.
4. Let c be the element of Fq2n \ {0} corresponding to the Fq -linear subspace H in Fq2n of codimension 1 containing

WS (cf. Lemma 5.3).
5. Let F(t) be the extension of F defined in Proposition 5.1 using this c.

Then F(t) is maximal or minimal respectively.

Proof. We can apply Step 1 by the observation above. Since e 6∈ WS , there exists f ∈ Fq2n with BS(e, f ) 6= 0.
Since e ∈ VS , we have BS(e, e) = 0. Moreover BS(e, f̂i ) = 0 by definition of f̂i for 1 ≤ i ≤ 2l. Let
a = wS + αe + α1 f̂i + · · · + α2l f̂2l be an element of H with wS ∈ WS and α, α1, . . . , α2l ∈ Fq . Then

BS(e, a) = BS(e, wS)+ αBS(e, e)+

2l∑
i=1

BS(e, f̂i ) = 0. (5.16)

Let W ⊆ Fq2n be the Fq -linear subspace defined by using the element c of Step 4 as W ={
a ∈ Fq2n : aq

+ ca ∈ Span {WS ∪ {e}}
}
. We have dim W = dim Span {WS ∪ {e}} + 1 = dim WS + 2. Let w be

an element of W . There exists wS ∈ WS and α ∈ Fq such that wq
+ cw = wS + αe. For b ∈ Fq2n we have

BR(w, b) = BS(w
q

+ cw, bq
+ cb) = BS(wS, a) + αBS(e, a), where a = bq

+ cb ∈ H . Then BR(w, b) = 0 and
hence W ⊆ WR . Since dim WR ≤ dim WS + 2 (cf. Lemma 5.4), we conclude that W = WR .

Now we prove that WR ⊆ VR . If q is odd, this is obvious. We assume that q is even. Using (5.6) we obtain
Q R(w) = QS(wS +αe) = QS(wS)+αBS(wS, e)+α2 QS(e). Since F is maximal or minimal, we have QS(wS) = 0
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(cf. Corollaries 3.2 and 3.3). Moreover BS(wS, e) = QS(e) = 0 by construction. Therefore WR ⊆ VR . We complete
the proof using Theorems 3.1 and 5.7. �

Now we give our existence results of maximal and minimal function fields of the form (1.1) for all possible values
of h.

Theorem 5.9. For q odd and 0 ≤ h ≤ n (resp. q even and 1 ≤ h ≤ n), there exists a maximal function field F of the
form (1.1). For q odd and 0 ≤ h ≤ n − 1 (resp. q even and 1 ≤ h ≤ n − 1), there exists a minimal function field F of
the form (1.1).

Proof. Assume that q is odd. For h = 0 the existence of maximal and minimal function fields follows from
Lemma 4.1. For 1 ≤ h ≤ n (resp. 1 ≤ h ≤ n − 1) using Proposition 5.8 inductively, we prove the existence of
maximal (resp. minimal) function fields. In the case where q is even, we proceed similarly using Lemma 4.3 instead
of Lemma 4.1. �

Remark 5.10. For q = 2, among other things, the existence of maximal function fields of the form (1.1) was proved
in [2] using a different method.

Using the algorithm in Proposition 5.8, we obtain the following examples for Theorem 5.9.

Example 5.11. For q = 3 and n = 5, let w be a generator of the multiplicative group of Fq2n such that
w10

+ 2w6
+ 2w5

+ 2w4
+ w + 2 = 0. Let S0(X), . . . , S5(X) ∈ Fq2n [X ] be the polynomials given by

S0(X) = w50396 X,

S1(X) = w27864 X3
+ w2178 X,

S2(X) = w52680 X9
+ w49491 X3

+ w21290 X,

S3(X) = w23242 X27
+ w45745 X9

+ w29809 X3
+ w29460 X,

S4(X) = w35464 X81
+ w25366 X27

+ w58844 X9
+ w52110 X3

+ w21480 X,

S5(X) = w13298 X243.

For 0 ≤ i ≤ 5, the function field Fq2n (u, v) with vq
− v = uSi (u) is maximal. Let T0(X), . . . , T4(X) ∈ Fq2n [X ] be

the polynomials given by

T0(X) = w19047 X,

T1(X) = w35989 X3
+ w26687 X,

T2(X) = w58149 X9
+ w16604 X3

+ w55544 X,

T3(X) = w5829 X27
+ w19314 X9

+ w41735 X3
+ w9130 X,

T4(X) = w44553 X81
+ w41470 X27

+ w34505 X9
+ w6482 X3

+ w26421 X.

For 0 ≤ i ≤ 4, the function field Fq2n (u, v) with vq
− v = uTi (u) is minimal.

Example 5.12. For q = 4 and n = 5, let w be a generator of the multiplicative group of Fq2n such that
w20

+ w10
+ w9

+ w7
+ w6

+ w5
+ w4

+ w + 1 = 0. Let S1(X), . . . , S5(X) ∈ Fq2n [X ] be the polynomials
given by

S1(X) = X4
+ w260760 X,

S2(X) = w272901 X16
+ w456641 X4

+ w679868 X,

S3(X) = w137682 X64
+ w497075 X16

+ w259729 X4
+ w238458 X,

S4(X) = w987750 X256
+ w946150 X64

+ w586225 X16
+ w933150 X4

+ w600400 X,

S5(X) = w375150 X1024.

For 1 ≤ i ≤ 5, the function field Fq2n (u, v) with vq
− v = uSi (u) is maximal. Let T1(X), . . . , T4(X) ∈ Fq2n [X ] be

the polynomials given by

T1(X) = X4
+ w186392 X,
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Table 1.1

k h S(X)

0 2 w290 X9

2 3 w120 X27
+ w682 X9

+ w72 X3

4 4 w724 X81
+ w239 X27

+ w633 X9
+ w160 X3

+ w628 X
6 5 w450 X243

+ w193 X81
+ w266 X27

+ w645 X9
+ w258 X3

0 4 w566 X81
2 5 w156 X243

+ w429 X81
+ w524 X27

4 6 w664 X729
+ w456 X243

+ w293 X81
+ w381 X27

+ w136 X9

6 7 w58 X2187
+ w656 X243

+ w121 X81
+ w686 X27

+ w725 X9
+ w654 X3

T2(X) = w780741 X16
+ w541393 X4

+ w250945 X,

T3(X) = w658821 X64
+ w826124 X16

+ w1028087 X4
+ w278641 X,

T4(X) = w409317 X256
+ w190565 X64

+ w485402 X16
+ w122205 X4

+ w789137 X.

For 1 ≤ i ≤ 4, the function field Fq2n (u, v) with vq
− v = uTi (u) is minimal.

Similarly using Propositions 4.6 and 4.8, we prove the following result for a large class of function fields
corresponding to Theorem 3.1(1)(ii), (1)(iii), (2)(ii) and (2)(iii) with prescribed genus and number of rational places
simultaneously.

Theorem 5.13. We have the following existence result:

1. Case where q is odd: Assume that k is an even integer with 0 ≤ k ≤ 2n (respectively 0 ≤ k ≤ 2n − 2) and h is an
integer satisfying that h ≥ k/2 + 1 and h−k/2

gcd(h−k/2,n) is even.
2. Case where q is even: Assume that k is an even integer with 0 ≤ k ≤ 2n (respectively 0 ≤ k ≤ 2n − 2) and h is an

integer satisfying that h ≥ k/2 + 1 and h−k/2
gcd(h−k/2,n) is odd.

Then in both cases above, there exists a function field F of the form (1.1) such that the genus g(F) and the number
of rational places N (F) are simultaneously prescribed as

g(F) =
(q − 1)qh

2
, and

N (F) = q2n
+ 1 + (q − 1)qn+k/2 (resp. N (F) = q2n

+ 1 − (q − 1)qn+k/2).

Remark 5.14. Using function fields in the form (1.1) different from the ones whose existence is proved in
Propositions 4.6 or 4.8, we would get further results similar to Theorem 5.13. For example using Remark 4.9 we
obtain that if q is odd, k is even with 0 ≤ k ≤ 2n and h ≥ k/2+1 with h−k/2

gcd(h−k/2,n) is odd, then there exists a function

field in the form (1.1) of genus (q−1)qh

2 such that its number of rational places is either

q2n
+ 1 + (q − 1)qn+k/2 or q2n

+ 1 − (q − 1)qn+k/2.

We give some examples for Theorem 5.13.

Example 5.15. Let q = 3, n = 3 and w be the generator of the multiplicative group of Fq2n satisfying
w6

+ 2w4
+ w2

+ 2w + 2 = 0. Each line of Table 1.1 (respectively Table 1.2) corresponds to a function field
F = Fq2n (u, v), where vq

− v = uS(u), with the corresponding k and h of the table such that the genus g(F) and the
number of rational places N (F) are

g(F) = (q − 1)qh/2,
N (F) = q2n

+ 1 + (q − 1)qn+k/2 (resp. q2n
+ 1 − (q − 1)qn+k/2).

For q = 2, n = 4 and a generator w of the multiplicative group of Fq2n satisfying w8
+ w4

+ w3
+ w2

+ 1 = 0,
Tables 2.1 and 2.2 have the same meaning respectively.
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Table 1.2

k h S(X)

0 2 w219 X9

2 3 w141 X27
+ w135 X9

+ w567 X3

4 4 w699 X81
+ w161 X27

+ w251 X9
+ w448 X3

+ w19 X

0 4 w493 X81

2 5 w265 X243
+ wX81

+ w75 X27

4 6 w247 X729
+ w667 X243

+ w241 X81
+ w381 X27

+ w591 X9

Table 2.1

k h S(X)

0 2 w187 X4
+ w74 X

2 3 w240 X8
+ w196 X4

+ w72 X2
+ w187 X

4 4 w146 X16
+ w27 X8

+ w231 X4
+ w21 X2

+ w48 X
6 5 w83 X32

+ w167 X16
+ w228 X8

+ w38 X4
+ w171 X2

+ w92 X
8 6 w242 X64

+ w252 X32
+ w170 X16

+ w231 X8
+ w203 X4

0 3 w254 X8
+ w139 X

2 4 w149 X16
+ w221 X8

+ w217 X4
+ w28 X

4 5 w27 X32
+ w222 X16

+ w155 X8
+ w26 X4

+ w247 X2
+ w15 X

6 6 w28 X64
+ w188 X32

+ w245 X16
+ w88 X8

+ w88 X4
+ w153 X2

+ w35 X
8 7 w60 X128

+ w15 X64
+ w149 X32

+ X16
+ w172 X8

+ w60 X4
+ w120 X2

Table 2.2

k h S(X)

0 2 w101 X4
+ w43 X

2 3 w11 X8
+ w229 X4

+ w253 X2
+ w163 X

4 4 w22 X16
+ w15 X8

+ w66 X4
+ w10 X2

+ w89 X
6 5 w3 X32

+ w153 X16
+ w194 X8

+ w155 X4
+ w8 X2

+ w147 X

0 3 w107 X8
+ w63 X

2 4 w165 X16
+ w209 X8

+ w158 X4
+ w201 X

4 5 w212 X32
+ w150 X16

+ w209 X8
+ w6 X4

+ w173 X2
+ w189 X

6 6 w56 X64
+ w183 X32

+ w13 X16
+ w143 X8

+ w17 X4
+ w130 X2

+ w92 X

Proposition 5.6 implies the following characterization of function fields corresponding to Theorem 3.1(1)(iii) and
(2)(iii).

Proposition 5.16. Let F be a function field in the form (1.1) of genus (q−1)qh

2 and number of rational places
q2n

+ 1 − (q − 1)qnqk/2, where k is even and 0 ≤ k ≤ 2n − 2. Let u = h − k/2. Then F is a subfield of a
function field F̃ in the form (1.1) such that its genus g(F̃) is (q−1)qn+u−1

2 and its number of rational places N (F̃) is
q2n−1

+ 1 (which is q2n
+ 1 − (q − 1)qnqn−1).

Our characterization corresponding to Theorem 3.1(1)(ii) and (2)(ii) is much stronger. For simplicity we assume
that h − k/2 ≤ n − 1 in the next theorem.

Theorem 5.17. Let F be a function field in the form (1.1) of genus (q−1)qh

2 and number of rational places
q2n

+ 1 + (q − 1)qnqk/2, where k is even, 0 ≤ k ≤ 2n, and h − k/2 ≤ n − 1. Let u = h − k/2. Then F is a
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subfield of a function field F̃ in the form (1.1) whose Fq -linearized polynomial

S̃(X) = s̃0 X + s̃1 Xq
+ · · · + s̃n+u Xqn+u

∈ Fq2n [X ] (5.17)

is of degree qn+u and satisfies that

s̃0 = s̃1 = · · · = s̃n−u−1 = 0,

s̃n−i + s̃qn−i

n+i = 0 for each 1 ≤ i ≤ u, and

s̃n + s̃qn

n = 0.

In particular the genus g(F̃) of F̃ is (q−1)qn+u

2 and the number of rational places N (F̃) of F̃ is 1 + q2n+1.

Proof. Using the methods of this section, we obtain a function field F̃ in the form (1.1), whose Fq -linearized
polynomial S̃(X) is of degree qn+u as in (5.17). Moreover the dimension k̃ of the radical of the corresponding bilinear
form is 2n. This implies that

Tr
(
α S̃(α)

)
= 0 for each α ∈ Fq2n . (5.18)

Let ω be a generator of the multiplicative group of Fq2n . Note that for 1 ≤ i ≤ u(
s̃n+iω

qn+i
+1
)qn−i

= s̃qn−i

n+i ω
qn−i

+1. (5.19)

Using (5.18), (5.19) and [4, Theorem 2.5] we complete the proof. �

6. Some Galois extensions of F

In this section we prove that if N (F) > q2n
+ 1, then the degree q extensions of Section 5 are Galois. Moreover

we prove that the extension F̃/F of Theorem 5.17 is Galois and we determine its Galois group. If F is maximal, then
we also prove that F is a subfield of the Hermitian function field H over Fq2n , the extension H/F is Galois and we
obtain the Galois group Aut(H/F) explicitly.

Recall that F = Fq2n (u, v) with vq
− v = uS(u), where S(X) is an Fq -linearized polynomial of degree qh in

Fq2n [X ]. In this section we assume that the dimension k of the radical of the corresponding bilinear form is even and

the number of rational places of F is q2n
+ 1 + (q − 1)qn+

k
2 (cf. Theorem 3.1). For k ≤ 2n − 2, let F1 = F(t1)

be the function field with tq
1 + c1t1 = u, where c1 is obtained using Proposition 5.5. Let m = n −

k
2 and for m ≥ 2

and 1 ≤ i ≤ m − 1, let ci+1 be obtained using Proposition 5.5 and Fi+1 = Fi (ti+1) be the function field with
tq
i+1 + ci+1ti+1 = ti . Note that Fm corresponds to the function field F̃ of Theorem 5.17. For m ≥ 1 and 1 ≤ i ≤ m, let
ϕi be the Fq -linear map on Fq2n sending x to xq

+ ci x . In this section we prove that Fm/F is Galois and we compute
the Galois group Aut(Fm/F).

Throughout this section, for 1 ≤ i ≤ m and a rational place Q of Fi with vQ(ti ) ≥ 0, we denote the evaluation of
ti at Q as ti (Q).

We begin with a technical lemma, which is not difficult but is useful. Let L be an algebraic function field such that
Fq2n is the full constant field of L . Let c ∈ Fq2n \ {0} such that the polynomial T q

+ cT splits in Fq2n . Let a ∈ L and
L(t) be the extension of L with tq

+ ct = a. Assume that the full constant field of L(t) is Fq2n and [L(t) : L] = q.

Lemma 6.1. Under the same assumptions as above, let P be a rational place of L such that vP (a) ≥ 0. Let ϕc be
the Fq -linear map on Fq2n sending x to xq

+ cx. Let a(P) be the evaluation of a at P. If a(P) 6∈ Imϕc, then there
exists no rational place of L(t) over P. If a(P) ∈ Imϕc, then there exist q rational places of L(t) over P. If Q is
a rational place of L(t) over P and t (Q) is the evaluation of t at Q, then the set of evaluations of t at all rational
places of L(t) over P is {t (Q)+ α : α ∈ Kerϕc}.

Proof. The proof follows from [9, Theorem III.3.7]. �

Using Lemma 6.1, we prove the following proposition.
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Proposition 6.2. Assume that m ≥ 1. Let P be a rational place of F such that vP (uS(u)) ≥ 0. For 1 ≤ i ≤ m, there
exist either no or exactly |Ker(ϕ1◦· · ·◦ϕi )| rational places of Fi over P. Moreover if there exists a rational place Pi of
Fi over P, then the set of evaluations of ti at all rational places of Fi over P is {ti (Pi )+αi : αi ∈ Ker(ϕ1 ◦ · · · ◦ϕi )}.

Proof. We prove by induction on i . For i = 1, the proposition follows from Lemma 6.1. Assume that it holds
for some 1 ≤ i ≤ m − 1. Assume further that there exists a rational place Pi+1 of Fi+1 over P . Let Pi be the
rational place of Fi under Pi+1. We observe that dim Ker(ϕ1 ◦ · · · ◦ ϕi ◦ ϕi+1) is either dim Ker(ϕ1 ◦ · · · ◦ ϕi )+ 1 or
dim Ker(ϕ1 ◦ · · · ◦ ϕi ). First we consider the case that dim Ker(ϕ1 ◦ · · · ◦ ϕi ◦ ϕi+1) = dim Ker(ϕ1 ◦ · · · ◦ ϕi ) + 1.
This means that Ker(ϕ1 ◦ · · · ◦ ϕi ) ⊆ Imϕi+1. Since there exists a rational place of Fi+1 over Pi , it follows from
Lemma 6.1 that ti (Pi ) ∈ Imϕi+1. By the induction hypothesis, the set of evaluations of ti at all rational places of Fi
is {ti (Pi )+ αi : αi ∈ Ker(ϕ1 ◦ · · · ◦ ϕi )}. As ti (Pi ) ∈ Imϕi+1 and Ker(ϕ1 ◦ · · · ◦ ϕi ) ⊆ Imϕi+1, each rational place of
Fi over P totally splits in Fi+1/Fi . Let Qi+1 be an arbitrary rational place of Fi+1 over P and let Qi be the rational
place of Fi under Fi+1. Then we have

ti+1(Pi+1)
q

+ ci+1ti+1(Pi+1) = ti (Pi ), and
ti+1(Qi+1)

q
+ ci+1ti+1(Qi+1) = ti (Qi ) = ti (Pi )+ αi ,

where αi ∈ Ker(ϕ1 ◦ · · · ◦ ϕi ). Hence for αi+1 = ti+1(Qi+1)− ti+1(Pi+1), we have ϕi+1(αi+1) ∈ Ker(ϕ1 ◦ · · · ◦ ϕi ),
which means αi+1 ∈ Ker(ϕ1 ◦ · · · ◦ ϕi+1).

Next we consider the remaining case that dim Ker(ϕ1 ◦ · · · ◦ ϕi ◦ ϕi+1) = dim Ker (ϕ1 ◦ · · · ◦ ϕi ). In this case we
have

dim(Ker(ϕ1 ◦ · · · ◦ ϕi ) ∩ Imϕi+1) = dim Ker(ϕ1 ◦ · · · ◦ ϕi )− 1.

If Qi is a rational place of Fi over P such that ti (Qi )− ti (Pi ) ∈ Ker(ϕ1 ◦· · ·◦ϕi )∩Imϕi+1, then as in the first case Qi
totally splits in Fi+1/Fi and for each rational place Qi+1 of Fi+1 over Qi , there exists αi+1 ∈ Ker(ϕ1 ◦ · · · ◦ϕi ◦ϕi+1)

such that ti+1(Qi+1) − ti+1(Pi+1) = αi+1. It remains to prove that if Qi is a rational place of Fi such that
t (Qi )− t (Pi ) ∈ Ker(ϕ1 ◦· · ·◦ϕi )\ Imϕi+1, then there is no rational place of Fi+1 over Qi . Indeed, otherwise we have
ti (Pi ) ∈ Imϕi+1 and ti (Qi ) ∈ Imϕi+1. But this implies that ti (Qi )− ti (Pi ) ∈ Imϕi+1, which is a contradiction. �

Next we will show that Fm/F is Galois. We begin with a lemma.

Lemma 6.3. For m ≥ 1, we have dim Ker(ϕ1 ◦ · · · ◦ ϕm) = m.

Proof. For m = 1, the lemma is obvious. For m ≥ 2, it is enough to prove that for each 1 ≤ i ≤ m − 1, we have
dim Ker(ϕ1 ◦ · · · ◦ ϕi+1) = dim Ker(ϕ1 ◦ · · · ◦ ϕi )+ 1. Assume the contrary and let i be the smallest integer such that
dim Ker(ϕ1 ◦ · · · ◦ ϕi+1) 6= dim Ker(ϕ1 ◦ · · · ◦ ϕi ) + 1. Then dim Ker(ϕ1 ◦ · · · ◦ ϕi+1) = dim Ker(ϕ1 ◦ · · · ◦ ϕi )

and using Proposition 6.2 we obtain that N (Fi+1) ≤ N (Fi ). However this is a contradiction since we have
N (F j ) = 1 + q2n

+ (q − 1)qn+
k
2 + j for each 1 ≤ j ≤ m by construction. �

Assume that m ≥ 1 and a ∈ Ker(ϕ1 ◦ · · · ◦ϕm). Let a(m) = a and for 1 ≤ i ≤ m −1 let a(i) = (ϕi+1 ◦ · · · ◦ϕm)(a).
Note that Fm = Fq2n (u, v, t1, . . . , tm). Let Φa be the map on Fm fixing F and given by

Φa : Fm → Fm

ti 7→ ti + a(i) for 1 ≤ i ≤ m.

It is easy to observe that Φa(t
q
1 + c1t1) = u and Φa(t

q
i+1 + ci+1ti+1) = ti for 1 ≤ i ≤ m − 1. Therefore Φa is an

automorphism of Fm fixing F . For a1, a2 ∈ Ker(ϕ1 ◦ · · · ◦ ϕm) and 1 ≤ i ≤ m we have a(i)1 + a(i)2 = (a1 + a2)
(i).

This implies that
(
Φa2 ◦ Φa1

)
(ti ) = Φa1+a2(ti ), for 1 ≤ i ≤ m.

We have proved the following theorem. We recall that Fm corresponds to F̃ of Theorem 5.17.

Theorem 6.4. For m ≥ 1, the extension Fm/F is Galois and its Galois group is

Aut(Fm/F) = {Φa : a ∈ Ker(ϕ1 ◦ · · · ◦ ϕm)} ∼= Zp × · · · × Zp︸ ︷︷ ︸
e·m times

,

where q = pe. Moreover if a1, a2 ∈ Ker(ϕ1 ◦ · · · ◦ ϕm), then Φa1+a2 = Φa1 ◦ Φa2 .
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From here until the end of this section we further assume that F is maximal. This means h =
k
2 ≤ n. It follows

from Proposition 5.1 that there exists a polynomial Rm[X ] of degree qn in Fq2n [X ] such that Fm is the same as the
function field Fq2n (tm, sm), where sq

m − sm = tm Rm(tm). For simplicity of notation we also denote sm and tm as z
and x respectively. Using Theorem 5.17, we get b ∈ Fq2n \ {0} with bqn

+ b = 0 and Rm(X) = bXqn
. Therefore

Fm = Fq2n (x, z) with zq
− z = bxqn

+1.
First we consider the case n = 1. Since the map x 7→ xq+1 is the norm map on Fq2 , there exists β ∈ Fq2 such that

βq+1
= −1. Let z1 =

z
b ∈ Fm and x1 =

x
β

∈ Fm . We have

zq
− z = bq zq

1 − bz1 = bq(zq
1 + z1), and

bxq+1
= −bq(βx1)

q+1
= bq xq+1

1 .

Therefore Fm = Fq2(x1, z1) with zq
1 + z1 = xq+1

1 , which means that Fm is the Hermitian function field over Fq2 in
the case n = 1.

From now on we assume that n ≥ 2. Let Ub ⊆ Fq2n be the Fq -linear space of dimension n − 1 consisting of the

roots of the additive polynomial bX + bq Xq
+ · · · + bqn−1

Xqn−1
∈ Fq2n [X ]. For β ∈ Ub, we have βqn

+ β = 0.
Recall that the Hermitian function field H over Fq2n is Fq2n (x, y) with yqn

+ y = xqn
+1. For β ∈ Ub, let Ψβ be the

automorphism on H given by

Ψβ : H → H

x 7→ x,

y 7→ y + β.

For β1, β2 ∈ Ub we have Ψβ1 ◦ Ψβ2 = Ψβ1+β2 . Hence {Ψβ : β ∈ Ub} is a group of automorphisms of H fixing
Fq2n (x) and of order qn−1.

Proposition 6.5. Fm is a subfield of H, the extension H/Fm is Galois and its automorphism group is Aut(H/Fm) =

{Ψβ : β ∈ Ub}.

Proof. Let z = −(by + bq yq
+ · · · + bqn−1

yqn−1
) be the element of H . For β ∈ Ub, as β is a root of the additive

polynomial bT +bq T q
+· · ·+bqn−1

T qn−1
, z is fixed by Ψβ . Using bqn

= −b we obtain that zq
−z = bxqn

+1. Therefore
Fm is fixed by {Ψβ : β ∈ Ub}. As [H : Fq2n (x)] = qn and [Fm : Fq2n (x)] = q, we get [H : Fm] = qn−1

= |Ub|,
which completes the proof. �

When m = 0, Proposition 6.5 proves that F is a Galois subfield of the Hermitian function field H over Fq2n and it
also computes the Galois group Aut(H/F). From now on we assume that m ≥ 1.

Since Fm is maximal, there exist exactly q2n+1 elements (a, w) ∈ Fq2n × Fq2n satisfying ww − w = baqn
+1. For

a, w ∈ Fq2n with wq
− w = baqn

+1, the map

Θa,w : Fm = Fq2n (x, z) → Fm

x 7→ x + a

z 7→ z −

(
baqn

x + bqaqn+1
xq

+ · · · + bqn−1
aq2n−1

xqn−1
)

+ w

defines an automorphism of Fm fixing Fq2n . For a1, a2, w1, w2 ∈ Fq2n with wq
i − wi = baqn

+1
i for 1 ≤ i ≤ 2, if

w = w1 + w2 −

(
baqn

2 a1 + bqaqn+1

2 aq
1 + · · · + bqn−1

aq2n−1

2 aqn−1

1

)
(6.1)

and a = a1 + a2, then wq
− w = baqn

+1. Moreover we have

Θa1,w1 ◦ Θa2,w2 = Θa,w. (6.2)

We have proved the following proposition.
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Proposition 6.6. The set

{Θa,w : a, w ∈ Fq2n , w
q

− w = baqn
+1

}

is a subgroup of order q2n+1 in Aut(Fm/Fq2n ).

Remark 6.7. For a1, a2, w1, w2 ∈ Fq2n with wq
i − wi = baqn

+1
i for 1 ≤ i ≤ 2, we observe that

Θa1,w1 ◦ Θa1,w2 = Θa2,w2 ◦ Θa1,w1 ⇐⇒ TrFq2n /Fq (ba1aqn

2 ) = 0.

Note that {Φa : a ∈ Ker(ϕ1 ◦ · · · ◦ ϕm)} is a subgroup of order qn−h in Aut(Fm/F) ≤ Aut(Fm/Fq2n ). In the next
proposition we will prove that {Φa : a ∈ Ker(ϕ1 ◦ · · · ◦ ϕm)} is even a subgroup of {Θa,w : a, w ∈ Fq2n , wq

− w =

baqn
+1

}.

Proposition 6.8. For a ∈ Ker(ϕ1 ◦· · ·◦ϕm), there exists a uniquely determined w ∈ Fq2n such that wq
−w = baqn

+1

and Φa = Θa,w.

Proof. For any w ∈ Fq2n with wq
− w = baqn

+1 we have[
w − (baqn

x + bqaqn+1
xq

+ · · · + bqn−1
aq2n−1

xqn−1
)
]q

−

[
w − (baqn

x + bqaqn+1
xq

+ · · · + bqn−1
aq2n−1

xqn−1
)
]

= baxqn
+ baqn

xq
+ baqn+1

.

Therefore the additive polynomial

A(T ) = T q
− T − (baxqn

+ baqn
x + baqn

+1) ∈ Fq2n (x)[T ] (6.3)

splits into linear factors as

A(T ) =

∏
wq−w=baqn+1

(
T + (baqn

x + bqaqn+1
xq

+ · · · + bqn−1
aq2n−1

xqn−1
)− w

)
. (6.4)

Note that z ∈ Fm , zq
− z = bxqn

+1 and Φa(x) = x + a. Therefore

(Φa(z)− z)q − (Φa(z)− z) = baxqn
+ baqn

x + baqn
+1. (6.5)

Using (6.3)–(6.5) we complete the proof. �

Notation 6.9. For a ∈ Ker(ϕ1 ◦ · · · ◦ ϕm), we denote the uniquely determined w ∈ Fq2n such that wq
− w = baqn

+1

and Φa = Θa,w (cf. Proposition 6.8) as wa .

Remark 6.10. As {Φa : a ∈ Ker(ϕ1 ◦ · · · ◦ ϕm)} is a commutative group, if Fm is maximal, then using Remark 6.7
and Proposition 6.8, for a1, a2 ∈ Ker(ϕ1 ◦ · · · ◦ ϕm) we get TrFq2n /Fq (ba1aqn

2 ) = 0.

Now we recall some known results on the automorphism group Aut(H/Fq2n ) of H fixing Fq2n . We refer the reader
to [1] for the details of these facts. The automorphism groupA = Aut(H/Fq2n ) is isomorphic to the projective unitary
group PGU(3, q2n). Let P∞ be the unique pole of x in H . Let A(P∞) be the subgroup of A given by

A(P∞) = {σ ∈ A : σ P∞ = P∞}.

The unique p-Sylow subgroup A1(P∞) of A(P∞) consists of the automorphisms

σ : H → H

x 7→ x + α

y 7→ y + αqn
x + β,

where α ∈ Fq2n , βqn
+ β = αqn

+1, and hence |A1(P∞)| = q3n .
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The elements of A1(P∞) can be identified with the tuples [α, β] ∈ Fq2n × Fq2n such that βqn
+ β = αqn

+1. The
group law in A1(P∞) is

[α1, β1] · [α2, β2] = [α1 + α2, α1α
qn

2 + β1 + β2].

For [α, β] ∈ A1(P∞), we observe that the restriction of the automorphism [α, β] of F on Fm is the automorphism
Θα,w of Fm , where

w = −(bβ + bqβq
+ · · · + bqn−1

βqn−1
).

Indeed [α, β] sends z = −(by + bq yq
+ · · · + bqn−1

βqn−1
) to

z −

{
b(αqn

x + β)+ bq(αqn+1
xq

+ βq)+ · · · + bqn−1
(αq2n−1

xqn−1
xqn−1

+ βqn−1
)
}

= z −

(
bαqn

+ bqαqn+1
+ · · · + bqn−1

αq2n−1
xqn−1

)
+ w,

where w = −

(
bβ + bqβq

+ · · · + bqn−1
βqn−1

)
.

Since both F and Fm are maximal, for any α ∈ Fq2n , both of the polynomials

T qn
+ T − αqn

+1 and T q
− T − bαqn

+1

split into linear factors in Fq2n . Moreover recall that the group {Θα,w : α,w ∈ Fq2n , wq
− w = bαqn

+1
} has order

q2n+1 and |A1(P∞)| = q3n . Therefore the restriction of the group A1(P∞) on Fm is the group {Θα,w : α,w ∈

Fq2n , wq
− w = bαqn

+1
}. For each Θα,w with α,w ∈ Fq2n and wq

− w = bαqn
+1, there are exactly qn−1 distinct

β ∈ Fq2n such that the restriction of [α, β] on Fm is Θα,w and these β’s are exactly the roots of the polynomial

bqn−1
T qn−1

+ · · · + bq T q
+ bT + w. (6.6)

Now we define a subset C of A1(P∞). We will show that C is a subgroup of A1(P∞) and the corresponding fixed
subfield HC will be F .

Definition 6.11. For α ∈ Ker(ϕ1 ◦ · · · ◦ ϕm), recall that wα is the uniquely determined element of Fq2n given in
Proposition 6.8 (cf. Notation 6.9). Let C be the subset

C =

{
[α, β] ∈ A1(P∞) : α ∈ Ker(ϕ1 ◦ · · · ◦ ϕm), bqn−1

βqn−1
+ · · · + bqβq

+ wα = 0
}
.

As dim Ker(ϕ1 ◦ · · · ◦ ϕm) = m and the polynomial in (6.6) splits for any wα with α ∈ Ker(ϕ1 ◦ · · · ◦ ϕm), we have
|C| = qn−h

· qn−1
= q2n−h−1.

Next we show that C is a subgroup. For [α1, β1], [α2, β2] ∈ C, let [α, β] = [α1, β1] · [α2, β2]. Then α = α1 + α2

and β = α1α
qn

2 + β1 + β2. Using (6.1) and (6.2) we get

wα1+α2 = wα1 + wα2 −

(
bαqn

2 α1 + bqα
qn+1

2 α
q
1 + · · · + bqn−1

α
q2n−1

2 α
qn−1

1

)
. (6.7)

Moreover

bβ + bqβq
+ · · · + bqn−1

βqn−1
= b(α1α

qn

2 + β1 + β2)+ bq(α
q
1α

qn+1

2 + β
q
1 + β

q
2 )

+ · · · + bqn−1
(α

qn−1

1 α
q2n−1

2 + β
qn−1

1 + β
qn−1

2 )

= −wα1 − wα2 +

(
bα1α

qn

2 + bqα
q
1α

qn+1

2 + · · · + bqn−1
α

qn−1

1 α
q2n−1

2

)
. (6.8)

From (6.7) and (6.8) we obtain that [α, β] ∈ C and hence C is a subgroup.
It follows from Definition 6.11 and Proposition 6.8 that the restriction of C on Fm is the group {Φα : α ∈

Ker(ϕ1◦· · ·◦ϕm)}. Therefore any σ ∈ C fixes F and hence F is a subfield of the fixed subfield HC of H corresponding
to C. Moreover [H : HC

] = |C| = q2n−h−1 and [H : F] = [H : Fm][Fm : F] = qn−1qn−h
= q2n−h−1. Therefore

F = HC . We have proved the following theorem.
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Theorem 6.12. Assume that F is maximal. The subset C in Definition 6.11 is a subgroup of A1(P∞) and F is the
fixed subfield HC of H corresponding to C.
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