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1. Introduction

In ecosystems, whether different species can coexist or not is determined by the combination of
various factors, such as natural environments, interactions between the species, and behavioral pat-
terns. Therefore, it is important to investigate what effect the above factors will have on coexistence
problems. From this viewpoint, we study the following Lotka-Volterra prey-predator model:
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ue=A[(1+kp@v)u] +u(r —u—bxv), x.t)eR x(0,00),

Ve=Av+v(u+cu—v), (x,t) € 2\ 2¢ x (0, 00),
(P) opu =0, (x,t) € 082 x (B 00),

opv =0, (x,t) € 9(£2 \ 20) x (0, 00),

u(x,0) =ug(x) >0, xe 82,

v(x,0) = vo(x) >0, xe 2\ Q.

Here £2 is a bounded domain in RN (N < 3) with smooth boundary 952 and 2 is a subdomain of £2
with smooth boundary 9£2¢; n is the outward unit normal vector on the boundary and d, = 9/9n;
k>0,1>0,c>0and u R are all constants; p >0 and b > 0 in £ \ §29, whereas p =b =0 in §2p
because v is not defined in £2y. Furthermore, we make the following assumption for technical reasons:
if N=2 or 3, then 29 C £2; if N=1 and £2 = (a1, ay) for a; < az, then 2o = (a1, a) or 20 = (a,az)
for some a € (ay, ay). In (P), unknown functions u(x, t) and v(x,t) denote the population densities of
prey and predator respectively; A and w denote the intrinsic growth rates of the respective species;
b(x) and c denote the coefficients of prey-predator interaction; the zero-flux boundary condition
means that no individuals cross the boundary.

In the first equation of (P), kA[p(x)vu] is usually called a cross-diffusion term which was orig-
inally proposed by Shigesada et al. [20] to model the habitat segregation phenomena between two
competing species. The cross-diffusion kA[p(x)vu] means that the movement of the prey species is
affected by population pressure from the predator species. Then the cross-diffusion coefficient k rep-
resents the sensitivity of the prey species to population pressure from the predator species. See [1,2,
12,17,21] and references therein for studies on the time-global solvability of cross-diffusion systems.

In (P), the predator species cannot enter the subregion §2¢ of the habitat 2, whereas the prey
species can enter and leave §2y freely. Namely, £2¢ is a predation-free zone for the prey species and
such a subregion £2g is called a protection zone. One can think that there is a barrier along 92 that
blocks the predator but not the prey (see [4-6] for further details). In the case where cross-diffusion
is absent, Du et al. [4-6] have studied the effects of a protection zone on Lotka-Volterra competition
model [4], Leslie prey-predator model [5], and Holling type Il prey-predator model [6] respectively.
They have proved that if the size of the protection zone is larger than a certain critical patch size,
which is common to three models, then a fundamental change occurs in the dynamical behavior of
each of three models.

In this paper, we study the effects of cross-diffusion on the set of positive stationary solutions
of (P). Let £21 := £ \ £2. The stationary problem associated with (P) is given by

A[(1+kp@v)u] +u(r —u—bx)v)=0 ing2,

(SP) Av+v(u+cu—v)=0 in £21,
ohu=0 onds2,
dhv=0 on d£21.

When £2¢ = @, there are some studies on prey-predator models with cross-diffusion analogous to (SP)
(see e.g. [8-11,18,22]). From now on, we always assume that

1 ifxe 2\ o,

PX) = Xo\20(X) := {0 ifx € 20 (11)

_ | B ifxe 2\ 2,
and b(x) = {O ifx € £20,
where g is a positive constant.

Our first goal is to understand the effects of cross-diffusion on the existence and non-existence of
positive solutions of (SP). From an ecological viewpoint, a positive solution of (SP) means a coexis-
tence state of prey and predator. When £2¢ = J, it is known that for any k > 0, (SP) has no positive
solution if A < Bu (the proof is essentially the same as that of Lemma 3.3 appearing in Section 3).
This, together with the fact that the semitrivial solution (A, 0) is linearly unstable for any © > 0, im-
plies that when no protection zone is present, the prey species cannot survive if the intrinsic growth
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rate of the predator is relatively high compared with the intrinsic growth rate of the prey. On the
other hand, in the case where a protection zone is present, we will show that there exists a certain
threshold prey growth rate for survival, denoted by A% (k, £29). To be more specific, we will show that
if A <% (k, $20), then (SP) has no positive solution for large w, whereas if 1 > A% (k, £20), then (SP)
has at least one positive solution for any @ > 0. Here, it is noted that in the absence of cross-diffusion,
15,0, 20) is given by AP (£20), where AP (£20) is the first eigenvalue of —A over £2y with the homoge-
neous Dirichlet boundary condition (the boundary condition should be replaced by ¢ (a) = ¢'(a;) =0
for i=1 or 2 if N =1, but we use the same symbol A]D(Qo): and the fact A% (0, £29) = A?(.Qo) fol-
lows from Theorem 2.1 and related results in [6] since their proofs are still valid when m = 0 there).
Then it is interesting to examine the dependence of the threshold prey growth rate A% (k, £20) on k.
We will show that A% (k, £29) decreases as k increases and satisfies limg_, o A%, (k, £29) = 0. Namely,
in the limiting case where k — oo, the prey species can coexist with the predator species regardless
of the values of A > 0 and p > 0. Moreover, we will also show that for any fixed k > 0, A% (k, £20)
converges to zero as £2¢ is enlarged to the entire £2. This is a strong contrast to the no cross-diffusion
case, where the threshold prey growth rate k?(ﬂo) satisfies A?(Qo) > A?(Q) > 0 for any 29 C 2.
Therefore, we can say that the cross-diffusion for the prey has beneficial effects on the survival of the
prey species when a protection zone is present.

Our second goal is to understand the asymptotic behavior of positive solutions of (SP) as k — oo.
When p > 0, for any positive solution (uy, vi) of (SP), we will show that as k — oo, uy converges
to A in £2¢ and converges to 0 in £21, while v} converges to 1 in £21. This convergence result means
that when u > 0, the prey species concentrates in the protection zone as k — oo and when © > 0 in
particular, the two species become spatially segregated as k — oo. On the other hand, when u <0,
we will show that along a sequence k; — oo, (uy,, kjVvy,) converges to a pair of positive functions
which satisfies a certain limiting system. We will also analyze the bifurcation structure of positive
solutions of the limiting system.

It is expected that for large k, positive steady-states with the habitat segregation property men-
tioned above are stable. But the stability problem is difficult due to the presence of cross-diffusion
and it remains open.

Let O be any bounded domain in RN with smooth boundary. We denote the usual norm of LP(0)

for p € [1, 00) by
1/p
1V lp.o = (/!w(x>|"dx) .
0]

Furthermore, for g € L°°(0), we denote by )J]V(q, 0) the first eigenvalue of —A + q over O with the
homogeneous Neumann boundary condition. We will omit O in the notation if there is no ambiguity.
As is well known, the following properties hold:

(i) the mapping q — )\q’(q, 0):L*°(0) — R is continuous,
(i) A0, 0)=0,
(iii) if g1 > g2 and g1 # g2, then A (g1, 0) > A (g2, 0).

This paper is organized as follows. In Section 2, we will state the main results of this paper. In
Section 3, we will prove Lemma 2.1 stated in Section 2. Moreover, we will show some non-existence
result and a priori estimates of positive solutions. In Section 4, we will obtain positive solutions from
the viewpoint of the local bifurcation theory. In Section 5, we will accomplish the proof of our main
results.

2. Main results

We introduce a new unknown function U by

U=(1+kpx)v)u. (2.1)
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Then (SP) is rewritten in the following form:

AU+ f1(A,U,v)=0 in$2,
AV + fo(U,v)=0 in 21,

(EP) ohU =0 on ds2,
ohv=0 on 4§21,
where
AU, v)= A— -b s
ho.U.m 1+k,0(x)v( 1+kp(x)v (X)V) 22)
foU,v)=v + cu v .
R L 1+kv ‘
Define
E=Cl(2)x Cl(21), (2.3)

where C},(5) ={w e C1(0): 9w =0o0n d0}. We say that (u,v) is a positive solution of (SP) if
(U, v) € E is a positive solution of (EP) and u is defined by (2.1). It is shown by elliptic regularity the-
ory (see e.g. [7]) that (U, v) € C1¥(§2) x C2(§21) for any 6 € (0, 1) if (U, v) € E is a positive solution
of (EP). Before stating our main results, we state the following lemma.

Lemma 2.1. For any fixed k and $2, there exists a continuous and strictly increasing function A*(u) with
respect to pu > 0 such that A*(0) =0, A* () < B forany p > 0, limy o0 A* (1) < A?(.Qg) and

bX)u — A

{(A,m € [0, 00)?: W(W’

Q) =O} ={(»*(w), ;): n>0}.

Our first result is the following theorem concerning the existence of coexistence states of (SP) with
fixed k and £2.

Theorem 2.2. The following results hold true:

(i) Suppose that v > 0. Then (SP) has at least one positive solution if and only if A > A™(w).
(ii) Suppose that i < 0. Then (SP) has at least one positive solution if A > —u/c.

From Theorem 2.2, we can draw the coexistence region of (SP) in the Au-plane (see Fig. 1).

Our next concern is to examine the dependence of the coexistence region on k and §2¢. We write
A*(u, k, £20) instead of A*(u) to express the dependence on k and £2¢ explicitly in Theorem 2.3 below.
Moreover, we define A% (k, £20) := limy— o0 A* (1, k, £20) < A?(.Qo). Then A}, (k, $20) is the threshold
prey growth rate in the sense stated in Section 1. We can obtain the following theorem.

Theorem 2.3. The following results hold true:

(i) Suppose that pu > 0. Then A* (., k, §2¢) is strictly decreasing with respect to k.
(ii) Let S = {¢ € H'(2): [, ¢*dx > 0). Forany k >0,

Jo IVOP dx+ F [g\0,®*dX _ p12\ 20|
Ja, 92 dx = kISl

2E (k, $20) = inf
oo (K, $20) qlsgs
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I A= XA(w)
A

Z.

Fig. 1. Coexistence region of (SP) with fixed k and £2.

P
C

Part (i) of Theorem 2.3 means that the coexistence region becomes larger as k increases, and
part (ii) of Theorem 2.3 means that the threshold prey growth rate A% (k, £20) decreases to O as
k — oo or §2¢ is enlarged to the entire 2.

Concerning the asymptotic behavior of positive solutions of (SP) as k — oo, the following theorem

holds.
Theorem 2.4. Let (uy, vi) be any positive solution of (SP) for each k.

(i) Suppose that i > 0. Then

Jim (g, g, vi) = (2,0, 1) in Cl(£20) x C1(£21) x C1(821).
K— OO

Moreover, limy_, o, kv = oo uniformly in £21 even when p = 0.
(i) Suppose that A > —u/c > 0 and let {k;}{2, be any sequence with lim;_, o k; = oc. Then, by passing to
a subsequence if necessary,

lim uy, =u uniformlyin 2, lim (vi,, kivg,) = (0, w) in C'(221)?,
i—o0 =00

where (u, w) is a positive solution of

A[(1+pw)i] +a(r —i) =0 in £,

Aw+w(u+cu)=0 in £21, (2.4)
ot =0 onos2,
opw =0 on ds2.

We can analyze the bifurcation structure of positive solutions of the limiting system (2.4).

Theorem 2.5. The set of positive solutions of (2.4) with bifurcation parameter (4 contains an unbounded
connected set I in R x L®(£2) x C1(£21) satisfying the following properties:
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(i) I bifurcates from {(u,u, w) = (1, 1,0): u e R} at u=—cx,
(ii) (—cA,0) C {u: (u,u,w) e I'} C (i1, 0) for some i € (—oo, —CA], _
(iil) limy ol =Ain C1(£20) and limy, ,o(iy, wy) = (0, 0o) uniformly in §21, where (i, Uy, wy) € I

Although i1 ¢ C1(2) for (u,ii, w) € I' in Theorem 2.5, we can verify from Proposition 5.5 in
Section 5 that u|g, € C1(£20) and ﬁ|:_21 e C1(£21). Finally, we remark that (iii) of Theorem 2.5 is
compatible with (i) of Theorem 2.4.

3. Preliminaries and a priori estimates

In this section, we will prove Lemma 2.1. Moreover, we will derive some non-existence result and
a priori estimates of positive solutions.

We first recall the following maximum principle (see Lou and Ni [15]) and Harnack inequality (see
Lin et al. [13] and Lou and Ni [16]).

Lemma 3.1. Suppose that g € C(0 x R), where O is a bounded domain in RN with smooth boundary. If
w € C2(0) N C1(0) satisfies

Aw(x)+ g(x, w(x)) <0 inO, dIw>=0 ondo,
and w(xo) = ming w, then g(xo, w(xp)) < 0.

Lemma 3.2. Let f € LP(0) with p > max{N/2, 1}, where O is a bounded domain in RN with smooth bound-
ary, and let w be a non-negative solution of Aw + f(x)w = 0 in O subject to the homogeneous Neumann
boundary condition. Then there exists a positive constant C4 = C4(p, N, O, || fllp,0) such that

maxw < Cxminw.
0 0

We will prove Lemma 2.1.

Proof of Lemma 2.1. Suppose that w > 0. By the continuity and monotone increasing property
of AN(q) with respect to g € L°(£2) and the fact AN (0) =0, we see that

b —A
AHAQV(L):[O,OO)—HR
1+kpx)u
is a continuous and strictly decreasing function satisfying
b b —
k’lv(i(x)u ) >0 and A€V<7(x)u 'BM) <0,
1+kpx)u 1+kpx)u

where we have used the assumption (1.1) about b(x). It thus follows from the intermediate value
theorem that there exists a unique A*(u) € (0, But) such that

N <b(xm - k*(u))
U1 +kpou

Since

N DO =AY\
M A (71 +k,0(x),u> :[0,00) > R
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is continuous and strictly increasing, we can verify that A*(u) is continuous and strictly increasing
with respect to i > 0 and satisfies A*(0) =0.

We finally show limy,_, o0 A* (1) < A?(Qo) by the argument used in the proof of Theorem 2.1 in [6].
From the variational characterization of the first eigenvalue, we have

N b(X)M—)L*(M)>_. < 2 bOp — 1" () 2>
O_k1< 1+kp(x)u _4:2(59 Vel + 1+kp(x)u 97 ) dx, (3D

where © = {¢ € HI(2): ||¢]l2.2 = 1}. Let ¢ satisfy

—Ap1 =AP(R20)p1 in20,  ¢1=0 ond, f¢%dx=1,
£20

where ¢ =0 on 3£ should be replaced by ¢1(a) = ¢7(a;) =0 for i =1 or 2 if N =1. Define
¢1 € H'(£2) as follows:

d1=¢1 in29, $1=0 in2\ 2.

Setting ¢ = ¢ in (3.1), we obtain

0< / (IVn 2 — 2% (1)) dx = 1P (20) — 2 ()
20

for any p > 0. Therefore, lim, o A* (1) < )»]D(.Qo). O
We will derive the following non-existence result of positive solutions.
Lemma 3.3.If © > 0 and A < A™*(w), then (EP) has no positive solution.

Proof. Let (U,v) be any positive solution of (EP) with w > 0 and define u by (2.1). Then U is a
positive solution of

Y b
AU ATUEDOV o he. aU=0 ondg.
1+kpX)v

In addition, by applying Lemma 3.1 to the second equation of (EP), we have

cU (xo) )
————— —minv <0,
1+kv(xo) @,

where v(xg) = rnin§1 v. Namely, v > p in £21. Hence we find that

Oqu,(—k—i—u—i—b(x)v) >A‘1"( b(x)v — A ) >A’1\’< b(x)p — A )
1+kpx)v 1+kpx)v 1+kpx)u

On the other hand, it follows from Lemma 2.1 that
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)‘11\’( b(x)u — 2 ) 0
T+kp(xu
for any A < A*(w). Therefore, (EP) has no positive solution if x>0 and A <A*(w). O

We will derive the following a priori estimates of positive solutions.

Lemma 3.4. Let 6 € (0, 1). Then there exists a positive constant C independent of k such that any positive
solution (U, v) of (EP) satisfies

||U||C1,9(§) <C and ||V||C1,9(§1) <C.

Proof. Let (U, v) be any positive solution of (EP) and define u by (2.1). Integrating the first equation
of (EP) over £2, we have

f u(r —u—bx)v)dx=0.
Q
Then by the Schwarz inequality, we see that
[wax<i fude<iie Pz,
Q 2

where |£2| denotes the measure of £2. Hence

lull2,e < A1£2]1/2 (3.2)
and thus
|20/ infu < flullz, g, < 4121/
0
Therefore,
1/2
2
infu < k(u> . (3.3)
20 | 20|

Similarly, we have

/Vzdx=ufVdX+CqudX<M+IQ1I]/2||V||2,:21 +cllullz, e Ivi2.e
21 29 21

where . := max{u, 0}. It follows from (3.2) that
IVll2, 2 < 1211V +cllullz, @ < ptl211M2 +crl 22, (34)

which, in particular, gives

12| 1/2
minv < 4 +cA|l — . (3.5)
21 1£21]
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By (3.2), (3.4) and the assumption that the spatial dimension N satisfies N < 3, we can apply
Lemma 3.2 with p =2 to (EP). Consequently, we can find two positive constants C; and C inde-
pendent of k such that

12| 1/2
maxU < CiminU < Cqinfu < CM(—)
2 20 [$20]

2

and

1/2
maxv < Coyminv < C2(M+ +C)L<u> )
2 2, |~Ql|

where we have used (3.3) and (3.5). Therefore, we get the conclusion by elliptic regularity theory and
the Sobolev embedding theorem. 0O

4. Local bifurcation from semitrivial solutions

In this section, we regard A as a bifurcation parameter. We will apply the local bifurcation the-
orem of Crandall and Rabinowitz [3] to (EP) in order to obtain a branch of positive solutions which
bifurcates from the semitrivial solution curve

Iy={0, U, v)=*,1,0:1>0} or In={A U,v)=(,0,u):r>0}
For p > N, we define
X1=WiaP(@2)x WaP(21) and Xp =LP(2) x LP(27),

where W,%’p(O) ={w e W2P(0): 9,w =0 on §0}. We note that X; C E by the Sobolev embedding
theorem, where E is the Banach space defined by (2.3).

We first study the local bifurcation from I, for any fixed u > 0. Let A* = A*(u) be the positive
number defined in Lemma 2.1 and let ¢* be a positive solution of

b — ¥
_A(p*_i_qu*:O in £2, an¢*:O onos2. (41)
1+kpX)u
We also define
Y Y
*=(—A+puhg 1 4.2
V= +“)91[1+ku‘”] (4.2)

where [ is the identity mapping and (—A + /,LI);Z} is the inverse operator of —A + wl over £21 sub-
ject to the homogeneous Neumann boundary condition. Then the following local bifurcation property
holds true.

Proposition 4.1. Assume that p > 0. Positive solutions of (EP) bifurcate from I'y if and only if A = A*. Pre-
cisely, all positive solutions of (EP) near (A*, 0, i) € R x X1 can be expressed as

F5={(,U,v) = (1), 5(¢* + U(),  +s(¥* +v(5))): s€ (0,8}

forsome § > 0. Here (A(s), U(s), v(s)) is a smooth function with respect to s and satisfies (A(0), U (0), v(0)) =
(2*,0,0) and [, U(s)¢p*dx = 0.
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Proof. Let V :=v — u in (EP) and define a mapping F:R x X; — X, by

FOLU, V)= <AU+f1(A,U,V+M)>’

AV + f2(U,V + )

where fi and f, are functions defined by (2.2). Then F(A,U,V) =0 if and only if (U,V + ) is a
solution of (EP). We note that F(X,0,0) =0 for any A. By a simple calculation, the Fréchet derivative
of F at (U, V) =(0,0) is given by

(4.3)

A=bp
A¢ + T+kp(x) 1L d’
¢

Fw.v) (%, 0,0)[¢, ¥ = ;
o (Aw—w+ it

By Lemma 2.1 and the Krein-Rutman theorem, Fy v)(4, 0, 0)[¢, ] = (0, 0) has a solution with ¢ >0
if and only if A = A*; thus A* is the only possible bifurcation point where positive solutions of (EP)
bifurcate from I'. It follows from (4.1)-(4.3) that the kernel of Fy, v)(1*,0,0) is given by

Ker Fy,v)(A*,0,0) = span{(¢*, v*)}, (4.4)

and hence dimKer Fy,vy(A*,0,0) = 1. By the Fredholm alternative theorem, the range of Fy v)(A*,
0, 0) is given by

Range F(y,v)(1*,0,0) = {(¢,¢) € Xy: /¢¢*dx:0}. (4.5)
2

Thus it holds that codimRange F(y,v)(1*, 0, 0) = 1. Moreover, we see from (4.5) that

*

¢
Frwu.vy(A*,0,0)[¢*, v*] = <1+'<g<X>M> ¢ Range Fu,v)(1*,0,0).

Consequently, we can apply the local bifurcation theorem [3] to F at (A*, 0, 0). Therefore, the proof
of Proposition 4.1 is complete. O

Next we study the local bifurcation from Iy for any fixed i < 0. We define

-1
on(onoit) ()]
2

Then the following local bifurcation property holds true.

Proposition 4.2. Assume that (< 0. Positive solutions of (EP) bifurcate from I'y if and only if . = —p/c.
Precisely, all positive solutions of (EP) near (—u/c, 1, 0) € R x X; can be expressed as

{0, U v) = (A6 A +5(ps + T (). 5(1 4+ 7(5))): s €(0,5)}

forsome § > 0. Here (A(s), U(s), ¥(s)) is a smooth function with respect to s and satisfies (»(0), U (0), 7(0)) =
(—m/c,0,0) and f_Q] V(s)dx=0.
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Proof. Let z:=U — A in (EP) and define a mapping @ :R x X; — X, by

DA, z,v)= (AU"'fl()wZ—H»,v))

AV + fo(z+ A, v)
Then & (A, z, v) =0 if and only if (z+ A, v) is a solution of (EP). We note that & (i, 0,0) =0 for any A.

By a simple calculation,

Bz (1,0,0)[¢, Y] = (A¢> —Ap+ Akp(X)A — b(X))W> .

Ay + (U +cA)y

Thus we can easily verify that A = —u/c is the only possible bifurcation point where positive solutions
of (EP) bifurcate from Iy. In addition, we see

Ker @(;,v)(—/c, 0,0) = span{(¢s, 1)}
and
Range @(; v)(—u/c,0,0) = {((ﬁ, ¥) € Xy: / Ydx = 0}. (4.6)
Lo
Hence
dimKer @, vy(—u/c, 0, 0) = codimRange @(;,v)(—ut/c,0,0) = 1.
Moreover, (4.6) yields

2kpx) 1
- HEB =)
c

Pi(z,v) (—1/€, 0,0)[y, 1] = <_¢* ) ¢ Range ®@(z.v)(—/c, 0, 0).

Therefore, we can apply the local bifurcation theorem [3] to @ at (—u/c, 0, 0). Thus we have com-
pleted the proof of Proposition 4.2. 0O

5. Proof of main results
5.1. Proof of Theorem 2.2

In this subsection, we will prove Theorem 2.2 by combining the results of the previous sections
with the global bifurcation theory.

Proof of Theorem 2.2. We first consider the case w > 0. In order to apply the global bifurcation
theorem, we define a mapping F:R x E — E by

F(u,U v)—( u )_( (—A+Dg'lU+ fi(h, U, )] )
V) A Dg v - pt LU L)

By elliptic regularity theory and the Sobolev embedding theorem, the second term of F is a compact

operator for any fixed A. Moreover, (EP) is equivalent to F(x, U, v) =0. Let I3 be the local bifurcation
branch in Proposition 4.1 and let Iy C R x E denote the maximal connected set satisfying

Fschvc{(U,v)e ®xE)\{(x*,0,u)}: F(, U,v)=0}. (5.1)
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Define Pp = {w € C}(0): w> 0 in 0}. We first show

v CR x Pg x Py, (5.2)

by contradiction. Suppose that Fu ¢ R x Pg x Pg,. Then there exist

(hoos Uso, Vo) € I N (R x 3(Pg x Pg,)) (5.3)
and a sequence {(A;, Uj, vi)}{2; C TuN@®x Pg x Pg,) such that

lim (A, Ui, vi) = (Ao, Usos Voo) INR X E.

11— 00

In addition, (Us, Voo) IS a non-negative solution of (EP) with A = L. It follows from the strong
maximum principle that one of the following (a)-(c) must occur:

(a) U =0in 2, voo =0 in 2;.
(b) Uxs >0 in £2, voo =0 in £2;.
(c) Uso=01in £2, voo > 0 in £21.
Integrating the second equation of (EP) with (U, v) = (Uj, v;) over £27, we find that

U.
fv,'(u—i-%liw—vi)dx:O foranyie N. (5.4)

21
If (a) or (b) holds, then

cU;
1+ kv;

u+ —vi>0 inf$y

for sufficiently large i € N because of i > 0. Hence the integrand in (5.4) is positive for sufficiently
large i € N since v; > 0 in £2; for any i € N. This contradicts (5.4). If (c) holds, then

AV 4+ Voo(ll — Vo) =0 in £21, Voo =0 onds2q, Voo >0 in £24

and thus vy, = p in £21. Hence Proposition 4.1 implies that (Aoo, Uso, Voo) = (A*, 0, w). This contra-
dicts (5.1) and (5.3). Therefore, the assertion (5.2) holds true. We define

YZ{(¢,1/I)€E§/¢¢*dX=O}, (5.5)
2

that is, Y is the supplement of span {(¢*, ¥*)} (which appeared in (4.4)) in E. According to the global
bifurcation theorem based on the global bifurcation theory of Rabinowitz [19], one of the following
non-excluding properties holds (see Theorem 6.4.3 in Lopez-Gémez [14]):

(1) Iy is unbounded in R x E. ) R
(2) There exists a constant A # A* such that (&, 0, u) € I'y.
(3) There exists (i,q@, g&) e R x (Y \ {(0, )}) such that (i, é, 1Zf) € fM.
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Case (2) cannot occur because of (5.2). On account of (5.2), (5.5) and ¢* > 0, case (3) is also impossi-
ble. Therefore, case (1) must hold. It follows from (5.2) and Lemmas 3.3 and 3.4 that (EP) has at least
one positive solution if and only if A > A*. Thus the proof for the case i > 0 is complete.

We can discuss the case i < 0 in a similar manner and so omit the proof. Hence it only remains
to discuss the case p = 0. Fix any A > 0. By virtue of the above result, we can take a sequence
{(ui, Ui, v}, such that (U;, v;) is a positive solution of (EP) with @ = w; and lim;_, o ;i = 0.
Since {u;}{2; is a bounded sequence, it follows from Lemma 3.4 that there exists a subsequence, still

denoted by {(u;, Ui, vi)}2,, such that
lim (U, vi) = (Uso, Vo) inC1(2) x C1(21)
1—00

for a pair of non-negative functions (Us, Voo) € C1(£2) x C1(821). On account of limj_, . pti = 0,
(Uxo, Voo) is a non-negative solution of (EP) with i = 0. Then the strong maximum principle implies
that (Uso, Voo) satisfies either U, > 0 in £ and v, > 0 in §£21 or one of (a)-(c) which appeared in
the proof for the case © > 0. Since

cU;j

/vi ;L,-—i——l—vi dx=0
1+ kv;

2

for any i € N, neither (b) nor (c) occurs because of lim;_, », t; = 0. Integrating the first equation of (EP)
with (U, v) = (Uj, vi), we have

U; U;
/ <A— —b(x)v,-) dx=0
J 1+kp(X)v; 1+kpX)v;

for any i € N. Thus (a) is also excluded since A > 0. Therefore, Uy, > 0 in £2 and vo, > 0 in £27.
This means the existence of a positive solution of (EP) with u =0 for any fixed A > 0. We have thus
proved Theorem 2.2. O

5.2. Proof of Theorem 2.3

Proof of Theorem 2.3. We first prove part (i) for fixed p > 0. Fix any k; > 0 and note that

Aq,<b(x)u—k (M,kl,Qo)’Q) _o.
1+kipou

It follows from the assumption (1.1) that

b)p — M (i ki, 20) _ | B2 GLkE0) in 2\ 2o, (5.6)
1+kipx)u —2* (. k1, $20) <0 in £2.

Then the monotone increasing property of )»Q’(q) with respect to q € L°°(£2) and the fact }»Q’(O) =0
imply that the constant Bu — A*(w, k1, £20) must be positive in (5.6). Thus, if ky > k1, then

B —A*(w, ki, 20) _ B — A*(u, k1, 20)
1+kp 1+kip
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and hence

)LN<b(x)u — A* (1, k1, £20) Q) <.
1 T+kp®u

Therefore, if ky > kq, then A*(u, k2, $20) < A*(i, k1, $20). This completes the proof of part (i).

Next we prove part (ii). For any u > 0, let ¢, be a unique positive solution of

b(X)[L - )\.*(/,L, ks 90)
1+kp)p

— Ay +

¢u=0 in2,  9¢p,=0 ond, /¢§dx:1.
2

4001

(5.7)

Multiplying the above differential equation by ¢, and integrating the resulting equation over §2, we

see from Lemma 2.1 that

ALk, 20) —bXu 5 D
Ve |?dx = dx < AP (20).
/| Pul”dx / T+kpou ¢p, X 1 (£20)
2 2

Thus {¢,}u>0 is bounded in H'(£2) and so there exists a sequence {352, with lim; o i = 00
such that lim;_, o ¢; = ¢poo Weakly in H'(£2) and strongly in L%(£2) for some non-negative function

$o0 € H'(2) satisfying [, p2 dx = 1. Moreover, we find from (5.7) that

/(V%i VYt b i — & (,bbi,k,ﬂo)d)mw) dx—=0
2

1T+kpx) i
for any ¥ € H'(£2). Letting i — oo in the above equation, we have

/V¢w~vwdx+§ / Pootr dx — AX, (k. 90)/¢oo¢dx=0

Q 2\20 2

for any ¢ € H'(£2), where Ao (k, £20) = limy 00 A* (1, k, £20). Namely, ¢ is a weak solution of

B .
—Adoo + EX.Q\.QO(boo — A% (k, 20) X 2gPoo =0 in £2, OnPoo =0 onag.

Since ¢oo >0 in 2 and [, p% dx =1, we see ¢, > 0 in 2 by the strong maximum principle. This

means that n =% (k, £20) is the first eigenvalue of

B .
—Ap+ X\ =NX20b N2, dap=0 onds.
Therefore, by the variational characterization of the first eigenvalue, we have

Jo IVOP dx+ £ Jg 0, 8% dX _ 12\ 20|
Jo, $?dx = k|S20)

A* (k, $20) = inf
ook, §20) 41;25

for S={¢ € HI(R2): Ja, ¢%dx > 0}, where the last inequality is obtained by setting ¢ =1 in £2. O
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5.3. Proof of Theorem 2.4
In order to prove Theorem 2.4, we first derive the following three lemmas.

Lemma 5.1. Let {(k;, uy;, vi,)}{2; be any sequence such that (uy,, vy,) is a positive solution of (SP) with k = k;
and lim;_, o ki = 00, and set Uy, := (1 + k; p (x) vy, )uy,. Then, by passing to a subsequence if necessary,

lim (Uy,, vi,) = (U, max{w,0}) inC'(22) x C'(21)
1—00
for some non-negative function U € C1(£2).
Proof. With the aid of Lemma 3.4, by passing to a subsequence if necessary,
lim (U, vig) = (U, ) inC'(2) x C'(21)
1— 00

for a pair of non-negative functions (U, v) € C'(£2) x C!(£21). Since vy, > max{u,0} in £2; for any
i € N by Lemma 3.1, we have

v >max{u,0} in ;. (5.8)
Note that
. . Uy, (%)
lim ug, (x)vg, (x) = lim —————v. (x) =0
i—>00 ki OV (%) i—o00 1+ kv, (x) k(0

for each x € £21. Then the Lebesgue dominated convergence theorem yields

0= lim / Vi, (1 4 cuy, — i) dx = / v(u — v)dx. (5.9)
1—00
21 2

By (5.8) and (5.9), we obtain v = max{u, 0} in §£21. This completes the proof of Lemma 5.1. O

Lemma 5.2. Suppose A > —ju/c > 0 and let {(k;, uy;, Vi;)}72, be any sequence such that (uy,;, vy;) is a positive
solution of (SP) with k = k; and lim;_, 5o k; = oc. If{maxf—21 kivi; 172, is bounded, then u < 0 and by passing
to a subsequence if necessary,

lim uy, =i uniformlyin 2 and lim kjvy, =w in C'(21),
1— 00 1—00

where (i, W) is a positive solution of (2.4).

Proof. Set wy, :=k;vy, and then (uy,, wy,) satisfies

A[(1+ p@) Wi Jug ] +ug (A = ug; =b®)vi) =0 in 2,
AWy, + Wy, (L + cuy, — vi,) =0 in £21,
Only; =0 onds2,
Onwy, =0 on 0821.

(5.10)
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ssume that {maxg_ k;vi,}72, is bounded. On account of Lemma 5.1, elliptic regularity theory and the
A h 2, kivi 12, is bounded. O fL 5.1, ellipti larity th d th

Sobolev embedding theorem, by passing to a subsequence if necessary,
lim ((1+ pOwi, )uk,, vig, wi,) = (0,0, w) inC1(2) x C'(21) x C'(21) (5.11)
1— 00

for a pair of non-negative functions (U, w) € C1(§2) x C1(£21). Therefore, we obtain

. )
lim uy,

=——— =u>0 uniformlyin £2. (5.12)
isoo ' 14+ px)wW

It follows from (5.10)-(5.12) that (u, w) is a non-negative solution of (2.4). B
We finally show that & > 0 in £, w > 0 in £21 and u < 0. We note that U is a non-negative
solution of

_ U _ ) _
U+—O—-u)=0 in$2, opU=0 onos.
1+ px)w

Using the strong maximum principle, we see either U > 0 or U =0 in £2. Suppose that U =0 in £2.

Then we find from (5.12) that lim;_, « tf; = 0 uniformly in 2. This, together with (5.11), leads to a
contradiction:

0:/uki(k—uki —b(x)vy,)dx>0
2

for large i since » > 0. Thus U > 0 in .(_2_ar1d hence i > 0 in £2. By using the strong maximum
principle again, either w > 0 or w =0 in £21 holds. Suppose that w =0 in §2¢. Then we have

Au+u(h—u)=0 in$2, =0 onds2, >0 ing2,

so that i = A in £2. Hence

im (i +cuy, —vi)) = +cA >0
1—>00
uniformly in £21 by assumption. This leads to a contradiction:

0= / Vi, (0 4 cuy, — vi,)dx > 0
2

for large i. Therefore, w must be positive in £2;. Since W satisfies (2.4), we have A{"(fcﬂ) = and
—cil <0 in £21. By the properties of A’1V(~), this is impossible when © = 0. Therefore, 4 <0 and w > 0
in £21. This completes the proof of Lemma 5.2. O

Lemma 5.3. Assume that ;t = 0 and let {(k;, uy;, vi,)}i2, be any sequence such that (uy,, v;) is a positive
solution of (SP) with k = k; and lim;_, o ki = 0o. Then {min_(—zl kiv;}i2, is unbounded.

Proof. By the assumption @ =0 and Lemma 5.2, {max§1 kivi,}72, is unbounded. Since k;vy, satisfies

Akivi,) +kive, (u+cug, — vi,)) =0 in £2q, On(kiv,) =0 onodgy,
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it follows from Lemmas 3.2 and 3.4 that

maxk; vy, < K mink;vy,
2 2

for some positive constant K independent of i. Therefore, {ming, kivi}72, is also unbounded. O
We are now ready to prove Theorem 2.4.

Proof of Theorem 2.4. Let {(k;, uy,, vi;)}7°, be any sequence such that (uy,;, vi;) is a positive solution

of (SP) with k =k; and lim;_, o k; = 0o, and set Uy, := (1 + kjp(x)vy,)uy,. We first prove part (i)

for fixed u > 0. It follows from Lemmas 5.1 and 5.3 that there exists a subsequence of {k;}7°;, still
denoted by {k;}°°., such that

i=1’

lim (Uy,, vig) = (U, ) inC'(2) x C'(21)
1—>00

for some non-negative function U € C!(§2) and

lim kjvj, = oo uniformly in £25. (5.13)
1—00
Thus we have
. . Uki . 1, -
lim uy, = lim ———— =0 inC (£21). (5.14)

i—00 i—oo 14 kjvy,

We next show that lim;_, uy, = A in C1(£29). Since uy; = Uy, in $29, it suffices to show that U=x
in £20. Dividing the first equation of (EP) with (U, v) = (Uy,, vk;) by Uy, and integrating the resulting
equation over 2, we have

A —ug, —bX)vy, VU, ?
/—"' U"Idx:-/—' f' dx <0,
14+kipx)vy, Ui
2

1

that is,

A — Uk — BV,
f(k—uk.)dx<— f Azt = BV g
! 1+kivki
20

£2\820

Letting i — oo in the above inequality, we see from (5.13) that

/(x —U)dx<0. (5.15)
$20

On the other hand, it holds that

/uki(k—uki)dx+ / ug, (A — ug, — Bvy;)dx=0.

20 2\2
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Letting i — oo in the above equation, we see from (5.14) that
/ UG —U)dx=0. (5.16)
20
Hence, (5.15) and (5.16) yield
/(A— U)de=x/(x ~ U)dx—/f](k— U)dx <0.
20 20 20

Therefore, U = X in £2p. Thus we have obtained
1im (ug,, ug, vig) = (1,0, 10) in €' (20) x C1(£21) x C'(21) (5.17)
1—00

and lim;_; o kj vy, = oo uniformly in 7. Since the limit of (ug;, Vi) is uniquely determined in (5.17),
the conclusion of part (i) holds true.

We prove part (ii) by assuming A > —u/c > 0. On account of Lemma 5.2, it suffices to show
that {maxg kivg}72, is bounded. We prove this by contradiction. Suppose that {maxg, kivi, 32, is
unbounded. Then, by the same argument as in the proof of Lemma 5.3, {ming, k;vi,}=; is also un-
bounded. Hence, by passing to a subsequence if necessary,

‘lim nlink,-vki = OQ. (5.18)
i—00 2

Combining Lemma 3.4 and (5.18), we have

Uy, _
lim u. = lim kg uniformly in £2. (5.19)
inoo ' i—moo 14kjvy,
We define vy, = Vk;/ Maxg, V. Then
AV, + Vi, (0 4 cuy, — vi,) =0 in £21, Vi, =0 on sy, max vy, = 1. (5.20)
§21

It follows from elliptic regularity theory and the Sobolev embedding theorem that there exists a

subsequence of {k;}°,, still denoted by {k;};°,, such that

lim ¥, =¥ inC'(£2y), maxv=1 (5.21)
i—o00 21

for some non-negative function v € C!(§21). Thus by virtue of Lemma 5.1 and (5.19)-(5.21), V is a
positive solution of

AV+uv=0 in £, ohv=0 ond.

This is impossible since @ < 0. Hence {maxg, kivy;}72, is bounded. Therefore, we get the conclusion
by Lemma 5.2. O
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5.4. Proof of Theorem 2.5

In this subsection, we fix A and regard u as a bifurcation parameter. Set U := (1 + p(x)W)ii. Then
(2.4) is rewritten in the following form:

AU+ g1(U,w)=0 in 2,
AW+ g(un, U, w)=0 iny,

” (5.22)
ohU=0 onods2,
opw =0 on 0421,
where
U, w)= u (x u )
W = T oow " T T¥poow )’
.00y =i+ -0
g2 /"(’7 ’ - l‘l‘ 1+W M
Define

¢ =(—A+aDg' [p@r?].
We first prove the following local bifurcation result.

Proposition 5.4. Positive solutions of (5.22) bifurcate from {(i, A, 0): u € R} if and only if u = —cA. Pre-
cisely, all positive solutions of (5.22) near (—cA, A, 0) € R x Xy can be expressed as

Ty ={(, U, w) = ((s), A+ (¢ + U(s)),s(1+w(s))): s€ (0,8}

for some § > 0. Here (u(s), U(s), W(s)) is a smooth function with respect to s and satisfies (w(0), U(0),
w(0)) = (—cx, 0, 0) and fﬂl w(s)dx=0.

Proof. Let z:=U — A in (5.22) and define a mapping G :R x X; — X; by

.z V_v)=< AZ+g1(Z+ 21, W) )

AW + g2(1, 2+ A, W)

Then G(u,z, w) =0 if and only if (z+ A, w) is a solution of (5.22). We note that G(u,0,0) =0 for
any u. Since

Ap — 1 +p(x)w,)

G(E,W)(/J/,0,0)[(b, 1/’] = ( Ay + (M+C)»)1ﬂ

we can easily see that u = —cA is the only possible bifurcation point where positive solutions
of (5.22) bifurcate from {(u, A, 0): u € R}. Moreover, we find

Ker G z,i)(—cA, 0, 0) = span{(¢, 1)}
and

Range Gz #)(—cA,0,0) = {(d), v) € Xa: fl/de: 0}. (5.23)
2
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Consequently, we have
dimKer Gz w)(—c2, 0,0) = codimRange Gz, #)(—cA,0,0) = 1.

Furthermore, (5.23) yields
- 0
Guew)(=c2,0,0)[¢, 1] ={ | ) ¢ Range G, w)(—cA,0,0).

Therefore, we can apply the local bifurcation theorem [3] to G at (—cA,0,0). Hence the proof of
Proposition 5.4 is complete. O

Combining Proposition 5.4 with the global bifurcation theory, we can prove the following proposi-
tion.

Proposition 5.5. The set of positive solutions of (5.22) with bifurcation parameter | contains an unbounded
connected set I'yy in R x E satisfying the following properties:

wm bifurcates from {(u, U, W)= (u,1,0): peR}at p=—cx
(=cx,0) C{u: (1, U, w) € I'm} C (&, 0) for some i € (—o0, —CA],
{maxg Uﬂ}(u Oy i)l 1S bounded,

(i) I
(ii)
(iii)
(iv) limy o wy, = oo uniformly in 21, where (1, qu wy) € I'y.

Proof. We define a mapping G:R x E — E by

o0 v_v)_(U—A)_((—A+1)‘][U—k+g1(_ v‘v)])
PRIl w (—A+ D' W + g2, 0. )1 )

Then (5.22) is equivalent to ﬁ(u, U, w)=0. Let Ts be the local bifurcation branch in Proposition 5.4
and let Iy C R x E denote the maximal connected set satisfying

Iy v c{(u,U,w)e®xE)\ {(—cr,2,0)}: G(u, U, w) =0}.

Thus the assertion (i) is satisfied for this I'y. By the same argument as in the proof for the case
M > 0 in Theorem 2.2, we can verify that Iy is contained in the set of positive solutions of (5.22)
with bifurcation parameter p and that I'y; is unbounded in R x E.

We next show the assertion (iii). Let (u, l_JM, wy,) € Iy. Integrating the first equation of (5.22)
over §2, we have

_ 2 _ _
U U U
/(—“_) dx:k/ — P dx<aV—E
J T+ pX)wy J T+ pX)wy T+p00OWy ;0
and thus
U
H—“ <A|2)V2. (5.24)
1T+ p@wWy |, 0
Hence applying Lemma 3.2 with p =2 to the first equation of (5.22), we obtain
maxU, < C*minU, (5.25)
2 2
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for some positive constant C* independent of . Moreover, we see that
Uu

—_— (5.26)
T+ p0wy

1/2 f T ]
1520/ "/ minUy, < 10ull2.2 < H

2,2

because of Uy, /(1+ p(x)wy) = U, in £29. Combining (5.24)-(5.26), we have

1/2
- 12\
maxU, <C'A| — .
2 [£20]

Therefore, we get the assertion (iii). _ B .
We finally prove the assertions (ii) and (iv). Let (u, Uy, wy,) € I'y. Then Uy, > 0 in £2 and wy, is
a positive solution of

i} U, . i}
_AW“_l—i—v'vMW“:'uW” in 21, ohw, =0 onos2y.

Hence we have

Since we have already shown the assertion (iii), we obtain
{w: (u, U, w) € 'y} C (2,0) forsome fi € (—oo, —cA].

Moreover, in view of elliptic regularity theory and the Sobolev embedding theorem, the assertion (iii)

yields the boundedness of {”U}LHC'I (5—2)}. Thus {||WM||C1(§1)} is unbounded because of the unbound-
edness of Iy in R x E. It follows from the boundedness of {||L_JH ey b elliptic regularity theory
and the Sobolev embedding theorem that {maxg, wy} is also unbounded. Furthermore, applying
Lemma 3.2 to the second equation of (5.22), we see that {ming, wy} is also unbounded. Con-
sequently, there exists a sequence {u;}{°; such that lim;j . i = oo for some oo C [f,0] and

limj_ o ming, wy, = co. We define w, = Wy /Maxg Wy,. Then

o Uy, : _ _
Aw,ti+wui<u,-+7’f’) =0 in 21, Onwy; =0 onds2y, maxw; = 1.
1+wy, 24

Hence, by passing to a subsequence if necessary,

. ~ ~ . 1, - ~
lim wy, =w inC (£21), maxw =1
i—00 21

for some non-negative function W € C!(£21). In addition, W is a positive solution of
AW+ [looW =0 in £21, opw =0 onas2y.

Thus o = 0. Therefore, we get the assertion (ii). Moreover, by applying Lemma 3.1 to (5.22), we
have

_ cUp(x
minU, > A and ,u—l—%\
2 1+ming wy
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where w, (xg) = min§1 w . Namely,

cU, (x A
S [L(O)_/C

Hence we have obtained the assertion (iv). O
We are now in a position to prove Theorem 2.5.

Proof of Theorem 2.5. The conclusions of Theorem 2.5 except for the convergence result of 1, im-
mediately follow from (i), (ii) and (iv) of Proposition 5.5. Furthermore, owing to (iii) and (iv) of
Proposition 5.5, we can prove the convergence result of u,, by the same argument as in the proof
of (i) of Theorem 2.4. Therefore, the proof of Theorem 2.5 is complete. O
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