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Abstract

We introduce multiple g-Mahler measures and we calculate some specific examples, where multiple
g-analogues of zeta functions appear. We study also limits as the multiple g goes to 1.
© 2006 Elsevier Inc. All rights reserved.

1. Introduction

The Mahler measure was introduced by Mahler [M] in studying transcendental numbers and

it is defined by
1
m(f)= Re/ .. ./log(f(ebriéh’ s eZJTiG,,))del ... d6,
0 0
for a rational function f(xi,...,x,) € C(xy,...,x,). It is known that Mahler measure has in-

teresting connections to special values of zeta functions as explained in Smyth [S], Boyd [B]
and Deninger [D]. There are also some results connected with dynamical systems in Lind—
Schmidt—Ward [LSW]. We refer to Everest—Ward [EW] for a survey of the Mahler measure.
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The g-analogue m,(f) of m(f) for g € C was introduced in [K1] and some calculations are in
[O2] also.

In this paper we introduce multiple g-Mahler measures, where ¢ = (q1, .. ., ¢r). We deal with
the following cases: B -

i 0<gqt,...,qr < 1.
(i) g =(1,¢9) withO <g < 1.

In case (i), the g-logarithm function is defined by

0 D x — 1)
o =30 NG

n=1 [n]i

qlseees qr — n
n=1
where Li, (z) = Z;’lo | »= 1s the polylogarithm function, since llquTl[l’l]qJ = n. Moreover, [, (x)

has an analytic continuation to all x € C as a meromorphic function via the expression

—1
L =0-g)(1-g) > . :

_ —mi ... —my
ml,...,mr>0x ! +q1 : ar
which is easily deduced from the definition.

Definition 1. Let 0 < g; < 1. Then the g-Mahler measure m,(f) of a rational function

f(xr,...,x,) € C(xy, ..., xy) is defined as

1 1
mg(f):Re/-~-/lg(.f(e2”i9',...,ezﬂmﬂ))d@] .. db,.
0 0

Then, we have the following results.

Theorem 1. For 0 <a < 1,

x+1
(a4 1) = = o
odd

In particular, when a = 1,

x +
mi(zy+ > w2 Z [”]q

odd
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Theorem 2.

x+1 4 1
li 1)=— —
gL mq<zy It ) ;) > a2
n>1
odd

4
F(l — 277 ¢(r +2),

where 1, =(1,...,1) e R".

Theorem 3. For 0 <a < 1,
( l)n 2n+1

x+1 2 X
1)== .
mq<ax 1+) nnz(:) @n + D(2n + 1],

In particular, when a =1,

x+1 2 & (="
m"(yx ) EZ @u+ D20+ 1],

B n=0
Theorem 4.

, x+1 2., (=)

1 1) ==y —

qlﬁi"’i@x—l - ) n,;)(znﬂwl

2
=—Lr+1, x—q).
T

Here, y_4 = ( %4) is the non-trivial Dirichlet character of modulo 4.

Secondly we deal with the case ¢ = (1, ¢) with 0 < g < 1. In this case, the (1, g)-logarithm
function is defined by
o D" -1

ha) =), —=

n=1
in |[x — 1| < 1 originally, where [n]; 4 =n-[n];, =n- 11%‘1;. ‘We note that for |x — 1| < 1
o0
. D" =1 .
lim/y 4 (x) = ——————— =—Lip(1 — x)
gtt lg n?

and

o -1 n
. D" (x-D
gi%ll’q(x): E 7:10{;)6,

n=1



Y. Gon et al. / Journal of Number Theory 124 (2007) 328-345 331

where Lir (z) = 220:1 ;—Z is the dilogarithm function, since limg41[n]; 4 = n? and limg o[n]1,4 =
n. Moreover, /1 4(x) has an analytic continuation to all x € C via the expression

hg)=(1—-gq)) log(g"(x—1)+1),

m=0

which is easily deduced from the definition. We remark that /1 ,(x) has the following expression:

ad JU=D/2(x — 1)/
g () = (1 —q)log(Z : . )
! U= —g%--(1—gq/)

Definition 2. Let 0 < ¢ < 1. Then the (1, g)-Mahler measure m 4(f) of a rational function
fxt,...,x,) € C(xy, ..., xp) is defined as

1 1
ml,q(f)=Re/~~/ll’q(f(e2”"91,..,,ezmgn))del...dgn
0o 0

Then, we have the following results.
Theorem 5. Fora > 1,
Mg +a) =1 4().
Theorem 6.

miq(1+(1 +x)y)

n—1
{Znam log + Z (=D sin(2nmwayy,) }

2

ols

n2

n=1
with oy, = %cos’1 (qum).

Theorem 7. Let x_3 = (%3), Xt = (%4) be the Dirichlet characters of modulo 3 and 4, respec-
tively.

. . 3V3 ,
(i) };%ml‘q(l +(1+x)y)= 2o L@ =L(=1 x-).
343 1
(i1) my 1(1+(1+X)y) —\/_L(2 X— 3)——L (=1, x=-3).
V3 1
(iii) ml’%(l+(1+x)y ( ){ L2, x— 3)——10g3}

(- )Freao-ges)



332 Y. Gon et al. / Journal of Number Theory 124 (2007) 328-345

3 1
(iv) m1‘1(1+(1+x)y)=<1—ﬁ){ ;/—L(Z X=3)+ — L(2 X 4)—Zlog2}

V2

1 1 1
= (1 — ﬁ) {L/(_17 X—3) + EL/(_l, X_4) — ZlogZ}

Theorem 8.

timmy g (14 (1 4+2)y) = & 24— Zc(n)
q

5 1 m'
_ﬁﬂz—;Ile] 2( 1)

k i 2k .
Here c(n) =) ;_, M */— hy IM and the doublepolylogarithm func-
tion Liy 1 (u, v) is deﬁned as Lix 1 (u, v) Zl<m<n mkn/

Theorem 9.

I+x \ 2o (="
ml’q(H ) Ez(zn+1)2[zn+1]q'

Theorem 10.

. 1+x 2 /
(1 hr%mlq 1+]—y ——L(2,X—4)=L(—1,X—4)-

2

14+ x T
16°

2
- y> =—L3, x-4)=
X b

(i) 111111"11 q<1 +

This paper belongs to a series of papers making attempts to extend Mahler measures as in
[GO,K1,K2,K0,01,02] mainly related to multiple sine functions and their generalizations. Our
multiple g-deformation examples are mainly suggested by the usual g-deformation examples
treated in [K1,K2,KO,02]. In particular, the fractional form is crucial for g-deformations in
comparison with the usual case. We also note that the continuity of m4(f) ing asg — lisa
non-trivial problem in general since we must pay attention to comphcated analytlc continuation
of associated 1-logarithm (polylogarithm) and in our examples we calculated the limits only in
principle. We hope to treat this problem in a future paper.

In some cases our results give multiple g-deformations of known formulas. For example, the
following four results Theorem 2 (r = 1), Theorem 4 (r = 1), Theorems 7(i) and 10(i) specialize
to formulas of Smyth [S]. We refer to recent interesting papers of Boyd—-Rodriguez-Villegas
[BRV], Lalin [L1,L.2] and Rodriguez-Villegas [RV] for various generalizations different from
our way.

2. (q15 ... 5qr)-Mahler measures

Proofs of Theorems 1 and 2. From the definition, we have
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( x+1+1>
m az
Iy +1
(1-q) - (-g) = aziiy
=Re

Z Y dxdydz
271 )3 x+1 —mi...g ~mr x z
e Ly zlmt My >0 4833 T ar Y

333

Here we put g™ =¢;""! - --g,"", then

: y+1
1 1 _ 1 ]f|a7gﬂ(x+l)|<l’

2 B Bl I
2mlzlzl 2+ agrern 0 if | gl 2 1

_2mity o, _ 27ty itk L 1 _1 1 y+1
Hence, for x = ¢ ,y=e with 7 <t <3, 2<t2<2,weknowthat|aiﬂ(x+l)|<1
if and only if ag™ coswt] > cosmts.

Then, putting o, (1) = % cos™! (agﬂ cost;) we have

1

3 3 — o (11)
=(1=q)---(1—gq) Z /( / dtr + / dtz)dtl

1,...,mr>0_% Dt&(tl) _%
1
1
4 g (1 —a) = —ap(n) ) dh.
2
my,..., mr>00
Using
o
2 — N y2nH]
cosflxzz_zwx
) ! 2n+1
and
> @ntD) 1—4q; !
(—gp Y a7 = BT = ’
mj=0 1= an 2n 1oy
we obtain

( x+1+1)
m az
Ny +1

1 & 2n — D! (ag™cos ) T!
=40 -qn(-a) 3, /EZ Qn)! 2+ 1
0

dt
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401 —q1)---(1—qy) @n =Dl (ag™>* 1 @n)
- 2 Z el 2m+1 7 Qnt Dl

b
mi,....,m, >0 n=0

.....

< 2n+1 r 1
a2 Z ¢ (2n+ 1)2 L [2n+ 1]y,

7.[2 Z 2[n]q

odd

So we have proved Theorem 1.

Theorem 2 is easily proved from Theorem 1. O

Proofs of Theorems 3 and 4. From the definition, we have

x+1

+1
_re a0 (1-g)) 3 a¥i1 dx dy
(2mi)? o] P m,Zan% +grm g XY
Here we put g™ =g;"' --- g, , then
. -1
1 L U if gl < 1
; x—1 -
L Y e 0 if Iggrm| >

27t 1 1 —1 : :
Hence, for x = ¢!, with —5 <t <3, we know that |ag£(7x+l)| < 1 if and only if [tan(7?)| <

m

Clg*.
Then, putting B, o = %tan_1 (ag™) we have

x+1
mg | ay +1

x—1
ﬁﬂ,a
=(l—q)-(1—g) Y / dt
mi,..., my >0 B
=E(1—611)'“(1—q) Z tan”" (ag™)
i1 " =7
my,..., my =0

Using
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and

1
[2n + 1]y,

o0
Q@n+ym; 1 —gq;
(l_qf)ij I:1_ Wl
mj:O qj

we obtain

mgla x+1+1
4 yx—l

2 X (=1)n "
=—(1—Q1)---(1—qr){tan1(a)+ Z Z( ) (aqﬂ)2 o

T

x (_1)na2n+l r

_2Z I 1
n mtl et

2 i (— l)n a2n+1
e —@n+D2n+ 1,
So we have proved Theorem 3.
Theorem 4 is easily proved from Theorem 3. O

3. (1, g)-Mahler measures

Proof of Theorem 5. By definition and Jensen’s formula, we have
myq(x +a)

1
o
=(1—gq) Z Re/{log(ez’”’ +a—14qg7")—log(qg™™)}dt
m=0 0

=(1-gq) i{log+(a —1447") —log(g™™)}

m=0

=(1—-gq) Z log(¢™(a—1)+1)

m=0

=11 4(a).

Here, log™ x = max{logx, 0} forx > 0. O
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Proof of Theorem 6. By Jensen’s formula,

mlq(1+(1+x)y —(1—q)2//10g|q thz 2”it‘))+l|dt1dt2

mooi

1
2

]

_(1—q)Z /log+|q (1+e*M)|dt.

L
2

Let &, be a real number such that 0 < o, < 1/2 and 2¢™ cos(way,) =1 form < — log2

logqg *
integer m < — %, put

In= [ log™|q" (1 +&*™")|dt = | log"|2¢™ (cosmt)|dt.

"’l‘“\aw\—
“l‘“\m\»—

Integrating by parts, we obtain

Am

2/ log(2¢™) + log(cos 1) } dt
0

Am

+/mtanmdt}
0

2: mlog(24™) + [tlog(cos 1) ]y"

Um

= Z/m‘ tanst dt.
0

For an

We evaluate /,,, by using the double sine function S»(z) in [KK]. Firstly, by using the formula

(Theorem 2.5 in [KK, p.847])

Z

log $>(2) =/mcotmdt

0
and

Z

1 1
logSz(z + 5) —HogSz(z — 5) = —Z/nttanntdt

o

we find that
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Secondly we use the functional equation of the double sine function (Theorem 2.10 and Ex-

amples 2.12 in [KK, pp. 852-854]):
S2(x + 1) = —=82(x) - 2sin(wx).

This formula gives that

Solam+ 1) =5 (an+ s 1.2
2| Om 5 =2l U 5 2 am_i -2cos(mway,)

Hence we obtain
m 1
m =—log(q™) —2log S| am + 5 )

Thirdly we use the formula (Theorem 2.8 and Examples 2.9 in [KK, pp. 849-852])

Sp(x) = 2sinmx)* exp(% 2 Sm(i#x))

n=1

for 0 < x < 1. Note that 0 < «,,, + 1/2 < 1. This gives

1 1 1 & sin(2rna,, + wn)
log Sy <am + E) = (ozm + 5) log(2cosmayy,) + o ,; an

1 & (— 1)"51n(2nnam)

1
=—(aq ]
(“"+2) og(4") + 7

n=1

At last we have
. (=D sinQrnay,)

1
L, =20, log(q'") + T Z o

n=1

log2

[—
Sincem(1+ A +x))=0-q)),,_ l°'°"q L, the proof is completed. O

Proof of Theorem 7. Let «,, and I, be as in the proof of Theorem 6

%] =0 for 0 < g < 1/2. Therefore we see that

(i) We note that [_logq
mig(l+1+x)y)=0-ql 0<g<1/2).

The value wag = cos ™! (1/2¢°) = 7 /3 implies that
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n—1 sm(273”' )

1 (=D
10—20l010g —Z
b4

V3 x—3(n) x—3(2n)
_E<Z n2 _22 (2n)?

n=1 n=1

3 2 343
;/;(H )L(z x_ 3)—‘—fL(2 X_3).

Thus we obtain

33

li 1 1 =Ilp=—L(2, x-3).
;&}ml,q( +(+x)y)=1I 2r L@ x-3)

(1) If g = 1/2 then [—%] = 1. In this case, T = cos’1(1/2q) =0. So we have I} =0 and

343
ml’%(l+(l+x)y)=(1——)(Io+11)—8iL(2 x_3).

(iii) If ¢ = 1/+/3 then [—%1 = 1. In this case, 7a; = cos~ ' (1/2¢) = 7/6 and
( l)n 1 Sln(nn)
2

= 201 log(q) + — Z

n=1

©_sin(2Z2)

1 1
=——log3+ — 3
6 8 +nZ n?

n=1

n

1 V3
=——log3+ —L(2, x-3).
6 2

Thus we have

my 1 (1+(1+x)y (1

- (1 - ﬁ){sfuz x_3) — élogS}

Gv) If ¢ = 1/\/5 then [—%] = 2. In this case, ma; = cos ™' (1/2¢) = 7/4 and wap =

0s~1(1/2¢%) = 0. Thus I, = 0 and we can easily check that

1
7>(Io+11)
1

1
){ L(2, x- 2)—610g3+;/——L(2 X 3)}

1 1
I =—-log2+ —L(2, x_4)
4 b4

in the same way. The proof is finished. O
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Proof of Theorem 8. At first we show that

2 1 (=) la)
li 14+ Q1 =Zh+-)y —
qlgm1,q( + (1+x)y) - ]+n; "

with

1
—1,1
cos” ' (5-)logt
o [ e,

1
2

and

1 . —
a(n) = / —SIH(Z”C‘ZS @,
3

_log2
This is proved by the Jackson integral. Since limg 41 q[ loeq] = | /2, we find that

log2
[_logq]

“1,.1
cos ™! (5m) log(g™) _

lim(1 — q) q" J1
gt mX:;) q"
and
[—18521 . “1,_1
sin(2n cos™ (5,m))
lim(1 — g) q" T —an).

Secondly we evaluate the integral J;. We make following changes of variables. Let u =
cos™! ((2t)’1), then cosu = (21)~ !, dr = 2¢® sinu du and dt/t =tanu du. We find that

T

3
Jl:/ulog((2cosu)_1)tanudu
0

b4

) /
=—/u10g(2005u)7( cos u) du
2cosu

0

T

3
/{10g2(2 cosu) }/u du
0

1
2
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T

_1 2 5 1 2
= 2[u log”(2cosu)] 5 log” (2 cosu) du
0
1 2
—3 log=(2cosu)du.
0

After the change of variable t = 7 /2 — u, we see that

s

1
Ji = —§/log2(2sint)dt
5
:_E log (2s1nt)dt~|—§ log=(2sint) dt
0 0
_ 1/73 7xn3
T o2\24 216
2167

In the above calculation, we used the fact that foﬂ/ 2 10g2(2 sint) dt = gi (see 4.224 no. 7 in [GR,
p. 5591 and [/ log?(2sin)d = 2 (see (1.3) in [ZW, p. 272]).
Thirdly we calculate a(n). Changing the variable u = cos~! ()~ 1) we obtain

sinu

a(n) = [ sin2nu) du

cosu

O\w\:

1 ¢ cos(2n — )u  cos(2n + u
- zf { - o

cosu cosu

wls

0
{Z( -1 ksm2ku ey _Z(_l)nksiniku_(_l)nu}

k=1 0

1 B " sin 2ku (—1)"sin(2nu) |°
= (=" 2SN (e g, L T
5= [;( Vit p L

2n
1 sin =5

2 n

= (=) em) + = 3 DL

sin 2"—”

(=Dt
with c(n) =Y p_ | ——F——.
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Therefore, we have

(—1)"a(n) ) (— 1)" 1sm e
27‘”—2” Znﬁ Z —

n=1 n=1
o0
) o x-3(n) x-3(2n)
_n:1 n2 +3§()+ (Z Z (2n)3
c(n) 5V3
—Z—w;@+—mX9
Since ¢(2) = and L3, x—3)= 81f,weget
i(—l)"—la(n) icn)+n n2+5J§ 473
2 T2 Tty T
et n —on 3 6 16 813
0
c(n) 23 4
=27 t T
n=1
At last we have
2 (Mwm
1 =z A
lmmlq(l+(1+x)y) —Jit— Z p
n_l
2 7 lemcm) 123 4
BT ST
5 5,01 c(n) 5 5
= -y = — —ImL 3,1
81 nX_:nz 162 m Lirz(e 1)

The proof is finished. O

Proof of Theorem 9. By Jensen’s formula,

<1 + e27Tl[1

627'”11

2””2) + 1‘d:l dt,

oo
=(1-gq) Z / log*|g" cotrry|dt.

2
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For a non-negative integer m, we put

Ly = | log*|g" cotrt|dt

"’I_\M.—

and we evaluate the integral 7,,,. We know that g™ |cotm¢| > 1 if and only if |tan7¢| < ¢™. Let
Bm = 1 tan_l(qm). Note that 0 < B, < 1/4 for m > 0. We find that

T

B
I, = / {log(qm) + log(cosmt) — log(sinnt)} dt
—Bm
B
=2Bm log(qm) + 2/{log(cos mt) — log(sin nt)} dt.
0

Integration by parts gives:

t t

/log(cosrrt) dt =tlog(cosmt) —i—/nttan(nt) dt,

0 0
t t

/log(sinrrt) dt =tlog(sinmt) — /ntcot(nt) drt.
0 0

Therefore, we see that

/3 m

t
L, =28, log(qm) + 2|:t log(cotmt) + /{rrtcotnt + nttanrrt}dt:|
0 0

Bm
=2Bnlog(q") + 2Bmlog(1/q™) + 2/{ntcotm +mttanmt)dt
0
B
= Zf{ntcotnt + mwttanmt}de.
0

We evaluate I, by using the various formulas of S;(z) similar to the proof of Theorem 6. Firstly,
noting that

Bm
/nt cotmt dt =10g Sy (Bm),
0
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Bm
1 1 1
dt =—=log| So B + = |S2 B — =
/m‘tanm t 3 og( 2(,3 +2> 2(/3 2))
0

and

SZ (,Bm + %) ZSZ(ﬂm - %) ~200$(7‘[ﬂm),

we obtain

Bm Bm

1

Elm :/mcotmdr—i—/mtanmdr
0 0

1 1\?
— 10g Sy() — log{m& (ﬂm + 5) }

-1
= %log(ZCOSﬂlgm) + log{82(,3m)82 (,Bm + %) }

Secondly, utilizing the expansion formula of the double sine function (Theorem 2.8 and Exam-
ples 2.9 in [KK, pp. 849-852])

1 <X sin(2mnx)
log Sy(x) = xlog(2sinmx) + — > ————=
n

o O<x<1),

n=1

we see that

1
log S2(x) — log Sz (x + 5)

1 1 o= sin(2 —sin(2
=xlog(2sinwx) — | x + = ) log(2cosTx) + — Z sin@@rnx) — sin(znx + 7n)
2 2

2
n=1 n
1 1 o= sin(2 — (=1)"sin(2
=xlog(tanmx) — = log(2coswx) + — Z sin(2znx) — (~1)7 sin( nnx).
2 2

n2
n=1

Thus we have

1 1 1
Elm =3 log(2coswB) + B log(tanmB,,) — 3 log(2 cosBm)

o0

1 {1 — (=1)"}sin(RunpBy,)
tor 2 e
_ my | o= sin@r (20 + 1))
=Bulog(q")+— a1

n=0
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Therefore we obtain

m1,q<1+—y>—(1—q)zl

20-) ) i e SN2 (20 + 1))
=0 Z{tan (q )log(q )—}—Z }

2
m=0 n=0 (211 +1 )

Finally we use the formula of Ramanujan (Entry 17 in [BJ, p.41]):

>, sin(4n + 2)x

o
(=1D)" tan?**1 x
Z =~ —xlog|tanx] +,;) on 1)

(2n+1)2
n=0

with |x| < 77/2. We make the substitution x = 778,, = tan~! (¢™) in the above formula, and we
have

oo . X 1\ ,m)2n+1
tan_l(qm)log(qm)+Zsm(4n+2)n'3m :Z( 1" (g™) '

2 2
= 2n+1) = 2n+1)
Hence, we get
1+x q) (=" (g> ™
1 J—
ml’q( +1—xy> ZZ Qn+1)?
2 i (—=D)" 1—q
S m A @Qn+ D 1 g

o0

2 (="
- EZ Qn+ D22n 411,

n=0

The proof is finished. O
Theorem 10 is easily proved from Theorem 9.
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