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tor varez-baume of the cutoff.

We discuss the propagation of bosons (scalars, gauge fields and gravitons) at high energy in the context of
the spectral action. Using heat kernel techniques, we find that in the high-momentum limit the quadratic
part of the action does not contain positive powers of the derivatives. We interpret this as the fact that
the two-point Green functions vanish for nearby points, where the proximity scale is given by the inverse

© 2014 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
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There are indications that at very high energy, of the order
of Planck mass m, = 10'® GeV, the behavior of particles is pro-
foundly altered by the onset of gravitational effects. The first to
notice this has been Bronstein [1] in 1936 and since then there
have been several attempts to describe the quantum field theory
of fields at high energy or small distances. Also in string theory
the very high energy behavior in the scattering of particles |2,
3] shows the existence of some sort of generalized uncertainty,
whose Hilbert space representation [4] leads to a position operator
which has self-adjoint extensions defined on a set of continuous
lattices, so that nearby points cannot be described by the same
operator. In loop quantum gravity it is the area operator which is
quantized [5], while an operatorial analysis of spacetime noncom-
mutativity in quantum field theory is in [6].

While we still lack a full theory of quantum gravity, it is nev-
ertheless still possible to study field theories coupled with grav-
itational background, and gain fundamental insights of possible
physics in that regime.

In this Letter we investigate the propagation of bosons. To
this purpose we will use spectral techniques to study the actions.
These techniques are ideally suited to tackle problems where the
structure of spacetime may be fundamentally altered. The pro-
gramme of noncommutative geometry [7] is in this direction, but
the general ideas have a broader scope. Finite mode regularization,
based on the spectrum of the wave operator, was introduced in
QCD [8-10]. The bosonic spectral action appears not just in a con-
text of noncommutative geometry, but also it naturally appears
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in QFT under the spectral regularization [11-13], for description
of Weyl anomaly and also phenomena of induced Sakharov Grav-
ity [14] and cosmological inflation [15].

For the scope of this Letter we will use the spectral action, and
the heat kernel techniques will be used to extract field theoretic
information from it. The spectral action is defined in the presence
of an energy scale A, which serves as cutoff. In this sense for us
the high energy limit means in the proximity of A. Since the scale
may signify a phase transition, what we are effectively investigat-
ing is the behavior of these fields as this phase transition occurs.
The main result of this note is that the propagation of bosons ef-
fectively stops at high energy, in a precise way we describe below.
We interpret this as an indication that the phase transition in-
volves the fundaments of spacetime, and that at high scale points
effectively decouple, giving rise to a “pointless” space.

From the spectral point of view topological spaces are sub-
stituted by the equivalent concept of their algebras of continu-
ous complex valued functions, while the geometry is encoded in
a (generalized) Dirac operator which acts on a fermionic Hilbert
space. The algebra of continuous functions is represented as op-
erator on this same Hilbert space. In the ordinary cases the al-
gebra is commutative, but the formalism is ready for the gener-
alization to noncommutative spaces (see for example [16]). The
spectral action [17,18] uses purely the spectral data of this gen-
eralized Dirac operator to describe, with an appropriate choice
of the Dirac operator, the action of the usual standard model
coupled with gravity. The model has some predictive power and
can be confronted with experimental results, for recent results
see [19,20] and references therein. Most of the calculations were
done with a few leading orders of the large A asymptotic expan-
sion of spectral action. Recently, it was shown [21] that including
higher orders in the expansion leads to interesting consequences
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for renormalization. The opposite (high momentum) asymptotics
was considered in [22].

Here we are interested in the high energy propagators of
bosons, and therefore we will use only the part of the Dirac op-
erator which refers to spacetime, a generalization to the full oper-
ator of the standard model, or having any internal (gauge) degrees
of freedom is immediate, and would just burden unnecessarily
our notation. We shall work in Euclidean space and consider the
high-momentum asymptotics, which we shall call the high energy
asymptotics by slightly abusing the terminology. Consider therefore
the Euclidean Dirac operator!

D=pP +ys¢ (1)
where
P=iyHv, =iy" (VI +iA,) (2)

is the usual geometric part with the Levi-Civita spin-connection
and a gauge potential. The spectral action associated to D is de-
fined as

S.a=Trf(D?/A), 3)

where is a cut-off function restricted by the requirement that the
trace in (3) exists, and A is a cut-off scale. Common choices for f
are a decreasing exponential, or the characteristic function of the
unit interval, a sharp cutoff. On a non-compact space the spectral
action (3) is divergent with the volume. To remove this divergence,
it was suggested in [22] to subtract the infrared divergence, i.e.
replace f(D?/A) — f(D?/A) — f(D3/A) under the trace. As Dy
we take the free Dirac operator on the flat R* with a zero gauge
potential and a zero gauge field. Since the consequences of this
subtraction are rather obvious, we shall not write the Dg-term ex-
plicitly in what follows.

For the choice f(z) =e~* the spectral action coincides with the
heat trace

K(D?,s) =Tr(e™P"), s=A"2 (4)

This will be our principal example in this work. As we shall argue
later, our main results are valid for generic cut-off function f after
suitable modifications.

Let us write D? in the standard Laplace form [23]

D? =—(V?+E), (5)
where

4 1 i
E=-’V“V5(¢,u)—¢2—ZR+Z[J/",)/“]FW (6)

with F, =0, Ay — dyAy. The curvature of V reads:

. 1
2y =V, Vo] =1iFy — Z)/UV'ORap;w- (7)

We would like to calculate the part of the spectral action/heat
kernel that is responsible for propagation of bosons at high mo-
menta. This can be done with the help of the Barvinsky-Vilkovisky
expansion [24] of the heat kernel for an operator L of Laplace type
(see Appendix A). By taking the terms of this expansion that are
up to the quadratic order in the “curvatures” one can collect all

1 Here we consider a simplified Dirac operator, in particular we do not introduce
the left-right fermion doubling, necessary in the noncommutative geometry for the
description of the standard model. The latter can be easily done, see Appendix B,
and will result just in an overall factor of two in all final formulas for high energy
asymptotics.

terms that are quadratic in the fields. The dependence on the mo-
menta is expressed through the form-factors fi- fs5, whose large-&
asymptotics defines the large momenta asymptotics of the spec-
tral action. To see how this works, let us consider the field ¢ only.
The relevant expression is in [24, Eq. (2.1)] and is reproduced in
Appendix A as Eq. (A.1). The term that depends on ¢ reads

K(L, $)(p) :(4ns)_2/d4x tr[sE —i—szE%h(—saz)E] (8)

With the help of (6), one finds at the order ¢?:

2
K (D% s)~ —ﬁ /d4x tr[¢><1 + %h(—saz))d 9)

For large (—sd2):

2
K(Dz, 5) ~ WT% / d*x tr|:¢ 2 ¢:| (10)

Remarkably, the ¢2-term is canceled, so that the heat kernel (and
the spectral action) decay at large momenta. The same effect was
noted for gauge fields in [22], where also a cancellation of the
leading asymptotic expansion term took place. This is a quite in-
teresting property of D? as compared to generic Laplace type op-
erators.

Let us calculate the heat kernel to second order in metric per-
turbations over the flat background, g, = 8,1 + hyy. We shall
be interested in gravitons, i.e. in transverse traceless fluctuations:
duhuy =0, hyy, =0. With the sign conventions of [23]:

1 1
V& == huhu, /d“x(@R)z: Z/d“xh,wazh,w (11)
1
(Ruvpa)l = E(anavhup + auaphva - 3;L80hvp - al)aph/l,o')
(12)
1
(Rup)1 =—20%hyy,  (R)1=0 (13)

Here the subscript means the order in the h. All indices are lower
to stress that the summation over repeated indices is performed
with the Kronecker symbol rather than metric. We can substitute
these expansions in (A.1) and calculate the trace over spinor in-
dices to obtain

1
I<(D2’S)(h) ~ W /d4xh,w |:—1 — Esaz
68 (1 (58) = S fo(-s0) [ 19

Since there is no mixture between different fields, and quadratic
terms in A, have already been calculated in [22], it just remains
to pass to the (—sd2) — oo asymptotics and collect everything to-
gether. Finally,

A4 3 1
K(D? s=1/4%) ~ @R /d“x [—ihuvhuv +8p—3¢

1
+8F;wmﬂwi| (15)

Again, one notices the “miraculous cancellation” of hd%h and
F(1/8%)F terms.

The spectral action for any other cut-off function f can be
obtained by an integral transformation of the heat kernel. One
can show, that due to this transformation the leading powers of
the derivative expansion remain the same, though numerical co-
efficients change (see [22], where the gauge field expansion was
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analyzed in detail). Therefore, qualitatively our results remain valid
for a generic spectral action.

In order to interpret these results, and understand their physical
meaning, we take the point of view that the cutoff is a physical
scale up to which we may trust our theory, the natural candidate
would be Planck’s length. There is physical cutoff on length, which
is imposed as a cutoff on the eigenvalues of the Dirac operator.
This does not necessarily mean that there is a minimal length,’
although this is a possible interpretation. Our calculation indicates
that rather than a minimal length, the cutoff indicates an energy
in which the points of spacetime decouple.

We will see that a cutoff on the eigenvalues of the Dirac op-
erator, and hence of the Laplacian, has profound consequences on
the propagation of the fields. We are considering free fields (i.e.
plane waves), they are the ones one should use to probe space-
time. The propagator in position space Afr(x,y) has a meaning:
the probability amplitude that a particle is created at position x,
and later annihilated at position y. The probing of spacetime, in
whichever scheme of realistic or gedanken experiment, involves
always the interaction of particles, which are “created” in some
apparatus, then interact with another particle at some position in
space, and then are “annihilated” in a detector.

We assume homogeneity and isotropy, hence a two-point
Green’s functions depends on the difference between positions:
G(x — y). These are distributions acting on the space of test func-
tions which physically are the sources J(x). The latter are classical,
and we consider them to be the probes of spacetime. Let us now
consider two situations, long and short distances. To probe short
distances one requires high energetic sources. Mathematically this
means that, in momentum space, the support of J(k) is located in
the large k region. Using Eq. (15) it turns out, as we will discuss in
more detail below, that asymptotically, in the high energy region,
the Green'’s function becomes §(x — y), or its derivatives. A source
in x has no effect on any other point, except x itself. Heuristically,
usually you have the vacuum, you “disturb” it with a source, and
this disturbance propagates in a certain way, usually as a particle,
generally a virtual one. Now instead we have that what happens
in a point has no effect on neighboring points. Points do not talk
to each other. [26]

Let us be more detailed. The classical action reads (in the
quadratic field approximation):

1
SUJ, $1= / d*x <5¢(x)F(az)<p<x> - ](X)tp(X)> (16)

where ¢ is any of the bosonic fields, ¢, A, or h. The equation of
motion is:

F(8%)p(x) = J (%) (17)
The inverse operator

1

allows us to write the solutions of (17) as
0100 = [ty JGx-y)
. 1
— 41, ,ikx
= G /d ke J(k)F(—kZ) (19)

2 For example the presence of Aqcp does not mean than in chromodynamics
there is a maximal energy. There is however a phase transition, related with con-
finement.

At low energy F(k) = k2, or F(k) = k® +m?, and everything is as
we know. The Green’s function is the usual one, leading to the
normal propagation of particles.

The calculation above shows that in the very high energy
regime (the scale is given by A) the qualitative behavior has
changed, and asymptotically F(k) = 1/k? for scalars (and vectors),
and F(k) =1 for gravitons. We now related this behavior of F with
the nonpropagation, or better, to the impossibility to probe nearby
points.

Short distances require high momentum probes, let us there-
fore consider J (k) # 0 for |k?| € [K?, K? 4+ 8k?], with K2 very large.
Substitute the expression for F in (19) we obtain

P10 =
(2711)4 [ d*ke* J(k)k? = (=9%) J(x) for scalars and vectors
G J ke J (k) = ] ()

for gravitons
(20)

What we find remarkable is the fact that the values of ¢;(x) de-
pends only on ] or its derivatives calculated at x itself. Compare
with the standard case, in which to have the value at x the whole
function ] is required. In term of Green’s function in position
space, expression (20) means

(—98%)8(x — y) for scalars and vectors
. (21)
S(x—y) for gravitons

The Green'’s function vanish, unless x = y, hence there is no “com-
munication” among points. There is no way to test the topology,
and know which point is near another point. At the mathematical
level it can be shown that in the presence of a cutoff in the eigen-
values of the Dirac operator obtained with a projector (a sharp
cutoff) the pure states of the algebra are at an infinite distance one
from the other. In this case the distance is calculated using Connes
formula, based on the Dirac operator. This is the sort of spacetime
one could expect from a transition in which the interaction among
fields become infinitely strong, such as the one envisaged in [25].

We are fully aware of the fact that we are stretching the field
theory at its limit, and that we are in the realm where a full the-
ory of quantum gravity should be employed. But failing this, we
are using a theory we know as a pointer to a fully quantum gravi-
tational phase.

There are still some unresolved question worth of investigation.
Firstly is not clear if the cancellation of quadratic terms, which
we have defined “miraculous” is a generic feature of the theory,
and it has a deeper meaning related to the structure of the Dirac
operator.

The second issue is the physical value of A. On one side one
would naturally assume that its natural value is the Planck mass.
On the other side the fact that in the renormalization flow there
are indications that some novelties should happen before. It has
been known for a long time that the gauge coupling become nearly
equal in a region of the order 10'4-10'7 GeV (which is also the
preferred range for A in the spectral action approach to Standard
Model). It was in fact believed for some time that that could signal
the presence of a unification of the constants at a single point. Fur-
ther experimental data have excluded this in the absence of new
physics, although supersymmetric theory could still have a single
unified point, for a recently updated review see [27, Sect. 6.4]. The
presence of a relatively light Higgs particle at around 126 GeV may
signal a phase of instability [28] or metastability [29]. This may not
just signal new physics, but it points at a new phase as well. The
interpretation of A at a lower scale than the Planck mass opens
the possibility of interesting new phenomena, especially from the
cosmological point of view, in the intermediate regime between

G(x—y)o<i
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these two scales, in which a full theory of gravity has not yet fully
set, but the probes of spacetime have started to behave in a way
which points towards the regime described above.
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Appendix A. Barvinsky-Vilkovisky expansion

In the paper [24] Barvinsky and Vilkovisky proposed an ex-
pansion of the heat kernel to any (finite) order in E, §£2 and the
Riemann curvature, that is exact in the spectral parameter s and
in 82. To the leading orders this expansion reads

l 5 v
K(L,s) ~ ns? /d4xg% tr[1+sP +s%(Ryy f1(—s8%)R*
+ Rf2(=59%)R + Pf3(—s9*)R + Pfa(—sd*)P
+ Ruy f5(—s9%)21Y)] + - (A1)
where P=E + éR,
_h@E) —1+¢ G E
fi¢) = — f5(&) = BT
_ 1, 1 1
F28) = 52 h@) — 15 f5(8) = £ f1®),
1
f38) = 5h©) = f5(5),
1
fa=5h©) (A2)
and
1
h(z) = / da e ¥(1-0)z, (A3)

0

Note, that the Barvinsky-Vilkovisky expansion is much more sen-
sitive to the base space topology than the standard heat kernel
expansion. The formulas above are valid on R* if all fields vanish
sufficiently fast at infinity, see [33] for a more extended discussion.

Appendix B. Euclidean Dirac operator and fermion doubling

We note, that the Bosonic Spectral action is defined for a Rie-
mannian manifold with Euclidean signature of metric. In contrast
to the bosonic case, the “Euclidisation” of fermions is not just an-
alytical continuation but is a more delicate issue. One way of the
Euclidization, being the most suitable for the noncommutative ge-
ometry (see [30-32] for discussions), is based on the doubling of
fermionic degrees of freedom. The idea is the following: each two
component chiral spinor of the SM must be replaced by the four
component Dirac fermion, and left and right fermions are treated
as independent degrees of freedom, in particular

1 1
Il“:llCl 7& 5(1 _ VS)I//EUCly ll%ucl # 5(1 + ys)wlgucl. (B.])
We stress, that both WE“C' and 1//&““ have four independent compo-
nents each, i.e. 8 independent components totally. It is important,
that when one computes the partition function Z or conformal

anomaly, RG equations, etc., one must put by hand a factor of 1/2,

: 1
where needed, e.g. ZMink — (zEucy3  Only when one comes back
to Minkowski signature one reduces number of fermions, impos-
ing the projection

w[l‘vliﬂl( — %(1 _ )/5)1//Mink,

The Hilbert space has the following structure:

. 1 .
IR = S A+ M (B2)

H=H. ® Hg, (B.3)

where Hp and Hg are spaces of left and right (four component)
fermions, and the Higgs field ¢ connects left and right fermions. In
case of a single massive fermion, the classical action reads (cf. [17,
Appendix]),

Sp= / d*x /g wiDY,

_(¥
‘”‘<¢R>’

D=iy* (VL +iA,) @15 "+ ys¢ @0 7R, (B.4)
where

Lr_(10 Lr_(0 1

=y 1) (9 ) (B.5)

are matrices, acting on L and R indices.
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