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Abstract

Under the continuum hypothesis, there is a compact homogeneous strong S-space.
 2003 Elsevier B.V. All rights reserved.
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1. Introduction

A spaceX is hereditarily separable(HS) iff every subspace is separable. AnS-spaceis
a regular HausdorffHSspace with a non-Lindelöf subspace. A spaceX is homogeneousiff
for everyx, y ∈ X there is a homeomorphismf of X ontoX with f (x) = y. Under CH,
several examples ofS-spaces have been constructed, including topological groups (se
and compactS-spaces (see [8]). It is asked in [1] (Problem I.5) and in [6] whether ther
compact homogeneousS-spaces. As we shall show in Theorem 4.2, there are under
This cannot be done in ZFC, since there are no compactS-spaces under MA+ ¬CH (see
[13]); there are noS-spaces at all underPFA (see [14]).

In Section 2, we use a slightly modified version of the construction in [8,11] to r
the topology of any given second-countable space, and turn it into a first-countablestrong
S-space(i.e., each of its finite powers is anS-space). In Section 3, we show that if t
original space is compact then there is a natural compactification of the new space
also a first-countable strong S-space. If in addition the original space is zero-dimen
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then theωth power of this compactification will be homogeneous by Motorov [10], proving

ler:

t

e

Theorem 4.2.

2. A strong S-space

If τ is a topology onX, we write τ I for the corresponding product topology onXI ;
likewise if τ ′ ⊆ τ is a base we write(τ ′)I for the natural corresponding base forτ I . If
E ⊆ X, then cl(E, τ) denotes the closure ofE with respect to the topologyτ . This notation
will be used when we are discussing two different topologies on the same setX.

The following two lemmas are well known; the second is Lemma 7.2 in [11]:

Lemma 2.1. If X is HS andY is second-countable, thenX × Y is HS.

Lemma 2.2. Xω is HS iffXn is HS for alln < ω.

The next lemma, an easy exercise, is used in the proof of Theorem 2.4:

Lemma 2.3. If (x, y) ∈ X × Y andS ⊆ X × Y , then(x, y) ∈ cl(S) iff y ∈ cl(π(S ∩ (U ×
Y ))) for all neighborhoodsU of x, whereπ :X × Y → Y is projection.

The following is proved (essentially) in [11], but our proof below may be a bit simp

Theorem 2.4. AssumeCH. Letρ be a second-countableT3 topology onX, where|X| = ℵ1.
Then there is a finer topologyτ onX such that(ω1, τ ) is a first-countable locally compac
strong S-space.

Proof. Without loss of generality,X = ω1. Forη < ω1 we writeρη for the topology ofη
as a subspace of(ω1, ρ). Applying CH, list

⋃
0<n<ω[(ω1)

n]�ω as{Sµ: µ ∈ ω1}, so that
eachSµ ⊆ µn(µ) for somen(µ) with 0< n(µ) < ω.

For η � ω1 we construct a topologyτη on η by induction onη so as to make th
following hold for all ξ < η � ω1:

(1) τξ = τη ∩P(ξ).
(2) τη is first-countable, locally compact, andT3.
(3) τη ⊇ ρη .

Note that (1) implies in particular thatξ ∈ τη; that is,ξ is open. Thus, ifτ = τω1, then
(ω1, τ ) is not Lindelöf. Also by (1),τη for limit η is determined from theτξ for ξ < η. So,
we need only specify what happens at successor ordinals.

For n � 1 andξ < ω1, let Iseq(n, ξ) be the set of allf ∈ (ω1)
n that satisfyf (0) <

f (1) < · · · < f (n− 1) = ξ . The following condition states our requirement onτξ+1:

(4) For eachµ< ξ and eachf ∈ Iseq(n, ξ), wheren = nµ:

f ∈ cl
(
Sµ, (τξ+1)

n−1 × ρ
) �⇒ f ∈ cl

(
Sµ, (τξ+1)

n
)
.
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If n = nµ = 1, then(τξ+1)
n−1 × ρ just denotesρ. That is, (4) requires

e

rm

,

ism of

tion.
h also
ξ ∈ cl(E,ρ) �⇒ ξ ∈ cl(E, τξ+1) (∗)

for all E in the countable family{Sµ: µ< ξ & n(µ) = 1}. It is standard (see [8]) that on
may defineτξ+1 so that this holds. Now, consider (4) in the casen = nµ � 2. By (2),τξ is
second-countable, so letτ ′

ξ be a countable base forτξ . Applying Lemma 2.3, (4) will hold

if wheneverU = U0 × · · · ×Un−2 ∈ (τ ′
ξ )

n−1 is a neighborhood off � (n − 1),

ξ ∈ cl
(
π

(
Sµ ∩ (

U × (ξ + 1)
))
, ρ

) �⇒ ξ ∈ cl
(
π

(
Sµ ∩ (

U × (ξ + 1)
))
, τξ+1

)
,

whereπ : ξn−1 × (ξ + 1)→ (ξ + 1) is projection. But this is just a requirement of the fo
(∗) for countably many more setsE, so again there is no problem meeting it.

Now, we need to show thatτn is HS for each 0< n < ω. We proceed by induction
so assume thatτm is HS for all m < n. Fix A ⊆ (ω1)

n; we need to show thatA is τn-
separable. Applying the induction hypothesis, we may assume that eachf ∈ A has all
coordinates distinct. Also, since permutation of coordinates induces a homeomorph
(ω1)

n, we may assume that eachf ∈ A is strictly increasing; that is,f ∈ Iseq(n, ξ), where
ξ = f (n − 1). By the induction hypothesis and Lemma 2.1,A is separable inτn−1 × ρ.
We can then fixµ such thatn(µ) = n, Sµ ⊆ A, andSµ is τn−1 × ρ-dense inA. Now, say
f ∈ A with ξ = f (n−1) > µ. Applying (4), we havef ∈ cl(Sµ, τn). Thus,A\cl(Sµ, τn)
is countable, soA is τn-separable. ✷

3. Compactification

We need the following generalization of the Aleksandrov duplicate construc
Similar generalizations have been described elsewhere; see in particular [2], whic
gives references to the earlier literature.

Definition 3.1. If ϕ is a continuous map from theT2 spaceY into X, thenY ∪̇ϕ X denotes
the disjoint union ofX andY , given the topology which has as a base:

(a) All open subsets ofY , together with
(b) All [U,K] := U ∪ (ϕ−1U \ K), whereU is open inX andK is compact inY .

Our main interest here is in the case whereX is compact andY is locally compact.
Then, if |X| = 1, we have the 1-point compactification ofY , and ifY is discrete andϕ is a
bijection we have the Aleksandrov duplicate ofX.

Lemma 3.2. LetZ = Y ∪̇ϕ X, with X andY Hausdorff:

(1) X is closed inZ, Y is open inZ, and bothX andY inherit their original topology as
subspaces ofZ.

(2) If Y is locally compact, thenZ is Hausdorff.
(3) If X is compact, thenZ is compact.
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(4) If X andY are first-countable,X is compact,Y is locally compact, and eachϕ−1(x)

s
[10].

st 2
ce

t

H
mit
es a
t

is compact, thenZ is first-countable.
(5) If X andY are zero-dimensional,X is compact, andY is locally compact, thenZ is

zero-dimensional.
(6) If X is second-countable andYω is HS, thenZω is HS.

Proof. For (3): If U is a basic open cover ofZ, then there aren ∈ ω and [Ui,Ki ] ∈ U
for i < n such that

⋃
i<n Ui = X. Thus,

⋃
i<n[Ui,Ki] contains all points ofZ except for

(possibly) the points in the compact set
⋃

i<n Ki ⊆ Y .
For (4):Z is compact Hausdorff and of countable pseudocharacter.
For (5):Z is compact Hausdorff and totally disconnected.
For (6): By Lemma 2.2, it is sufficient to prove that eachZn is HS. But Zn is a finite

union of subspaces of the formXj × Y k, which areHSby Lemma 2.1. ✷

4. Homogeneity

The following was proved by Dow and Pearl [4]:

Theorem 4.1. If Z is first-countable and zero-dimensional, thenZω is homogeneous.

Actually, we only need here the special case of this result whereZ is compact and ha
a dense set of isolated points; this was announced (without proof) earlier by Motorov

Note that by Šapirovskiı̆ [12], any compactHS space must have countableπ -weight
(see also [7, Theorem 7.14]), so if it is also homogeneous, it must have size at moℵ0

by van Douwen [3]. Under CH this implies, by theČech–Pospíšil Theorem, that the spa
must be first-countable.

Theorem 4.2. (CH) There is a(necessarily first-countable) zero-dimensional compac
homogeneous strongS-space.

Proof. Let X be the Cantor set 2ω with its usual topology, letY be 2ω with the topology
constructed in Theorem 2.4, letϕ be the identity, and letZ = Y ∪̇ϕ X. By Lemma 3.2,Z,
and hence alsoZω, are zero-dimensional first-countable compact strong S-spaces;Zω is
homogeneous by Theorem 4.1.✷

No compact topological group can be anS-space or anL-space. However under C
there are, by [9], compactL-spaces that are right topological groups (i.e., they ad
a group operation such that multiplication on the right by a fixed element defin
continuous map). We do not know whether there can be compactS-spaces that are righ
topological groups.
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